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Section A - Section D include additional simulation results on the performance of the pointwise
and joint confidence bands. Specifically, Section A presents results for different nominal coverages
85% and 90% when confidence bands are obtained by bootstrapping subject-level residuals and
the mean function u(t,x) is modeled nonparametrically. Section B presents results when confi-
dence bands are obtained by bootstrapping subject-level residuals and the mean function u(t, x)
is modeled parametrically. Section C presents results obtained by bootstrapping observations
by subject; in all sections, nominal coverages of 85%, 90% and 95% are considered. Section D
presents simulation results for the case of having non-Gaussian errors. Lastly, Section E includes

the additional figures referenced in the main manuscript.
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SECTION A. ADDITIONAL RESULTS OBTAINED BY BOOTSTRAPPING RESIDUALS BY SUBJECT

WHEN A NONPARAMETRIC BIVARIATE FUNCTION IS FITTED FOR u(t,m)

In practice one does not know the true model for the mean structure and thus nonparametric
modeling is often preferable. Thus instead of assuming a correct parametric model for u(t, z), we
consider a completely nonparametric dependence of the mean response on t and X. For example,
in the case of F2 i. (a) the generating mean model is pu(t,z) = 5 + 2t + 3X, but the assumed
fitting model is an unknown, smooth bivariate function of both ¢t and X. The relevant results are
presented in Tables S1-S2 for nominal coverages of 85% and 90%, respectively. The simulation
data are generated as described in Section 6. We use the residual-based bootstrap. Both pointwise
and joint confidence bands perform excellently for all three cases of true mean functions, and for

all three nominal coverages we consider here.

Table S1. Simulation results for 85% confidence bands based on the bootstrap of subject-level residuals
when a nonparametric bivariate function is fitted for u(t, x); results are based on 500 MC samples.

Case True Mean Function Parameter p ACpromt ALpPomt ACPJ‘:J ('1";) ALLO(';;)
@) Bo+Bil+B.X+7Z i, X) =5+ 20+ 3X 020 | 084 (<001) 122 (001) 082 (0.02) 2.8 (0.01)
0.90 | 0.83 (<001) 1.61 (0.01) 081 (0.02) 3.76 (0.01)
T=38 0.20 | 0.84 (0.02) 0.10 (< 0.01)
0.90 | 0.84 (0.02) 0.10 (< 0.01)
() Bo+Bil+PoX +ButX +7Z p(t,X)=5+2t+3X +7tX 020 | 084 (<0.01) 1.22 (0.01) 082 (0.02) 285 (0.00)
0.90 | 0.83 (< 0.01) 1.61 (0.01) 0.81 (0.02) 3.76 (0.01)
r=8 020 | 0.84 (0.02) 010 (< 0.01)
0.90 | 0.84 (0.02) 0.10 (< 0.01)
(¢)  cos(2mt) + B, X +7Z u(t, X) = cos(2nt) + 3X 0.20 | 0.84 (< 0.01) 1.22 (0.01) 0.82 (0.02) 2.86 (0.01)
0.90 | 0.83 (<001) 1.61 (0.01) 081 (0.02) 377 (0.01
T=8 0.20 | 0.84 (0.02) 0.10 (j 0.01)
0.90 | 0.84 (0.02) 0.0 (j0.01)

Standard errors are presented in parentheses.

Table S2. Simulation results for 90% confidence bands based on the bootstrap of subject-level residuals
when a nonparametric bivariate function is fitted for p(t, x); results are based on 500 MC samples.

Case True Mean Function Parameter p ACPPom™t ALpeint ACPi:’(':tX) ALJ,:?;'LX)
@) BotPittBX+7Z it X) =512+ 3X 0.20 | 0.89 (<0.01) 1.39 (0.01) 087 (0.01) 299 (0.01)
0.90 | 0.88 (<0.01) 183 (0.02) 087 (0.02) 395 (0.01)
=8 0.20 | 0.88 (0.01) 0.2 (< 0.01)
0.90 | 0.88 (0.01) 012 (< 0.01)
) Bot B+ BoX T PenlX 777 (LX) =512+ 3X 1 7iX 020 | 080 (<0.01) 139 (0.01) 087 (0.01) 299 (0.00)
0.90 | 0.88 (<0.01) 1.83 (0.02) 087 (0.02) 3.95 (0.01)
T=8 0.20 | 0.88 (0.01) 0.12 (< 0.01)
0.90 | 088 (0.01) 012 (< 0.01)
©  cos@rl) + BaX + 72 Ju(t, X) = cos(2nt) + 3X 020 | 0.80 (<0.01) 1.39 (0.01) _ 0.88 (0.01) 3.00 (0.01)
0.90 | 0.88 (<0.01) 184 (0.02) 087 (0.02) 396 (0.01)
r=8 0.20 | 0.88 (0.01) 012 (< 0.01)
0.90 | 0.88 (0.01) 012 (< 0.01)

Standard errors are presented in parentheses.
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SECTION B. RESULTS OBTAINED BY BOOTSTRAPPING RESIDUALS BY SUBJECT WHEN THE

CORRECT MEAN STRUCTURE IS FITTED

Here we present the performance of the pointwise and joint confidence bands for different nominal
coverages when the correct models are assumed. Estimation accuracy is measured using the bias
and variance of the estimators; for univariate and bivariate smooths, single number summaries of
these measures are used. Specifically, when the mean of interest is u(t) = cos(27t), as in scenario
F2 i.(c), the integrated bias defined by fol {i(t) — p(t)}dt is used as a summary measure of bias,
and the integrated variance, defined by fol{ZfVm:’ZI{ﬁzm (t) — ii(t)}?/(Ngim — 1)}dt is used as
a summary measure of variance. Here [i;_, (t) denotes the mean estimator from one simulation,
at) = Zi\;mm:l Wi, (t)/Nsim is the sample mean of the estimator fi(t).

Tables S3, S4, and S5 show results for nominal coverage of 85%, 90% and 95% respectively.
The pointwise confidence interval/bands for all nominal coverages perform fairly well while there
are few cases where they fail to achieve their nominal coverages. For the joint confidence band,
the 90% ones perform very well for all cases considered, whereas the 85% one fails to achieve

the nominal coverage for some cases. In terms of average lengths, the confidence intervals/bands

tend to be wider when there is stronger correlation.
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Table S3. Simulation results for 85% confidence bands based on the bootstrap of subject-level residuals
when the correct mean structure is fitted; results are based on 500 MC samples.

Case True Mean Function Parameter p | Bias /fvar ACPPomt Arpomt ACP;:’(‘I")tX) AL-E’('EtX)
(a) Bo+ Bit + . X +7Z Bo=5 0.20 | 0.00 0.20 0.83 (0.02) 0.40 (< 0.01)
0.90 | -001 027 084 (0.02) 052 (< 0.01)
B =2 020 | 0.01 040 083 (0.02) 078 (< 0.01)
0.90 | 0.01 0.52 0.83 (0.02) 1.03 (< 0.01)
Be=3 020 0.00 005 084 (0.02) 010 (< 0.01)
090 | 0.00 005 084 (0.02) 010 (<0.01)
T=28 0.20 | 0.00 0.05 0.84 (0.02) 0.10 (< 0.01)
0.90 | 0.00 0.05 0.83 (0.02) 0.10 (< 0.01)
®)  Bot Bilt BaX 1 PeiX 1 7Z Bo=5 020 |-001 039 084 (002) 0.7 (<0.01)
090 | -0.02 051 084 (0.02) 10l (< 0.01)
B =2 0.20 | 0.03 0.78 0.84 (0.02) 1.54 (0.01)
090 | 0.04 102 084 (002) 201 (0.01)
Be=3 0.20 | 0.02 0.67 0.84 (0.02) 1.33  (0.01)
090 | 0.02 088 082 (0.02) 174 (0.01)
Bz =T 0.20 | -0.04 1.33 0.83 (0.02) 2.65 (0.01)
090 | -0.06 1.75 0.83 (0.02) 347 (0.01)
T=38 0.20 | 0.00 0.05 0.84 (0.02) 0.10 (< 0.01)
0.90 | 0.00 005 083 (0.02) 010 (< 0.01)
©  cos(@nl) 4 BX £ 77 F(f) = cos(@nt) 0.20 | 0.00 025 083 (0.01) 049 (<001) 081 (0.02) 077 (<0.00)
090 | 000 032 083 (001) 064 (<0.01) 081 (0.02) 1.00 (< 0.01)
Be =3 020 0.00 005 084 (0.02) 010 (< 0.01)
0.90 | 0.00 0.05 0.84 (0.02) 0.10 (< 0.01)
r=8 020 0.00 005 084 (0.02) 010 (< 0.01)
0.90 | 0.00 0.05 0.83 (0.02) 0.10 (< 0.01)
@ cos@) F XA - 0P 172 . X) 020 | 0.00 061 084 (<0.01) 122 (001) 081 (0.02) 286 (0.00)
0.90 | 0.00 081 083 (<001) 161 (0.01) 080 (0.02) 377 (0.01)
T=38 0.20 | 0.00 0.05 0.84 (0.02) 0.10 (< 0.01)
090 | 0.00 005 084 (002) 010 (<0.01)

Standard errors are presented in parentheses.

Table S4. Simulation results for 90% confidence bands based on the bootstrap of subject-level residuals
when the correct mean structure is fitted; results are based on 500 MC samples.

Case True Mean Function Parameter p Bias var ACproit N ACij’(‘:’_LX) ALif(':'tX)
()  Bot Bitt PuX +7Z Bo=5 020 | 000 020 089 (001) 046 (< 0.01)
0.90 | -0.01 0.27 0.89 (0.01) 0.59 (< 0.01)
By =2 0.20 | 0.01 0.40 0.89 (0.01) 0.89 (< 0.01)
0.90 | 0.01 0.52 0.89 (0.01) 1.17 (< 0.01)
Be=3 0.20 | 0.00 0.05 0.89 (0.01) 0.11 (< 0.01)
0.90 | 0.00 005 089 (0.01) 012 (<0.01)
r=8 020 0.00 005 090 (0.01) 012 (< 0.01)
0.90 | 0.00 0.05 0.89 (0.01) 0.12 (< 0.01)
(b) Bo+ Bit + B2 X + BuutX +7Z  Po=5 0.20 | -0.01 0.39 0.89 (0.01) 0.88 (< 0.01)
0.90 | -0.02 0.51 0.87 (0.01) 1.15 (0.01)
=2 020 | 003 078 080 (001) 175 (0.01)
090 | 004 1.02 088 (0.01) 230 (0.01)
Be=3 0.20 | 0.02 0.67 0.88 (0.01) 1.52  (0.01)
090 | 0.02 088 087 (0.01) 198 (0.01)
Bra =17 0.20 | -0.04 1.33 0.88 (0.01) 3.03 (0.01)
0.90 | -0.06 1.75 0.87 (0.01) 3.96 (0.02)
T=28 0.20 | 0.00 0.05 0.9 (0.01) 0.12 (< 0.01)
0.90 | 0.00 0.05 0.89 (0.01) 0.12 (< 0.01)
©)  cos2at) + BuX + 72 F(#) = cos(2rf) 020 ] 0.00 025 088 (0.01) 056 (<001) 087 (0.02) 084 (<0.01)
0.90 | 0.00 0.32 0.88 (0.01) 0.73 (< 0.01) 0.87 (0.01) 1.09 (< 0.01)
Bz =3 0.20 | 0.00 0.05 0.89 (0.01) 0.11 (< 0.01)
0.90 | 0.00 0.05 0.89 (0.01) 0.12 (< 0.01)
T=38 0.20 | 0.00 0.05 0.90 (0.01) 0.12 (< 0.01)
0.90 | 0.00 005 089 (0.01) 012 (< 0.01)
@ cos@d) F XA P 172 . X) 020 | 0.00 061 089 (<00l) 140 (0.01) 087 (0.01) 3.00 (0.00)
090 | 0.00 081 088 (<0.01) 1.84 (0.02) 086 (0.02) 396 (0.01)
T=28 0.20 | 0.00 0.05 0.88 (0.01) 0.12 (< 0.01)
0.90 | 0.00 0.05 0.88 (0.01) 0.12 (< 0.01)

Standard errors are presented in parentheses.
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Table S5. Simulation results for 95% confidence bands based on the bootstrap of subject-level residuals
when the correct mean structure is fitted; results are based on 500 MC samples.

Case True Mean Function Parameter p Bias var ACproint ALpoint ACPJ:(‘:;() ALij’(‘:tX)
@) ot i+t BXtrZ Bo=5 020 | 0.00 020 094 (0.01) 054 (<0.01)
0.90 | -0.01  0.27 094 (0.01) 0.70  (<0.01)
B=2 020 | 0.01 040 094 (0.01) 1.06 (<0.01)
0.90 | 0.01 0.52 094 (0.01) 1.39  (0.01)
Be=3 0.20 | 0.00 0.05 095 (0.01) 0.14 (<0.01)
0.90 | 0.00 0.05 0.95 (0.01) 0.14  (<0.01)
T=8 0.20 | 0.00 0.05 0.93 (0.01) 0.14 (<0.01)
0.90 | 0.00 0.05 093 (0.01) 0.14 (<0.01)
) Bot B+ BeX T PulX +7Z Po=5 020 | 0.0 039 093 (0.01) 104 (<0.01)
0.90 | -0.02 0.51 094 (0.01) 1.36  (0.01)
B=2 020 | 0.03 078 093 (0.01) 207 (0.01)
090 | 0.04 102 094 (001) 272 (0.01)
Be=3 0.20 | 0.02 0.67 093 (0.01) 1.08 (0.01)
0.90 | 0.02 088 093 (0.01) 236 (0.01)
o =7 020 | 004 133 092 (001) 360 (0.02)
0.90 [-006 1.75 093 (0.01) 471 (0.02)
T=28 0.20 | 0.00 0.05 093 (0.01) 0.14  (<0.01)
0.90 | 0.00 0.05 093 (0.01) 0.14 (<0.01)
©)  cos2nt) + BuX + 72 F(#) =cos(2rf) 020 | 0.00 025 093 (0.01) 0.67 (<0.01) 092 (0.01) 095 (<0.01)
0.90 | 0.00 0.32 093 (0.01) 0.87 (<0.01) 0.93 (0.01) 1.23 (<0.01)
Be=3 020 | 0.00 005 095 (0.01) 0.14 (<0.01)
0.90 | 0.00 0.05 095 (0.01) 0.14  (<0.01)
T=38 0.20 | 0.00 0.05 093 (0.01) 0.14 (<0.01)
0.90 | 0.00 0.05 0.93 (0.01) 0.14  (<0.01)
@) cos(nl) +A((X/A) — 1P 172 jualt, X) 020 1 000 061 094 (<0.01) 165 (0.01) 093 (0.01) 323 (0.01)
090 | 0.00 081 094 (<0.01) 218 (0.02) 093 (0.01) 426 (0.01)
r=8 020 0.00 005 093 (0.01) 014 (<0.01)
0.90 | 0.00 0.05 094 (0.01) 0.14 (<0.01)

Standard errors are presented in parentheses.
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SECTION C. RESULTS OBTAINED BY BOOTSTRAPPING OBSERVATIONS BY SUBJECT WHEN THE

CORRECT MEAN STRUCTURE IS FITTED

Here we investigate the performance of pointwise and joint confidence interval/bands when they
are obtained by bootstrapping subject-level observations (Algorithm 1) instead of bootstrapping
subject-level residuals (Algorithm 2). Tables S6 - S8 present the relevant results for nominal
coverages of 85%, 90% and 95% respectively.

First focus the case when the effect of covariate X is linear on the mean response (cases F2 i.
(a)-(c)). Consider the setting described in Section 6 of the main manuscript, and recall that for
each subject a single scalar covariate of interest X; is observed. The simulation results confirm
that bootstrapping subject-level observations instead of residuals has no effect on the perfor-
mance of pointwise and joint confidence interval /bands, and overall they perform well. However,
for the case of smooth effect of X, the result for the joint confidence band obtained by bootstrap-
ping subject-level observations show substantial under-coverage. We suspect that it is because
our covariate X is subject-specific, i.e. X; is time-invariant; With n = 100 subjects in our MC
samples, there are only 100 X;-values to resample from. To confirm our speculation, we consider
time-varying covariate (i.e. X;; instead of X;). The results are presented in Table S9, and the

empirical coverages are similar to ones obtained with the residual-based bootstrap.
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Table S6. Simulation results for 85% confidence bands based on the bootstrap of subject-level observations
when the correct mean structure is fitted; results are based on 500 MC samples.

Case  True Mean Function Parameter p | Bias /var ACPPomt Arpomt ACP-E’(‘;‘)'X) AL-lf(';tX)
@ BothithXtrZ Bo=5 020 | 0.00 020 083 (002) 040 (< 0.00)
090 | 001 027 084 (0.02) 052 (<0.01)
B =2 020 | 001 040 083 (0.02) 078 (< 0.01)
0.90 | 0.01 0.52 0.83 (0.02) 1.03 (< 0.01)
By =3 020 | 000 005 08 (0.02) 010 (<0.01)
0.90 | 0.00 0.05 0.84 (0.02) 0.10 (< 0.01)
T=38 0.20 | 0.00 0.05 0.83 (0.02) 0.10 (< 0.01)
0.90 | 0.00 0.05 0.83 (0.02) 0.11 (< 0.01)
() Bo+Pit+BaX + Bt X +7Z Bo=5 020 | 001 039 083 (002) 077 (<000
090 | -0.02 051 084 (0.02) 1.0l (0.01)
Br=2 0.20 | 0.03 0.78 0.83 (0.02) 1.54 (0.01)
090 | 0.04 102 084 (002) 202 (0.01)
By =3 0.20 | 0.02 0.67 0.84 (0.02) 1.33  (0.01)
090 | 0.03 088 083 (002) 175 (0.01)
Bro=T 020 | 004 134 084 (002) 266 (0.01)
090 | -0.06 175 084 (0.02) 348 (0.02)
T=38 0.20 | 0.00 0.05 0.83 (0.02) 0.10 (< 0.01)
090 | 000 005 08 (0.02) 011 (<0.01)
(¢)  cos(2mt) + B, X +7Z f(t) =cos(2mt) 0.20 | 0.00 0.25 0.83 (0.01) 0.49 (<0.01) 0.81 (0.02) 0.77 (< 0.01)
090 | 0.00 032 083 (001) 064 (<0.01) 081 (0.02) 1.00 (< 0.01)
B, =3 020 | 000 005 08 (0.02) 010 (<0.01)
0.90 | 0.00 0.05 0.84 (0.02) 0.10 (< 0.01)
r=8 020 | 0.00 005 083 (0.02) 010 (< 0.01)
0.90 | 0.00 0.05 0.83 (0.02) 0.11 (< 0.01)
@ cos(2nt) T A(X/D) — 0+ 7Z (6, X) 020 | 0.00 0.64 082 (<0.01) 125 (0.01) 074 (0.02) 3.00 (0.01)
090 | 000 084 082 (<001) 165 (0.01) 076 (0.02) 3.96 (0.01)
T=8 0.20 | 0.00 0.05 0.85 (0.02) 0.11 (< 0.01)
090 | 000 005 083 (0.02) 011 (< 0.01)

Standard errors are presented in parentheses.

Table S7. Simulation results for 90% confidence bands based on the bootstrap of subject-level observations
when the correct mean structure is fitted; results are based on 500 MC samples.

Case True Mean Function Parameter P Bias var ACproit N ACP'}’:’(’:’V}) ALif(‘:tX)
@) BotBliBX 172 Bo=5 020 | 000 020 088 (0.01) 046 (< 0.01)
0.90 | -0.01 0.27 0.88 (0.01) 0.59 (< 0.01)
Br=2 0.20 | 0.01 0.40 0.89 (0.01) 0.89 (< 0.01)
0.90 | 0.01 0.52 0.89 (0.01) 1.17 (< 0.01)
Bz=3 0.20 | 0.00 0.05 0.88 (0.01) 0.12 (< 0.01)
0.90 | 0.00 005 089 (0.01) 012 (< 0.01)
T=28 0.20 | 0.00 0.05 0.88 (0.01) 0.12 (< 0.01)
090 | 0.00 005 088 (001) 012 (<0.01)
(b) Bo+Bit+ B X + ButX +7Z  Po=5 0.20 | -0.01 0.39 0.88 (0.01) 0.88  (0.01)
0.90 | -0.02 0.51 0.87 (0.01) 1.16  (0.01)
B =2 020 | 0.03 078 088 (001) 175 (0.01)
090 | 0.04 1.02 089 (0.01) 230 (0.01)
Bz =3 0.20 | 0.02 0.67 0.88 (0.01) 1.52  (0.01)
0.90 | 0.03 088 088 (0.01) 199 (0.01)
frw =7 020 | 004 134 08 (001)  3.03 (0.02)
0.90 | -0.06 1.75 0.88 (0.01) 3.97  (0.02)
T=28 0.20 | 0.00 0.05 0.88 (0.01) 0.12 (< 0.01)
090 | 0.00 005 088 (0.01) 012 (<0.01)
©  cos@nl) ¥ BaX 172 F(#) = cos(2rf) 020 | 0.00 025 088 (0.01) 056 (<001) 087 (0.02) 084 (<001
0.90 | 0.00 0.32 0.88 (0.01) 0.73 (< 0.01) 0.87 (0.01) 1.09 (< 0.01)
Be=3 0.20 | 0.00 0.05 0.88 (0.01) 0.12 (< 0.01)
0.90 | 0.00 0.05 0.89 (0.01) 0.12 (< 0.01)
T=8 0.20 | 0.00 0.05 0.88 (0.01) 0.12 (< 0.01)
0.90 | 0.00 005 088 (0.01) 012 (< 0.01)
@) cos(2nt) + A(X/D) —0° +7Z ju(t, X) 020 0.00 064 087 (<001) L4d (0.01) 081 (0.02) 3.16 (0.01)
090 | 0.00 084 087 (<0.01) 1.89 (0.02) 081 (0.02) 417 (0.01)
T=28 0.20 | 0.00 0.05 0.89 (0.01) 0.12 (< 0.01)
090 | 0.00 005 088 (0.01) 012 (<0.01)

Standard errors are presented in parentheses.
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Table S8. Simulation results for 95% confidence bands based on the bootstrap of subject-level observations
when the correct mean structure is fitted; results are based on 500 MC samples.

Case True Mean Function Parameter p | Bias /var ACPpPomt ALPOmE ACP;:)(‘Z“_LX) AL":(','&)
@  Bot it BX 172 Bo=5 020 | 0.00 020 004 (001) 054 (<000
0.90 [-001 027 094 (0.01) 070 (< 0.01)
B =2 020 | 0.01 040 094 (001) 106 (< 0.01)
090 | 0.0 052 094 (001) 139 (0.01)
Be=3 0.20 | 0.00 0.05 0.95 (0.01) 0.14 (< 0.01)
090 | 0.00 005 094 (001) 014 (<0.01)
=38 020 0.00 005 092 (001) 014 (< 0.01)
090 | 000 005 093 (0.01) 014 (<0.01)
) Bo+ P+ BoX +BulX +7Z Bo=5 020 | 001 039 003 (001) 105 (0.0
0.90 | -0.02 0.51 0.92 (0.01) 1.38  (0.01)
B = 020 | 0.03 078 093 (0.01) 209 (0.01)
090 | 0.04 1.02 093 (0.01) 274 (0.02)
B, =3 020 | 0.02 067 092 (0.01) 181 (0.01)
0.90 | 0.03 0.88 093 (0.01) 2.36 (0.01)
B =T 020|004 1.34 093 (0.01)  3.60 (0.02)
090 | -006 175 094 (001) 472 (0.02)
=8 020 | 0.00 005 092 (001) 014 (<0.01)
0.90 | 0.00 0.05 0.93 (0.01) 0.14 (< 0.01)
©  cos@nt) + BoX +7Z F(t) =cos(zr) 020 | 0.00 025 093 (0.01) 067 (<0.01) 092 (0.01) 095 (<001
090 | 000 032 093 (0.01) 087 (<001) 093 (0.01) 1.23 (< 0.01)
Be=3 0.20 | 0.00 0.05 095 (0.01) 0.14 (< 0.01)
090 | 0.00 005 094 (001) 014 (<0.01)
T=28 0.20 | 0.00 0.05 0.92 (0.01) 0.14 (< 0.01)
0.90 | 0.00 0.05 093 (0.01) 0.14 (< 0.01)
@ cos@rl) T ((X/D) -0 +7Z jul, X) 020 ] 0.00 064 003 (<001) 172 (002) 089 (0.01) 341 (0.00)
090 | 000 084 093 (<001) 226 (0.02) 089 (0.01) 341 (0.01)
T=38 0.20 | 0.00 0.05 095 (0.01) 0.15 (< 0.01)
0.90 | 0.00 0.05 0.93 (0.01) 0.14 (< 0.01)

Standard errors are presented in parentheses.

Table S9. Simulation results for confidence bands with different nominal coverages based on the bootstrap
of subject-level observations when the correct mean structure is fitted and when the covariate is time-
varying, i.e. Xj;; results are based on 500 MC samples.

Nominal Coverage | Case True Mean Function Parameter  p ACPJ:(':;() ALJ,Z’;'&)
5% @) cos(2nt) +A(X/4) — 0 +7Z a6, X) 020 | 082 (0.02) (<0.01)
090 | 080 (0.02) 213 (<0.01)
90% 020 | 086 (0.02) 2.07 (<0.01)
090 | 0.87 (0.02) 225 (0.01)
"% 020 [ 0.93 (0.02) 223 (<0.01)
0.90 | 0.93 (0.01) 242 (0.01)

Standard errors are presented in parentheses.
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SECTION D. RESULTS FOR THE CASE OF HAVING NON-NORMAL ERRORS

We conduct additional simulation study to assess robustness of the proposed inferential methods
to non-Gaussianity. Recall that w;;(t) is white noises in the error term, €;;(t) = 2?21 Eindi(t) +
w;;(t), defined in Section 6. Here we consider two non-Gaussian distributions to generate w;(t):
namely, (1) t-distribution with degrees of freedom, df ~ 2.46, and (2) skew normal distribution
with mean zero, variance o = 5.33, and skewness parameter ¢ = 50 (7). Skew normal random
variables were generated using the fGarch package (?7) in R (?). True values of the parameters,
df and o2, are determined such that signal to noise remains to be 1. Nomal, skew normal, and t
distributions used to generate white noises are shown in S5. The results are similar to the Gaussian

case and suggest that the proposed methods are robust to non-Gaussian error distribution.

Table S10. Simulation results for 85% confidence bands based on the bootstrap of subject-level residuals
when the correct mean structure is fitted and when errors are non-Gaussian; results are based on 500
MC samples.

t-distribution

Case True Mean Function Parameter P ACppomt ALPomt ACPLU('KLX) ALij)(‘f‘tLX)
©  cos@rl) T BoX 172 T = cos(2nf) 020 | 082 (0.01) 049 (<0.01) 081 (0.02) 0.77  (<0.00)
0.90 | 0.82 (0.01) 0.64 (<0.01) 081 (0.02) 1.00 (<0.01)
Br=3 0.20 | 0.83 (0.02) 0.10 (<0.01)
0.90 | 0.83 (0.02) 010 (<0.01)
T=28 0.20 | 0.85 (0.02) 0.10 (<0.01)
0.90 | 0.85 (0.02) 0.10 (<0.01)
@) cos(2nt) + A(X/A) - +7Z  ju(t, X) 020 | 0.83 (<0.01) 122 (<0.01) 090 (0.01) 3.10 (0.01)
0.90 | 0.83 (<0.01) 161 (<0.01) 088 (0.01) 410 (0.01)
=8 0.20 | 0.83 (0.08) 010 (<0.01)
(

0.90 | 0.83 (0.08) 0.10
skew-normal distribution

Case True Mean Function Parameter p Acpromt ALpom® Acpiomt ALiom®
(c) cos(2mt) + B, X +7Z f(t) =cos(2nt) 0.20 | 0.84 (0.01) 049 (<0.01) 0.83 (0.02) 0.77 (<0.01)
090 | 0.84 (0.01) 064 (<0.01) 083 (0.02) 1.00 (<0.01)
Bz =3 0.20 | 0.83 (0.02) 0.10 (<0.01)
0.90 | 0.84 (0.02) 0.10 (<0.01)
r=8 020 | 0.86 (0.02) 0.0 (<0.01)
0.90 | 0.85 (0.02) 0.10 (<0.01)
@) cos@rt) + A((X/4) —8° + 7Z  ja(t, X) 020 | 083 (<0.01) 123 (<0.01) 089 (0.01) 3.11 (0.00)
0.90 | 0.83 (<0.01) 1.61 (<0.01) 0.89 (0.01) 4.09 (0.01)
T=38 0.20 | 0.84 (0.08) 0.10 (<0.01)
0.90 | 0.85 (0.08) 010 (<0.01)

Standard errors are presented in parentheses.
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Table S11. Simulation results for 90% confidence bands based on the bootstrap of subject-level residuals
when the correct mean structure is fitted and when errors are non-Gaussian; results are based on 500

MC samples.
t-distribution
Case True Mean Function Parameter p ACPPomt APt ACPJLj ('Z"tm ALJ: ('["‘tx>
©)  cos@rt) + B X T 72 T(0) = cos(2n) 020 | 0.87 (0.01) 055 (<0.01) 087 (0.01) 0.84 (<0.01)
0.90 | 0.87 (0.01) 073 (<0.01) 087 (0.02) 1.09 (<0.01)
Be=3 0.20 | 0.89 (0.01) 0.11 (<0.01)
0.90 [ 0.88 (0.01)  0.11 (<0.01)
r=8 020 | 0.0 (0.01) 011 (<0.01)
0.90 [ 0.89 (0.01) 0.2 (<0.01)
@) cos@rt) T A((X/4) —° +7Z  ja(t, X) 020 | 088 (<0.01) 140 (<0.01) 003 (0.01) 3.23 (0.00)
0.90 | 0.88 (<0.01) 1.84 (<0.01) 092 (0.01) 4.27 (0.01)
r=8 0.20 | 0.90 (0.06) 0.1 (<0.01)
0.90 | 0.0 (0.06) 011 (<0.01)
skew-normal distribution
Case  True Mean Function Parameter P Acpremt N ACPif('xtm ALif(‘;ttX)
(c)  cos(2rt) + B X + 77 F{f) = cos(2n) 0.20 | 0.80 (0.01) 056 (<0.01) 088 (0.01) 084 (<0.01)
090 | 0.88 (0.01) 073 (<0.01) 0.87 (0.01) 1.09 (<0.01)
Bo=3 0.20 | 0.89 (0.01) 012 (<0.01)
0.90 | 0.89 (0.01) 012 (<0.01)
=8 020 | 0.90 (0.01) 012 (<0.01)
0.90 [ 091 (0.01) 0.2 (<0.01)
@) cos@nt) T A((X/4) —° +7Z ja(t, X) 020 | 088 (<0.01) 140 (<001) 092 (0.01) 324 (0.01)
0.90 | 0.88 (<0.01) 1.84 (<0.01) 091 (0.01) 4.26 (0.01)
r=8 020 | 089 (0.07) 012 (<0.01)
0.90 | 0.89 (0.07) 0.12 (<0.01)

Standard errors are presented in parentheses.

Table S12. Simulation results for 95% confidence bands based on the bootstrap of subject-level residuals
when the correct mean structure is fitted and when errors are non-Gaussian; results are based on 500

MC samples.
t-distribution
Case  True Mean Function Parameter P ACpPomt ALpomt ACPif(';fL)O ALJ: (';ftm
©)  cos@nt) + BoX + 77 F() = cos(2n) 020 | 0.93 (0.01)  0.66 (<0.01) 093 (0.01) 0.94 (<0.01)
0.90 | 0.93 (0.01) 086 (<0.01) 093 (0.01) 122 (<0.01)
Bo=3 020 | 0.94 (0.01) 013 (<0.01)
0.90 | 0.94 (0.01) 013 (<0.01)
r=8 020 | 0.94 (0.01) 014 (<0.01)
0.90 [ 0,94 (0.01) 0.4 (<0.01)
@) cos@rt) T A((X/4) —° +7Z  ja(t, X) 020 | 0.04 (<0.01) 1.66 (<0.01) 006 (0.01) 3.44 (0.00)
0.90 | 0.93 (<0.01) 218 (<0.01) 096 (0.01) 4.53 (0.01)
r=8 020 | 093 (0.05) 013 (<0.01)
0.90 | 0.93 (0.05) 0.14 (<0.01)
skew-normal distribution
Case True Mean Function Parameter P ACPpPot ALpom® Acpiomt ALiomt
©)  cos@rt) + B X + 72 F(t) = cos(2r) 0.20 | 0.94 (0.01)  0.66 (<0.01) 0.93 (0.01) 095 (<0.01)
090 | 0.94 (0.01) 086 (<0.01) 094 (0.01) 1.23 (<0.01)
B.=3 020 | 0.94 (0.01) 0.4 (<0.01)
0.90 [ 0,94 (0.01) 0.4 (<0.01)
r=8 020 | 0.95 (0.01) 014 (<0.01)
0.90 [ 0.95 (0.01) 0.4 (<0.01)
@) cos@rt) T A((X/4) —° +7Z  ja(t, X) 020 | 003 (<0.01) 1.66 (<0.01) 006 (0.01) 3.44 (0.00)
0.90 | 0.93 (<0.01) 218 (0.01) 094 (0.01) 453 (0.01)
r=8 0.20 | 0.94 (0.05) 0.4 (<0.01)
0.90 | 0.4 (0.05) 014 (<0.01)

Standard errors are presented in parentheses.
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Table S13. Empirical Type I error of the test statistic 7" based on the Ngi,m = 1000 MC samples for the
case of having non-Gaussian errors.

t-distribution

u(t,z) = cos(2mt), T =8
a=0.05 a=0.10 a=0.15
n=100 p=02008 (0.01)]0.15 (0.01) | 0.21 (0.01)
n=200 p=02/007 (0.01)]|0.13 (0.01) | 0.19 (0.01)
n=300 p=02]007 (0.01)]|0.12 (0.01) | 0.17 (0.01)
skew normal distribution
wu(t,z) = cos(2mt), T =8
a = 0.05 a=0.10 a=0.15
n=100 p=0.20.09 (0.01)]0.15 (0.01) | 0.22 (0.01)
n=200 p=02/005 (0.01)]0.09 (0.01)]0.14 (0.01)
n=300 p=02]|006 (0.01)]|0.11 (0.01) | 0.16 (0.01)

Standard errors are presented in parentheses.
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SECTION E. ADDITIONAL FIGURES

Additional figures discussed in the main paper are presented in this section.

Observed test statistic = 0.041
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Null distribution of the test statistic
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Figure S1. The null distribution of the test statistic in (4.4) for the null hypothesis that there is no effect
of age on activity. The red dashed line is the 95 percent quantile of the null distribution of the test
statistic.
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Figure S2. Association of body mass index with mean log counts as a function of time of day and the
associated joint confidence bands.
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Figure S3. Estimated power curves for testing Ho : p(t,z) = n(t) using o = 0.05, when the true mean
function p(t, z) = cos(2nt) + §(u(¢t, ©) — cos(2mt)) for 6 = 0.01,2,4, 6, 8. Results are based on Ng;,, = 500
MC samples.
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Figure S4. Estimated power curves for testing Ho : (¢, z) = n(t) using level of significance o = 0.05,
when the true mean function p(t, x) = 2 cos(2nt) + §(x/4 —t)? for § = 0.01,2,4,6. The results are based
on Nsim = 500 MC samples.
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Figure S5. Normal, skew-normal, and t distributions used to generate white noises.
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Real data
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Figure S6. Three observed curves (left) from the BLSA data and the two corresponding simulated curves
(middle & right) from the fitted model using the tensor product of d; = 15 and d, = 7 basis functions in

t and x directions respectively.
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