so that p! is always either 1 or -1. The matrix in equation C2 can then be rewritten as

N N N
> X;Xy=BT (B ® (Z AG?Of; © 8fi>> + (BY)T <By ® (Z AG?2f; O f))
i=1

i=1 i=1
N N
+(BY)T (B o) (Z AG?tif; ©0 f)) + BT <By ® (Z AG?t0f; © f)) (C5)
i=1 =1

There are additional re-orderings that can be, and are, used to speed up the calculations,
but this is the most important one. Furthermore, the resulting matrix XX is very sparse (the
higher the warp resolution, the sparser X' X becomes) which can also be used to speed up its

calculation.

S Supplementary material

Listed below are tables and figures that were deemed superfluous to the main article.

S.1 Movies

A very convincing way of demonstrating the susceptibility-by-movement effect, and the ability
of the present method to correct for it, is by vieweing the data as a movie. Below we show
movies with and without correction for susceptibility-by-movement for the simulated and for
the human data.

S.1.1 Simulations

Figure S1 is a still from the movie SimulatedMovie.gif.

S.1.2 Human data

Figure S2 is a still from the movie HumanMovie.gif.
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Figure S1: The movie shows data before correction (leftmost column) and after correction for suscepti-
bility, eddy currents and subject movement (middle column). The rightmost column shows the data after

including also the susceptibility-by-movement model in the correction.

S.2 Correlations between true and estimated derivative maps for simulated

data

Figure 5 shows a side-by-side comparison of the “true” and estimated and derivative fields for
two specific sets of simulations. Below we have tabulated (tables S1 and S2) the correlation
between “true” and estimated maps for all sets of simulations. To convey an intuition of what
these correlations mean we mention that the correlations of the maps in columns 3 and 4 with
that in column 2 of figure 5 were 0.864 and 0.864 respectively for Ow/00 and 0.878 and 0.879
respectively for Ow/d¢. The corresponding numbers for columns 6 and 7 with column 5 were

0.957 and 0.957 for dw/00 and 0.954 and 0.954 for Ow/d¢.
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Figure S2: The movie shows data before correction (leftmost column) and after correction for suscep-
tibility, eddy currents and subject movement (middle column). The rightmost column shows the data
after including also the susceptibility-by-movement model in the correction. The yellow arrows points to
an area with rapid spatial changes in the susceptibility-field. The red arrows point to areas with much

smoother susceptibility-field, but which nevertheless changes when the subject moves.
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Movement type:
PE-direction:
Derivative type:

Eddy currents:

Movement magnitude:

SNR:

Correlation:

Volumetric
A—P
Odw /006
Without With
Normal

Normal Large

20 40 20 40 20 40 20 40

.859 .864 .955 957 .860 .864 .955 957

Derivative type:

Eddy currents:

Movement magnitude:

SNR:

Correlation:

Without With

Normal Large Normal Large

20 40 20 40 20 40 20 40

.873 .878 1952 .954 .874 .879 1953 .954

PE-direction:
Derivative type:

Eddy currents:

Movement magnitude:

SNR:

Correlation:

P—A

Ow /006
‘Without With
Normal

Large
20 40 20 40 20 40 20 40

.848 .860 .953 .956 .854 .861 .952 .955

Derivative type:

Eddy currents:

Movement magnitude:

SNR:

Correlation:

Table S1:

Ow/0¢
‘Without ‘With
Normal Large Normal Large
20 40 20 40 20 40 20 40
.868 .878 .950 1951 .870 .878 1950 .951

The table shows the correlation between “true” and estimated derivative fields for simulated

data with “volumetric” movement. Each number is the average of ten unique noise realisations. The

standard deviation was less than 0.001 for all cases, so we have chosen not to tabulate it.

58



Movement type: Slice-wise

PE-direction: A—P

Derivative type: Ow /06

Eddy currents: Without With

Movement magnitude: Normal Large Normal Large
SNR: 20 40 20 40 20 40 20 40
Correlation: .856 .862 1953 1955 .855 .860 .954 1955
Derivative type: Ow /¢

Eddy currents: Without With

Movement magnitude: Normal Large Normal Large
SNR: 20 40 20 40 20 40 20 40
Correlation: .868 £ .001 .875 1950 1952 .868 .875 .950 1952
PE-direction: P—A

Derivative type: Ow /06

Eddy currents: Without With

Movement magnitude: Normal Large Normal Large
SNR: 20 40 20 40 20 40 20 40
Correlation: .849 .860 .951 .955 .844 + .002 .856 .950 .955
Derivative type: Ow/0¢

Eddy currents: Without With

Movement magnitude: Normal Large Normal Large
SNR: 20 40 20 40 20 40 20 40
Correlation: .854 + .002 .868 £ .003 .946 1949 .850 £ .004 .867 £ .003 .946 1949

Table S2: The table shows the correlation between “true” and estimated derivative fields for simulated
data with “volumetric” movement. Each number is the average of ten unique noise realisations. For the

cases where the standard deviation was less than 0.001 we have chosen not to tabulate it.
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S.3 Comparing corrected and true images for simulated data

Figures 7 and 8 in the main paper show the correlation between true and corrected images for a
quite basal slice, a A — P PE-direction and an SNR of 40. In this section we show similar plots
for different levels (in the z-direction) in the brain, for both inter- and intra-volume movement
and for PE in both A — P and P — A directions and for an SNR of 20 and 40.

For all figures in this section the solid black and solid grey lines represent the correlation
between true and corrected images for the method in the present paper and the method assuming
a constant susceptibility field respectively. The scale for both these curves is found on the
left-hand of the graphs. The dashed black line shows a “proxy” for the rotation relevant to
susceptibility field. Tt was calculated as y/RZ + R2 where R, and R, denote rotation around
the z- and y-axes respectively. The scale for that curve is found on the right hand side of the
graphs. The graphs in the left column show the results for “normal” subject movement and
the right column for “large” movement. The top row shows the situation when no eddy current
distortions were simulated and no attempt was made to estimate eddy currents. The bottom
row shows the situation when eddy currents were included in the simulations and eddy currents
and susceptibility-by-movement were jointly estimated by eddy.

The general appearance of all these plots is similar, but with some potentially interesting

messages in the differences between them.

e The gains from correcting for susceptibility-by-movement depend strongly on the parts of

the brain measured, with regions close to the sinuses or the ear canals most affected.

e There does not seem to be any difference between PE in A — P or in P — A when it

comes to our ability to correct for susceptibility-by-movement effects.

e The presence of eddy currents and intra-volume movement seems to have a small but
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appreciable negative impact on our ability to correct for susceptibility-by-movement effects.

e When assessed over the whole brain the correction has a positive impact for all cases in

our 2 X 2 x 2 x 2 x 2 factorial.

S.3.0.1 Simulations with only inter-volume (volumetric) movement.
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Figure S3: Results for slice 15 of simulations with volumetric movement, PE in the A — P direction and

an SNR of 20
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Figure S4: Results for slice 25 of simulations with volumetric movement, PE in the A — P direction and

an SNR of 20
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Figure S5: Results for slice 35 of simulations with volumetric movement, PE in the A — P direction and

an SNR of 20
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Figure S6: Results for the whole brain of simulations with volumetric movement, PE in the A — P
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63



“Normal” movement “Large” movement

=

£099 0.95
=098

2 007 09
g 0.96 0.85
e 08
S 0.94 0.75

0.93 -

Without eddy currents
al
b

bl
=3
N 3 2
- '
~ R 07 . ... 798
N 1 [N S R ]
! - [ 3
1 >
- 0 L 0<
0 20 40 60 0 20 40 60 2o
Volume # Volume # uf_vab/
= 1 1
o £
g B0 095
S £098 0.9
g %097 -
S Eoss 0.85
%\ = 0.95 0.8
3 Eoe4 0.75 z
o © - 2
0.93 . /43 8
= . AR P &4 o
= LS MO i S PO =t
I Veas S 2
0 L 0%
0 20 40 60 0 20 40 60 "o
Volume # Volume # @

Figure S7: Results for slice 15 of simulations with volumetric movement, PE in the A — P direction and

an SNR of 40
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Figure S8: Results for slice 25 of simulations with volumetric movement, PE in the A — P direction and

an SNR of 40
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Figure S9: Results for slice 35 of simulations with volumetric movement, PE in the A — P direction and

an SNR of 40
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Figure S10: Results for the whole brain of simulations with volumetric movement, PE in the A — P

direction and an SNR of 40
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Figure S11: Results for slice 15 of simulations with volumetric movement, PE in the P — A direction

and an SNR of 20
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Figure S12: Results for slice 25 of simulations with volumetric movement, PE in the P — A direction

and an SNR of 20
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Figure S13: Results for slice 35 of simulations with volumetric movement, PE in the P — A direction

and an SNR of 20
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Figure S14: Results for the whole brain of simulations with volumetric movement, PE in the P — A

direction and an SNR of 20
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Figure S15: Results for slice 15 of simulations with volumetric movement, PE in the P — A direction

and an SNR of 40
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Figure S16: Results for slice 25 of simulations with volumetric movement, PE in the P — A direction

and an SNR of 40
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Figure S17: Results for slice 35 of simulations with volumetric movement, PE in the P — A direction

and an SNR of 40
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Figure S18: Results for the whole brain of simulations with volumetric movement, PE in the P — A

direction and an SNR of 40
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S.3.0.2 Simulations with intra-volume (slice-to-volume) movement.
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Figure S19: Results for slice 15 of simulations with slice-to-volume movement

and an SNR of 20

Without eddy currents

With eddy currents

=
£099 0.95 i fk?"“v&q’:: ‘ oy :
= 0.98
% 0.97 0.9
o 085
§ 0.95 0.8
5094 0.75
0.93 . o, ! 3 o7 do
[ St -- 12 N ~aa )
[N 1 [ RS -1 16
! ‘=~ ! A _\ -1 = 3
L 0 L 0
0 20 40 60 0 20 40 60
Volume # Volume #
= 1 1
£099 095
=098 09
2 0.97 i
£o0.96 085
g
£ 0.95 0.8
50.94 0.75
“ 093 . ~l3
"o, 0.7
N v -9
[ARN AR -2 N S -
el N 1 L R --116
! (Y] oAt g T 3
L 0 L 0
0 20 40 60 0 20 40 60
Volume # Volume #

“Normal” movement

“Large” movement

(8op) Axo01d uoneioy

(op) Axo1d uonejoy

, PE in the A — P direction

Figure S20: Results for slice 25 of simulations with slice-to-volume movement, PE in the A — P direction

and an SNR of 20
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Figure S21: Results for slice 35 of simulations with slice-to-volume movement

and an SNR of 20

Figure S22: Results for the whole brain of simulations

direction and an SNR of 20
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Figure 523: Results for slice 15 of simulations with slice-to-volume movement

and an SNR of 40
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Figure S24: Results for slice 25 of simulations with slice-to-volume movement, PE in the A — P direction

and an SNR of 40
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Figure S25: Results for slice 35 of simulations with slice-to-volume movement

and an SNR of 40

Figure S26: Results for the whole brain of simulations

direction and an SNR of 40
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(8op) Axo01d uoneioy

(op) Axo1d uonejoy

, PE in the A — P direction

with slice-to-volume movement, PE in the A — P
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Figure S27: Results for slice 15 of simulations with slice-to-volume movement, PE in the P — A direction

and an SNR of 20
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Figure S28: Results for slice 25 of simulations with slice-to-volume movement, PE in the P — A direction

and an SNR of 20
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Figure 529: Results for slice 35 of simulations with slice-to-volume movement

and an SNR of 20

Figure S30: Results for the whole brain of simulations

direction and an SNR of 20
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(8op) Axo01d uoneioy

(op) Axo1d uonejoy

, PE in the P — A direction

with slice-to-volume movement, PE in the P — A
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Figure S31: Results for slice 15 of simulations with slice-to-volume movement

and an SNR of 40
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Figure S32: Results for slice 25 of simulations with slice-to-volume movement, PE in the P — A direction

and an SNR of 40

77



Without eddy currents

With eddy currents

“Normal” movement

“Large” movement

E‘ O.QQW 0.95 ; ;; - ;; \-:
= 0.98
£ 097 0.9
g 0.96 0.85
%g; 0.95 0.8
S o094 075
0.93 - 713
~ sy 0.7 ~l9
S A 2 . R
P 1y, IR he S ~-4 16
7T 1 [ e N 3
L 0 L 0
0 20 40 60 0 20 40 60
Volume # Volume #
= 1 1
£099 W 0.95 V7 v i R
= 0.98
Z0.97 09
Soss 085
T:; 0.95 0.8
5 0.94 0.75
© 0.3 , 3
Nen 0.7 <~
[N e 1 w2 N S 0 9
[ O B RS S \~a 16
' d 1 AL 3
L 0 L 0
0 20 40 60 0 20 40 60
Volume # Volume #

(Sop) Axo1d uonejoy

(Sop) Axo01d uonejoy

Figure S33: Results for slice 35 of simulations with slice-to-volume movement

and an SNR of 40

Figure S34: Results for the whole brain of simulations

direction and an SNR of 40

Without eddy currents

With eddy currents

“Normal” movement

“Large” movement

=
£099 0.95 v C\f \ :
= 0.98
% 0.97 0.9
So96 0.85
§ 0.95 0.8
5094 0.75
'
098 . IS 5 o7 <9
[N "\\, wss 12 N N _‘1 b
: ,_“. v 1 'l *\_‘_‘-: S~ 3
x : 0 t 0
0 20 40 60 0 20 40 60
Volume # Volume #
= 1 1
£099 095
=098 09
2 0.97 i
£o0.96 085
k5
£ 0.95 0.8
50.94 0.75
©0.93 N B,
[N PN SRR P N S~ :‘g
bl . Shee e g
L 0 L 0
0 20 40 60 0 20 40 60
Volume # Volume #

78

(8op) Axo01d uoneioy

(op) Axo1d uonejoy

, PE in the P — A direction

with slice-to-volume movement, PE in the P — A



