
4� 5FYU

.PEFMMJOH UIZNJD PVUQVU

8F VTFE QIFOPNFOPMPHJDBM GVODUJPOT UP FYQMBJO DIBOHFT JO UIF SBUF PG SFMFBTF PG OFX OBJWF DFMMT GSPN UIF
UIZNVT XJUI IPTU BHF� 'PS UIF BOBMZTJT PG PVS CVTVMGBO DIJNFSJD NJDF
 XF BTTVNFE UIBU UIFTF SBUFT BSF QSP�
QPSUJPOBM UP UIF OVNCFST PG EPVCMF�QPTJUJWF 	$%�+$%�+
 PS %1�
 UIZNPDZUFT
 XIJMF EFO #SBCFS FU BM� <�>
VTFE UIF OVNCFST PG TJOHMF QPTJUJWF 	41� BOE 41�
 DPNQBSUNFOUT GSPN 85 NJDF� 8F DIPTF UIF GPSNFS UP
FYDMVEF FČFDUT PG DPOUBNJOBUJPO PG UIF 41� BOE 41� QPQVMBUJPOT XJUI SFDJSDVMBUJOH NBUVSF DFMMT GSPN UIF
QFSJQIFSZ�

*O CPUI TFUT PG EBUB
 BMM UIZNJD QPQVMBUJPOT BQQFBS UP EFDMJOF FYQPOFOUJBMMZ GSPN BQQSPYJNBUFMZ � XFFLT PG
BHF�

θ(t) = θ(0)e−νt. 	4�


ćF SBUF PG UIZNJD JOWPMVUJPO ν XBT FTUJNBUFE CZ ĕUUJOH B MJOFBS NPEFM UP UIF MPH�USBOTGPSNFE DFMM DPVOUT
PG %1� UIZNPDZUFT� ćZNFDUPNZ XBT SFQSFTFOUFE CZ TFUUJOH θ(t) UP [FSP BU UIF UJNF PG TVSHFSZ 	t0 = �
XFFLT


θ5Y(t) =

{
θ0 e

−νt t ≤ t0

0 t > t0.
	4�


5P EFTDSJCF DIBOHFT JO UIZNJD PVUQVU GSPN CJSUI POXBSET XF VTFE UIF QJFDF�XJTF GVODUJPO EFTDSJCFE JO EFO
#SBCFS FU BM� <�>� ćFZ NPEFMMFE BO FYQPOFOUJBM JODSFBTF JO UIF OVNCFST PG 41� BOE 41� UIZNPDZUFT VOUJM �
XFFLT PG BHF 	t1

 B SBQJE GBMM CFUXFFO � BOE � XFFLT PG BHF 	t2
 BOE B TMPXFS EFDMJOF UIFSFBęFS�

θ#(t) =

⎧
⎪⎨

⎪⎩

θ0 (1− e−s1t) t ≤ t1

θ(t1) e
−s2(t−t1) t1 < t ≤ t2

θ(t2) e
−s3(t−t2) t > t2.

	4�


8IFO NPEFMMJOH EBUB GSPN UIF CVTVMGBO DIJNFSBT
 XF BTTVNFE UIBU UIF UPUBM PVUQVU GSPN UIF UIZNVT BU BOZ
UJNF JT JEFOUJDBM UP UIBU JO BHF�NBUDIFE VOUSFBUFE IFBMUIZ NJDF
 CVU JT TQMJU CFUXFFO EPOPS BOE IPTU DFMMT
BDDPSEJOH UP UIF DIJNFSJTN χ BU UIF %1� TUBHF PG UIZNJD EFWFMPQNFOU�

θEPOPS(t) = χθ(t)

θIPTU(t) = (1− χ)θ(t).
	4�


"EBQUBUJPO NPEFM

8F TPMWFE &R� � JO UIF UFYU VTJOH UIF NFUIPE PG DIBSBDUFSJTUJDT
 XJUI UXP CPVOEBSZ DPOEJUJPOT� 0OF JT UIF
DPOTUSBJOU UIBU UIF QPQVMBUJPO EFOTJUZ PG DFMMT PG QPTU�UIZNJD BHF a = 0
 N(t, 0)
 BU BOZ UJNF t JT TJNQMZ UIF
SBUF PG UIZNJD FYQPSU BU UIBU NPNFOU
 θ(t)� ćF TFDPOE CPVOEBSZ DPOEJUJPO JT UIF QPQVMBUJPO EFOTJUZ XJUI
SFTQFDU UP DFMM BHF BU UJNF [FSP
 N(0, a) = g(a)� (JWFO CPUI
 POF DBO UIFO USBDL UIF GBUF PG UIF QPQVMBUJPO
QSFTFOU BU UJNF [FSP
NJOJU(t, a) BOE UIF GBUFT PG DFMMT TVCTFRVFOUMZ FYQPSUFE GSPN UIZNVT
Nθ(t, a)�

NJOJU(t, a) = g(a− t) exp

(
−

∫ t

0
λ(τ + a− t) dτ

)
, GPS a ≥ t

Nθ(t, a) = θ(t− a) exp

(
−

∫ a

0
λ(τ) dτ

)
, GPS a ≤ t.

	4�


�



5P DPOOFDU UIF BEBQUBUJPO NPEFM XJUI PCTFSWBUJPOT PG OBJWF 5 DFMM OVNCFST
 XF JOUFHSBUFE NJOJU(t, a) +
Nθ(t, a) PWFS DFMM BHF UP PCUBJO UIF UPUBM QPQVMBUJPO TJ[FN(t)�

8F FYQMPSFE FYQPOFOUJBM 	λ(a) = λ0 e−a/r
 BOE TJHNPJE (λ(a) = λ0/(1+(a/r)2) GPSNT GPS UIF OFU MPTT SBUF
λ EFDSFBTJOH XJUI DFMM BHF� ćF QPQVMBUJPO EFOTJUZ PG 5 DFMMT XJUI SFTQFDU UP DFMM BHF BU UJNF [FSP XBT VOLOPXO
BOE XF NPEFMMFE JU BT g(a) = epa θ0� ćF GSFF QBSBNFUFS p DPVME CF QPTJUJWF PS OFHBUJWF
 TVDI UIBU PMEFS DFMMT
DBO JOJUJBMMZ CF PWFS� PS VOEFS�SFQSFTFOUFE DPNQBSFE UP ZPVOHFS DFMMT� ćJT EFĕOJUJPO PG g(a) BMTP FOTVSFT

GPS DPOTJTUFODZ
 UIBU g(0) JT UIF SBUF PG PVUQVU GSPN UIF UIZNVT BU UIBU UJNF
 θ0� ćJT RVBOUJUZ JT VOLOPXO CVU
DBO CF FYQSFTTFE JO UFSNT PG g(a) BOE UIF JOJUJBM QPPM TJ[FN0�

5PUBM DFMM OVNCFST =
∫ t0

0
g(a) da =

∫ t0

0
epa θ0 da = N0 =⇒ θ0 =

N0p

e p ta − 1
, 	4�


XIFSF UIF SBOHF PG QPTTJCMF DFMM BHFT BU IPTU BHF t0 JT 0 ≤ a ≤ t0�

8IFONPEFMMJOH EBUB GSPN UIF CVTVMGBO DIJNFSBT
 XF DPOTJEFSFE UISFF TVCQPQVMBUJPOT PG OBJWF $%� PS $%�
5 DFMMT o B IPTU�EFSJWFE QPQVMBUJPO HFOFSBUFE QSF�#.5Nh

JOJU(t, a)
 UIF IPTU QPQVMBUJPO QPTU�#.5Nh
θ (t, a)


BOE UIF EPOPS QPQVMBUJPO QPTU�#.5Nd
θ (t, a)� 5PUBM DFMM DPVOUT BSF UIFO

NUPUBM(t) =

∫ t

0

(
Nh

JOJU(t, a) +Nh
θ (t, a) +Nd

θ (t, a)
)
da. 	4�


8IFONPEFMMJOH UIF CVTVMGBO DIJNFSB EBUB
 XFNFBTVSFE IPTU BHF GSPN UIF UJNF PG FBSMJFTU #.5 	�� EBZT
� *O
UIF BOBMZTJT PG UIF EBUB JO EFO #SBCFS FU BM� <�>
 UJNF [FSPXBT EFĕOFE FJUIFS BT CJSUI PS UIF UJNF PG UIZNFDUPNZ
	� XFFLT

 BT BQQSPQSJBUF�

#VTVMGBO USFBUNFOU SFTVMUT JO MFWFMT PG DIJNFSJTN UIBU WBSZ TMJHIUMZ BDSPTT NJDF� 5P DPNQBSF SFQMBDFNFOU
BDSPTT NJDF
 XF OPSNBMJTFE UIF GSBDUJPO PG DFMMT JO UIF QFSJQIFSZ UIBU XFSF EPOPS�EFSJWFE UP UIF UIZNJD
DIJNFSJTN χ
 EFĕOFE UP CF UIF QSPQPSUJPO PG UIZNPDZUFT BU UIF FBSMZ EPVCMF�QPTJUJWF 	%1�
 TUBHF PG EF�
WFMPQNFOU UIBU XFSF EPOPS�EFSJWFE�

/PSNBMJTFE EPOPS GSBDUJPO fd =
Nd

θ (t)

χNUPUBM(t)
. 	4�


ćJT GSBNFXPSL BMMPXFE VT UP DPNCJOF EBUB GSPN CPOF NBSSPX USBOTGFST NBEF JO SFDJQJFOUT XJUI EJČFSFOU
BHFT� 8F BTTVNFE N0 BOE p XFSF GSFF QBSBNFUFST DPNNPO UP BMM NJDF UIBU DIBSBDUFSJTFE UIF QPPM TJ[F BOE
BHF EJTUSJCVUJPO PG OBJWF DFMMT BU BHF t0 � �� EBZT
 UIF FBSMJFTU BHF BU #.5 JO PVS FYQFSJNFOUT� 'PS BOJNBMT
UIBU VOEFSXFOU #.5 MBUFS JO MJGF
 XF VTFE N0 BOE p UP DBMDVMBUF UIF QSFEJDUFE OBJWF 5 DFMM QPPM TJ[F BOE BHF
EJTUSJCVUJPO BU UIF UJNF PG #.5 tb
 CZ USBDLJOH BOE DPNCJOJOH UIF TJ[FT PG 	J
 UIF DPIPSU PG DFMMT QSFTFOU BU t0
VOUJM tb
 XIJDI XBT JOJUJBMMZ PG TJ[FN0 BOE XJUI BHF EJTUSJCVUJPO g(a)� BOE 	JJ
 UIF QPQVMBUJPOT FYQPSUFE GSPN
UIF UIZNVT CFUXFFO t0 BOE tb�

$FMM BHF EJTUSJCVUJPO BU tb = G(a) =

{
g(a− (tb − t0)) e

∫ t−t0
0 λ(τ)dτ a ≥ tb − t0

θ(tb − t0 − a) e
∫ a
0 λ(τ)dτ a ≤ tb − t0

}
	4�


ćZNJD PVUQVU BT B GVODUJPO PG BHF XBTNPEFMMFE BT EFTDSJCFE BCPWF
 VTJOH UIF GPSNT QSFTFOUFE JO EFO #SBCFS
FU BM� <�> PS BT FYQPOFOUJBM EFDBZ XIFO ĕUUJOH NPEFMT UP CVTVMGBO DIJNFSB EBUB�

ćF QBSBNFUFSTN(0)
 p
 λ0
 BOE r XFSF FTUJNBUFE CZ TJNVMUBOFPVTMZ ĕUUJOH UIFNPEFM UP UIF MPH�USBOTGPSNFE
DFMM DPVOUT BOE MPHJU�USBOTGPSNFE OPSNBMJTFE EPOPS GSBDUJPOT�

�



4FMFDUJPO NPEFM

8F TPMWFE &R� � JO UIF UFYU UP PCUBJO UIF EJTUSJCVUJPO PG MPTT SBUFT λ JO UIF OBJWF 5 DFMM QPPM� ćJT EJTUSJCVUJPO
JT JOUFHSBUFE PWFS λ UP HJWF UPUBM DFMM OVNCFST JO B IPTU PG BHF t�

dN(λ, t)

dt
= θ(t)fθ(λ)− λN(λ, t),

N(λ, t) = N0fJOJU(λ)e
−λ(t−t0) +

∫ t

s=t0

θ(s− t0)fθ(λ)e
−λ(t−s) ds,

N(t) =

∫ λNBY

0
N(λ, t) dλ.

	4��


)FSF fθ(λ) JT UIF EJTUSJCVUJPO PG ĕUOFTTFT PG DFMMT FNFSHJOH GSPN UIF UIZNVT
 BTTVNFE UP CF MPHOPSNBM XJUI B
DVUPČ λNBY DIPTFO UP CF UIF ��UI QFSDFOUJMF PG UIF EJTUSJCVUJPO GPS BOZ HJWFO NFBO BOE WBSJBODF� BOE fJOJU(λ)
JT UIF EJTUSJCVUJPO PG ĕUOFTTFT PG DFMMT JO UIF QFSJQIFSZ BU t0� "HBJO
 UIZNJD PVUQVU BT B GVODUJPO PG BHF XBT
NPEFMMFE VTJOH UIF GPSNT QSFTFOUFE JO EFO #SBCFS FU BM� <�> PS BT FYQPOFOUJBM EFDBZ XIFO ĕUUJOH UP CVTVMGBO
DIJNFSB EBUB� %POPS DFMM OVNCFST DPVME CF DBMDVMBUFE CBTFE PO IPTU BHF BOE BHF BU #.5�

NEPOPS(t) =

∫ λNBY

0

(∫ t

s=tb

θ(s− t0)fθ(λ) e
−λ(t−s) ds +N0 fJOJU(λ)e

−λ(t−t0)

)
dλ,

fd =
NEPOPS(λ, t)

χ NUPUBM(λ, t)
.

	4��


ćF TFMFDUJPO NPEFM IBT TJY VOLOPXOT 	N0
 θ0
 µθ
 σθ
 µJOJU BOE σJOJU

 XIJDI
 BT CFGPSF
 XFSF FTUJNBUFE CZ
TJNVMUBOFPVTMZ ĕUUJOH UIF NPEFM UP UIF MPH�USBOTGPSNFE DFMM DPVOUT BOE MPHJU�USBOTGPSNFE OPSNBMJTFE EPOPS
GSBDUJPOT�

*ODVNCFOU NPEFM

*O UIJT NPEFM
 QSPQPTFE JO <�>
 UIF QFSJQIFSBM OBJWF $%� BOE $%� 5 DFMM QPQVMBUJPOT BSF BTTVNFE UP CF
IFUFSPHFOFPVT
 FBDI DPOTJTUJOH PG B AEJTQMBDFBCMF� TVCTFU DPOUJOVPVTMZ TVQQMFNFOUFE GSPN UIF UIZNVT BOE
BO AJODVNCFOU� TVCQPQVMBUJPO FTUBCMJTIFE FBSMZ JO MJGF UIBU JT OFBSMZ TFMG�SFOFXJOH 	J�F�
 XJUI MPX OFU MPTT SBUF
λi
�

dNEPOPS
dt

= χ θ0 e
−νt − λNEPOPS(t)

dNIPTU
dt

= (1− χ) θ0 e
−νt − λNIPTU(t)

dI

dt
= −λiI(t).

	4��


"T EFTDSJCFE JO SFG� <�>
 XF TPMWFE UIFTF 0%&T UP PCUBJO UPUBM DFMM DPVOUTN(t)
 XJUI JOJUJBM DPOEJUJPON(0)−
I(0) = NEPOPS(0)+NIPTU(0)
 XIFSFNEPOPS(0)
NIPTU(0) BOE I(0) BSF UIF OVNCFST PG EPOPS
 IPTU BOE JODVN�
CFOU DFMMT QSFTFOU BU t0
 SFTQFDUJWFMZ� *O UIF JODVNCFOU NPEFM t0 DPSSFTQPOET UP UIF UJNF BU XIJDI IPTU�EPOPS
DIJNFSJTN IBT TUBCJMJTFE BU BMM TUBHFT PG UIZNJD EFWFMPQNFOU
 FTUJNBUFE UP CF � XFFLT QPTU CPOF NBSSPX
USBOTGFS
 BOE OPU UIF UJNF PG FBSMJFTU CPOF NBSSPX USBOTGFS BT JO UIF NPEFMT BCPWF� 8F BDDPVOUFE GPS EJČFS�
FOU BHFT BU #.5 CZ USBDLJOH DIBOHFT JO UIF EPOPS QPQVMBUJPONEPOPS(0) XJUI IPTU BHF� ćF JOJUJBM DFMM DPVOUT

�



BOE OPSNBMJTFE EPOPS GSBDUJPOT JO NJDF UIBU VOEFSXFOU #.5 MBUFS JO MJGF 	BHF tb
 BSF UIFO

N(tb) =
θ(t− t0) (e(λ−ν)(tb−t0) − 1) + (λ− ν) (N(0)− I(0)) + (λ− ν) I(0) e(λ−λi)(tb−t0)

(λ− ν) eλ(tb−t0)

fd(tb) =
N(0) fd(0) e−ν(tb−t0)

N(tb)
,

	4��


BOE UIF UPUBM DFMM DPVOUT BOE OPSNBMJTFE EPOPS GSBDUJPO BT GVODUJPOT PG IPTU BHF BSF

N(t) =
θ(t− t0) e−ν(tb−t0) (e(λ−ν)(t−tb) − 1) + (λ− ν) (N(tb)− I(tb)) + (λ− ν) I(tb) e(λ−λi)(t−tb)

(λ− ν) eλ(t−tb)

fd(t) =
θ(t− t0) e−ν(tb−t0) (e(λ−ν)(t−tb) − 1) + (λ− ν)N(tb) fd(tb)

θ(t− t0) (e(λ−ν)(t−tb) − 1) + (λ− ν) (N(tb)− I(tb)) + (λ− ν) I(tb) e(λ−λi) (t−tb)
.

	4��

'PS ĕUT UP EBUB GSPN EFO #SBCFS FU BM� <�>
 θ BOE θ5Y 	&RVBUJPOT 4� BOE 4�
 XFSF VTFE GPS 85 BOE 5Y NJDF
SFTQFDUJWFMZ BOENEPOPS XBT TFU UP [FSP� *O SFG� <�> UIF JODVNCFOU MPTT SBUF XBT GPVOE UP CF TUBUJTUJDBMMZ JOEJT�
UJOHVJTIBCMF GSPN [FSP BOE TP XF TFU λi = 0�

ćF JODVNCFOUNPEFM IBT GPVS GSFF QBSBNFUFST 	N(0)
 θ0
 I(0) BOE λ
 XIFO ĕUUFE UP UIF MPH�USBOTGPSNFE DFMM
DPVOUT PG OBJWF 5 DFMMT XIFO VTJOH EBUB GSPN EFO #SBCFS FU BM� <�>� 'JUUJOH UIF EBUB GSPN CVTVMGBO DIJNFSBT
SFRVJSFE BO BEEJUJPOBM GSFF QBSBNFUFS fd(0)
 UIF OPSNBMJTFE EPOPS GSBDUJPO BU t0�

4UBUJTUJDBM "OBMZTFT

.PEFMT XFSF ĕUUFE UP EBUB JO 3 VTJOH optim XJUI UIF /FMEFS�.FBE BMHPSJUIN
 VTJOH UIF MPH MJLFMJIPPE BT UIF
PCKFDUJWF GVODUJPO� 8IFO ĕUUJOH NPEFMT TJNVMUBOFPVTMZ UP NVMUJQMF EBUBTFUT
 XF BDDPNNPEBUFE EJČFSFOU
EFHSFFT PG 	VOLOPXO
 OPJTF PS NFBTVSFNFOU FSSPS CZ DBMDVMBUJOH UIF NBYJNVN MJLFMJIPPE FTUJNBUF PG UIF
FSSPS WBSJBODF XJUIJO FBDI EBUBTFU BOE UIFO NBYJNJTJOH UIF KPJOU QSPĕMF MJLFMJIPPE XJUI SFTQFDU UP UIF NPEFM
QBSBNFUFST
 BT EFTDSJCFE JO <�>� #PPUTUSBQQFE ��� DPOĕEFODF JOUFSWBMT PO QBSBNFUFS FTUJNBUFT XFSF PC�
UBJOFE CZ SF�TBNQMJOH SFTJEVBMT ���� UJNFT� .PEFM TFMFDUJPO XBT QFSGPSNFE VTJOH UIF "LBJLF *OGPSNBUJPO
$SJUFSJPO <�>�

3FGFSFODFT
<�> EFO #SBCFS *
 .VHXBHXB 5
 7SJTFLPPQ /
 8FTUFSB -
 .ÚHMJOH 3
 EF #PFS "#
 FU BM� .BJOUFOBODF

PG 1FSJQIFSBM /BJWF 5 $FMMT *T 4VTUBJOFE CZ ćZNVT 0VUQVU JO .JDF CVU /PU )VNBOT� *NNVOJUZ�
�������	�
����o���� EPJ���������K�JNNVOJ�������������

<�> )PHBO 5
 (PTTFM (
 :BUFT "+
 4FEEPO #� 5FNQPSBM 'BUF .BQQJOH 3FWFBMT "HF�-JOLFE )FUFSP�
HFOFJUZ JO /BJWF 5 -ZNQIPDZUFT JO .JDF� 1SPD /BUM "DBE 4DJ 64"� ��������	��
�&����o�����
EPJ���������QOBT������������

<�> "LBJLF )� " OFX MPPL BU UIF TUBUJTUJDBM NPEFM JEFOUJĕDBUJPO� *&&& 5SBOTBDUJPOT PO "VUPNBUJD $POUSPM�
�������	�
����o����

�


