Appendix 1
In matrix form the true model considered can be written as;
y=Xrf+Uy+e€
The measurement error can be defined as;
Xo=Xr+V
Where the variables and error terms are defined as given in the body of the paper.
In matrix form the regression estimated can be written as;
y=XoB+u
The OLS estimator for B is given by;
Bows = (XpX0) ' (X5)
= (XpX0) H(Xo(XoB + Uy —VB +6)
=B+ (XpX0) ' (XoUy) — (X X0) T (Xo V) + (XpX0) ™' (X €)
Therefore the bias of B, is given by;
E(Bois) — B = (XpX0) *(XoUy) — (XpX0) 1 (XLVB) + (XpX0) 1 (Xpe€)
The asymptotic distribution of this bias can be found by taking the probability limit of this

expression;
1 1 1
pllm;(XOXO) = pllm;(X’TXT +2X7V+V'V)=Qxx + 2Zyy + ZVple;(XOU)
. 1 ! !
= pllmE(XTU +V'U)=Qxy+ 0
1 1
plim;(XOV) = plim;(X’TV +V'V)=2Zyy + Xy
plim%(Xbe) = plim%(X’Te +V'e)=0+0

Therefore the bias of the OLS estimator of g is;

E(BOLS) - ﬁ i (QXX + 22:XV + ZV)_lQXUy - (QXX + 22:XV + z:V)_l(zXV + z:V)ﬁ



+(Qxx + 2Zxy + Z,)7(0)
= (Qxx + 2Zxy + Zy) *Qxyy — (Qxx + 2Zxy + Zp) 1 Cyxy + Zy)B

As we have assumed no correlation between the true values of the exposure and control

and the error terms in the model this can be simplified to;

EBows) — B = Qxx + ) 1Qxyy — (Qxx + Z,) 1 Z,B.



