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section S1. Piezoelectric transducer design using the KLM model 

 

As shown in fig. S28, the designed ultrasonic transducer element is composed of 

a 1-3 composite, a backing, and an Ecoflex layer: two acoustic ports interact with 

the back and front surface of the transducer; the Ecoflex layer(s) is desirable as 

stretchable substrate to sustain active elements and the ‘island-bridge’ structured 

matrix; a backing layer can be applied to adjust the transducer bandwidth and 

suppress the ‘ringing effect’ where ZE is the electrical impedance of the electrical 

port, and ZB, ZC, ZEco, and ZT represent the mechanical impedance of the backing 

layer, active element, Ecoflex layer, and medium, respectively. To facilitate the 

understanding of the electro-mechanical coupling mechanism, an equivalent 

circuit model (the KLM model) is implemented for piezoelectric transducer 

characterization as shown in fig. S29, which allows a transmission line 

description of the complete transducer design. The piezoelectric element is 

considered to be a half-wavelength layer, with a central connection to the 

electrical port via a frequency dependent transformer. The capacitor 𝐶0 =
ε𝑠𝐴

𝑑
 is 

the static dielectric value between the conductive layers of the piezoelectric 

element within the 1-3 composite, and 𝐶′ =  −
𝐶0

𝑘𝑡𝑠𝑖𝑛𝑐(
ω

2ω0
)
 was a frequency 

dependent reactance, where 𝜀𝑠 was the electrical permittivity at constant strain, 

A is the surface area of the transducer element, l was the thickness of the 

piezoelectric element, 𝜔 was the angular frequency, 𝜔0 =
𝜋𝑣

𝑙
 was the resonance 

angular frequency of the piezoelectric element, 𝑣 was the wave velocity in 



piezoelectric element, and 𝑘𝑡 was the electromechanical coupling coefficient. The 

electro-acoustic transformer has a frequency dependent turns ratio 𝜓 =

𝑘𝑡√
π

ω0𝐶0𝑍𝐶
𝑠𝑖𝑛𝑐 (

ω

2ω0
), where 𝑍𝐶 was the acoustic impedance of the active element.  

 

Since the transducer only uses the electric port and its front acoustic port to 

interact with the pulse input and the medium, it can be considered as a two-port 

system, where the back acoustic port is treated as an internal network. By 

modeling the transducer as a set of finite transmission lines, the impulse 

response of the transducer can be estimated by a cascaded two-port system. 

Considering a general two-port system as a finite transmission line with length l 

shown in fig. S30 (59), 𝐹𝑖1 was the incident wave, 𝐹𝑖2 is the reflected wave, and 

𝐹𝑡 is the transmitted wave, where the average potential 𝐹 and the average 

current 𝑉 are represented in Laplace form. The transfer matrix 𝑁 relates the input 

and output parameters 

 

                                                       (�̅�(𝑙)

�̅�(𝑙)
) = 𝑁 (�̅�(0)

�̅�(0)
)                                         (1) 

where 𝑁 = (
𝑛11 𝑛12

𝑛21 𝑛22
). 

And the input boundary condition of the potential and current can be expressed 

as  

 

�̅�(0) = �̅�𝑖1 + �̅�𝑖2, �̅�(0) =
1

𝑍𝑖
(�̅�𝑖1 − �̅�𝑖2)                    (2) 

 



where 𝑍𝑖 is the input impedance supply, 𝑖1 indicates a plane wave traveling in a 

positive direction and 𝑖2 in a negative direction. At the end of the transmission 

line, there is only one plane wave travelling in the positive direction 

 

�̅�(𝑙) = �̅�𝑡, �̅�(𝑙) =
�̅�𝑡

𝑍𝑇
                                        (3) 

Substituting (2) and (3) into (1), the transfer function can be expressed as 

 

                                                 𝐻(𝑝) =
�̅�𝑡

�̅�𝑖1
=

2𝑍𝑇

−𝑍𝑖𝑍𝑇𝑛21+𝑍𝑖𝑛11+𝑍𝑇𝑛22−𝑛21
                      (4) 

 

where p is the Laplace variable. This transfer function allows us to obtain the 

mechanical form of the sensor response as a function of the excitation. 

Considering a complete transducer as series of cascaded two-port systems, the 

transmission and reception transfer function (considering perfect reflection) can 

be written as 

 

                            𝐻𝑡(𝑝) =
2𝑍𝑇

−𝑍𝐸𝑍𝑇𝑁𝑡21+𝑍𝐸𝑁𝑡11+𝑍𝑇𝑁𝑡22−𝑁𝑡21
                     (5) 

 

                                             𝐻𝑟(𝑝) =
4𝑍𝐸𝑍𝑇

(𝑍𝐸𝑍𝑇𝑁𝑡21−𝑍𝐸𝑁𝑡11−𝑍𝑇𝑁𝑡22+𝑁𝑡21)2
                              (6) 

 

where 𝑝 = 𝑖𝜔, 𝑍𝐸 is the electric supply impedance, 𝑍𝑇 is the front load impedance, 

and 𝑁𝑡 is the total transfer matrix. The inverse Fourier Transform is applied on 

the product of reception transfer function and excitation pulse to estimate the 

sensor response in the time domain. With the design parameters listed in Table 1, 

the backing layer can significantly shorten the length of pulse excitation and 



suppress the ringing effect. Ecoflex serves as the substrate and the front load is 

a phantom. The estimated sensor response (fig. S14) agrees well with the 

experimental measurement in Fig. 2B. The discrepancies may have resulted 

from the uncertainties of the model parameters and/or the mismatch between the 

model and experimental setup. 

 

 

 

table S1. Parameters for the 1-3 composite, backing layer, and Ecoflex. 

1-3 composite 

Acoustic Impedance 𝑍𝐶 20 MR 

Relative permittivity ε33 660 

PZT Piezoelectric coupling coefficient 𝑘𝑡 0.55 

Velocity 3740 m/s 

Design frequency 3.5 MHz 

Thickness 420 μm 

Backing layer 

Acoustic Impedance 𝑍𝐵 5.92 MR 

Ecoflex 

Acoustic Impedance 𝑍𝑀 1.30 MR 

Velocity 948 m/s 

Thickness 15 μm 

  



section S2. SAF imaging and DMAS algorithm 

 

Ultrasonic imaging is one of the most popular and successful methods to 

visualize internal discontinuities in structural or biomedical materials. One widely 

implemented method is the Phased-Array technique, where multiple transducer 

elements are excited simultaneously with designed time delays to focus and 

steer the ultrasonic beam. As an alternative option with simplified hardware 

requirements, Synthetic Aperture Focus (SAF) for ultrasonic imaging allows a 

more efficient means of operating the array with excitation of individual elements. 

A typical SAF approach uses an array of piezoelectric transducers that can act 

as both transmitters and receivers of ultrasonic waves. The image is constructed 

by extracting features from the received ultrasonic waveforms that are 

backpropagated in time to appropriately account for delay due to the relative 

spatial position of the transmitter, receiver, and focus point. This approach of 

temporal back propagation, commonly known as Delay-and-Sum (DAS) 

algorithm, can highlight the coherent wave components due to reflectors and 

suppress the random noises. 

 

Consider an ultrasonic transducer array with M transmitters and N receivers, as 

shown in fig. S31, let the spatial coordinates of each transmitter 𝑖 = 1, … , 𝑀 be 

(𝑥𝑖, 𝑦𝑖) and the spatial coordinates of each receiver 𝑗 = 1, … , 𝑁 also be (𝑥𝑗 , 𝑦𝑗). A 

standard DAS algorithm constructs an image 𝐼(𝑥, 𝑦) by summing at each pixel 

𝑃(𝑥, 𝑦) the amplitudes of the received signals, 𝐴𝑖𝑗, appropriately backpropagated, 



for each combination of transmitter 𝑖 and receiver 𝑗. In the time domain, the 

backpropagated DAS algorithm is written as 

                                     𝐼𝐷𝑆(𝑥, 𝑦) = ∑ ∑ 𝑤𝑖𝑗(𝑥, 𝑦)𝐴𝑖𝑗(τ𝑖𝑗,𝑥𝑦)𝑁
𝑗=1

𝑀
𝑖=1                                    (7) 

 

where 𝑤𝑖𝑗 are apodization weights, and the backpropagation time, τ𝑖𝑗,𝑥𝑦, 

corresponds to the travel time of the wave from the transmitter 𝑖, to the focus 

point 𝑃(𝑥, 𝑦), and back to the receiver 𝑗 

 

                                   τ𝑖𝑗,𝑥𝑦 =
√(𝑥𝑖−𝑥)2+(𝑦𝑖−𝑦)2+√(𝑥𝑗−𝑥)

2
+(𝑦𝑗−𝑦)

2

𝑣
                    (8) 

 

where the denominator is the acoustic wave speed 𝑣 in the media. The DAS 

algorithm with uniform unity apodization weights is schematically illustrated as a 

block diagram in fig. S32A. 

 

An improved SAF technique based on Delay-Multiply-and-Sum (DMAS) 

algorithm is schematically illustrated as a block diagram in fig. S32B. To 

reconstruct an image 𝐼(𝑥, 𝑦) at each pixel 𝑃(𝑥, 𝑦) with DMAS, considering a linear 

array of 1×M elements, if the element that transmits does not serve as receiver, 

with each transmission, 𝑀 − 1 ultrasound signals are recorded, so the total 

number of signals received is 𝑀 ∙ (𝑀 − 1). The amplitudes of the received signals, 

𝐴, are appropriately backpropagated (realigned as in DAS) for each combination 

of transmitter and receiver. Once all the signals are in phase with regard to pixel 



𝑃(𝑥, 𝑦), they are combinatorially coupled and multiplied: if the number of received 

signals is N, then the number of multiplications to be performed is given by all the 

possible signal pair combinations (
𝑁
2

) =
𝑁2−𝑁

2
. The DMAS beamformed signal is 

obtained as 

 

                                      𝐼𝐷𝑀𝐴𝑆(𝑥, 𝑦) = ∑ ∑ 𝐴𝑖(τ𝑖,𝑥𝑦)𝐴𝑗(τ𝑗,𝑥𝑦)𝑁
𝑗=𝑖+1

𝑁−1
𝑖=1                     (9) 

 

where 𝐴𝑖 and 𝐴𝑗 are the signals received by the ith and jth transmitter-receiver 

pairs, respectively, and τ𝑖,𝑥𝑦 and τ𝑗,𝑥𝑦 are the backpropagation times 

corresponding to the travel times of the wave from the ith and jth transmitter-

receiver pairs, respectively, through the focus point 𝑃(𝑥, 𝑦). To keep the correct 

scale and same dimensionality without losing its sign, the ‘signed’ square root of 

the absolute value of each couple of multiplied signals is placed inside the 

summation, and the DMAS algorithm can be expressed as 

 

              𝐼𝐷𝑀𝐴𝑆(𝑥, 𝑦) = ∑ ∑ 𝑠𝑖𝑔𝑛[𝐴𝑖(τ𝑖,𝑥𝑦)𝐴𝑗(τ𝑗,𝑥𝑦)]√|𝐴𝑖(𝜏𝑖,𝑥𝑦)𝐴𝑗(𝜏𝑗,𝑥𝑦)|𝑁
𝑗=𝑖+1

𝑁−1
𝑖=1     (10) 

 

This process can be interpreted as the auto-correlation function of the receiver 

aperture and is expected to outperform the conventional DAS framework in terms 

of improved image lateral resolution and noise rejection, due to the artificially 

enhanced aperture and coherent component extraction. 

 



 

  



 

 

  



 

 



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

  



 

 

  



 

  



 

  



 

  



 

  



 

  



 

 

 

 

  



 

 

 

 

  



 


