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In the main text we have shown that the distribution of polymer chains can be calculated

using the equilibrium constant

whN-1
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The crucial properties of this equilibrium constant that we used in the main text are the

asymptotic limits
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In this Supplementary Information we calculate Ky analytically, and show that these limits
indeed hold. We finalise this section by providing an alternative expression for Ky that has
the advantage of numerical stability.

Central in this derivation is the determinant det A ~(K.), which we calculate from the
Hamiltonian of the chain of length N. This Hamiltonian is defined in the main text, and is

in matrix notation given by
| A
’H:inx Hyx —e(N — 1), (4)

with Hy is a N x N tridiagonal matrix given by [1]
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In this equation k is the internal spring constant of the monomer and K. is a dimensionless
coupling parameter that couples the monomers in the chain.

The determinant of this tridiagonal matrix may be calculated using the set of recurrence



relations [2] 3]

P11 = 1 + KCJ
po=1+4+3K.+ K2,
= (142K )pp_1 — K?pn_s, for 2 <n < N,

det Hy = (1 4+ K )py—1 — K2px o,

and obeys the polynomial form

N+1
det Hy =Y dYK!™, (10)
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of which the coefficients dfv we calculate below.
In order to do so, we also write p,, in a polynomial form

n+1
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which after insertion into the recurrence relations above gives
n
o= (G 20Kk D (T 20 — R+ 20T = qIDEY, (12)

for 2 < n < N. The first three and last two coefficients are given by

n
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and by
cp=nn+1)/2, ch =1 (14)

Finally, we insert the so-obtained coefficients in Eq. @ and obtain the determinant

N
det Hy = V1 (V14N 1)KC+Z( LM = DK (N =N KDY (15)
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Comparing this relation to Eq. yields the polynomial coefficients we were after. We
summarise these in Table [} Note that ¢, = 1 for all n and hence that the term of order

KY vanishes. Since the other terms are finite, this confirms the limit Ky oc N~! for large

K. in Eq. .



TABLE I: Values of coefficients d’]'v.

1234 5 6 ... N
11111 1 ... diy =1
246 810... di, =2N —2

3102136 ... d3 = (2N —3)(N —2)

41056 ...
535 ...
6
diy
d =N

The next task is to show that in the long-chain limit Eq. holds. We do this through
a normal-mode analysis in which we express x,, as the discrete Fourier transform [4]

N—-1
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and insert it into the Hamiltonian of Eq. . The Hamiltonian then reads H = Y ka? +

>, Ke(xi — xi-1)? + (N — 1)e, where the square term becomes
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In the last equality we make use of the fact that x_, = X for real functions, with X the

complex conjugate of X,,. Similarly, we find that the square-gradient term becomes

Z |xn _ xn—l' ZN ZX X ez27r p+q)n/N (1 _ —227rpn/N) (1 _ e—i27rqn/N) : (18)

_ Z |X |2 _ 7127rpn/N) (1 . e'LQﬂ’pn/N) (19)
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Hence, the long-chain limit of the Hamiltonian is given by

N-1 o
NSk (1 + 2K, (1 — cos <Wp))> X, 2. (21)
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In order to find the long-chain limit of the determinant, det H ~, we calculate the partition
function Z from the Hamiltonian H and equal it to Z = ZN (det Hy) /2. Following these

steps, we find

det Hy ~ Jﬁl {1 +2 (1 — cos (2%’)) KC] : (22)

After taking the natural logarithm at both sides

st =512 (1 m (22) ) ] -

and after approximating the summation by an integral, we find

N -1
2

In(det Fy) ~ / drin 1+ 2(1 — cos(z)) K] = (N — 1) Inw. (24)

From this relation we confirm Eq. , in which w = 1/2 + K. + (1/2)y/1 + 4K..

Now that we have shown that Ky has all asymptotic properties that we have claimed in
the main text, we note that the expression in the main text to calculate Ky is numerically
instable. This is caused by the fact that we have to take the products of exponentially big
with exponentially small numbers. We remedy this by rephrasing the expression for the

mass action as given in the main text into

X(¢,T;e, K,) = o+ i N(Ky — o)a", (25)
N=

a
(1—a)?
where a = exp(—/ffi) and where the series in the right-hand side of this equation converges

for N > +/K.. For those large values of N, K asymptotically decreases from unity to the

constant cooperativity factor o. Finally, we calculate the equilibrium constant as

N—1 N —1/2
_ (W 2 i prieN
Ky = <?> [; Ay K ] . (26)
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