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Web Appendix: Proofs

Let X1, . . . , Xn be iid random variables and denote the kth central moment βk = E(X1−
β)k, where β = E(X1). Also, denote the sample kth central moment mk = n−1

∑n
i=1(Xi−

X̄)k, where X̄ = n−1
∑n

i=1Xi. We have the following lemma regarding the asymptotic
distribution of the sample kth central moment.

Lemma 1. If X1, . . . , Xn are iid with mean β and β2k <∞ for k ≥ 1, then

mk − βk =
1

n

n∑
i=1

[
(Xi − β)k − βk − kβk−1(Xi − β)

]
+ op(n

−1/2).

as n→∞.

Proof of Lemma 1. See page 72 in Serfling (1980).

Now, let us back to the notation in the main text. Specifically, let xi = (s2i + τ 2)−1/2

and zi = yi(s
2
i + τ 2)−1/2. The regression test is zi = α + µxi + εi, where εi’s are iid

following a distribution with mean zero; α̂ and µ̂ are the least squares estimates of α and
µ respectively, and the residuals ε̂i = yi − µ̂xi − α̂. Also, βk = E(ε1 − β)k is the kth
central moment of εi’s, where β = E(ε1) = 0, and mk = n−1

∑n
i=1(εi − ε̄)k. The true

skewness of εi’s is γ = β3/β
3/2
2 . Let m̂k = n−1

∑n
i=1(ε̂i − ¯̂ε)k be the sample kth central

moment by plugging in the residuals ε̂i, where ¯̂ε = n−1
∑n

i=1 ε̂i = 0. The sample skewness

of ε = (ε1, . . . , εn)T is Skew(ε) = m3/s
3, where s =

√
nm2/(n− 1), and TS = Skew(ε̂) is

obtained by plugging ε̂ = (ε̂1, . . . , ε̂n)T in Skew(ε).

Proof of Proposition 1. First, we show that
√
n(Skew(ε) − γ)

D−→ N(0, v) as n → ∞,
where

v = 9 +
35

4
β−32 β2

3 − 6β−22 β4 + β−32 β6 +
9

4
β−52 β2

3β4 − 3β−42 β3β5.

Because Skew(ε) = [(n−1)/n]3/2m3/m
3/2
2 , Skew(ε) have the same asymptotic distribution

as m3/m
3/2
2 . By Lemma 1, we have[

m2

m3

]
−
[
β2
β3

]
=

1

n

n∑
i=1

[
ε2i − β2

ε3i − β3 − 3β2εi

]
+ op(n

−1/2).
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Therefore,

√
n

([
m2

m3

]
−
[
β2
β3

])
D−→ N

([
0
0

]
,

[
β4 − β2

2 β5 − 4β2β3
β5 − 4β2β3 β6 − β2

3 − 6β2β4 + 9β3
2

])
.

Denote the asymptotic covariance matrix above as Σ. Let g(r, s) = s/r3/2, then g′(r, s) =(
−3

2
sr−5/2, r−3/2

)T
. By the delta method,

√
n(g(m2,m3)− g(β2, β3))

D−→ N(0, [g′(β2, β3)]
TΣ[g′(β2, β3)]);

that is, √
n(Skew(ε)− γ)

D−→ N (0, v) .

Second, we show that
√
n(TS − Skew(ε))

D−→ 0 as n → ∞. We write Skew(ε) =

[(n − 1)/n]3/2f(δ), where f(δ) = m3/m
3/2
2 is a continuous and differentiable function

of δ = (δ1, δ2, δ3, δ4, δ5)
T = (ε̄2, ε̄3, ε̄ · ε2, ε2, ε3)T ; here, εk = n−1

∑n
i=1 ε

k
i . Specifically,

f(δ) = (δ5−3δ3+2δ2)(δ4−δ1)−3/2; it is free of n. Also, TS = Skew(ε̂) = [(n−1)/n]3/2f(δ̂),

where δ̂ =
((

¯̂ε
)2
,
(
¯̂ε
)3
, ¯̂ε · ε̂2, ε̂2, ε̂3

)T
, and ε̂k = n−1

∑n
i=1 ε̂

k
i . Because the average of the

residuals is ¯̂ε = 0, we have δ̂ =
(

0, 0, 0, ε̂2, ε̂3
)T

. By multivariate Taylor expansion,

f(δ̂) = f(δ) + [h(δ)]T (δ̂ − δ) +Op(‖δ̂ − δ‖2),

where h(δ) = 5f(δ) is the gradient of f(δ) and ‖·‖ is the Euclidean norm. Specifically,

h(δ) =


h1(δ)
h2(δ)
h3(δ)
h4(δ)
h5(δ)

 =


3
2
(δ5 − 3δ3 + 2δ2)(δ4 − δ1)−5/2

2(δ4 − δ1)3/2
−3(δ4 − δ1)3/2

−3
2
(δ5 − 3δ3 + 2δ2)(δ4 − δ1)−5/2

(δ4 − δ1)3/2

 .
Since δ1, δ2, δ3

P−→ 0, δ4
P−→ β2 > 0, and δ5

P−→ β3, we have hj(δ) = Op(1) for j = 1, . . . , 5.
Now, we focus on

δ̂ − δ =
(
−ε̄2,−ε̄3,−ε̄ · ε2, ε̂2 − ε2, ε̂3 − ε3

)T
.

Due to ε̄ = Op(n
−1/2), we have δ̂1 − δ1 = −ε̄2 = Op(n

−1), δ̂2 − δ2 = −ε̄3 = Op(n
−3/2), and

δ̂3 − δ3 = −ε̄ · ε2 = Op(n
−1/2). Note that

ε̂i = (α− α̂) + (µ− µ̂)xi + εi,

and α̂− α = Op(n
−1/2), µ̂− µ = Op(n

−1/2). Also, by the assumption that xi’s have finite
third moment and the weak law of large numbers, 1

n

∑n
i=1 x

k
i = Op(1) for k = 1, 2, 3.

Consequently, we have

δ̂4 − δ4 = ε̂2 − ε2

=
1

n

n∑
i=1

[(α− α̂) + (µ− µ̂)xi + εi]
2 − 1

n

n∑
i=1

ε2i

= (α− α̂)2 + (µ− µ̂)2
∑n

i=1 x
2
i

n
+ 2(α− α̂)(µ− µ̂)

∑n
i=1 xi
n

+ 2(α− α̂)ε̄+ 2(µ− µ̂)

∑n
i=1 xiεi
n

= Op(n
−1),
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and

δ̂5 − δ5 = ε̂3 − ε3

=
1

n

n∑
i=1

[(α− α̂) + (µ− µ̂)xi + εi]
3 − 1

n

n∑
i=1

ε3i

= (α− α̂)3 + (µ− µ̂)3
∑n

i=1 x
3
i

n
+ 3(α− α̂)2(µ− µ̂)

∑n
i=1 xi
n

+ 3(α− α̂)(µ− µ̂)2
∑n

i=1 x
2
i

n
+ 3(α− α̂)2ε̄+ 3(µ− µ̂)2

∑n
i=1 x

2
i εi

n

+ 6(α− α̂)(µ− µ̂)

∑n
i=1 xiεi
n

+ 3(α− α̂)ε2 + 3(µ− µ̂)

∑n
i=1 xiε

2
i

n

= 3(α− α̂)ε2 + 3(µ− µ̂)

∑n
i=1 xiε

2
i

n
+Op(n

−1)

= Op(n
−1/2).

Therefore, Op(‖δ̂ − δ‖2) = Op(n
−1), implying

f(δ̂)− f(δ) = [h(δ)]T (δ̂ − δ) +Op(n
−1)

=
5∑

j=1

hj(δ)(δ̂j − δj) +Op(n
−1)

= h3(δ)(δ̂3 − δ3) + h5(δ)(δ̂5 − δ5) +Op(n
−1)

= 3(δ4 − δ1)3/2 · ε̄ · ε2 + (δ4 − δ1)3/2 ·
[
3(α− α̂)ε2 + 3(µ− µ̂)

∑n
i=1 xiε

2
i

n

]
+Op(n

−1)

= 3(δ4 − δ1)3/2
{

[(α− α̂) + ε̄] ε2 + (µ− µ̂)

∑n
i=1 xiε

2
i

n

}
+Op(n

−1)

Note that
∑n

i=1 ε̂i = 0, so (α− α̂) + ε̄ = (µ̂− µ)
∑n

i=1 xi

n
. Consequently,

f(δ̂)− f(δ) = 3(δ4 − δ1)3/2
{

(µ̂− µ)

∑n
i=1 xi
n

ε2 − (µ̂− µ)

∑n
i=1 xiε

2
i

n

}
+Op(n

−1)

= 3(δ4 − δ1)3/2(µ̂− µ)

{∑n
i=1 xi
n

ε2 −
∑n

i=1 xiε
2
i

n

}
+Op(n

−1)

= Op(n
−1/2)

{
[E(x1) +Op(n

−1/2)][β2 +Op(n
−1/2)]− [E(x1ε

2
1) +Op(n

−1/2)]
}

+Op(n
−1)

= Op(n
−1/2)

{
[E(x1)β2 +Op(n

−1/2)]− [E(x1)β2 +Op(n
−1/2)]

}
+Op(n

−1)

= Op(n
−1).

This leads to
√
n(f(δ̂)−f(δ))

D−→ 0; hence,
√
n(TS−Skew(ε))

D−→ 0, and
√
n(TS−γ)

D−→
N(0, v).

Finally, we show that v̂
P−→ v. By continuous mapping theorem, it is sufficient to

show that m̂k
P−→ βk for k = 2, . . . , 6. Recall that βk = E(εk1) and m̂k = n−1

∑n
i=1 ε̂

k
i .

Since ε̂i = (α − α̂) + (µ − µ̂)xi + εi = εi + Op(n
−1/2), we have m̂k = n−1

∑n
i=1(εi +

Op(n
−1/2))k = n−1

∑n
i=1 ε

k
i +op(1) = βk +op(1); that is, m̂k

P−→ βk. By Slutsky’s theorem,
√
n(TS − γ)/

√
v̂

D−→ N(0, 1); this completes the proof.
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Proof of Corollary 1. Under H ′′0 , we have εi ∼ N(0, σ2), so β2k = (2k−1)!!σ2k and β2k−1 =
0 for k ≥ 1. Here, c!! = c · (c− 2) · (c− 4) · · · is the double factorial. Specifically, β2 = σ2,

β4 = 3σ4, and β6 = 15σ6. In the proof of Proposition 1, we showed that
√
n(TS − γ)

D−→
N(0, v). Under H ′′0 , v is simplified as v = 9 − 6(σ2)−2 · 3σ4 + (σ2)−3 · 15σ6 = 6. This
completes the proof.
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