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2 Supplementary Web Materials

1 Proof of Theorem 3.1l

Under certain ergodic conditions and Assumptions 1-2; we have

which implies that d L2y d = 1/c. Let qpmin = min{gteAk} q(0¢). Under Assumption

2, we have g min > 0. Write g(6;) = Zszl wr/q(0:)1{6; € Ar}. Under Assumptions
1 and 2, we have
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which implies that Var[g(8;)] < co. Using Cauchy—Schwarz Inequality, we obtain
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Thus, Var(d) < oo directly follows from . O
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2 Proof of Theorem 3.2.

First,
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Secondly, with the constraint ZkK:1 wiV(Ag) = 1, the optimal weights directly follow
from the Lagrange multiplier method,
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Replacing wj by AV (Ax)/(2c) in the constraint, we can obtain A = 1/ [ Z,Ile & (Ak)/(2ak)}

and i, = V(A)/ 200 SU0, VA(A)/ (200)] = V(A [ SIS, VA (AL fou], for
k=1,..,K. So, wg op is proportional to V (Ag)/ay for k =1, ..., K. Under this setting,
the variance can be simplified to
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3 Proof of Theorem 4.1l

Under certain ergodic conditions and Assumption 3, the consistency property can be
proven similarly as that in the general PWK estimator in . Specifically, we have
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which implies that a2 4.
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