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ABSTRACT Distortion product otoacoustic emissions are sounds that are emitted by the cochlea due to the nonlinearity of the
outer hair cells. These emissions play an important role both in clinical settings and research laboratories. However, how distor-
tion products propagate from their generation location to the middle ear remains unclear; whether distortion products propagate
as a slow reverse traveling wave, or as a fast compression wave, through the cochlear fluid has been debated. In this article, we
evaluate the contributions of the slow reverse wave and fast compression wave to the propagation of intracochlear distortion
products using a physiologically based nonlinear model of the gerbil cochlea. This model includes a 3D two-duct model of
the intracochlear fluid and a realistic model of outer hair cell biophysics. Simulations of the distortion products in the cochlear
fluid pressure in response to a two-tone stimulus are compared with published in vivo experimental results. Whereas experi-
ments have characterized distortion products at a limited number of locations, this model provides a complete description of
the fluid pressure at all locations in the cochlear ducts. As in experiments, the spatial variations of the distortion products in
the fluid pressure have some similarities with what is observed in response to a pure tone. Analysis of the fluid pressure dem-
onstrates that although a fast wave component is generated, the slow wave component dominates the response. Decomposition
of the model simulations into forward and reverse wave components shows that a slow forward propagating wave is generated
due to the reflection of the slow reverse wave at the stapes. Wave interference between the reverse and forward components
sometimes complicates the analysis of distortion products propagation using measurements at a few locations.
INTRODUCTION
The cochlea is a fluid-filled biological sensory system with
high frequency selectivity, high sensitivity, and a wide
dynamic range that spans several orders of magnitude (1).
The nonlinear active feedback mechanism behind these
characteristics originates from the outer hair cells (OHCs)
and is commonly called the ‘‘cochlear amplifier’’ (2).
Because of the active OHC feedback, the healthy cochlea
can generate sounds, called ‘‘otoacoustic emissions’’ (3).
Because otoacoustic emissions can be easily measured by
placing a probe in the ear canal, they are commonly used
both clinically and in research to study the functional status
and biophysics of the ear (e.g., (4–6)). The focus of this
article is on a specific type of otoacoustic emissions called
‘‘distortion product otoacoustic emissions’’ (DPOAEs);
DPOAEs are generated by OHCs due to the nonlinear inter-
action of two stimulus tones (of frequencies f1 and f2, where
f2 > f1) (7). Intracochlear measurements of the basilar
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membrane (BM) velocity (8–10) or fluid pressure (11) in
response to a two-tone stimulus have confirmed that distor-
tion products (DPs) are generated in the cochlea. It is gener-
ally agreed that DPOAEs are generated by the OHCs (8) due
to the nonlinearity of the mechanoelectrical transduction
(MET) channel (12). In any nonlinear system, DPs occur
at linear combinations of the two stimulus tones; due to
the specific form of cochlear nonlinearity, the low-side cubic
DP of frequency, fDP ¼ 2f1 – f2, tends to have the highest
amplitude and is the most commonly studied DP (10).

In response to an acoustic stimulus in the ear canal, a
wave propagates on the BM in the forward direction, i.e.,
from the base toward the apex of the cochlea (in the þx di-
rection; see Fig. 1 A). The magnitude of the wave peaks at a
location that depends on the stimulus frequency, called the
‘‘best place’’. Because the wave speed (from tens of m/s
to a few m/s) is much smaller than the speed of sound in
water, this wave is commonly called the ‘‘slow forward
traveling wave’’. Despite the common use of DPOAEs,
questions still remain as to how DPs propagate in the reverse
direction (�x direction) from their generation sites to the ear
canal. Two main hypotheses, shown in Fig. 1, B and C, have
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FIGURE 1 Schematics of wave propagation in the cochlea. (A) Here we

show response to an acoustic stimulus. Given here are proposed hypotheses

for DP propagation as (B) slow reverse wave and (C) fast compression

wave. BM, basilar membrane. To see this figure in color, go online.
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been proposed for how DPs propagate: 1) as a slow reverse
traveling wave along the BM (7,13) or 2) as a fast compres-
sion wave through the cochlear fluid (14,15). The fast
compression wave is a longitudinal pressure wave that
travels at the speed of sound in water (1500 m/s). A clear
understanding of how DPs propagate within the cochlea is
needed to improve the usefulness of DPOAE measurements
in clinical and research settings.

In the slow wave theory, once the reverse traveling wave
reaches the stapes, part of the DP wave is transmitted
through the middle ear and into the ear canal where it can
be measured as a DPOAE; the other part is reflected at the
stapes and propagates as a slow forward wave. Early models
(e.g., (16)) have shown that DPs are expected to propagate
back to the stapes as slow traveling waves. However,
measurements of the BM velocity at the DP frequency
have not provided any direct evidence for slow reverse prop-
agation. Ren (14) measured the DP in the BM velocity at
multiple positions and found that the phase is consistent
with a forward propagating wave even though the locations
were hypothesized to be basal to the DP generation site
(such that a slow reverse traveling wave was expected to
be observed). These results were interpreted as evidence
that the DP propagates as a fast compression wave in the
cochlear fluid; according to this theory, the fast compression
wave would be reflected at the stapes, which would launch a
slow forward traveling wave. Simultaneous measurements
of the DP at the stapes and two longitudinal BM positions
in a subsequent article (15), and of the phase of the stapes
vibrations relative to the BM vibrations at the DP frequency
(17), were interpreted as further supporting the theory of fast
compression waves.

However, it has been argued that the BM measurements
of Ren and co-workers (14,15,17) might be within the re-
gion in which DPs are generated, which might complicate
the interpretation (18). Indeed, theoretical efforts using
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one-duct models that only allow slow wave components
(19–23) have demonstrated that these measurements are
not necessarily inconsistent with the reverse traveling
wave theory. Analysis using 1D nonlinear cochlear models
have shown that DP generation extends over a wide region
that extends toward the base for low f2/f1 ratios and moder-
ate to high stimulus levels (20,22). Similarly, Sisto et al. (21)
found that a region dominated by a forward traveling wave
is expected whenever DP generation occurs over a wide re-
gion and/or the stapes has high reflectivity. Using a more
realistic 2D one-duct cochlear model, Vete�snı́k and Gummer
(23) also explained the observation of forward traveling
waves in (14,15,17) by the fact that the measurement loca-
tions might be located at or apical to the DP generation sites.
In (19), DP propagation was studied using a nonlinear 3D
cochlear model with the stimulus applied from within the
cochlea instead of from the stapes; decomposition of the
DP response into forward and reverse traveling waves
showed that the response is dominated by a slow reverse
traveling wave from around the f2 best place to the stapes.
de Boer et al. (24) measured DPs with a frequency well
below the characteristic frequency (CF) of the measurement
location and observed that whereas a forward traveling wave
is observed when f2 is near CF, a slow reverse traveling wave
is observed when f2 is lower than CF.

It is more advantageous to investigate DP propagation by
measuring the intracochlear pressure instead of the BM
response because pressure measurements can detect both
the compression and slow traveling wave modes (25).
Many theoretical articles have investigated intracochlear
fluid mechanics in response to a pure tone (26–28). In
particular, it is well understood that the fluid pressure is truly
3D close to the peak of the traveling wave in the short-wave
region (i.e., in the region where the wavelength of the slow
wave is small compared to the height of the cochlear ducts),
whereas it is �1D closer to the base, in the long wavelength
region (i.e., in the region where the wavelength is large
compared to the duct height) (29). Using novel pressure sen-
sors (30), Olson characterized the in vivo response of the
intracochlear fluid pressure to a pure tone (31,32). More
recently, Dong and Olson (11,25) and Dong (33) measured
the intracochlear pressure DP in response to a two-tone
stimulus. When the CF of the measurement location is
near the f2 and fDP best places, it was found that the DP pres-
sure in the scala tympani (ST) is localized around the BM
(11). In these measurements, the amplitude of the DP
decreases at a similar rate as a pure tone of the same
frequency with increasing distance from the BM; such a
decay of the amplitude is at odds with the compression
wave theory. Subsequent measurements in (25) provided
strong evidence for the reverse traveling wave hypothesis,
because the ear canal pressure is delayed relative to the in-
tracochlear DP for f2 frequencies that are significantly lower
than the CF of the measurement location. Recent measure-
ments of the pressure at two basal intracochlear locations
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by Dong (33) confirmed that the DPs are generated near the
f2 best place and have both forward and reverse traveling
wave components.

Despite the critical role of the intracochlear fluid in the
propagation of the DP from its generation site to the stapes,
no model has investigated the DP intracochlear pressure. It
is challenging to measure the fluid pressure at multiple longi-
tudinal locations in vivo. Because of the presence of multiple
waves (slow reversewave, slow forwardwave, and fastwave),
measurements at one or two longitudinal location(s) are diffi-
cult to interpret. Furthermore, although the ST fluid pressure
has been measured in active cochleae (32), measurements of
the fluid pressure in the scalamedia have only been possible in
passive cochleae (34). Hence, a model is needed to clarify
how DPs vary spatially within the cochlear fluid pressure.
The objective of this work is to analyze the generation of
DPs and to quantify the relative contributions of slow reverse
waves and fast compression waves to DP propagation.
Because cochlear fluid mechanics is 3D and includes fast
and slow modes, these physiological questions are addressed
using a physiological two-duct 3D model of the cochlea.
Furthermore, the active feedback mechanism is based on a
realistic model of OHC biophysics that includes nonlinear
MET channels and linearized somatic electromotility.
Responses of the fluid pressure in response to a two-tone stim-
ulus are compared to published in vivo measurements for
model validation. Spatial variations of the total fluid pressure
and of the different pressure modes are analyzed to gain a
more complete understanding of how DPs propagate from
their generation location out of the cochlea.
METHODS

Cochlear model

A model of the gerbil cochlea was developed because measurements of the

intracochlear DP pressure have been performed in this species (e.g.,

(11,25,33)). This model is adapted from the physiologically based 3D model

of the guinea pig presented in a series of articles (35–37). The model is based

on the finite element method and includes mechanical, acoustic, and electri-

cal physics to represent the cochlea (see Fig. 2 for a schematic and the Sup-

porting Material for a brief description of the model equations). The model

includes a realistic model of the organ of Corti geometry (see the Supporting

Material) and micromechanics, with degrees of freedom for the tectorial

membrane (TM) (both a bending and shear displacement, as described in

(38)) and for the BM; the BM transverse displacement is assumed to be given

by ubm(x,y,t)¼Ubm(x,t)j(y), wherej(y) is a half-sinusoid andUbm(x,t) is the

BM displacement at the center of the cross section. Longitudinal coupling is

included for both the BM and TM, as described in (39).

Fluid model. The geometry of the cochlear ducts is described by a

straight box model with two ducts. Although a two-duct model is not

needed to predict the BM response because the BM is only excited by

the pressure difference across the cochlear partition, a two-duct model is

required to obtain realistic simulations of the intracochlear fluid pressure.

The cochlear fluid is assumed to be incompressible (which implies that

the speed of the fast wave is infinite in the model). Furthermore, fluid

viscosity is ignored; the effect of viscosity is lumped into the damping

parameters of the structural model. The fluid at the oval window is coupled

to the stapes via the linearized Euler equation, the round window is modeled
as a pressure release, and all other bony walls of the cochlea are rigid. As

introduced in (40), the pressure, PT(x,y,z,t), is decomposed into radial mode

shapes so that a 2D mesh can give a 3D solution:

PTðx; y; z; tÞ ¼
XM

m¼ 0;2;4:::

P
ðmÞ
T ðx; z; tÞfmðyÞ;

where fmðyÞ ¼ cos

�
mpðyþ w=2Þ

w

�
;

(1)

where x, y and z are the distance in the longitudinal (from the stapes), radial

(from the center of the duct), and transverse directions (from the BM),

respectively; t is the time; m is the mode number; PT
(m) is the modal ampli-

tude of themth mode; fm(y) is themth mode shape; and w is the width of the

cochlear duct. Radial symmetry is assumed so that only the even modes are

necessary. Unlike in previous works (e.g., (37,38)) that only used the first

three modes, the first 25 even modes (M ¼ 48) are included in this work

to give a more accurate calculation of the 3D pressure (see the Supporting

Material for a convergence study). The fluid elements directly above (in the

scala vestibuli, SV) and below (in the ST) the cochlear partition are coupled

to the BM displacement. To determine the contributions of the slow trav-

eling wave and fast compression wave, the pressure is decomposed into

the sum of an antisymmetric part, Pas, and of a symmetric part, Ps (26):

Pasðx; y; z; tÞ ¼ 1

2
½PTðx; y; z; tÞ � PTðx; y;�z; tÞ�; (2)

1

Psðx; y; z; tÞ ¼

2
½PTðx; y; z; tÞ þ PTðx; y;�z; tÞ�: (3)

Because the SVand ST dimensions are identical in the model and the fluid

is only coupled to the BM, only the antisymmetric component interacts with

the BM. Hence, the antisymmetric and symmetric components correspond

to the slow traveling wave and fast compression wave, respectively (26,34).
Biophysical Journal 114, 747–757, February 6, 2018 749
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Because the round window is modeled as a pressure release, the symmetric

and antisymmetric components must be equal at x ¼ 0.

OHC electrical model. The model uses the same electrical domain model

as developed in (37). The MET current, IMET, is modeled with the Boltz-

mann function:

IMET

�
qhb=rl

� ¼ Gmax
hb DV0

hb

2
64 1

1þ exp

�
� Lhbqhb=rl � X0

DX

�� Ps
0

3
75;

(4)

where qhb/rl is the angular deflection of the hair bundle, Ghb
max is the satu-

rating hair bundle MET conductance, P0
s is the resting open probability of

the MET channel, DVhb
0 is the resting value of the difference between the

scala media potential and intracellular OHC potential, Lhb is the length of

the hair bundles, and X0 and DX are constant displacements. Somatic elec-

tromotility is modeled by the following equations:

iohcðtÞ ¼ GmDfohcðtÞ þ Cm

dDfohcðtÞ
dt

� ε3

ducomp
ohc ðtÞ
dt

; (5)

fohcðtÞ ¼ Kohcu
compðtÞ þ ε3DfohcðtÞ; (6)
ohc

where iohc, Dfohc, and fohc are the perturbations in the somatic current,

transmembrane potential, and electromechanical force from their resting

values, respectively; ucomp
ohc is the OHC compression; Gm and Cm are the

basolateral conductance and capacitance, respectively; ε3 is the electrome-

chanical coupling coefficient; and Kohc is the OHC stiffness.

Calibration of the cochlear model. To accurately model the response of

the gerbil cochlea, it was necessary to adjust many of the parameters from

the guinea pig model of (37). When possible, parameters, such as the

anatomical geometry or the mass of the TM in bending and shear, were cho-

sen based on available measurements (e.g., (41,42)). Remaining parameters

were either kept at the value previously used in (37) or adjusted manually so

that the model response approximated available measurements for the

response of the gerbil cochlea to a pure tone (43–45). A complete list of

the model parameters can be found in the Supporting Material.

Boundary conditions at the stapes. To enable easy modification of the

boundary conditions at the stapes, the stapes was modeled as a one-de-

gree-of-freedom system instead of using a more realistic model of middle

ear. The response of the coupled cochlea-stapes system is obtained by

applying a force on the stapes. The amplitude of the force was converted

to an ear canal pressure in dB SPL (sound pressure level, using 20 mPa

as the reference pressure) by examining the amplitude of the pressure at

the stapes in the SV in response to a pure tone; the ear canal pressure

was assumed to be 30 dB lower than the SV pressure at the stapes, based

on measurements from (32,46).

Distortion product simulations. For this work, we consider the low-side

cubic DP at the frequency fDP ¼ 2f1 – f2, where f1 and f2 (in which f2 > f1)

are the primary frequencies that comprise the two-tone stimulus. Only

equilevel primaries are considered for all results shown in this article.

As in our recent work (37), simulations of the nonlinear response are

run in the time-domain using the state space approach described by Elliott

et al. (47). To avoid any broadband excitation of the model at the stimulus

onset, the onset of the two primaries had a raised cosine envelope with a

rise time of 1 ms. The response at the primary and DP frequencies was

obtained using MATLAB’s (The MathWorks, Natick, MA) built-in FFT

function. In addition to the distortion source, DPOAEs are also known to

have a reflection source component due to coherent reflection by inhomo-

geneities near the DP best place (48). To simplify the analysis, a smooth

cochlear model is employed and only the distortion source component is

investigated.
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Decomposition of the slow wave into reverse and
forward wave components

Following the approach from (19), the model response at the DP frequency

is decomposed into approximate forward and reverse traveling wave com-

ponents. The procedure involves taking the spatial Fourier transform of the

antisymmetric pressure at the DP frequency, Pas
DP(x,y,z), into the wave-

number domain:

~P
DP

as ðk; y; zÞ ¼
Z N

�N

PDP
as ðx; y; zÞe�ikxdx; (7)

where k is thewavenumber and ~P
DP

as is the wavenumber spectrum of PDP
as . The

wavenumber spectrum is then separated into a forward wave component,
~P
DP;f

as , and a reverse wave component, ~P
DP;r

as by assuming that for ks 0:

~P
DP;f

as ðk; y; zÞ ¼ ~P
DP

as ðk; y; zÞ if k > 0;
~P
DP;r

as ðk; y; zÞ ¼ ~P
DP

as ðk; y; zÞ if k < 0;
~P
DP

as ðk; y; zÞ ¼ ~P
DP;f

as ðk; y; zÞ þ ~P
DP;r

as ðk; y; zÞ for any ks0:

(8)

Once the two components are found in the wavenumber domain, the value

of the forward and reverse wave components in the spatial domain, Pas
DP,f

and Pas
DP,r, are given by the inverse Fourier transform of the two compo-

nents in the wavenumber domain:

PDP;f
as ðx; y; zÞ ¼

Z N

�N

~P
DP;f

as ðk; y; zÞeikxdk; (9)

DP;r

Z N
DP;r ikx
Pas ðx; y; zÞ ¼

�N

~Pas ðk; y; zÞe dk: (10)

Equation 8 does not specify the values of the forward and reverse compo-

nents at k ¼ 0; these values were found by making sure that the ratio of

Pas
DP,f to Pas

DP,r at x ¼ 0 is equal to the stapes reflection coefficient, using

the approach described in the Supporting Material.
RESULTS

Pure tone response

The response of the model to a pure tone is first discussed.
At a longitudinal position x and frequency u, the gain of the
BM velocity relative to the stapes velocity is defined as:

Gbmðx;uÞ ¼ vbmðx;uÞ
vsðuÞ ; (11)

where vbm (given by iuUbm, inwhichUbm is the displacement
of the BM at the center of the BM) and vs are the velocities of
theBMand stapes, respectively. In Fig. 3,A andB, themagni-
tude of the gain is normalized by the low SPL value of the
gain at CF (to aid in comparison with experimental data)
and is plotted as a function of frequency at two longitudinal
locations (chosen to match the positions of measurements
of the BM response in (43) and (44)) in Fig. 3. At both posi-
tions, the sharpness of tuning seen in the low SPL results is
similar to what is seen in the experimental data; furthermore,
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the gain of the low SPL to high SPL model results (22.6 dB
for CF¼ 34.6 kHz and 28.5 dB for CF¼ 13.4 kHz) is similar
to what is seen in the experimental data. This is a result of an
effort during the calibration process to match the experi-
mental gain and tuning sharpness seen in these experiments.
At the more basal position (CF ¼ 34.6 kHz), the model high
SPL results peak at 26 kHz and the experimental high SPL
results peak at 24–25 kHz, whereas, at the more apical posi-
tion (CF¼ 13.4 kHz) both model and experimental high SPL
results peak at 8–9 kHz. In Fig. 3 C, the model phase de-
creases at almost the same rate as the experimental results.
In Fig. 3D, both the low and high SPLmodel phases decrease
at a faster rate than the experimental data. Model and exper-
imental results for the fluid pressure are compared in Fig. S4.
Two-tone response

Response on the basilar membrane

The spatial response of the BM to a two-tone stimulus is
shown in Fig. 4 for two primary frequency ratios (f2/f1 ¼
1.05 in Fig. 4, A and C; f2/f1 ¼ 1.35 in Fig. 4, B and D).
As in most of the intracochlear DP pressure measurements
(11,33), the level of the primaries was chosen to be 80 dB
SPL. For both primary ratios, the f1 and f2 responses have
peaks of similar amplitude (Fig. 4, A and B) and the
primaries peak at a location basal to their best places due
to the relatively high stimulus level of the two primaries.
The DP peaks slightly basal to its best place for
f2/f1 ¼ 1.05 and at its best place for f2/f1 ¼ 1.35. Two
different regions can be identified in the plot of the phase
at the DP frequency (Fig. 4, C and D): in the basalmost
red-shaded region, the slope of the phase is positive, such
that DP propagation is dominated by a slow reverse trav-
eling wave; in the blue-shaded region, the phase slope is
negative, which indicates that DP propagation is dominated
by a slow forward traveling wave. For f2/f1 ¼ 1.05, this
transition from reverse to forward wave propagation occurs
basal to the f2 best place, whereas for f2/f1 ¼ 1.35, this tran-
sition occurs approximately at the f2 best place.

Spatial variations in intracochlear pressure

Because the cochlear fluid plays a critical role in the propaga-
tion of both slow and fast waves, the spatial variations of the
pressure were analyzed (Fig. 5). In this work, unless stated
otherwise, pressure magnitudes are presented in dB SPL
with a reference pressure of 20 mPa. In Fig. 5, C–F, the pres-
suremagnitude is plotted as a function of x and z for positions
within the plane shown in Fig. 5A. To help understand theDP
Biophysical Journal 114, 747–757, February 6, 2018 751



FIGURE 5 (A and B) Box models are given with planes indicating where the pressure is shown in (C–F) and (G–I), respectively. Total and antisymmetric

pressure component magnitudes for pure-tone (C and D) and two-tone stimuli are given (E and F). Cross sections of pressure magnitude at several positions

are given (G–I). The pure-tone stimuli (C and D) was at 16 kHz and 40 dB SPL and the two-tone stimuli (E–I) has 2f1 – f2 ¼ 16 kHz, primary frequency ratio

f2/f1 ¼ 1.20, and primary stimulus level of 80 dB SPL. The horizontal black line represents the cochlear partition. The vertical dashed line in (C), (D), and (F)

denotes the 16 kHz best place. The arrows and vertical dashed lines on (E) from left to right denote the positions shown in (G–I), respectively. The three

positions shown in (G–I) are an arbitrarily chosen basal position, xb ¼ 0.08 cm; the f2 best place (x2 ¼ 0.26 cm); and the DP best place

(xDP ¼ 0.37 cm), respectively. To see this figure in color, go online.
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response in response to a two-tone stimulus, the pure tone
response is first presented in Fig. 5, C and D; the stimulus
frequency was chosen to match the frequency of the DP
(16 kHz) seen in the two-tone results. As described in the
Methods, the total pressurewas decomposed into its symmet-
ric and antisymmetric components, which correspond to the
fast and slow waves, respectively. The spatial variations of
the fluid pressure in response to a pure tone are similar to
what has been previously observed in 3D two-duct cochlear
models (e.g., (27,28,49)). For brevity and because it is nearly
uniform throughout both cochlear ducts, the symmetric pres-
sure is not shown; the amplitude of the symmetric component
corresponds to the total pressure amplitude in the most apical
region near the helicotrema where the antisymmetric pres-
sure has a low amplitude. The lobes seen in the total pressure
close to the BM from x ¼ 0.2 to 0.5 cm (Fig. 5 C) are due to
wave interference between the antisymmetric (shown in
Fig. 5 D) and symmetric components. Similar notches in
the pressure have been observed experimentally (e.g.,
(11,25)). At the base, in the long-wave region, the antisym-
metric pressure is �1D, whereas it becomes more localized
and 3D around the BM closer to the 16 kHz best place, in
the short-wave region.

The fluid pressure at the DP frequency in response to a
two-tone stimulus shares some similarities with the pure
tone response. In addition to the pressure as a function of
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x and z (Fig. 5, E and F), the DP results include the pressure
as function of y and z (Fig. 5, G–I) at three longitudinal
locations identified by the three planes shown in Fig. 5 B.
The DP antisymmetric pressure is 1D in the long wave re-
gion and 3D in the short wave region (Fig. 5 F). As with
the pure tone, the DP symmetric pressure is nearly uniform
throughout the cochlear ducts and the amplitude of the sym-
metric component corresponds to the total pressure in the
apical regions. However, some notable differences between
the pure tone and DP responses can be observed. The magni-
tude of the pure-tone symmetric pressure is much higher
than the DP symmetric pressure, such that lobes of mini-
mum pressure close to the BM are not observed in the total
DP response in Fig. 5 E. Furthermore, a region of minimum
magnitude is observed in both the total and antisymmetric
DP pressure at �x ¼ 0.20 cm; this minimum, not observed
in the pure tone response, relates to the minimum or notch in
the BM response in Fig. 4 and will be discussed further
below. Model simulations for the spatial variations of the
DP pressure are compared to experimental results in Fig. S6.
Effects of varying f2 on DP propagation at fixed
location

Although cochlear models easily provide the response for a
given frequency at all positions, it is much easier to measure
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the response at a fixed position and sweep frequency in an
experiment. In a scale-invariant cochlea, these two methods
should be equivalent (24). In Fig. 6, the effects of varying f2
at a fixed position (20 kHz best place) for different f2/f1
ratios are shown. This scheme is commonly used in experi-
ments (e.g., (15,17,24,25,33)) to investigate intracochlear
DP response and propagation. The magnitude and phase
of the ratio of the pressure in the ST close to the BM to
the pressure in the SV close to the stapes is compared
with recent measurements from Dong (33). Due to vari-
ability in the experimental results, only the pressure ratios
are compared here.

As in the measurements (Fig. 6 B), the peak of the DP
response shifts to higher frequency as the frequency ratio
is increased (Fig. 6 A); this is because the DP is approxi-
mately tuned to its own CF and the x axis is f2. Although
the magnitude of the pressure ratio agrees well with exper-
iments for f2/f1 ¼ 1.25 and 1.35, it is �10 dB higher than in
the experiments for f2/f1 ¼ 1.05, and 13 dB lower than in the
experiments for the pure tone results. Both in the model and
the experiments, the DP response for f2/f1¼ 1.05 has similar
tuning as the pure tone response, whereas it has broader tun-
ing at higher ratios. In contrast to the experimental results,
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the curves obtained with the model are smooth, possibly
because the reflection from the DP best place due to
cochlear roughness is not taken into account in the model.
Similar to the lobes in Fig. 5 C, the pure tone shows notches
in amplitude at �14 and 23 kHz that are due to interactions
between the symmetric and antisymmetric pressure. For
f2 > 30 kHz, the magnitudes of the f2/f1 ¼ 1.05 DP and
pure tone are almost constant, indicating that the total pres-
sure is converging to the symmetric pressure.

The phase of the ST pressure at the 20 kHz best place
relative to the SV phase at the stapes, shown in Fig. 6, C
and D, is particularly important for determining how DPs
propagate. Two frequency regions can be identified, both
in the case of the model simulations (Fig. 5 C) and the
experiments (Fig. 5 D). At low frequency, the slope of the
phase tends to be shallow; it is positive (indicating a slow
reverse traveling wave) for f2/f1 ¼ 1.25 and 1.35, although
both positive and negative slopes are observed for
f2/f1 ¼ 1.05 (indicating wave interference). At higher fre-
quencies, a negative slope that progressively becomes
steeper (indicating a forward traveling wave that slows
down) is observed. For f2/f1 ¼ 1.05 and 1.25, the region
dominated by the forward wave starts at frequency f2 below
the CF of the location; for f2/f1 ¼ 1.35, this frequency region
starts approximately when f2¼ CF in the model simulations,
although a forward traveling wave is not clearly observed
for the frequencies that were measured in the experiment.
As in the pure tone response, the phase predicted by the
model has a steeper slope when fdp z CF than in the
experiment.
Forward and reverse wave components

To further analyze DP propagation, the DP fluid pressure
was first decomposed into its symmetric and antisymmetric
components and then the antisymmetric pressure was
decomposed into forward and reverse components. As
required by the pressure release boundary condition at the
round window, the symmetric pressure equals the antisym-
metric pressure at x ¼ 0 (Fig. 7 A); furthermore, the sym-
metric pressure is nearly constant. As expected, the phase
lag of the forward waves increases as it propagates forward
whereas the phase lag of the reverse wave increases as it
propagates toward the stapes (Fig. 7 B). This confirms that
the wave decomposition method is able to separate the total
response into forward and reverse wave components. Next
to the stapes (at x ¼ 0), the reverse traveling wave
is >10 dB higher than the symmetric pressure, implying
that emissions are dominated by the slow reverse traveling
wave. The decomposition is particularly useful in interpret-
ing the magnitude and phase of the total response. For
example, the reverse wave has a higher magnitude than
the forward wave basal to x ¼ 0.20 cm in Fig. 7 A; hence,
the total response is dominated by the reverse wave at the
base and the phase of the total response has a positive slope
Biophysical Journal 114, 747–757, February 6, 2018 753
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(Fig. 7 B). Near x ¼ 0.20 cm, both forward and reverse
waves have similar magnitudes but phases that differ by
nearly half a cycle. This results in wave interference and a
minimum in the total and antisymmetric pressure (Fig. 7,
A and C). Apical to x ¼ 0.20 cm, the magnitude of the
reverse wave decreases and the magnitude of the forward
wave matches the total response almost exactly (Fig. 7 A);
no reverse traveling waves are expected to be generated
near or apical to the DP best place and thus, the response
should be dominated by the forward traveling wave.
Because the response is dominated by a forward wave, the
phase of the total response has a negative slope. Because
the DP reverse traveling wave originates basal to the region
of amplification, the reverse wave is similar to the pure tone
response (if the phase is negated). Furthermore, the phase
accumulation of the reverse wave from the generation site
to the stapes is very limited because the wavelength of a
slow wave (both in the case of a forward or reverse wave)
is large at locations basal to the best place.

For the case shown in Fig. 7 B, the phase delay of the for-
ward and reverse waves relative to the position of maximum
phase (x ¼ 0.16 cm) can be calculated as

tfðxÞ ¼ fDPðx ¼ 0:16Þ � fDPðxÞ
fDP

; (12)

where tf is the phase delay, and fDP is the phase of the
antisymmetric pressure at fDP. The phase delay for the for-
ward wave between x ¼ 0.16 cm and the DP best place
(x¼ 0.37 cm) is 0.22 ms, corresponding to an average phase
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velocity of�9 m/s. The phase delay for the reverse wave be-
tween x ¼ 0.16 cm and x ¼ 0 is 0.014 ms, corresponding to
an average phase velocity of �112 m/s. Thus, the reverse
wave propagates back to the base from the generation region
z12 times faster than the forward wave propagates from the
generation region to the DP best place.

Examining the spatial variations of the pressure in x and z
(Fig. 7, C–E) yields similar findings to Fig. 7 A. Like the
antisymmetric pressure, the forward wave pressure is local-
ized around the BM near the primary and DP best places.
The reverse wave appears less localized around the BM
and the pressure is nearly 1D because the reverse wave
has a maximum amplitude in the long wave region for the
DP frequency. Furthermore, the zone of low pressure in
the antisymmetric pressure close to the BM at
x z 0.22 cm is due to wave interference between the for-
ward and reverse waves. Additional results for the effects
of varying the stapes reflection coefficient, Rst, and the pri-
mary frequency ratio, f2/f1, on the forward and reverse
waves are shown in Figs. S9 and 10 and in Movies S1 and
S2. Observation of the reverse wave, in particular, makes
it possible to visualize how the DP generated near the f2
best place progressively propagates toward the stapes.
DISCUSSION

Strengths and limitations of this modeling
approach

The propagation of DPs is examined in this article using a
physiologically based model that is more realistic than in
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previous theoretical studies (19–23): our model includes a
detailed representation of OHC biophysics, with nonlinear
MET channels and linearized somatic electromotility;
furthermore, the fluid model is based on a two-duct 3D
model. Although 3D cochlear models have previously
examined intracochlear fluid mechanics in response to a
pure tone (26–28), intracochlear fluid mechanics is
analyzed, to our knowledge, for the first time in response
to two-tone stimuli in this work. Note, however, that the
fluid is only coupled to the BM in this model. Direct
coupling of the ST fluid to the TM, as in some recent models
(50–52), might better represent intracochlear fluid me-
chanics; however, the coupling considered in this article is
simpler to analyze, because decomposition of the pressure
into symmetric and antisymmetric components makes it
possible to identify the slow and fast waves. To get insight
into how DPs propagate, the slow wave component of the
fluid pressure was decomposed into forward and reverse
waves using the method previously proposed for the decom-
position of the BM velocity by de Boer et al. (19).

The model was calibrated such that the gain and sharp-
ness of tuning in response to a pure tone are similar to in vivo
measurements of the BM response to sound in the gerbil
cochlea (43,44). Because of the existence of extensive sets
of experimental data, models have been previously devel-
oped by other researchers for the gerbil cochlea (28,52).
As in some previous studies (28), we found that matching
the phase of the model pure tone response to measurements
was more challenging than matching the magnitude. Due to
the discrepancy between model and experiments in the
phase of the pure tone response, the slope of the phase of
the DP response when fdp z CF is steeper than in the mea-
surements; furthermore, the magnitude of the DP pressure
decays at a faster rate as the location moves away from
the BM than in experiments (see Fig. S6, A–C).

Another limitation of this research is that all results are
based on a smooth cochlear model. Because of the absence
of cochlear roughness, the model only includes the distor-
tion source, i.e., DPOAEs are only generated due to
nonlinear distortion in the region where the two primaries
interact. However, it is well known that DPOAEs also
include a reflection source component that is commonly
hypothesized to be generated due to coherent reflection by
putative inhomogeneities close to the peak of the DP
response (48). The presence of another source of DPOAE
would complicate the analysis because more reverse wave
components might be expected. The reflection source,
which plays a particularly significant role in the case of
the 2f2 – f1 DP, will be analyzed in future work.
FIGURE 8 Schematics of DP propagation. The figure from (13) was re-

drawn and extended to include the fast wave, the long wavelength region,

and the short wavelength wave region. Note that (D) is the distortion source;

(BP) is the DP best place, xDP; and (x2) is the f2 best place. To see this figure

in color, go online.
Analysis of the spatial variations of the DP fluid
pressure

In a two-duct model, the response of the fluid pressure is the
superposition of a symmetric, fast wave mode and of an
antisymmetric, slow wave mode that propagates on the
BM due to the fluid/structure interaction between the BM
and the fluid. The presence of both modes is predicted
both in the case of the pure tone response and of the DP
response; furthermore, the main properties of the two modes
are the same in the pure tone and DP responses. Because we
use a rectangular geometry for the two ducts, the fast
compression mode is nearly uniform throughout the
cochlear ducts (29) (Figs. 5, 7, and S6). The properties of
the slow wave mode depend on the local wavelength of
the traveling wave. Close to the stapes, the wavelength is
long, such that the pressure is 1D and varies only with lon-
gitudinal position with little phase accumulation. As the
wave approaches its best place, the wavelength becomes
shorter and the wave slows down, resulting in more phase
accumulation. In this short wave region, the pressure be-
comes more 3D and localized around the BM. Both in
model simulations and in experiments (11,33), the fluid
pressure in the ST decays exponentially as the measurement
location is moved away from the BMwhen fdpz CF. This is
because the symmetric pressure (which is nearly uniform)
has a much smaller amplitude than the antisymmetric pres-
sure (Fig. 5). Furthermore, the DP pressure decays at a
similar rate as a pure tone pressure of the same frequency
(Fig. S6), as observed experimentally (11).

The propagation of DPs can be represented by the sche-
matics of Fig. 8 (which is an extension of Fig. 12 from
Shera and Guinan (13)). In response to a two-tone stimulus,
the two primaries propagate along the BM. A DP is gener-
ated due to nonlinear distortion in the region where the
response to both primaries has a sufficiently high ampli-
tude. According to our results, this DP propagates as a
slow reverse wave toward the stapes and as a slow forward
wave toward the helicotrema. As the forward wave ap-
proaches the DP best place, the forward wave is amplified
and slows down (such that the wavelength becomes
shorter); because of the short wavelength, the pressure is
highly 3D and localized to the BM. The reverse wave
Biophysical Journal 114, 747–757, February 6, 2018 755
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propagates back to the base with little phase accumulation
(because the wavelength is very long basal to the DP gen-
eration site); furthermore, because of the long wavelength,
the pressure is �1D. When this reverse wave reaches the
stapes, part of this wave is transmitted by the middle ear
(hence, a DPOAE is measured in the ear canal), whereas
the other part is reflected by the stapes such that a slow
forward traveling wave is generated. Simultaneously satis-
fying the boundary conditions at the stapes and round
window requires the pressure to have a symmetric compo-
nent, such that a DP fast wave is also generated. The DP
fast mode is not directly generated by the OHCs because
excitation of the fast wave by OHCs would require them
to change volume. The fast wave instantly fills the cochlear
ducts (because the fluid is assumed to be incompressible in
the model), whereas the slow wave propagates forward with
increasing phase accumulation as it approaches its best
place.

Due to the presence of slow reverse and forward waves, a
zone of wave interference is observed in the DP response of
the BM velocity and fluid pressure. As found in previous
BM DP modeling work (19–23) and experiments
(14,15,17,33), by varying the stimulus parameters, the
longitudinal position and the stapes reflectivity affects
where and whether the forward or reverse wave dominates.
Determining whether DPs propagate as a slow wave or a fast
wave using only measurements at a couple of longitudinal
locations is particularly challenging, due to the complicated
influence of the stimulus parameters (such as the levels or
frequency ratio of the primaries) and to the wave interfer-
ence between the forward and reverse waves.
CONCLUSIONS

In this article, a two-duct 3D model with a realistic model of
OHC biophysics was used to investigate how DPs vary
spatially in the intracochlear fluid pressure. Some similar-
ities with the pressure obtained in response to a pure tone
are observed in the DP pressure. At positions at which the
wavelength of the traveling wave is short, the DP pressure
is 3D whereas it is �1D closer to the base where the wave-
length is long. Simulations demonstrate the presence of a
fast compression wave, and a slow traveling wave that could
be decomposed into forward and reverse traveling waves to
help clarify DP propagation. At the base (x ¼ 0), the fast
compression and slow traveling waves are equal in ampli-
tude, but the reverse traveling wave is substantially larger
than the fast compression wave. Thus, emissions are domi-
nated by the slow traveling wave mode.
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A Supplemental methods

A.1 Model Formulation

The mathematical model is formulated in the same manner as in our recent work [1], with the only difference
being in how the middle ear is represented (here we only model the stapes, while a 2 degree-of-freedom model
of the middle ear was used in Ref. [1]). As described in [2], the model includes degrees of the freedom for
the acoustic fluid (the fluid pressure), the organ of Corti mechanics (at each section, it includes displacement
degrees of the freedom for the BM and the TM) and electrical degrees of freedom (the electrical potential
in the scala media, SV, ST and OHCs). Because the fluid is treated as inviscid and incompressible, the
governing equation for the fluid is the Laplace equation (∇2P = 0); the governing equation for the organ
of Corti is obtained from Lagrange’s equations while the governing equations for the electrical degrees of
freedom is obtained using Kirchoff’s equation. The governing partial differential equations are transformed
into the following system of ordinary differential equations using the finite element method:
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 (S1)

where u the vector of the structural displacements (with the displacement of the stapes as the first element),
p is the vector of intracochlear fluid pressures, φ is the vector of electrical potentials, FNL

es
is a nonlinear

term that arises due to nonlinearities in IMET (see Refs. [3, 1] and Eq. 4 in the manuscript) , and
Fu = [f(t), 0 · · · 0]T where f(t) is the stimulus force applied on the stapes. The mechanical, acoustic, and
electrical domains are coupled through the off-diagonal matrices on the left side of Eq. S1. In the linearized
version of the model, FNL

es is linearized while it is kept as a nonlinear term in the nonlinear version of the
model. The process for formulating Eq. S1 in state space form is described in Ref. [1].

A.2 Model Parameters

Model parameters here have been adjusted from those of the guinea pig to represent the gerbil cochlea. Any
model parameter not listed here is given in [2].

A.2.1 Geometrical parameters

The geometric parameters for the micromechanical model are shown in Table S1. A comparison of the
anatomical model with images from Edge et. al [4] is shown in Figure S1.
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Table S1: Anatomical parameters for the model (x in cm).
Parameters Description Value

L Length of BM 1.12 cm
Lh Length of Helicotrema 0.1 cm
w Width of cochlear ducts 0.1 cm
h Height of each cochlear duct 0.1 cm
As Cross-sectional area of stapes As = hw = 0.01 cm2

b Width of BM 208µm (base) to 320µm (apex)
Ltm Length of TM from pivot to middle HB 88µm (base) to 184µm (apex)
α Angle between RL and BM 15◦ (base) to 26◦ (apex)
β Angle between HB and vertical 15◦ (base) to 26◦ (apex)

L0

Distance between left edge of BM b/2
and contact of middle OHC with BM

L1 Radial distance between HBs 13 µm

Lpc
Distance between left edge of BM 58µm (base) to 100µm (apex)
and contact of outer pillar cell

Lhb Length of HBs 1µm (base) to 6µm (apex)
Lro Distance between RL pivot and middle OHC 25.1µm (base) to 49µm (apex)
θ1 Angle between inner pillar cell and BM 60◦

θ2 Angle between inner and outer pillar cells 60◦

A.2.2 Mechanical parameters

Cochlear model

Table S2: Mechanical parameters for the cochlear model (x in cm). Parameters denoted ∗ are defined per
unit length.
Parameters Description Value Ref.
Kbm BM stiffness ∗ 18.4 exp(−7.54x)× 105 N/m2 assumed
Dxx BM plate bending stiffness (xx) ∗ 10−10 exp(−0.5x) N.m [5]
Dxy BM plate bending stiffness (xy) ∗ 10−10 exp(−0.5x) N.m [5]
Dshear BM plate bending stiffness (shear) ∗ 4.3 exp(−0.5x)× 10−11 N.m [5]
Ktms TM shear stiffness ∗ 2.31 exp(−1.32x2 − 6.42x)× 105 N/m2 assumed
Ktmb TM bending stiffness ∗ 3.84 exp(−7.54x)× 104 N/m2 assumed
Krl RL stiffness ∗ 2.78 exp(−7.54x)× 103 N/m2 assumed
Kohc OHC stiffness ∗ 5.07 exp(−7.54x)× 103 N/m2 assumed
Khb HB stiffness ∗ 291 exp(−7.54x) mN/m assumed
Mbm BM mass ∗ 2.8× 10−7 kg/m [6]
Mtms TM shear mass ∗ 3.58 exp(1.58x)× 10−6 kg/m based on [7, 8]
Mtmb TM bending mass ∗ 1.12 exp(2.15x)× 10−6 kg/m based on [7, 8]
cbm BM damping coefficient ∗ 8.5× 10−2 N.s/m2 assumed

chb
HB damping coefficient ηf

Ltm

3Lhb

, where ηf = 1.0× 10−3 N.s/m2 [5]

is the viscosity of the fluid
ctmb TM bending damping coefficient ∗ 0.1 N.s/m2 assumed
ctms TM shearing damping coefficient ∗ 3× 10−3 N.s/m2 assumed
Gtms TM shear modulus 7.0 exp(−3.75x) kPa [8, 5]
ηtms TM shear viscosity 0.03 Pa.s [9], based on [10]
ρf fluid density 1000 kg/m3

Middle ear model
When reverse fluid waves reach the stapes, some of the wave energy is transmitted through the middle ear
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and out into the ear canal while the rest is reflected back towards the apex as a forward traveling wave. In
the frequency domain, the reverse middle ear impedance (i.e, the impedance looking out from the stapes in
the reverse direction [11]) is given by:

ZmeR =
1

A2
s

[

Msiω + Cs +
Ks

iω

]

(S2)

where Ms, Cs and Ks are the mass, damping coefficient, and stiffness coefficient of the stapes, respectively;
ω is the radian frequency and As is the area of the stapes footplate. The stapes reflection coefficient is given
as [12]:

Rst =
ZmeR/Z

∗

c − 1

ZmeR/Zc + 1
(S3)

where Rst is the stapes reflection coefficient, Zc is the input impedance of the cochlear model, and ∗ denotes
the complex conjugate. The values of the stapes reflection coefficient, Rst, cochlear input impedance, Zc,
and reverse middle ear impedance, ZmeR, are presented in Fig. S2 Because there are no measurements of
the middle ear reverse impedance or stapes reflection coefficient in the gerbil ear, the value of the middle
ear parameters were chosen such that the reflection coefficient is similar to what has been reported in the
human [11]. The mechanical parameters for the middle ear model are presented in Table S3. All results
in the manuscript are obtained with the baseline model. In addition to the baseline model, models with
small and large stapes reflection coefficient magnitudes, |Rst|, where developed. The effects of varying the
magnitude of Rst on DP propagation are shown in Fig. S9.

Table S3: Mechanical parameters for the middle ear model.
Parameters Description Baseline High |Rst| Low |Rst|
Ms Stapes mass (kg) 3.0× 10−7 3.0× 10−7 6.6× 10−7

Cs Stapes damping coefficient (N.s/m) 6.0× 10−2 1.0× 10−3 3.4× 10−1

Ks Stapes stiffness (N/m) 5.0× 102 5.0× 102 2.3× 104
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Figure S2: Different middle ear models. A. and D. Magnitude and phase of the cochlear input impedance,
compared to data from [13, 14]. The model cochlear input impedance is computed by taking the ratio of
the scala vestibuli pressure next to the stapes to the volume velocity of the stapes. B.,E. Magnitude and
phase of the reverse impedance of the middle ear model. C.,F. Magnitude and phase of the stapes reflection
coefficient.
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A.2.3 Electrical parameters

The electrical parameters for the cochlear model are shown in Table S4. The value of the basolateral
conductance and capacitance were set to the values reported in [15]. The HB saturating conductance, Gmax

a ,
was chosen to be a free parameter whose value was varied during the calibration process to give BM gain
values that matches the experimental data from [16, 17]. The value of the conductance is somewhat higher
than the values reported by Johnson et al. [15] in the gerbil cochlea. As in [3], the constants ∆X and X0 of
Eq. 4 are given by

∆X =
fgsγ

kBT
(S4)

X0 = ∆X log(1/P s
0
− 1) (S5)

where fgs = 10 pN is the single channel gating force in the tip link direction, γ = 0.5µm/Lhb is the
geometrical gain factor, kB is the Boltzmann constant, T = 37◦C is the temperature, and P s

0
is the resting

probability of the MET channel (assumed to be equal to 0.4).

Table S4: Electrical parameters for the model (x in cm).
Parameters Description Value Ref.
Cm Basolateral capacitance 52.35x pF based on [15]
Gm Basolateral conductance 64− 49.6x nS based on [15]
ǫ3 Electromechanical coupling coefficient 1.04 + 0.36x N/m/mV based on [18]
1/R0

a apical resistance 172 exp(−2.05x) nS [3]
Gmax

a saturating HB conductance Interpolated from assumed
479 nS at x=0cm
427 nS at x=0.15cm
324 nS at x=0.224 cm
151 nS at x=0.44 cm
60 nS at x=0.67 cm
14.8 nS at x=1.12 cm

Ca apical capacitance 50 nF/m based on [19]
Rtl resistance from ST to ground 4 Ωm based on [20]
Rvm resistance from SV to SM 25 Ωm based on [20]
Rvl resistance from SV to ground 10 Ωm based on [20]
P s
0

resting probability 0.4 [3]
∆V 0

hb resting value of potential difference between 150− 10x mV [3]
scala media and intracellular OHC potential
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A.3 Decomposition into forward and reverse wave components

To make sure that the two forward and reverse wave components, PDP,f
as and PDP,r

as , satisfy the boundary
condition at the stapes, we used the following approach. At the base, the pressure is approximately 1D
such that it only depends on x; the y and z dependence of the pressure can be omitted. Eq. 11 does not
specify the values of the Fourier transform of PDP,f

as and PDP,r
as at k = 0. To find these values, the value of

P̃DP,f
as (k = 0) and P̃DP,r

as (k = 0) are assumed to be given by:

P̃DP,f
as (k = 0) = αP P̃

DP
as (k = 0) (S6)

P̃DP,r
as (k = 0) = (1− αP )P̃

DP
as (k = 0) (S7)

where αP is a complex number. At the stapes, the forward and reverse waves should satisfy:

Rst =
PDP,f
as (x = 0)

PDP,r
as (x = 0)

(S8)

Using the definition for the discrete Fourier transform:

PDP,f
as (x = 0) =

1

N

N
∑

I=1

P̃DP,f
as (kI)

=
1

N

[

αP̃DP
as (k = 0) +

∑

k>0

P̃DP,f
as (k)

]

(S9)

and

PDP,r
as (x = 0) =

1

N

N
∑

I=1

P̃DP,r
as (kI)

=
1

N

[

(1− αP )P̃
DP
as (k = 0) +

∑

k<0

P̃DP,r
as (k)

]

,

(S10)

where N is the number of samples. Eq. S8 is solved for αP to yield:

αP =

[

P̃DP
as (k = 0) +

∑

k<0

P̃DP
as (k)

]

Rst −
∑

k>0

P̃DP
as (k)

(1 +Rst)P̃DP
as (k = 0)

. (S11)

From here, all parameters are known and the forward and reverse waves are calculated using Eqs. 9 and 10.
This same procedure can be applied to the BM velocity to find its forward and reverse wave components. The
BM velocity is decomposed into forward and reverse component, vDP,f

bm and vDP,r
bm . The value of ṽDP,f

bm (k = 0)

and ṽDP,r
bm (k = 0) are assumed to be given by:

ṽDP,f
bm (k = 0) = αbmṽDP

bm (k = 0) (S12)

ṽDP,r
bm (k = 0) = (1− αbm)ṽDP

bm (k = 0) (S13)

where αbm is a complex number. Satisfaction of the boundary conditions at x=0 requires that:

αbm =

Rst

[

ṽDP
bm (k = 0) +

∑

k<0

ṽDP
bm (k)

]

−
∑

k>0

ṽDP
bm (k)

(1 +Rst)ṽDP
bm (k = 0)

. (S14)
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B Supplemental results

B.1 Fluid Mode Convergence

A convergence study was performed to determine the number of fluid modes needed to accurately capture
the 3D nature of the fluid. The effect of the number of modes included on the pressure magnitude at the
20 kHz BP is shown in Fig. S3. For this convergence study, the results for the model with 75 fluid modes
was used as the reference. In Fig. S3A, while there is significant variation in the magnitude for 1, 3, and 8
modes at y = 0, for 25 modes the results matches very closely with the results for 75 modes. The relative
percent error of the fluid pressure shown in Fig. S3B is given by:

Ei =
∣

∣

∣

PT,75 − PT,i

PT,75

∣

∣

∣× 100% (S15)

where PT,75 is the complex value of the pressure at y = 0 for the model with 75 fluid modes, and PT,i is
the complex value of the pressure for the model with i fluid modes. While the magnitude difference is fairly
large for a model with only 1 mode, by 9 modes the pressure magnitude is within 0.1 dB of the 75 mode
pressure magnitude and relative error of 1.2 percent. Although fewer modes (but more than 9) could have
been used to accurately model the pressure, in this work 25 modes were used. There is a fairly significant
increase in computational cost when using more fluid modes during matrix assembly; however the finite
element matrices were assembled once and then loaded from a file for each simulation. Once the matrices
are assembled, the number of modes has no influence on the computational time needed to solve Eq. S1
using the state-space approach we previously described in [1].
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Figure S3: Convergence study for the number of fluid modes at z=0 in the SV at 20 kHz and its BP. A.
Radial variations of the pressure magnitude. B. Relative percent error of the fluid pressure at y=0 relative
to model with 75 pressure modes.
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B.2 Comparison of model simulation for the pure tone pressure to experiments

The pure tone pressure response of the model is compared with experimental pressure measurements in two
different animals [21] in Fig. S4. In Fig. S4A for the pressure 15 µm away from the BM, the model peaks
in magnitude 2 dB higher than the experimental results, while in Fig. S4B, the model pressure peaks in
magnitude nearly 16 dB lower than the experimental results for a 60 dB SPL stimulus. Given the variability
in the experimental magnitudes, the model results for the peak magnitude are realistic. In Fig. S4, a
high frequency plateau is observed in the magnitude, both for the model and the experiments; this plateau
corresponds to the symmetric pressure components. The notches for the model results at 115 µm in Fig.
S4A are due to interactions between the symmetric and antisymmetric pressure components. As with the
BM velocity results, the model pressure phase decreases at a faster rate than the experimental results.
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Figure S4: Comparison of fluid pressure pure tone responses for model and experimental data from [21]
for 40 and 60 dB SPL stimuli. Experimental results in (A,C) and (B,D) were taken from Figs. 4 and 6,
respectively, of [21]. (A-B) Magnitude. (C-D) Phase. All model phases and the experimental phases in D.
are taken relative to the pressure at the stapes, while the experimental phases in C. are taken relative to the
ear canal pressure. Pressures were taken at 15 and 115 µm from the BM in the ST for a 60 dB SPL stimuli
(A,C) and 10 µm from the BM in the ST for 40 and 60 dB SPL stimuli (B,D). Model results are drawn with
solid lines and experimental results with dashed lines.
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B.3 Pure tone response at all longitudinal positions

The response of the model at all longitudinal locations is now considered with the place-frequency map, gain
at CF, and quality factor shown in Fig. S5. The results in the section were obtained using a linear formulation
of the model. The active model represents the response at a low stimulus level while the passive model is
analogous to the response at a high stimulus level (because the feedback from outer hair cells saturates such
that it has almost no effect on the acoustic response of the system at a high sound pressure level). The
passive model is obtained by setting Gmax

hb = 0 (and thus IMET = 0). In Fig. S5A, the passive and active
model place-frequency maps are compared with experimental data from [16, 17] and Greenwood’s place-
frequency map [22] for the gerbil cochlea. In this work, we consider the characteristic frequency (CF) to be
the frequency of peak magnitude for the active linear model for a given position, which is given by the active
place-frequency map. The passive model place-frequency map is in good agreement with Greenwood’s map
at all positions. At more basal positions, the relative frequency spacing between passive and active models
for a given position matches the experimental results from [17]. At the more apical position, the frequency
difference between passive and active models for a given position is larger than that of the experimental
results from [16]. The gain of the BM relative to the passive model is calculated as

G
active/passive
bm (x) =

max
ω

|Gactive
bm (x, ω)|

max
ω

|Gpassive
bm (x, ω)|

(S16)

where Gactive
bm is the gain of the BM velocity relative to the stapes for the active model, Gpassive

bm is the
gain of the BM velocity relative to the stapes for the passive model, and the maximum amplitude is taken
across frequency for a given position. In Fig. S5B, the BM gain is plotted as a function of the CF of each
location and is compared with the gain calculated from the measurements from [16, 17]. Across the range of
frequencies of interest for this work, the model has at least 20 dB of gain from 7 to 40 kHz. Effort was made
during the calibration process to match the experimental gain from [16, 17]. The tuning sharpness of the
active model, evaluated using the quality factor, Q10dB , is shown in Figure S5C. As shown in Figs. 3A and
3B, the model matches the tuning sharpness around 13 and 34 kHz best places from [16, 17]. The model
has fairly broad tuning across frequency and becomes more broadly tuned towards the apex.
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Figure S5: Comparison of BM pure tone response for model and experimental data from [22, 17, 16]. A.
Place-frequency map of the passive and active models with data from [22, 17, 16]. B. Amplification of active
model relative to passive model. C. Quality factor, Q10dB , of the tuning of the BM. Model results are
compared with measurements from the 13 kHz [16] and 34 kHz [17] best places.
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B.4 Variations on Pressure with Distance from the BM

The spatial variations of the fluid pressure of the primary tones and DP obtained with the model are
compared with pressure measurements by Dong and Olson [24] in Fig. S6. For these measurements, the
primary frequencies were varied so that f2, f1, and fDP were alternatively set to CF = 21 kHz. In all three
cases, both model and experimental primaries show very little spatial variation. The DP decreases at a fast
rate as the distance from the BM increases, both in the model simulations and the experiments; however,
the slope seen in the model simulations is steeper than in the measurements. When the DPs from Fig.
S6A-C are compared to a low intensity pure tone of the same frequency (Figs. S6D-F), similar decreases
in magnitude with distance from the BM are found, which has also been observed experimentally (see Fig.
4B in [21]). However, the pure tone pressure converges to a higher value than the DP pressure at large
distances from the BM because the pure tone symmetric pressure is higher than the DP symmetric pressure
(Figs. S6G-I). The pure tone and DP antisymmetric pressure decrease at nearly the same rate and converge
to approximately the same value. For all three cases, the antisymmetric pressure is much higher than the
symmetric pressure close to the BM and decreases exponentially with increasing distance from the BM.
Close to the BM, the antisymmetric pressure dominates the symmetric pressure, while farther from the BM
the symmetric pressure dominates the antisymmetric pressure, at which point the total pressure varies little
with distance from the BM.
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Figure S6: A-C. Comparison of pressure magnitude vs distance from BM in ST with data from [24]. D-F.
Comparison of total pressure magnitude vs distance from BM in ST for DP and pure tone of the same
frequency. G-I. Decomposition of the pressure from D-F into symmetric and antisymmetric components.
Horizontal lines in G-I are the symmetric pressures. All model and experimental data were taken at the 21
kHz best place with primary stimuli of 80 dB SPL and f2/f1=1.10. The pure tone model results in D-I were
obtained from the nonlinear model with a stimulus at 30 dB SPL. Magnitudes in D-I were normalized by
the magnitude of the antisymmetric pressure at the BM, Pas(z = 0).
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B.5 Effect of Varying Primary Stimulus Level

Nonlinear two-tone simulations for different primary stimuli levels are compared with experimental mea-
surements taken by [21]. For both the 50 dB SPL model and experimental results the magnitude peaks
near fDP=CF, while for 80 dB SPL the model peaks near fDP=CF and the experimental results peak at
a slightly lower frequency (f2=27 kHz). Both 50 and 80 dB SPL model results show a notch in magnitude
and corresponding phase shift below 20 kHz; the notch and phase shift are due to the interference between
the forward and reverse waves. Below this phase shift, the phase is either nearly flat or has a slight positive
slope indicating a reverse wave.
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Figure S7: DP model and experimental measurements from [21] of fluid pressure for varied stimulus levels.
Model results and experimental measurements were taken at 21 kHz BP in ST 10 µm from BM for f2/f1=1.25.
The model phase is referenced to the pressure in the SV at the stapes and the experimental phase is taken
relative to the ear canal pressure. A.,B. Magnitude of fluid pressure. C.,D. phase of fluid pressure.
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B.6 Effect of Primary Frequency Ratio on Forward and Reverse Waves

The effect of varying the primary frequency ratio on the forward and reverse waves is shown in Fig. S8.

Figure S8: Decomposition of BM velocity and antisymmetric pressure at fDP into forward and reverse waves
for equi-level primaries of 80 dB SPL for f2/f1 = 1.05 and 1.35, and fDP=16 kHz. A.,B. Magnitude of BM
velocity. C.,D. Phase of BM velocity. E.,F. Magnitude of antisymmetric pressure. G.,H. Magnitude of reverse
wave component of antisymmetric pressure. I.,J. Magnitude of forward wave component of antisymmetric
pressure. The vertical dashed lines indicate, from left to right, the f2, f1, and fDP best places.
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B.7 Effect of Stapes Reflection on Forward and Reverse Waves

To investigate the role of the middle ear on DP propagation, two additional middle ear models were developed
(see Table S3 and Fig. S2) (1) with a stapes reflection coefficient, Rst, of high magnitude across frequency
and (2) with a stapes reflection coefficient of small magnitude at 16 kHz. The high |Rst| is the case when
most energy propagating in the reverse direction is reflected back into the cochlea, while for the low |Rst|
case very little of the reverse wave for fDP is reflected back into the cochlea.

The effect of varying the stapes reflection coefficient is investigated in Fig. S9. The most predominant
changes in varying the stapes occur in the most basal regions, while closer to the DP best place the effect
of the stapes variations appears negligible. For the high |Rst| model, the forward and reverse waves have
approximately the same magnitude while the phase differs by half a cycle (due to the phase of Rst). As
a result of this phase difference, the total BM velocity and antisymmetric pressure close to the stapes is
relatively small. For the low |Rst| case, very little of the reverse wave is reflected at the stapes and thus the
forward wave is very small at the stapes.

Figure S9: Decomposition of BM velocity and antisymmetric pressure at fDP into forward and reverse waves
for equi-level primaries of 80 dB SPL with f2/f1 = 1.20 and fDP=16 kHz for different middle ear models.
A.,B. Magnitude of BM velocity. C.,D. Phase of BM velocity. E.,F. Magnitude of antisymmetric pressure.
G.,H. Magnitude of reverse wave component of antisymmetric pressure. I.,J. Magnitude of forward wave
component of antisymmetric pressure. The vertical dashed lines indicate, from left to right, the f2, f1, and
fDP best places.
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B.8 Movies

Movie S1. Movie of the steady state DP fluid pressure for equi-level primaries of 80 dB SPL with f2/f1=1.20
and f2 = 24 kHz with the baseline middle ear model. All pressure components are normalized by the
maximum total pressure value. Because most of the pressure amplitudes are much smaller than the maximum
normalized pressure of 1, the colorbar limits were set to a smaller value (-0.05 to 0.05) to highlight the spatial
variations of the pressure. The waveform shows the normalized total pressure at the stapes in the center of
the SV.

Movie S2. Movie of the steady state DP fluid pressure for equi-level primaries of 80 dB SPL with f2/f1=1.20
and f2 = 24 kHz with the Low |Rst| middle ear model. All pressure components are normalized by the
maximum total pressure value. Because most of the pressure amplitudes are much smaller than the maximum
normalized pressure of 1, the colorbar limits of the pressure were set to a smaller value (-0.05 to 0.05) to
highlight the spatial variations of the pressure. The waveform shows the normalized total pressure at the
stapes in the center of the SV.
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