S1 Text. All appendixes (A—-J)
Appendix A: The Role of s and r in Prior Models of Adaptive KF/PPF

Here we clarify why s in the covariance matrix S = slI,, in (2) for the adaptive KF and r in
the covariance matrix Q = rI, in (14) for the adaptive PPF specify the learning rates. For the
KF, the covariance matrix S = sI,, in (2) models our uncertainty about the unknown underlying
parameters @. This indeed implies that s also has a critical role for parameter estimation: it
balances the relative weight of the previous parameter estimate t;_;,_; and the latest observation
Yy in obtaining the new parameter estimate t,, in the KF. By doing so, s controls how fast
parameters are learned. This is the reason that we call s the learning rate. Similarly, r plays the
same role for the PPF.

To see the above more explicitly, we can combine equations (3) and (6) for the adaptive KF.
This gives the following update equation for the KF:

Yyp =Yg+ SyeviZ(ye — Vit 1j4-1)- (A1)

Similarly, by combining equations (15) and (18) for the adaptive PPF, we get the following update
equation

Geip = Dr_1je—1 T QepeVe[Ne — A(t[dy_1p—1) Al (A2)

The relative weight of the neural observation y; and the previous estimated parameters ¥, _q),_;

in the KF is governed by St‘t\?tZ_l in (A1). The only element of the relative weight in (A1) that is
in our control is Sy;. From equation (A21)) in Appendix@ the eigenvalues {k,} of the steady-state

average of S;;, which is denoted by S+, can be written as
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These eigenvalues are thus a monotonically increasing function of s (note that h,, is a constant).
So as s increases, the eigenvalues of Sy, increase and thus the parameters are learned faster but at
the price of a higher steady-state variation and error (theorem 1), and vice versa. That is why we
refer to s as the learning rate because it controls the rate of parameter update as in equation .

Similarly, in the PPF, the relative weight of the neural observation N; and the previous estimated
parameters ¢,_;,_; is governed by Q;v; in . The only factor that is in our control in the
relative weight in equation (A2) is Qy|;, which is in turn purely controlled by the design parameter
r. Again, from Appendix he eigenvalues {b,,} of the steady-state average of Q;, which is

denoted by Q+, can be written as
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These eigenvalues are thus a monotonically increasing function of r (note that a,, is a constant).
So as r increases, parameters are learned faster, which is why we refer to r as the learning rate for
the PPF.

(A4)




Appendix B: KF and PPF for Kinematic Decoding in Closed-loop BMIs

Here we present the kinematic decoders, which use the learned encoding models. We use a KF
for continuous signals and a PPF for discrete spikes. In both decoders, the prior model on the
kinematic state x; = [d}, v}] is given as [1H0]

Xt41 = AXt + Wi, (A5)

where w; is a white Gaussian noise with covariance matrix W and
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with « enforcing correlation between consecutive velocities and thus continuity in the evolution of
kinematics. For observations, we assume that there are C' channels.

For continuous neural signals, the observation model is given by combining all channels described
in (1) into a single vector equation as follows

Yt = £ + HXt + Zy (A?)

where y; = [y}, ....,yC), & = [¢},...,€CT is the baseline activity, z; = [z}, ..., 25] is the zero-mean
white Gaussian noise, and the ¢-th row of H is [0,0,75,75] = [0,n]. Equations (A5) and (A7)
form a linear state-space model. Denoting the posterior and prediction means by x|, and X¢[t—15
and their covariances by Uy, and Uy;_1, respectively, the kinematic state, x;, can be decoded by
KF as follows [7]

Xtlt—1 = Axt—1|t—1 (A8)
U1 =AU 1A'+ W (A9)
U, =U,, ,+HZ'H (A10)
Xyt = Xyje—1 + Ut‘tH’Zfl [yt — & — Hxyy_4 ] (A11)

For discrete observations (i.e., spikes), the prior kinematic model for x; is the same as (A5).
We denote N}C = [N/}, ..., NF]'. Given the assumption that neurons are conditionally independent
conditioned on x; as before, the observation model can be written down using (12) as

“lxi) = HP (N7 |xe)
= H (A°(ox) A) N e (0 (A12)
c=1

Here A°(x¢) = \°(v¢) = exp(B° + (a®)’v¢). This is well-defined because x; = [d}, v}]’. From (A5]
and (A12)), the kinematic state x; can be decoded by PPF as follows

Xeft—1 = AXy1)p-1 (A13)

U1 =AU 1A/ +W (Al4)

Ut|t1 = t|t 1 +Za “(xefe-1)A (A15)
oi

Xet = X¢jp—1 + Uype ¥ ch [Ntc — A(Xg—1)A] (A16)
c=1

where &° = [0, (a)]’. The derivation details can be found in [|41/6].



Appendix C: Unbiased Estimation and Convergence of the Error Covari-
ance Matrix

Here we show that the estimated parameters {1p,,} in KF are asymptotically unbiased. We also
show the condition for the covariance matrices Sy;_; and Sy; to converge to symmetric, periodic
and positive definite (SPPD) solutions. We know from (4) and (5) that S;;_; and S, satisfy the
following jointly recursive functions

Stjt—1 =S¢—1ji-1 + S
-1 -1 - =t -1
St|t = St\t—l +viviZ
where S = sl,,. From these two equations, it’s well known that S;;_; can be calculated by the
discrete Riccati equation (DRE) recursively [§]. This equation is given by

g}
St|t—1vtvtst\t—1

Sty = S¢e—1+S — A )
t

(A17)
where k; = Z + V{Sy;_1V; is a time-dependent scalar. Generally, {V;} can be any arbitrary time-
varying state. If {v;} is periodic, then becomes a discrete periodic Riccati equation (DPRE).
Now from Theorem 6.12 in [9], we conclude that {S;;_;} converges toward a SPPD solution, which
is the unique stabilizing solution of the DPRE and is independent from the initial condition Syjq.
This is because the two conditions required in this theorem are met in our case (the pair (I,,,+/s I,)
is observable since s > 0 and the pair (I, {V;}) is stabilizable since the behavioral state {v;} in a
well-designed training set explores the dynamic range of possible values.)

Also, from theorem 6.11 in [9], the gain matrix of 9" — ), is stable so {1, } is asymptotically
unbiased.



Appendix D: The Derivation of the Steady-State Error Covariance and
the Convergence Time as Functions of the Learning Rate s in KF

Here we derive the analytic functions of the steady-state error covariance 8% and the convergence
rate of E[g;] in (7) and (8), respectively. We derive S% first. In the regular KF and when the
parameters truly follow random-walk dynamics as given in (2), then for the parameter error covari-
ance at time ¢, Sj,, we have limy o [[S};, — S¢j¢|| = 0. However, here the true parameter " is an
unknown constant vector, which does not obey the random-walk model; indeed the random-walk
model is simply used to approximate our uncertainty about the parameters. Due to this modeling
mismatch, 87, < Sy and limy_, o ||S:|t —Syp¢ll # 0. In other words, the KF is overestimating the
error covariance because of model mismatch. Hence we need to estimate the difference.
We can derive the error dynamics, i.e., the dynamics of g;, from (6) as

g =" — 'l/’t|t

=" =y = SyeviZ (Y — Viby, 1)

=" - Yy -1 — St|t‘7tzfl(yt - Vé’:btflh&fl)

=gt-1— St\t{’tzfl({’g"/’* + 2= {’21/’t71|t71)

=gi1— St\t{/tZ_l(‘Nﬁ/:gtfl + 2)

= (I — Kt{’ilﬁ)gt—l - KtZt, (A18)
where Kt = Stlt{’t271 and T — Kt{/é =1I- St|t{’tZ71‘7£ =1I- St‘t{ft"}gZ71 = Stltst_|t1—1 from (5)
The first line gives the second line by using (6), the second line gives the third line by using (3),
and the third line gives the fourth line by using (1).

As we will see, the average value of the KF posterior covariance S;; and prediction covariance

Si|t—1—which converge to symmetric, periodic, and positive definite (SPPD) solutions under mild
conditions provided in Appendix Ekare critical in deriving the steady-state error covariance S%

and the convergence time of E[g;|. Hence (A18) will be used in the derivation of the calibration
algorithm under both objectives in the subsequent sections.

Analytical Function for the Steady-State Error Covariance

Here we focus on the first objective for the calibration algorithm—keeping the steady-state error
covariance under an upper-bound while minimizing the convergence time. The strategy for solving
the steady-state error covariance S% is to calculate the average of the posterior covariance S|, at

steady state, denoted by §+, and find the difference (§+ —S%). Since Sy, and Sy;_; would converge
to a periodic solution from Appendix [C] we can take their average. We first find the average values
of S;; and S;;_1, which are denoted by S, and S_, at steady state respectively.

Here to make the derivation rigorous, we assume that the encoded state v; is periodic with period
T, as in theorem 1—as mentioned above, this requirement on v; guarantees that the average steady-
state values of the covariance matrices S;; and S;;_; exist because in this case these matrices will
converge to a periodic solution and will be bounded (Appendix. Let’s denote by t* the time after
which Sy; and Sy;_; converge. We can compute the average steady-state posterior and prediction

covariances Sy and S_ as

1t*+T
S, =— E S
+=7 t|t
t=t*+1
4T

S_ :% > Syt

t=t*+1



We take an average over both sides of (4) and (5). Doing so we have

S.=S,.+S (A19)
gll = §:1 + Have (AQO)
where S = sT and Hg,e = T i ':*T VeV 2 L= =7z Zt L\ VeV Z Z~1. We get the last equality because

v; is periodic with period T, so we can shift the index in the summation. Note that in taking the
average on (5), we make an approximation by interchanging the order of matrix inversion and the
average operator to get . As we prove in Appendix this interchange is reasonable for a small
learning rate s since in this case

1 t*+T t*+T t*+T t*+T
(7 > Sy - = Z Sy ~ E, Stje-1)" — Z SHISE
t=t*+1 t t*+1 t t*+1 t t*+1

We now apply the lemma in Appendix |J| to calculate §+ as an explicit function of the learning
rate s. Using the Eigenvalue decomposition, we write Hyye = U diag(hy, ..., hy,) U (0 < hy < hiyq)
where U is a unitary matrix. Then S; = U diag(k1, ..., k,) U and (m =1,...,n)

VR Thms — b
h2,s% + 4hps — by s (A21)

m

Rm =

By = - 1 (A22)

Km Km + 8

Since §+ can be expressed as a function of the learning rate s and Hg,e, we only need §+ —S% to
find the steady-state error covariance S7 .

We can now solve for the steady-state error covariance S* from (A18). The estimation error
covariance SI‘ , can be calculated recursively by taking the variance of both sides of . This

recursive equation is given in (A23). For calculating the difference between §+ and S% , which are
the values of S;; and Sfl , at steady state, we also write the recursive equation for Sy; below, which
is in the Joseph form [10]. This recursion is given in (A24)).

t|t (I K ) : 1)t— 1(1 Kyv ) + K ZK/ (A23)
Sy = (I— Ktvt)St -1 (I —Kvy) + K ZKj + (I - Kv;)S(I— K, v;) (A24)
Subtracting M ) from , we get
Sye —Sg = I — th’,’g)(St_1|t_1 =S )T - Kevy) + (I - Ko v)S(I - K vy)
=A(Si—1p-1 — S’;_m_l)AQ + A;SA), (A25)
where Ay = I-K;v} = St|,St‘t 1- Equation is similar to the discrete Lyapunov equation [11].
Since A; is stable, which is proved in [9], the limit of Sy, — S;fk|t can be written as

o0
Jim Sy, — S, =;<At X o Ap)S(A] x - x AY). (A26)
(A26) is hard to compute since A; = St|tSt‘t , is periodic at steady state because S;; and S;;_;
converge to periodic solutions, respectively. Here we do another approximation—replacing Sy

and S;;_; with their average values at steady state §+ and S_ = §+ + S, respectively. So
A, ~ S, (S, +S)"! and substituting this into (A26)), we have
Sy —81 =) [S:(Sy+8)7'"S[(S; +8)7'S "
m=1
=5 [Si(Sy+8)71"(Sy +8)7 '8 (A27)
m=1



Considering that S, is an analytic function of the learning rate s in (A21) and S = sI, (A27)
shows that S% can be expressed as an analytic function of s. To write this explicitly, we use the

Eigenvalue decomposition of §+. Remember that §+ = U diag(k1, ..., kn) U’, where U is a unitary
matrix. Since S is diagonal, we have that

K1 Kn

S.(S; +S) ' =Udi U’ A28
+(S4++8) mg(m+8 Kn+s) (A28)
Since the above matrix is symmetric, we also have that [S,(S; 4+ S)~!] = [S.(S; + S)7!) =
[(S4 +S)~1S.]. Taken together equation (A27) can be written as
S, — *—si[Udia( ! fn_yyrpem
+ + = — g:‘€1+87.“’:‘€n+8
oo (Kf-t-s)zm
=U(s ) ) U’
m=1 (n:is)Qm
K
2Kk1+s
=U U/, (A29)
I{2
2r€nn+s

where the last line follows from writing the expression for a geometric sum of series and simplifying.
Finally, we can approximate the steady-state error covariance S7 as
anrsnl
2Kk1+s
* . !/
S =0 . U

2
K, +8Kn
2Kn+s

This is equation (7) in theorem 1. Now we have an analytical expression for the steady-state error
covariance as a function of the learning rate s. In the next section we derive the convergence rate
as a function of s, which is the second result, equation (8), in theorem 1.

Analytical Function for the Convergence Time

Ensuring that the convergence time of error E[g;] is below an upper-bound value—while minimizing
the steady-state error covariance—is another objective for which we can design the calibration
algorithm to select the learning rate s. To derive the calibration algorithm corresponding to this
objective, here we find an analytic function that relates the convergence time to the learning rate.
We again start from the error dynamics equation in . Taking expectation over both sides of

(A18), we have that

Elg] = (I— Kt‘%)E[gtfl]
= (S¢S, )Elgi-1]. (A30)

tt—1
From , the convergence time is determined by S;; and S;;_; during the transient state of the
KF and before steady state; however, the transient values of the covariances are dependent on the
initialization in the KF and are not computable in general. Hence to enable the computation of
the convergence time, we set the initial value of the parameter covariance in the KF as Sgjo = S
so that the covariance matrix is already at steady state even initially. This is practical since
the initialization Sp|o is a user’s choice and since S, can be calculated offline from and
(A20]). Both and are independent of neural observations {y;}. Thus we can derive the

convergence time under this initialization choice.



Since Sgjg = §+, we could approximate Sy; and Sy;_; as their steady-state values, §+ and

S_ =S, +Sin (A30), respectively. So using (A28), (A30) becomes

Elg:] =S (S +8)" x E[g; 1]
nfi—s

= (U UI) X E[gtfl].

Kn
Kn+s

This is equation (8) in theorem 1.



Appendix E: Generalizing the Calibration Algorithm to Non-Periodic
Training States

Here we show why we assumed periodicity of the behavioral state v; during training in our math-
ematical derivation of the calibration algorithm, and also demonstrate what extra assumption we
need in order to extend the derivation to the non-periodic case. As shown in Figs 5 and 6B, the
calibration algorithm is also accurate in the non-periodic case; as we will show below, this is be-
cause this extra assumption is relatively mild. For conciseness, we use the KF case as an example.
S2 Fig shows the sketch of the derivations for periodic and non-periodic cases to show that their
distinction is in this one assumption.

Appendix [D] shows that to derive the analytic calibration algorithm, we need to analytically
compute the average steady-state value of the prediction covariance S, |;, which is the solution of
a time-varying DRE equation (equation in Appendix . However, before we do so, the first
step is to ensure that this average exists theoretically. It is precisely for ensuring this existence that
we required the periodicity of the behavioral state v; in the training session. This is because here
the DRE coefficients are a function of v; (equation in Appendix [C)); moreover, as shown in
Theorem 6.12 in reference 9], when the coefficients of the DRE are periodic, the solution S; |, of
the corresponding discrete periodic Riccati equation (DPRE) would converge toward a symmetric,
periodic and positive definite (SPPD) solution. Consequently, since in this case S; 1}; would become
periodic, it would have a bounded and theoretically well-defined average.

In contrast, if the coefficient v; of the DRE is not periodic but random, we don’t know if S;; |,
has bounded steady-state moments or not, so we cannot guarantee that its steady-state average
exists. That is why for rigorous derivation of the calibration algorithm, we considered periodic v
in the training session. So the only reason for assuming periodicity is to ensure the existence of
the average of Sy |, at steady state. After this step, we don’t need the periodicity assumption.
That is precisely why the calibration algorithm still applies to the non-periodic case if we have a
well-behaved S;,); with a bounded steady-state average, which is a relatively mild requirement.
The periodicity assumption simply guarantees the existence of the average of S, |, at steady state
for derivation purposes, instead of assuming this existence.

Once we know the steady-state average of Sy |, exists (whether in the periodic or non-periodic
case), we can compute it analytically through a second step. In this second step, since the DRE
(equation in Appendix in the calibration algorithm has time-variant coefficients, we first
approximate this time-variant DRE with a time-invariant one by computing the expected value
of the coefficients from the training data. We then derive the solution for this special DRE with
time-invariant (i.e., constant) coefficients in Appendixto finally compute the steady-state average
of S;y1)¢- We show in Appendix |Df that, if the average exists, we can estimate it by calculating
H, ., which is the average of v,v;Z~!. So for the periodic case we compute this average over one
period and for the general non-periodic case (if we just assume that S;.;; has bounded steady-
state moments), we can take the average over all time (i.e., set ' — 00). Indeed our numerical
simulations demonstrate that this averaging works for random non-periodic coefficients (Figs 5 and
6B).

In summary, the reason that we keep periodicity throughout the derivation of the calibration
algorithm is for making it more mathematically rigorous. But in practice, the same algorithm
can be applied on non-periodic cases. Intuitively, even for a very large period, periodicity of a
variable still ensures that the variable needs to come back to its initial value at some point, and
will therefore have a well-defined bounded average. If we don’t assume periodicity (i.e., infinite
period), the variable does not have to come back to its initial value and thus, for example, could
even be unbounded with an unbounded average. Thus we cannot ensure that the average exists.
Again as we indicated above, we can simply assume that the average exists—which is a relatively
mild assumption—and extend the derivation to the non-periodic case (see S2 Fig).



Appendix F: The Inverse Functions for the Convergence Time and the
Steady-State Error Covariance in KF

Here we show how we derive (9) and (10) from (7) and (8).

Learning rate analytical expression for a given steady-state error covariance. We first
derive the inverse function to compute the learning rate for a given steady-state error covariance.
The goal is to solve for the learning rate s from the inequality lim;— o ||Cov[e,]|| < Via. Note that
lim¢—o0 [|Cov[epy,]l| = [[S%] is the largest eigenvalue of S% due to its positive definite property.
From theorem 1, each eigenvalue of 87 can be expressed as

2
i ¥ Shm_ 5 <Vig (m=1,...n). (A31)

2Kkm + 8 h2 s + 4hps

The maximal eigenvalue corresponds to the minimal h,,,, which is h;. After some algebraic manip-
ulations, this optimal learning rate is given by

Ve o bd
This is equation (9) in theorem 2.

Learning rate analytical expression for a given convergence time. We now find the
inverse function for calculating the learning rate from the convergence time constraint. By taking
norm on both sides of (8), we have

K1

E <
Bl < ——

X [[E[ge-a]ll-

Remember that the goal is calculating the learning rate s that could make \Illg[[gﬂ‘\ll < E,est before
the time given by the upper-bound of the convergence time Cpy. Assuming each step taking A
seconds, there are approximately % steps before the given time constraint Cpy. Combining it with

the above equation, we can write the mathematical expression of this optimization problem as

K1 Crd
|Elgen ]Il < ( )2 < ||E[golll < Erest x ||E[go] |-
A K1+ s
Now since from (A21)
K1 | Cba s 4h? Cpa
(7) &= [7 x ) - 2] 2 )
K1+ s hi  (\/h?s2 + 4hys + hys)

the last inequality is equivalent to

4h? Cbd
[i X L ] Kd S Erest~
hi  (\/h?s2 + 4hys + hys)?
This equation can be simplified as
1 A

X (Erest) Coa .

s
< —

(\/h?s2 + 4hys + hys)2 — 4l

Defining Cijme = ﬁ X (Erest)CAbd7 which is independent from the learning rate s, and after some

algebraic manipulations, the optimal learning rate is given by

Otime « ( 1
s =
4h% Ctime

— 4h1)?.

This is equation (10) in theorem 2.



Appendix G: PPF is Asymptotically Unbiased

Here we show that the posterior mean ¢, in (18) is asymptotically unbiased and the posterior
covariance Qq; converges to a symmetric, periodic, and positive definite (SPPD) solution in PPF.
We want to find a recursion for the expected value E[¢,),] using the nonlinear equations in (15)-(18).
Given the nonlinearity of (15)—(18), we perform an approximation by replacing the random variable,
N, in (18) with its expected value, A(t|¢p*)A = E[N;]. This is also the instantaneous firing rate.
Since the only random variable N; in (15)-(18) is replaced by its expected value, the series {¢; }
becomes deterministic in this case. Let’s denote this deterministic series by {(ﬁt‘t} to distinguish it
from the original stochastic series {¢,,}. Thus the expected value of the original series E[¢,,] can
be approximated by {d;t‘t}. Intuitively, J)Ht is the best value for describing the instantaneous firing
rates from time 1 to t—and consequently the neural spike observations N;.;—with the corresponding
{V1.¢}. Since all firing rates have the same constant parameter ¢, intuitively, there should be only
one optimal value for describing all firing rates and consequently all neural spike observations. This
implies that the limit of {(;Et“}, which is estimated using these observations, should exist. The
existence of this limit is verified by our numerical simulations in the Results section (Fig 7). We
now show that if the limit of {¢;,} exists, then lim;, E[gy,] ~ lim;— 0 ¢y = ¢*. This would
thus imply that the original series {¢,,} in (15)—(18) is unbiased.

Lemma 1. Let’s denote by {q~bt|t} the series in (15)—(18) that is obtained by replacing Ny with

A(t|@™)A in (18). Let’s assume that limg_, J)t‘t exists. Then lim; o J)t“ = ¢" (i.e., the solution
is unique.)

Proof. Denote lim;_, o, (Z)t‘t = ¢. Taking ¢t — oo in (18), it becomes
¢ =+ lim Quvi[A(1]¢") — A(t|)IA. (A32)

Since Q¢ is nonsingular and v, explores the dynamic range of possible behavioral states in a well-
designed training experiment (i.e., it is not zero most of the time), for (A32) to hold, we must have

A(t|@p™) — /\(t|a§) = 0 for Vt. Remember that A(t|-) is log-linear. We thus can write the difference as

Atd™) — \(t|) = exp(¥,¢") — exp(¥( )
= exp(¥,0p") x [1 — exp(¥(¢ — "))]
=0 for Vt > 0. (A33)

So for the above relation to hold we must have 1 = exp(frg(aﬁ—qﬁ*)), which implies that \72(3&—(}5*) =
0 for all t. Thus ¢ = ¢*. O

Note that in the proof of lemma we assume that lim; o, Q¢ is nonsingular. As noted above,
in a well-designed training experiment this will be the case as also confirmed in our numerical
simulations in the Results section. Further, this nonsingularity can be inferred by observing that
{Q¢j¢—1} will converge to a SPPD solution as follows. Due to the similarity between equation sets
(4)—(5) and (16)—(17), we can derive the recursive equation for Q¢;—; by following the same steps
as in Appendix [C] This recursive equation is

Qit—1V:ViQee—1
b

Qit1e = Qi1 +Q — A
t

(A34)
where k; = (A(t|¢t‘t71)A)’1 + Vi Qy¢i—1V¢ is a time dependent scalar. If the coefficients (i.e., v;
and A(t|¢,;_1)) are periodic (which is approximately the case for us), becomes DPRE and
{Q¢j¢—1} will converge to a SPPD solution from Appendix Numerical simulation again confirmed
this convergence to an (approximate) SPPD solution. Note that Q; also converges to a SPPD
solution from (16). So Qq—; and Q; are nonsingular. These results are also useful in deriving
the calibration algorithm for PPF in Appendix [H]
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Appendix H: Derivation of the Steady-State Error Covariance as a Func-
tion of the Learning Rate r in PPF

Here we derive equation (19), an analytic expression of the steady-state error covariance Q7 with
respect to the learning rate r, in theorem 3. Our derivation will be similar to that for the continuous
neural signals and KF in Appendix@ We first express the estimation covariance Qq, in (17) and the
difference Qy; — Qz“t (where Qz‘lt is the true parameter error covariance) as functions of the learning
rate 7. We then take the limit £ — oo to write the steady-state error covariance Q% = lim; ;oo Q;‘lt
as an analytic function of r.

From (15) and (18), the dynamics model of the parameter error e; = ¢* — ¢y, is

€t = €et_1 — Qt\tvt[Nt — )\(t|¢t—1\t—l)}A' (A35)

As in the case of the continuous signal, the average values of Q;; and Q| are critical in deriving
Q7 from (A35)). Next, we first find Q; and Q;—; at steady state and then solve for the steady-
state error covariance Q7 from (A35).

Analytical Function for the Steady-State Error Covariance

Here, we first find the steady-state average of Qq;, denoted by (NQ+, as an analytic function of the
learning rate. We then write the steady-state error covariance Q% = lim;_, o, Q; i in terms of this
average and hence in terms of the learning rate. As in theorem 3, we assume that the state, e.g.,
the intended velocity {v;}, is periodic with period T for rigorousness in derivation to ensure that
the steady-state average values exist theoretically. From Appendix Qq¢ and Qq¢—; in (16) and
(17) will converge to SPPD solutions. We denote the average of Q;; and that of Q;;_; at steady

state by Q+ and Q_, respectively. Remember that the noise covariance matrix is Q = rI,, (r > 0)
and r is the learning rate. As before, we take an average over both sides of (16) and (17) to get

Q- =Q;+Q (A36)
T

Q' = Q7 + 7 Y wEAeN)A (A37)
t=1

Note that we replace A(t|¢,,_;) with )\(t|¢)* ) in (A37) since at steady state, E[¢y,_1] = E[¢py_1,_1] =
¢" from Appendix |G| We define Mype = 7 Zt L ViViA(t|@")A. As we derive in Appendlx

can express C~2+ as an analytic function of the learnmg rate r as follows. Denoting the eigenvalue
decomposition of Myy. = U diag(ay, ...,an) U’ (a; < aiy1), we have Q4 = U diag(by, ..., b,) U’
with eigenvalues

we

b — Va2 r? +dag,r — apr (A38)

20,
1 1
ot . A39
B S N (A39)

So we now can express (54” the steady-state average of Qq;, as an analytic function of the learning
rate r given above. Hence if we can also write Qq; — Q:‘ , as an analytic function, then we know the
explicit connection between the steady-state error covariance Q% = lim;_, oo le ., and the learning
rate r. Below, we derive Qy; — Q;"‘ , from a recursive equation for the error.

To solve for the steady-state error covariance QY from , we first derive a recursive equation
for Q:“ , and then take the limit. To do this, we first write a recursive equation for the error e;. We
can write the last term of as

€ =€t — Qt|t‘7t[>\(t|¢*) - )‘(t|¢t71\t71)]A - Qtlt{’t[Nt - A(t|¢*)A]- (A40)
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Since at steady state, E[e;] — 0 from Appendix |G} we approximate A(t|¢*) — A(t[¢,_1|;_1) using
its Taylor series expansion as
At|o") — /\(t|¢t—1|t—1) = exp(V;9") — eXp({’2¢t—1\t—1)
= exp(V; ¢, 1)t— 1) X [exp(Vi(¢" — ¢t—1\t—1)) —1]
exp(Vy ¢, 1)t— 1) X [exp(vie;—1) — 1]
eXp(Vt¢t—1\t—1) x (Vier-1)
= Atlpy_1jp-1) x (Vier1). (A41)
The third line gives the fourth line using the Taylor series expansion of the exponential function

and because of the closeness of e;_; and 0 at steady state. Substituting (A41) in (A40)), (A40)
becomes

Q

€ = €t—1 — Qt\t{ft{’jfet—l/\(thst—nt—l)A - Qt|t‘7t(Nt - A(tlp")A)
=[I- Qt|t‘~’t{’£)‘(t|¢t—1\t—1)A] €t—1 — Qt\tVt(Nt — A(tl¢™)A)
= Qt\tQ;‘tl,letq = Qi (Ny — At|9")A), (A42)

where we get the third line from the second line by using (17). This gives a recursive equation for
e;. By defining F; = Qt‘tQt_'tl_l and taking the covariance of both sides of (A42), the recursive
equation for the error covariance Q;‘“ is given by

Qi = F1Qi 1 1 Fi + QueveviQue[At|9")A(L = A(t[¢7)A))], (A43)

where to get the second term we used the fact that IN; is Bernoulli-distributed with parameter
A(t|@¢*)A. To calculate Qyy — QII , for finding the steady-state error covariance Q¥ , we need the
recursive equation of Q;. From (16) and (17), this recursive function can be written in the Joseph
form of the covariance matrix |10] as follows

Qe = FtQt—llt—lF; + F.QF; + Qt\t{/t{’QQtH)\(ﬂ¢t\t71)A- (Ad4)

As mentioned above, since Q+, the steady-state average of Qq|¢, can be expressed as a function of the

learning rate r, if we can calculate the difference between Q+ and Q:lt’ we can express the steady-
state error covariance Q% = lim;_, o Q;‘l . as an analytic function of the learning rate r as well. So

we now subtract (A43) from (A44)) and approximate ¢,,_; in (A44) with ¢". This approximation

is reasonable since E[e;_1] &~ 0 at the steady state from Appendix |G| The subtraction gives

Qit — Qi) = Ft [Qi_1j—1 — Q; ;1| Fi + F:QF; + Qe VeV Qe A (") A% (A45)
Note that v;vi\%(t|¢") is periodic since {v;} is periodic. (A45) is a discrete Lyapunov equation
[11] for (Q¢¢ — Q:‘t) with time-variant coefficient matrices. From Appendix Q¢ and Qi
converge to SPPD solutions and since F; = Qt|tQ;|t171, both Q; and F; are periodic and bounded.

Given these periodic and bounded properties and for computational tractability, we approximate
Fi, Qu, and ViviA2(t|@*)A? with their average values. Note that the average value of F; is

F= Q+((~Q+ + Q) ! using its definition and (16). The average values of Q¢ and ViviAZ(t| ") A2
are Qy, and LY ¥ \2(t|$") A2, respectively. Thus (A45) becomes

Qs — Qi & F[Q, — Q11 ]F +FQF' + Q+( Z{’t‘N’P\Q t|p" AQ)Q+ (A46)
Note that lim;_, o, Q:It = lim;_, o qu\tq = Q7}, where Q7 is again the true steady-state param-

eter error covariance. We can now take the limit of the above equation and use the solution of the

12



discrete Lyapunov equation [11] to get

Jlim (Q+ - Q) =Q+ - Q3

T
F’“(FQF’+€2+( thvtﬁ (t67)A%)Qu)(F)*.  (Ad7)

E
I

0

For conciseness, define Qgpe = > poy Fk(3+(% ZtT lf/tN’)\z(t|¢*)A2)(§+(F’)k. Remember that
F = F' is a symmetric matrix, F = Q4 (Qy + Q)" = U dzag( ) U’ with (i = 1,...,n), and
Q = rI,, where r is the learning rate. We now get the steady- state error covariance matrix Q7 as

[eS)
£ O § : k+1 \k+1
Q+ - Q+ - F Q(F ) - Qave
k=0
9]
N 2k+2
—Q+—’I"><§ F _Qave
k=0
( by )2k+2
o) bi+r
E . /
- Q+ - 7”' .. ) U - Qave
k=0 ( bn, )2k+2
bp+r
- b%
bl 2by+r
. / . /
=U .. U -u .. U — Qupe
bn b
- 2b,+r
Fb24+byr
2b1+7r
=U T U’ - Qave-
b2 +bnr
L 2b,+r

Note that the third line gives the fourth line by using the well-known formula for the geometric
series in the summation and using the identity Q4 = U diag(by, ..., b,) U’. If we compare the last
line with (7) since both Q% and S* are steady-state error covariances, we see that the last line has
an additional term, Q... Practically, this term is very small since (12) is a good approximation
of a Bernoulli process and the firing probability, A(¢|¢*)A, is small. Hence we can ignore €, in
calculating Q7. Doing so, the steady-state error covariance, Q7 , for the case of spikes becomes
(19) in theorem 3 and it has the same form as the equation obtained for the steady-state error
covariance for continuous signals given in (7).
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Appendix I: The Approximation in §+ Derivation

Here we show that the following holds when the learning rate s is small. This approximation is
used in the derivation of the steady-state error covariance.

t*+T t*+T t*+T t*+T

—1
Z Sue)” — Z Stlt ~ Z See-1)" — = Z St‘t 1 (A48)
T % T % T & T, 4

To show the above, we first prove the following lemma.

Lemma 2. Consider Y,, = X,, + sl forn € {1,--- , N}, we define the following symbols:
:iZX—l V:(iZX)‘l
N " N "
n n
:lZYfl W:(AZY)*
N — " N — "
We prove that W — W = (V= V) + R with IR]| = O(s) when s is close to 0. Here |R|| = O(s)

means that there exist positive numbers M and 0 such that |R|| < M x s when ||s|]| < 4.
Proof. First, we know that when X,, is invertible and s is small enough, we have [12]
(X, +sI) P =X —sX 2 4 572X, %
=X, '+ 0O(s).

This can be validated by multiplying (X,, + sI) on both sides of the equation and observing that
both sides become identity matrices. With this property, we can reformulate W — W as

W,W:(NZ(XnJrsI))il—% (X, +sI)7!

n

:(%E:Xn+d)l ;{ (X1 + O(s))

= (V' +sI)” —fo— O(s)
=V+0@—V—0@
= (V=V)+0(s).
]

So we have W — W ~ V — V for small s. Now if we take n = t, N =T, Y, = Sy—1,
and X, = S;_1;_1, then equation Y, = X,, + sI above becomes (4). With these replacements,

W-WarV-V gives (A48)). Note that S, and S;;_; are periodic with period T. So (A48]
holds regardless of the initial index in the summation (since the summation is over one period).
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Appendix J: Solving the Discrete Riccati Equation (DRE) Analytically
to Find the Average Estimation Covariances

Here we show how to solve for the average of the prediction and posterior covariances S_ and §+ in
and (| - for continuous valued observatlons in the KF. The same technique can be applied
for solvmg these covariances Q and Q+ in and - ) for point process observations in the
PPF. In particular, we show that these average Covariances can be obtained as solutions to the
discrete Riccati equation (DRE) and derive an algorithm that can find this solution analytically for
our case.

First, we consider the general DRE as follows [8]

X =A'XA +Q-A'XB(R+B'XB) 'B'XA, (A49)

where X is the unknown symmetric matrix, A, B, Q and R are known coefficient matrices, and Q
and R are symmetric. The equivalent equation set is [3]

X=A'YA+Q
Y !'=X"'!'+BR'B (A50)

where Y is a dummy variable. We now see that equations f and equations (A36[)—
are a special form of with A = I,,, Q = ¢I,, with ¢ > 0, and BR™'B’ = H where
H is invertible. In H = H,,. = U diag(hy,....,h,) U (0 < h; < h;iy1) and in
H =M,,. = U diag(ay,...,a,) U (a; < a;11). This special form can thus be written as

X=Y+Q (A51)
Y '=X'4+H (A52)

Note that by taking X = S_and Y = §+, equations (A19)) and ( are equivalent to equations
and -, respectlvely, with q playing the role of the learnmg rate So if we solve for X and
Y we have also solved for S_ and S+ in the KF. The same conclusion holds for Q_ and Q+ in
the PPF.

In the following, we derive an algorithm that can solve for X and Y analytically for this special
form. The solution of Y is given by the following lemma.

Lemma 3. Denote the singular value decomposition (SVD) of Y and H in (A52)) by

Y = UDy U’ with Dy = diag(yi, ..., yn) (yi > yiy1 > 0)
H = VD, V' with Dy = diag(h, ... hn) (his1 > hi > 0)

then U =V and y;, = forVk e {1,--- ,n}.

2
h2+4hq=1+hy
Proof. From (A51), X = U(Dy + ¢I,)U’. Substituting this into (A52)), we get H = VDV’ =
Y-! — X! = UDrU’ where Dr = diag(y1,..., ) and v; = = — T4 Because both sides are
positive definite, they can be diagonalized snnultaneously, ie., U=Vand D g = Dr, so hy = 7.

After solving this quadratic equation, we get y = . O
\/h2.+4hkq 1+hy

In [13], a general solution is given for equations . But it is hard to analyze the relation
between ¢, the learning rate in our context, and matrix Y in that general solution. Indeed, to
derive the calibration algorithm, we need to be able to write this relationship explicitly. Hence
we derived the above algorithm to derive an explicit relationship and thus enable solving for the
optimal learning rate. Having found Y, we can now find X as X =Y + Q. So we can solve for
both X and Y as functions of Q = ¢I,, and H.

<
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