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Estimating SNP-Based Heritability
and Genetic Correlation in Case-Control Studies
Directly and with Summary Statistics

Omer Weissbrod,!24* Jonathan Flint,> and Saharon Rosset!.*

Methods that estimate SNP-based heritability and genetic correlations from genome-wide association studies have proven to be powerful
tools for investigating the genetic architecture of common diseases and exposing unexpected relationships between disorders. Many
relevant studies employ a case-control design, yet most methods are primarily geared toward analyzing quantitative traits. Here we
investigate the validity of three common methods for estimating SNP-based heritability and genetic correlation between diseases. We
find that the phenotype-correlation-genotype-correlation (PCGC) approach is the only method that can estimate both quantities
accurately in the presence of important non-genetic risk factors, such as age and sex. We extend PCGC to work with arbitrary genetic
architectures and with summary statistics that take the case-control sampling into account, and we demonstrate that our new
method, PCGC-s, accurately estimates both SNP-based heritability and genetic correlations and can be applied to large datasets without
requiring individual-level genotypic or phenotypic information. Finally, we use PCGC-s to estimate the genetic correlation between
schizophrenia and bipolar disorder and demonstrate that previous estimates are biased, partially due to incorrect handling of sex as a

strong risk factor.
Introduction

Much of the theory underlying methods for estimating
two key measures of disease genetic architecture, SNP-
based heritability and genetic correlation, was designed
for cohort studies of quantitative phenotypes. Conse-
quently, when applied to studies of categorical traits, these
methods may contain unacknowledged biases that may
affect estimation accuracy.

The problem of accurately estimating SNP-based herita-
bility and genetic correlation is usually translated into
questions about variance and covariance components in
properly defined mathematical models. A commonly
held misconception states that variance components can
be accurately calculated in case-control studies by virtue
of applying a correction factor to results derived under a
quantitative trait framework.'~* However, this is not true
when risk factors (including risk variants) exert a strong
influence on disease risk. In this paper we examine the val-
idity of approaches for estimating heritability, genetic
covariance, and correlation (covariance standardized to a
[—1, 1] scale) in case-control studies of disease.

Broadly speaking, there are three common approaches
for carrying out these tasks. The first is based on restricted
maximum likelihood estimation (REML) in the linear
mixed model (LMM)® framework and is implemented in
some widely used tools.®® This approach has been exten-
sively applied to heritability estimation'” and to genetic
correlation estimation.” "

The second approach is based on regression of pheno-
type correlations on genotype correlations and relies on

less restrictive assumptions than the LMM approach.
This approach was originally designed for quantitative
phenotypes, in which case it is known as Haseman-Elston
(HE) regression.'*"* It has recently been adapted for case-
control studies, in which case it is called PCGC.'*'> A com-
mon misconception states that PCGC is the same as HE
regression (up to a scaling factor), but this equivalence
holds only in the absence of covariates.'* Rather than be-
ing an extension of HE regression, PCGC was carefully
derived from first principles to apply to all relevant situa-
tions in case-control studies. In this paper we extend
PCGC to also estimate genetic correlation and to accom-
modate arbitrary genetic architectures.

The third approach is the family of linkage disequilib-
rium score regression (LDSC) methods, which estimate
heritability and genetic correlation while accounting for
LD,”>'® and have recently been applied to numerous
large-scale studies.'’* LDSC is attractive because it re-
quires only publicly available summary statistics from ge-
netic studies, thereby avoiding privacy and logistical
concerns.”® Other summary-statistics-based methods
have also been proposed recently but we focus on LDSC,
as alternative methods cannot be applied in the presence
of LD? or are not directly designed for categorical pheno-
types‘4,35,36

Here we examine all three approaches under a common
set of assumptions that is shared by all of them. We
demonstrate that even when these assumptions hold,
LDSC and REML yield biased estimates in the presence
of covariates representing major risk factors such as
sex and age, due to incorrect modeling of case-control
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ascertainment. In contrast, PCGC remains unbiased
under all settings. We further develop a new version of
PCGC, called PCGC-s, that can work with summary statis-
tics that explicitly take the case-control sampling into
account.

We demonstrate the value of PCGC-s by investigating
the genetic correlation between schizophrenia and bipo-
lar disorder and between type 1 diabetes and coronary
artery disease. We demonstrate that the estimates of
both quantities are severely biased under alternative
methods, partially due to incorrect handling of sex—an
important risk factor. Finally, we provide best practice rec-
ommendations depending on the available data and the
trait characteristics.

Material and Methods

Underlying Mixed Effects Model

We adopt the theoretical framework of the liability threshold
model,>”** which is the same model assumed by REML' and
LDSC? for analysis of case-control studies. This model assumes
that every individual i has a latent normally distributed liability
value for trait t, ai, such that case subjects of trait t are individuals
whose liability exceeds a given cutoff.

We additionally assume that the liability of trait f can be decom-
posed into three terms corresponding to a covariates effect gi, a ge-
netic effect g/, and an environmental effect ei, ai = gi + gi + ¢,
such that the vectors of covariate effects q, = [q},...7q{']r, of
genetic effects g, = [g}, ..., gt”]T, and of environmental effects
e =lel,....e"" are given by:

q, = C:6;

g ~N (0; o;G,)

e~ N(0:(1-a2)I).

Here, C; is a design matrix of covariates, 8; is a column vector of
fixed effects, G; is a matrix of genetic similarity coefficients
(defined below), a?t is a genetic variance parameter, and I is
the identity matrix. The matrix G; is typically given by
G = X; WXtT, where X; is an nXm matrix of m standardized sin-
gle-nucleotide polymorphisms (SNPs), and W is an mXm diagonal
weighting matrix, which assigns different weights to different
SNPs. This definition can accommodate any linear genetic archi-
tecture; it includes the standard model used by common REML
software packages®’ and by LDSC*'® under the special case
W = (1/m )I. However, it can also accommodate minor allele fre-
quency (MAF)-dependent and LD-dependent architectures,®>’
which correspond to a suitable choice of W (Supplemental
Methods).

Under these assumptions, every individual i has an observed
affection status indicator for trait t, yi, such that yi =1 if and
only if ai > 7¢, Where 7, = d)’l(l —Kp) + E[Ct}Tﬁt is the affection
cutoff for trait t with prevalence K;, and where ®~!(-) is the inverse
cumulative standard normal density.

For a pair of traits f;, t;, the concatenated liabilities vector fol-
lows a multivariate normal distribution,

)v{j2]
a, Ctz B t
o3, G+ (1- 02 )L,

Pty ty (Gfl JZ) !

Pt 1y Gn b
(Tgtz G, + (1 - U;Z)Itz

where Gy, ;, = X, WXZ; is the matrix of between-study genetic
similarity coefficients (i.e., the genetic similarity coefficients
between each individual in study 1 and each individual in study 2),
Py 1, 1S the genetic covariance, and Iy, I, are identity matrices of
suitable dimensions.
The quantities we investigate in this paper are defined as
follows:
(@) The SNP-based heritability of trait t, defined as
12 £var(g)) /var(aj).
(b) The SNP-based genetic covariance of two traits t;, f,,
defined as py, ., £cov(gi .81 ).
(c) The SNP-based genetic correlation of two traits t;, f,

defined as r; £ p,, ,,//var(gi var(gi ).

In the remainder of this article we use the shortened terms “her-
itability,” “genetic covariance,” and “genetic correlation” for
brevity.

The Effect of Ignoring Covariates

The main contribution of PCGC-s over LDSC is its ability to ac-
count for covariates. Although it is rarely possible to measure
all covariates affecting the trait of interest, covariates with
a strong effect (such as the effect of sex on coronary artery dis-
ease) are often measured. This raises the question of whether
omission of such important covariates affects heritability and ge-
netic correlation estimates. We prove in the Supplemental
Methods that if a method can provide unbiased estimates in
settings with no covariates, it can also provide unbiased estimates
in settings with covariates by simply ignoring these covariates,
assuming that the covariate effects are (1) normally distributed
and (2) uncorrelated with the genetic effect. The main idea
behind the derivation is that the environmental effect represents
the aggregated effect of unmeasured covariates and can thus
absorb the effect of omitted covariates when these assumptions
hold.

The assumption of normality approximately holds if a trait is
influenced by a large number of covariates with small effects,
owing to the central limit theorem. However, many traits
are strongly influenced by a small number of non-normally
distributed covariates, such as sex. Heritability estimates with
omitted covariates can become inaccurate in the presence of
such strong covariates. In contrast, genetic correlation is accu-
rately estimated in the simulations even in the presence of
strong non-normal covariates, suggesting that the errors in
the estimation of genetic covariance and genetic variance
approximately cancel out when dividing one by the other.
However, this observation is currently unsupported by statistical
theory.

The assumption that covariates are uncorrelated with the ge-
netic effect is often violated when using heritable covariates,
such as genetic principal components. This problem can be
circumvented by regressing the omitted covariates out of the
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genotypes and correcting the individual-level affection cutoffs
prior to parameter estimation or to computing summary statistics
(Supplemental Methods). We caution that regression of covariates
out of binary phenotypes as suggested in Bulik-Sullivan*’ can
yield incorrect estimates in case-control studies, even for genetic
correlation (as verified in the Results).

Marginal and Conditional Heritability

An important point often overlooked in heritability estimation is
that covariates such as sex and age also contribute to the liability
variance. Since the liability is non-identifiable, it is typically
assumed to have a unit variance when conditioning on measured

inT

C;) B¢, and
i\T

t) Bl =
1+ Var[(Ci)Tﬁt} (assuming that covariates are uncorrelated with
the genetic effects). Consequently, heritability is given by

T
Uﬁt/ (1 + var((C}) ﬁt>> (Supplemental Methods). Alternatively,

covariates. The liability is defined as ai = g/ + ¢l + (

thus its marginal variance is given by var[g! + €!] + var[(C

one could assume that the marginal variance is 1, in which case
the conditional variance is smaller than 1.

In practice, many studies define the genetic variance ”g: as the
heritability, even in the presence of covariates. We therefore
denote the former definition as marginal heritability and the latter
definition as conditional heritability, because the latter definition
uses the variance of the liability conditional on measured
covariates.

In this paper we consider marginal heritability for two rea-
sons: (1) this definition is arguably more natural, as different
studies using different covariates are ultimately interested in esti-
mating the same quantity; and (2) LDSC tends to severely under-
estimate the conditional heritability (as compared to less severe
overestimation of marginal heritability). Therefore, we do not
consider estimation of conditional heritability further in this

paper.

PCGC-s with No Covariates
PCGC with no covariates estimates p,, ,, by regressing standardized
phenotypic correlations J’z, y’t2 on genetic similarity coefficients
Glt’t2 and then dividing the resulting estimator by a constant
f(ti,tz) (Supplemental Methods). This estimation encapsulates
both genetic covariance and heritability, which for a trait  with
no covariates is given by p; ;.

The PCGC estimator can be computed without individual-level
data by using the following two summary statistics:

éiz"lxkl

t

n
7o énl ZX}f(IiXI'IIi’
toi=1
where n, is the sample size of study t and X’;’i is the value of the k™
variant of individual i in study ¢, after standardization. It is also
possible to use logistic regression-based or other types of summary
statistics, but this constitutes an approximation (Supplemental
Methods).
Using these quantities and denoting S;, 1, as the set of all pairs of
indices i, j that refer to the same individual shared between the two
studies, the PCGC estimator can be written as:

\ /ntlntz
1 k= 1Zflzfz - Z(i.,‘)est1 6 fl t2 (yﬂy]fz)

p
ttp f(tl’ tz) ntlntz m ,r\k h/fk h Gi'i 2
m2 kh=1"t "t Z(i‘/‘)es,l_,z it

where m is the number of variants and f(t,t;) is given by:
_ V/Pu(1—Py)Py (1 — Pr,)p(7e,)¢(7s,)

ft,t) = :

Ki (1 = Ky )Kp, (1 - Kyy)

Here, K; and P; are the prevalence of trait t and the case-control
proportion of study t, respectively, 7, = ®~!(1 — K;) is the liability
cutoff, and ¢(+), ®(-) are the density and cumulative distribution
of the standard normal distribution, respectively.

The resulting estimator approximately coincides with the
LDSC estimator if there are no overlapping individuals (i.e.,
individuals that are included in both studies) and the in-
sample LD estimates in both studies are the same as in the refer-
ence population used by LDSC.*’ The extension to estimating
multiple variance components or for using MAF and LD-
dependent genetic architectures is straightforward (Supplemental
Methods).

The second term of the numerator and of the denominator can
be computed by research groups with access to the genotypes and
phenotypes of overlapping individuals, which often consist of
control cohorts, or can be approximated via the approximation
th , =1.0 for overlapping individuals, as done implicitly in
LDSC.? However, we caution that even minor deviations (which
can occur for example by regressing principal components
out of genotypes) can affect the approximation (Supplemental
Methods).

A particularly convenient property of pf % " in the absence of
covariates is that when estimating the genetic correlation, all
terms dependent on the trait prevalence vanish. This is conve-
nient because the true trait prevalence is often not known with
certainty.

~pcge—s A

PCGC-s with Covariates

In the presence of covariates, PCGC estimates p; ;, by regressing
)7; ﬂz on Gi}f,tz 7 ,» where Q’ is a quantity that depends on the
covariates of individuals i and j, and so the regression constant is
different for every pair of individuals.'"* The corresponding
PCGC-s estimator is given by:

1 m i~
k,covar _k,covar ~is i
— . Zk — E (2:
~pcge—covar—s A m k=171 (ij)€St; 1y },tl y]tz r‘ t2 o

tot2 Z Ak h, covar/\k h.covar Z x i ij 2
m?2 kh= 1 ()€ Sty 1y tl 2t

The above quantities are defined as follows:

kcovarA 2 :~1th§ :uka

/\thOVﬁ[A kiyrhi
E X X g ul u
ta - tb

a,b=0

Q.2

Z thl thz b where uto u |are given by :
a,b=0

i A ¢(T£) K(1-P),;
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o(2) ‘
P(1-P) (K; +(1-K) M)

Pi(1 - Ky)

fpi).

Uy

Here, Ki is the probability of individual i being a case conditional
on her covariates, Pi is the probability of individual i being a case
conditional on her covariates and on being ascertained into the
study, and 7. = ®~1(1 — Ki) is the liability cutoff of individual i
conditional on her covariates.

The full derivation, extensions for multiple variance compo-
nents and for MAF and LD-dependent architectures, and an
approximation that requires a single summary statistic instead of
using 74" (which requires a number of statistics equal to the
number of pairs of variants) are provided in the Supplemental
Methods.

As in the case of no covariates, the second term of the numerator
and denominator can be computed by research groups with access
to overlapping individuals, which often consist of control cohorts.
Third parties with no access to overlapping individuals can
approximate the terms on the right-hand sides of the numerator
and the denominator given appropriate summary statistics (Sup-
plemental Methods).

Results

We are interested in estimating the following quantities
(see Material and Methods for exact definitions): (a) herita-
bility, the fraction of liability variance explained by ge-
netics; (b) genetic covariance, the covariance between the
genetic components of two traits on the liability scale;
and (c) genetic correlation, the genetic covariance stan-
dardized to a [—1,1] scale.
We are concerned with the three following questions:

1. Can quantities (a)-(c) be estimated reliably given
genotypic and phenotypic data?

2. Can quantities (a)—(c) be estimated reliably given
summary statistics via LDSC?

3. Can quantities (a)-(c) be estimated reliably given
summary statistics via an alternative method?

The answers to questions 1 and 2 are summarized in
Table S1. Briefly, PCGC is the only method that can esti-
mate all quantities of interest under all investigated set-
tings. REML provides inconsistent estimates of quantities
(a) and (b) and empirically provides consistent estimates
of quantity (c). LDSC can provide consistent estimates of
quantities (a) and (b) in the absence of covariates and pro-
vides consistent estimates of quantity (c) when no covari-
ates are included in the analysis. To answer question 3, we
present a reformulation of PCGC called PCGC-s that can
estimate quantities (a)-(c) reliably using only summary sta-
tistics, both with and without covariates (Supplemental
Methods).

Simulation Studies
We conducted simulation studies to investigate the
behavior of the evaluated methods in case-control studies;

such simulations require first obtaining a very large pool
with hundreds of thousands of individuals, and then sam-
pling a small fraction of case subjects according to the trait
prevalence.' ' *10:#!

Our simulations were based on the liability threshold
model. Briefly, for every non-genetic covariate k we
sampled two independent effect for two different traits
(t and t,), denoted as 8} , 85, from a normal distribution.
In addition, for every SNP j we sampled two correlated ef-
fect sizes, b’;}, b’;z. A subset of these effects were equal to
zero (determined according to the desired trait polygenic-
ity). Every other pair of effects was sampled independently
from a bivariate normal distribution, whose covariance
matrix was determined according to the desired heritabil-
ities and genetic correlation of the two traits. In most sim-
ulations the variance of all pairs of effects was the same,
though we also evaluated MAF and LD-dependent archi-
tectures, as described below.

For every individual i, we generated a vector of uni-
formly spaced SNPs whose LD decays exponentially with
distance, denoted as x/, and a vector of independent cova-
riates denoted as ¢'. Finally, for every individual i and for
every trait te {t;,tz}, we generated (1) a normally distrib-
uted environmental effect ¢; (2) a liability given by ai =
(x)'h, + ()78, + ¢; and (3) a case/control label, where
case subjects are individuals with a; > ¢, with 7 being
the empirical 1 — K; percentile of the liabilities in the pop-
ulation, and K, is the prevalence of trait £. We kept on sam-
pling individuals until obtaining the desired number of
case and control subjects. The full simulation details are
provided in the Supplemental Methods.

Our simulations span a wide range of scenarios, with
various levels of prevalence, heritability, genetic correla-
tion, sample sizes, number of SNPs, number of covariates,
LD patterns, fraction of shared controls, and trait polyge-
nicity. In each experiment we varied one or more of the
above parameters while keeping the others fixed. The
default simulation parameters used 1% prevalence, 50%
heritability, and 50% genetic correlation, with each study
having 2,000 case subjects, 1,000 unique and 1,000 over-
lapping control subjects, and 10,000 SNPs whose LD de-
cays exponentially with distance, and with a correlation
of between 25% and 90% between consecutive SNPs
(consequently, the correlation between every pair of
SNPs separated by at least 25 SNPs is <0.001 in all settings).
In most simulations all SNPs influenced the phenotype,
though we verified that relaxing this assumption does
not affect the results (see details below). 100 simulations
were conducted for each unique combination of settings.

The examined methods included (1) PCGC-s; (2) PCGC-
s-LD, which is an approximate version of PCGC-s that uses
external LD estimates (but uses data about overlapping in-
dividuals; Supplemental Methods); (3) LDSC with omitted
covariates (LDSC-omit); and (4) REML, using the imple-
mentation in GCTA® (exact execution details are provided
in the Supplemental Methods). Note that PCGC-s is
exactly equivalent to PCGC when all required summary
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Figure 1. The Effect of Covariate Strength
PCGC-s and PCGC-s-LD estimate all param-
eters accurately under all settings; LDSC-
omit estimates of heritability and genetic
covariance become increasingly inaccurate
as the covariates strength increases; REML

o
()]
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heritability
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misestimates heritability and genetic covari-
ance under all settings. All methods esti-
mate genetic correlation accurately. The

: | H black horizontal lines indicate the true
O'SM'HH—"HH—"BH—"GQ parameter values. 100 experiments were
o performed for each unique combination of

Looan settings, and each study included 2,000
case subjects and 2,000 control subjects.

The next experiment examined the
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statistics are provided. LDSC-omit refers to LDSC that does
not include any covariates in the analysis and was used
because explicit inclusion of covariates can lead to highly
biased estimates, as demonstrated below. In most simula-
tions LDSC-omit was based on our own implementation,
to avoid confounding the analysis by implementation de-
tails. Specifically, our implementation of LDSC-omit used a
predetermined intercept and did not weight summary sta-
tistics by their posterior variance, similarly to PCGC-s-LD
(see Discussion for elaboration on these issues). In addi-
tional simulations described below, we demonstrated that
when using the 1dsc software instead of our own imple-
mentation, LDSC-omit became less accurate.

Our first experiment examined the impact of covariate
effect magnitude on the estimation of heritability, genetic
covariance, and genetic correlation. We simulated datasets
with five binary covariates that explained various fractions
of the liability variance, where the first covariate accounted
for 95% of the aggregated covariates effect. All methods
estimated correlation well, but PCGC-s and PCGC-s-LD
were the only methods that estimated the two other quan-
tities accurately (Figure 1). Both PCGC-s and PCGC-s-LD
estimated heritability significantly more accurately than
LDSC-omit (p < 2.1 x 107%, p < 1.7 x 10°%, p < 6.5 x
10~2* for covariates explaining 12.5%, 25%, and 50% of
the liability variance, respectively; binomial test for
PCGC-s-LD; PCGC-s results were effectively the same).
The accuracy of LDSC-omit improved as effect sizes
became smaller; LDSC-omit and PCGC give very similar es-
timates in the absence of covariates, as expected from
theory (Supplemental Methods). REML consistently
underestimated heritability despite using the correction
for case-control ascertainment implemented in GCTA.'
We note that the extent of under-estimation by REML is
not fixed with a known ratio but depends on various un-
known parameters.'* We also obtained similar results
when ignoring the contribution of covariates to the liabil-
ity variance (Material and Methods, Figure S1).

0

var(cov) / var(liability) (%)

50 implications of having normal versus
non-normal covariate effects, by
considering three settings: (1) a single
binary covariate, (2) a single normally
distributed covariate, and (3) 20 equally strong binary co-
variates. In all settings the covariates jointly explained
40% of the liability variance. Setting 1 encodes a non-
normal aggregated effect, whereas settings 2 and 3 encode
a normal and an approximately normal effect (owing to
the central limit theorem), respectively. In setting 1,
LDSC-omit was substantially less accurate than PCGC-s
(p < 3.21 x 10°'; binomial test) and PCGC-s-LD
(p < 2.73 x 1072° binomial test), because its underlying
model is violated in the presence of strong non-normally
distributed covariates (Figure 2, Material and Methods).
The bias of LDSC-omit decreased when decreasing the
magnitude of the covariate effects, similarly to the results
shown in Figure 1.

In additional experiments, we simulated data with one
strong and four weak binary covariates as in the first exper-
iment, where the covariates jointly explained 25% of the
liability variance, and verified that the results remained
similar under various levels of heritability (Figure S2), ge-
netic correlation (Figure S3), prevalence (Figure S4), LD
(Figure S5), fraction of shared controls (Figure S6), numbers
of covariates (Figure S7), sample sizes (Figure S8), numbers
of simulated causal SNPs (Figure S9), and trait polygenicity
(Figure S10). We also explored running LDSC-omit using
the ldsc software (Figure S11) and using logistic regres-
sion-based summary statistics (Figures S12 and S13).

We also examined the effect of using LDSC without
omitting covariates, by regressing measured covariates
out of the phenotypes and genotypes prior to computing
summary statistics, as previously recommended.'®*° Our
results demonstrate that LDSC estimates are severely
down-biased in this setting, with an average bias of more
than 10% in heritability and covariance estimation, and
of more than 5% in correlation estimation, under realistic
settings (Figures S14 and S15).

Next, we performed a set of experiments with a MAF and
LD-dependent genetic architectures. Specifically, we simu-
lated phenotypes according to the LDAK model,® which

125 25

The American Journal of Human Genetics 703, 89-99, July 5, 2018 93



IPCGC-s

| BPCGC-s-LD
[CJLDSC-omit
[REML

N

N

IPCGC-s
LBPCGC-s-LD
[CILDSC-omit

[TREML

N

IPCGC-s
BMPCGC-s-LD
[CJLDSC-omit

[REML

Figure 2. The Effect of the Covariate
Effects Distribution
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distributed covariate; setting (c) includes
20 binary variables with equal strength,
yielding an approximately normal aggre-
gated effect owing to the central limit theo-
, rem. PCGC-s and PCGC-s-LD are the only
methods that accurately estimate heritabili-
‘ ty and genetic covariance in setting (a),
where the covariates effects distribution is
far from normal. 100 experiments were per-
formed for each unique combination of set-
tings, and each study included 2,000 case
subjects and 2,000 control subjects.

The PCGC-s heritability estimates for

(a) (b)

setting

(©) (a) (b)

setting

(©)

replaces the standard genetic similarity matrix G; =
XtXtT/m with the matrix G; = XtWXtT/M, where W =
diag[(p/(1 — p'))*7Swi ], p is the MAF of SNP j, W/ minimizes
the L, norm of (1— S0, (r*)*wk), and M = ¥, Wik. All
methods yielded biased estimates of heritability and ge-
netic covariance when using the incorrect genetic similar-
ity matrix G; = X, X} /m (Figure S16). However, PCGC-s
and PCGC-s-LD became unbiased when using the correct
genetic similarity matrix, whereas the other methods
remained biased even when using the correct genetic sim-
ilarity matrix (Figure S17). Interestingly, all methods
yielded empirically unbiased estimates of genetic correla-
tion even when using an incorrect model, suggesting
that the approximation errors cancel themselves out,
similarly to the patterns observed when not correctly
modeling case-control ascertainment. A numerical sum-
mary of all the results reported in this section is provided
in Table S2.

Finally, we note that PCGC-s-LD is highly computation-
ally efficient. Since PCGC-s-LD uses only summary statis-
tics, it can perform estimation for data with millions of
variants and hundreds of thousands of individuals in less
than 1 hr (results not shown).

Estimating the Genetic Architecture of Schizophrenia
and Bipolar Disorder

To demonstrate the behavior of the methods on real data,
we studied the heritability and genetic correlation of
schizophrenia (SCZ)** and bipolar disorder (BP).** To pre-
vent confounding due to population stratification,** we
restricted the analysis to two highly concordant Swedish
datasets consisting of 1,745 SCZ-affected case subijects,
1,268 BP-affected case subjects, and 6,293 control subjects,
2,566 of which are shared between the studies**** (Supple-
mental Methods). The covariates included 10 principal
components and sex, which is a major risk factor for
both diseases.

(a)

(b)

setting

©  §cz and BP were 39.2% and 41.7%,

respectively. The estimated genetic cor-

relation was 42.4%, which is substan-
tially lower than previous estimates of 68% using REML'’
and 79% using LDSC.? We further verified that when omit-
ting covariates, the PCGC-s estimates increased to 60%, sug-
gesting that incorrect treatment of non-genetic risk factors
can lead to inflated estimates. When invoking LDSC on the
same data using the ldsc software, the estimated correlation
could not be computed when omitting covariates due to
negative estimated heritabilities and was 15.8% when re-
gressing the covariates out of the phenotypes (Table 1).
We also estimated the heritabilities and genetic correlation
under the LDAK model® and obtained very similar estimates
(Table S3). Namely, the heritability estimates for SCZ and BP
were 40.0% and 46.1%, respectively, and the estimated ge-
netic correlation was 43.8%. Overall, we conclude that
improper handling of covariates and of sample overlap in
case-control studies can lead to substantially biased esti-
mates and to incorrect conclusions regarding the genetic ar-
chitecture of genetic diseases.

Estimating the Genetic Architecture of Type 1 Diabetes
and Coronary Artery Disease
To further evaluate PCGC-s, we studied the correlation be-
tween type 1 diabetes (T1D) and coronary artery disease
(CAD), using data from the Wellcome Trust Case Control
Consortium 1 (WTCCC1).*’ It is known that T1D is associ-
ated with an increased risk for CAD,*° but the role of ge-
netics in this association is not clear. We chose to explore
this example because of the expected impact of covariates
on the result: T1D is very strongly affected by SNPs in the
major histocompatibility complex (MHC) region, and sex
is a major risk factor for CAD. We thus modeled the effects
of these risk factors as fixed rather than random and inves-
tigated the implications of inclusion and exclusion of
these covariates. The analysis details are provided in the
Supplemental Methods.

The results demonstrated the existence of a positive ge-
netic correlation between T1D and CAD and corroborated
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Table 1. Results of Real Data Analysis of Psychiatric Disorders

scz BP

Covariates 8; n’ 8; B’ Correlation

Omitted PCGC-s 0.127 (0.059) 0.127 (0.059) 0.259 (0.044) 0.259 (0.044) 0.561 (0.149)
PCGC-s-LD 0.139 (0.047) 0.139 (0.047) 0.282 (0.057) 0.282 (0.057) 0.602 (0.178)
LDSC-omit 0.467 (0.101) 0.467 (0.101) 0.293 (0.109) 0.293 (0.109) 0.451 (0.190)
LDSC-omit +intercept 0.467 (0.101) 0.467 (0.101) 0.293 (0.109) 0.293 (0.109) -

Included PCGC-s 0.399 (0.068) 0.392 (0.062) 0.426 (0.051) 0.417 (0.045) 0.437 (0.077)
PCGC-s-LD 0.438 (0.059) 0.430 (0.049) 0.465 (0.059) 0.455 (0.058) 0.424 (0.084)
LDSC 0.412 (0.084) 0.405 (0.070) 0.356 (0.105) 0.348 (0.103) 0.527 (0.176)
LDSC+intercept 0.412 (0.084) 0.405 (0.077) 0.356 (0.105) 0.349 (0.093) 0.158 (0.112)

Shown are the estimated values of the genetic vanance a (also termed the conditional heritability in this paper), the marginal heritability h* (which is equal to "g
when no covariates are present and smaller than a in the presence of covariates) and the genetic correlation. Standard errors were computed via a block jackknife

of 200 blocks of consecutive SNPs. LDSC+|ntercept is the LDSC estimator when fitting an intercept from the data.”

LDSC-omit is different from PCGC-s-LD with

omitted covariates because of differences in the predetermined intercept value due to normalization (Supplemental Methods). LDSC results were computed using
the Idsc software. Values marked with “~” could not be computed because of negative or illegal parameter estimates.

the simulation studies (Table 2, Table S4). As expected, in-
clusion of covariates had a minor effect on PCGC-s esti-
mates, decreasing the heritability estimate for T1D from
23.7% to 18.3% and for CAD from 40.5% to 39.9%, and
slightly increasing the genetic correlation estimate from
18.1% to 19.2%. The LDSC heritability estimates for T1D
and CAD when omitting covariates (35% and 58.8%,
respectively) were greater than those of PCGC-s (consistent
with our simulation results) and the correlation estimate
was also greater (28.4%). LDSC heritability estimates
were nonsensical (non-positive or greater than one)
when including covariates or fitting an intercept rather
than using a predetermined one. REML estimation of ge-
netic correlation using gcta failed to converge.

We conclude that accounting for covariates can substan-
tially affect heritability and genetic correlation estimates.
However, we caution that the results are sensitive to pre-
processing of the data (Tables S5-S7, Supplemental
Methods; see Discussion). We also present genetic correla-
tion estimates between all phenotypes included in the
WTCCCI1 study, confirming some well-known significant
correlations, such as between hypertension and coronary
artery disease; and others that have been tentatively sug-
gested in the literature, such as between rheumatoid
arthritis and coronary artery disease*”*® (Table S8).

Discussion

Our major conclusions regarding the existing approaches
can be summarized as follows. (1) REML severely misesti-
mates heritability and genetic covariance in case-control
studies under all settings (as has been pointed out previ-
ously”'**!). In settings without binary covariates, REML
accurately estimates genetic correlation, but it can become
slightly biased in the presence of such covariates. (2) LDSC
estimates are accurate in the absence of covariates but can

become biased in the presence of binary covariates with
strong effects. Importantly, regressing covariates out of
phenotypes prior to running LDSC can lead to a very se-
vere bias and should always be avoided. We further caution
that the software implementation of LDSC can lead to
different estimates than those of PCGC-s even in the
absence of covariates due to different data preprocessing
procedures, as discussed below. (3) PCGC accurately esti-
mates all quantities of interest directly or with summary
statistics. (4) Standard summary statistics cannot be used
to estimate genetic correlation for traits with binary non-
genetic risk factors; we propose here a novel formulation
of privacy-preserving summary statistics which can be
used for this task.

Another potentially problematic aspect of genetic corre-
lation estimation is analysis of cohorts from ancestrally
divergent populations. Our preliminary analysis demon-
strated that analysis of such cohorts can lead to inflated
and unstable genetic correlation estimates for all methods,
even when using a large number of PCs as covariates (re-
sults not shown). We therefore opted to focus our analysis
on two Swedish cohorts. Previous estimates of the genetic
correlation between schizophrenia and bipolar disorder
were based on cohorts from divergent European popula-
tions, which may be another reason for the large difference
between our estimates and previous ones.” % **

When comparing different methods, it is important to
distinguish between the underlying mathematics and the
software implementation. Even though PCGC-s and
LDSC are roughly equivalent in the absence of covariates,
the software implementation of PCGC-s is careful to
perform case-control-aware data preprocessing (e.g., avoid-
ing in-sample SNP standardization, and avoid assuming
that the diagonal of the genetic similarity matrix is exactly
1.0; Supplemental Methods). This can lead to major differ-
ences between the estimates of the software implementa-
tions in real data analysis. We therefore recommend that
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Table 2. Results of Real Data Analysis of T1D and CAD

T1D CAD

Covariates 8; n’ 8; n’ Correlation

Omitted PCGC-s 0.237 (0.044) 0.237 (0.044) 0.405 (0.063) 0.405 (0.063) 0.181 (0.115)
PCGC-s-LD 0.245 (0.045) 0.245 (0.045) 0.420 (0.065) 0.420 (0.065) 0.181 (0.115)
LDSC-omit 0.350 (0.046) 0.350 (0.046) 0.588 (0.066) 0.588 (0.066) 0.284 (0.074)
LDSC-omit +intercept 0.013 (0.105) 0.013 (0.105) 0.020 (0.109) 0.020 (0.109) -

Included PCGC-s 0.241 (0.066) 0.183 (0.050) 0.435 (0.070) 0.399 (0.062) 0.192 (0.139)
PCGC-s-LD 0.250 (0.069) 0.190 (0.052) 0.451 (0.065) 0.413 (0.060) 0.191 (0.139)
LDSC —1.75 (0.038) - —0.33 (0.058) - -
LDSC+intercept —0.03 (0.046) - —0.07 (0.09) - -

The table fields are the same as in Table 1. LDSC results are based on our own implementation to provide a detailed comparison with PCGC-s that is not
confounded by implementation details. Results using the Idsc software are provided in Table S4.

researchers use our software implementation of PCGC-s for
analysis of case-control studies regardless of the presence
of covariates, because PCGC-s is careful to preprocess
case-control data correctly.

An important issue often raised in the context of herita-
bility estimation regards the validity of the assumed
model. One specific concern concerns the use of allele fre-
quency and LD-dependent architectures.®*"**°° While
important, this concern is not directly related to our re-
sults, as PCGC-s can accommodate arbitrary linear genetic
architectures (Supplemental Methods). Additional con-
cerns include the difference between “SNP heritability”
and “narrow sense heritability” which assumes that all
causal SNPs are measured”°! and the potentially larger dif-
ference between narrow sense heritability and the true ge-
netic heritability in the presence of non-additive effects.**
These concerns are well founded and should certainly be
addressed in practice. However, they are not directly
related to our study, which focuses on the performance
of different methods when the model assumed by these
methods (liability threshold model and additivity) holds.
We believe our conclusion, that commonly used methods
can be biased under their own modeling assumptions, is of
major interest even given the concerns about the validity
of the assumptions themselves.

An important question that has been debated recently
concerns the relationship between causal effect sizes and
MAF and LD patterns.®*”*? PCGC-s can be readily modi-
fied to use any linear genetic architecture and can thus
accommodate different genetic architectures. Several re-
searchers recently advocated comparing between different
models via the data likelihood,® but unfortunately exact
likelihood estimation is infeasible in ascertained case-con-
trol studies. The determination of genetic architectures
under case-control studies is therefore a potential line of
future work.

Finally, the LDSC framework includes several techniques
not considered in this work: estimation of the contribution
of functional annotations to the liability variance,’’

improved estimation by weighting of summary statis-
tic,'® and fitting an intercept from the data rather than
using a predetermined one.'® The first technique can be
readily adapted into the PCGC-s framework (Supplemental
Methods). We do not recommend using the other tech-
niques in case-control studies, as the derivations underly-
ing these techniques assume an additive phenotype with
genotype-environment independence. Adapting these
procedures into case-control studies under a formal theo-
retical framework remains a potential avenue for future
work.

Supplemental Data

Supplemental Data include 17 figures, 8 tables, and Supplemental
Methods (mathematical derivations) and can be found with this
article online at https://doi.org/10.1016/j.ajhg.2018.06.002.
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1 Supplemental Tables

Table S1:

Estimation correctness of the investigated methods. LDSC behaves

differently depending on whether covariates are present. The entries marked with *
indicate that although the estimated quantity is empirically unbiased in simulations, it is
given by the division of two biased estimates (the estimate in the second column divided
by the product of the square roots of the estimates in the first column), suggesting that
estimation errors cancel each other in the division. We are not currently aware of a
theoretical justification for this behavior. The entry marked with ** is only empirically

correct as long as covariates are excluded from the analysis.

|

heritability —genetic covariance

genetic correlation

PCGC v v v

no covariates | LDSC v v v
REML X X v*

PCGC v v v
with covariates | LDSC X X v
REML X X v*

Table S3:

Table S2: Please see Supplemental Excel file

Results of real data analysis of schizophrenia (SCZ) and bipolar

disorder (BIP), when using the LDAK model assumptions [6] instead of the
standard assumptions used in the results reported in the main text.

. SCZ BIP
Covariates . N
(}3 h? ‘ 63 h? ‘ Correlation
0.048 0.048 0.254 0.254 0.850
omitned | SO (0051) (0.051) | (0.056) (0.056) | (0.439)
CGeaLy | 0052 0052 | 0288 0288 | 0.862
(0.059)  (0.059) | (0.064) (0.064) |  (0.488)
0.407 0.400 0.471 0.461 0.438
— PCGCs | 0.054)  (0.055) | (0.057) (0.059) |  (0.080)
POGC-s-L.D 0.410 0.403 0.486 0.476 0.442
(0.060) (0.062) | (0.063) (0.066) |  (0.086)




Table S4: Results of real data analysis of type 1 diabetes (T1D) and coronary
artery disease (CAD), using the ldsc software!. Shown are the estimated genetic
variance 03 and the genetic correlation, as obtained from the ldsc software. Marginal
heritability estimates are not reported because they are not estimated in the ldsc soft-
ware. Values marked with "-' could not be computed because of negative or illegal

parameter estimates.

Covariates T1D CAD
63 63 Correlation
Omitted LDSC-omit 0.385 (0.049)  0.644 (0.069) 0.298 (0.069)
LDSC-omit+intercept  0.055 (0.066)  0.102 (0.102)  -1.07 (1.90)

LDSC -1.80 (0.040)  -0.338 (0.060) -

tncluded =y b Cintercept 0,016 (0.037)  0.037 (0.090) -

Table S5: Results of real data analysis, using in-sample SNP normalization.
The table is similar to Table 2 in the main text, but both studies estimated the minor
allele frequencies based on the (shared) controls rather than using HapMap 3 estimates.

. T1D CAD
Covariates N .
63 h? ‘ 63 h? ‘ Correlation

0.295 0.295 0.469 0.469 0.231
PCGC-s (0.051) (0.051) | (0.064) (0.064) (0.090)

0.291 0.291 0.465 0.465 0.231
Omitted PCGC-s-LD (0.050) (0.050) | (0.064) (0.064) (0.090)
LDSCoomit 0.284 0.284 0.451 0.451 0.215

(0.050)  (0.050) | (0.064) (0.064) |  (0.094)
0.505  0.505 | 0.014  0.014 -

LDSC-omit + intercept (0.552) (0.552) | (0.131) (0.131) -

POGC-s 0.277 0.210 0.498 0.457 0.239
(0.069) (0.052) | (0.072) (0.066) | (0.119)
0.274 0.208 0.493 0.452 0.239
PEGC-s-LD (0.068) (0.052) | (0.064) (0.059) | (0.119)
Included
LDSC -1.80 - -0.45 - -
0.042) - | (0057) - ;

0.040 0.030 | -0.065 - -

LDSC + intercept (0.080) (0.060) | (0.099) - B

"https://github. com/bulik/ldsc



Table S6: Results of real data analysis when regressing the top 10 princi-
pal components out of the genotypes and possibly using them as additional
covariates.

. T1D CAD
Covariates . ~
6’3 h? ‘ 63 h? ‘ Correlation
0219 0219 | 0.406  0.406 0.200
POGC-s (0.043)  (0.043) | (0.063) (0.063) | (0.117)
0.226  0.226 | 0.419  0.419 0.198
Omitted PCGC-s-LD (0.044) (0.044) | (0.065) (0.065) | (0.116)
L DSC-omit 0.301  0.301 | 0.538  0.538 0.241

(0.045)  (0.045) | (0.066) (0.066) |  (0.085)
0.016 -0.016 | -0.057 -0.057 -

LDSC-omit + intercept (0.097) (0.097) | (0.112) (0.112) -

POGC.S 0.258  0.196 | 0.471  0.432 0.287
(0.066) (0.050) | (0.069) (0.063) | (0.123)
0.266  0.202 | 0.487  0.446 0.284
PCGC-s-LD (0.068) (0.052) | (0.065) (0.060) | (0.122)
Included
LDSC -1.78 - -0.36 - -
(0.039) - (0.057) - -
: -0.060 - -0.11 - -
LDSC + intercept (0.044) i (0.096) i i

Table S7: Results of real data analysis when using in-sample SNP normaliza-
tion and regressing the top 10 principal components out of the genotypes.
The table is similar to Supplemental Table 6, but both studies estimated the minor allele
frequencies based on the (shared) controls rather than using HapMap 3 estimates.

, TID CAD
Covariates . «
6; h? ‘ &3 h? ‘ Correlation
0.237 0.237 0.456 0.456 0.210
PCGC-s (0.045)  (0.045) | (0.064) (0.064) | (0.103)
0.232 0.232 0.447 0.447 0.207
— PCGC-s-LD (0.044)  (0.044) | (0.063) (0.063) | (0.102)
LDSComit 0.195 0.195 0.383 0.383 0.091
(0.045)  (0.045) | (0.064) (0.064) |  (0.135)
. . -0.081 - -0.096 - -
LDSC-omit + intercept (0.080) i (0.129) i i
0278 0211 | 0534 0489 |  0.306
POGCs (0.068) (0.052) | (0.072) (0.066) | (0.110)
0273 0.207 | 0524 0479 | 0303
POGCs-LD (0.066) (0.050) | (0.065) (0.059) | (0.108)
Included
LDSC 184 - | w050 - i
0.041) - | (0.056) - ;
. -0.065 - -0.14 - -
LDSC + intercept (0.046) i (0.106) i i




Table S8: PCGC-s genetic correlation estimates between WTCCC1 pheno-
types. The traits and their assumed prevalences (following [1]) are Crohn’s disease
(CD, 0.1%), type 1 diabetes (T1D; 0.5%), bipolar disorder (BD, 0.5%), rheumatoid
arthritis (RA; 0.75%), type 2 diabetes (T2D; 3%), coronary artery disease (CAD; 3.5%)
and hypertension (HT; 5%). All analyses included sex as a covariate. T1D and RA
analyses additionally excluded the MHC region from the analysis and used MHC SNPs
as covariates (Supplemental Note).

CD T1D BD RA T2D CAD HT
0.067 0.217 0.047 0.155 0.114 0.259

b (0.128) (0.077) (0.104) (0.098) (0.097) (0.087)
p 0067 0.090 0.387  -0.054  0.192  0.089
(0.128) (0.128) (0.137) (0.161) (0.139) (0.155)
ap 0217 0.090 0.012 -0.145 0011  0.136
(0.077)  (0.128) (0.117)  (0.116) (0.103) (0.100)
pa 0047 0387 -0.012 0228 0314  0.226
(0.104) (0.137) (0.117) (0.121)  (0.105) (0.124)
top 0155 0054 -0.145  0.228 0.343  0.371
(0.098) (0.161) (0.116) (0.121) (0.097)  (0.092)
cap 014 0192 0011 0314 0.343 0.280
(0.097) (0.139) (0.103) (0.105)  (0.097) (0.096)
gp 0259 0089 0136 0226 0371 0.280

(0.087) (0.155) (0.100) (0.124) (0.092)  (0.096)
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Figure S1: The performance of the evaluated methods when measuring the genetic
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Figure S2: The performance of the evaluated methods under different heritability levels
for trait 1. The black horizontal lines indicate the true parameter values. The genetic
covariance values were set to obtain a genetic correlation of 50%.
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The in-sample case control ratio was 50% in all experiments.
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Figure S13: The performance of the evaluated methods when LDSC uses logistic regres-
sion rather than linear regression based summary statistics. Here, the logistic regression
test statistics included the covariates instead of omitting them.
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Figure S14: The performance of the evaluated methods under different levels of covariate
strength, when LDSC regresses the covariates out of the phenotypes and genotypes.
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Figure S15: The performance of the evaluated methods under different levels of covariate
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fits an intercept.
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Figure S16: The performance of the evaluated methods when data is generated according
to the LDAK model [6], under different prevalence levels for study 1.
yield biased estimates of heritability and of genetic covariance, because they use an
incorrect model that assigns a uniform prior variance for the effect size of every SNP,
regardless of its MAF and LD patterns. In contrast, genetic correlation estimates are
unbiased, suggesting that the approximation errors of the heritabilities and of the genetic
covariance are canceled when dividing the latter by the former. REML is not evaluated
in this experiment because we are not aware of a REMIL-based method for estimation
of genetic covariance under the LDAK model, which would be required for comparison
with Figure S17.
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Figure S17: The performance of the evaluated methods when data is generated according
to the LDAK model [6] (as in Figure S16), using modified versions of the evaluated

methods which use the LDAK model for estimation. PCGC-s and PCGC-s-LLD yield

unbiased estimates because they use the correct underlying model, whereas LDSC-omit
is biased because it ignores the effect of covariates. REML was not evaluated in this
experiment because we are not aware of a REML-based method for estimation of genetic
covariance under the LDAK model.
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3 PCGC without Covariates

PCGC was described in [3] in the context of heritability estimation. Here we show the
derivation for estimation of genetic covariance. This is a generalization of heritability,
which in the absence of covariates can be seen as the genetic covariance of a trait with
itself. We first present the derivation when there are no covariates. A derivation with
covariates is presented in Section 4. The derivation here does not make use of summary
statistics. A description of how PCGC can be reformulated to use summary statistics
is presented in Section 5.

We first establish some notations. We assume the same mixed effects liability threshold
model described in the main text. Namely, every individual is associated with a latent
liability a! for every studied trait ¢, where a! = g! + e!, and g}e! are genetic and
environmental effects, respectively. We further assume g; ~ N (0, o2 s ef ~ N(0,1-02 e
The environmental effects are assumed to be independent and 1dentlcally dlstrlbuted
between individuals, and Cov(gt1 , gt2) Pt to th t,» Where Gt 1, 1s the genetic similarity
coefficient between individual ¢ in study ¢; and individual j in study t2. Every individual
is also associated with an observed affection status indicator y; = 1 [ai > 7], where
7 = ®~1(1 — K;) is the affection cutoff for a trait with prevalence K;, and where ®~1(-)
is the inverse standard normal cumulative distribution.

Note that when ¢ and to refer to the same trait, the genetic covariance coincides with
heritability, p¢, 1, = 03 . Our derivation therefore encapsulates heritability estimation
as a special case.

We assume an ascertained case-control study where cases are overrepresented relative
to the trait prevalence. Denote P; as the case-control proportion in study ¢, and define
7 2 (yi — P)/\/P,(1 - P,) as the standardized phenotype of individual i in study ¢.
Further denote si as an observed selection indicator for individual 4 in study ¢, such that
st = 1 for all individuals in the study. We assume that s! is conditionally independent of
all other variables given yi. PCGC approximates the expected value of i 1@7{2 conditional
on the ascertainment scheme and on the genetic similarity coefficient of individuals 7 and
j via a Taylor expansion around th t, = 0. Namely, the first order Taylor expansion
when there are no covariates is given by:

B G0, |5k sty Gil, | = Gl f (h1t2) pras + O ((G10)?) (1)

where st is a shorthand notation for s%l =1, and where f (¢1,t2) is given by:

VP (1= Piy) Py (1 — Ppy) (71, )(71,) @)
Ktl( Kt1)Kt2< KtQ) .

[ty te) =
Here, o(+) is the standard normal density. Therefore, p¢, +, can be estimated by regressing
ytlytg on th th (t1,t2).

The derivation of Equation 1 is carried out as follows. We first write down the expected
value of Q;lgﬂQ conditional on the ascertainment scheme and on the genetic similarity
coefficient of individuals i and j. By using Bayes rule and the assumption that si is
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conditionally independent of all other variables given y!, we obtain:

pt v, — P
~i o~ | ij | _ 1 to to A BT S | i
E [ytlyt2|5t1a5t2aGt1,t2] = E , \/P —p \/P 1-p P(ytl’ytz |St173t2>Gt1,t2)
_ t1 t1> t2( - tz)
y,‘l,th =0
Zl ) yil —Py ng—PtQ
i J

i o d b i |0 J o
yt17yt2:0 \/Ptl(l—Ptl) \/Pt2(1 Pt )P(yt17yt2|Gt1,t2)P(8t1 |yt1)P(st2|yt2)
P(Stl? stz |Gt1,t2)
(3)

Next, we approxnnate Equation 3 via a Taylor expansion around Gt t, = 0. Denote the

numerator as A(Gt +,) and the denominator as B (G 1,t2)‘ The Taylor expansion takes
the form:

A0 A(0)B(0) — B'(0)A(0
50+ g G, v 0 (@) @

AT T
E |:yt1yt2 |St17st2?Gt1,t2:| -

Equation 4 can be simplified because A(0) = 0. This can be verified by noting that
setting G}/, = 0 in Equation 4 yields A( )/B(0) on the one hand, but setting G}’ = =0

also causes the random variables ytl,th to become independent conditional on s; , sgz,
and therefore leads to the decomposition:

E {ﬂf&lgg | Sip 5%27 th o T 0:| E [gzl | Si1:| E [ggg | S‘ZQ:| = 0’ (5)
because E [§i|si] =0 by definition.

We conclude that the Taylor expansion takes the form:

A'(0)
B(0)

~i ~F | i.J _
E |:yt1yt2 | 81,5 51y5 t71,t2:| =

SR GE L+ 0 (G (6)

To compute B(0), we first compute the probability of cases and controls to participate
in the study. Define s;0 = P(si = 1|yi = 0), s;1 = P(si = 1|yi = 1) as the selection
probabilities of controls and cases, respectively. Using the definition of P, and Bayes
rule, we have:

Py =1)P(s; = 1]y; = 1)
P(y; = 0)P(s; = 1|y; = 0) + P(y; = 1) P(s; = 1]y = 1)
_ Kisin
(1= Ky)seo+ Kesea

Py=P(y; =1ls;=1) =

(7)

After rearrangement, we obtain:

 K(1-P)
St,0 = St,l(

- K)P, ®)

We assume without loss of generalization that s;; = 1, but the results remain exactly
the same regardless.

Next, we use the fact that the variables sil,sé become independent given G;f t, = 0.
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Therefore, by using Equation 8, B(0) is given by:
B(0) = P(sy,)P(s],)
= (P(yi, = 0)su0 + Py, = Vs ) (P, = 0)s100 + Pyl = Dsia1)

Kt(].—Pt) )( Kt(]-_Pt) )
— 1—- K, )—~— "1/ K 1—- K, )—2—__ 2/ 1 K
(( tl)(l_Ktl).Ptl + t1 ( t2)(1_Kt2).PtQ + t2
Ky Ky,
= ) 9
B, D, (9)

It remains to derive A’(0). We use the following lemma, derived in Section 2.2 of [3]. If
the affection cutoffs of individuals ¢ and j are 7, and 7,, respectively, then:

Tp(ytl = ygg | Gt1,t2) | G” ,=0 ¢(Tt1)¢(7—t2)pt1,t2
d 7: y

dGTP(ytl 7& yig | tl,tz) | G” ,=0 = —¢(Tt1)¢(7't2)Pt1,t2~ (10)
t1,t2

Therefore, A’(0) is explicitly given by:

P, P,
A'(0) = \/ T T Bt 05100()6(7ia)pu i
1 2

P 1-P
+ \/1 _ 1Pt1 Pt2 : St1,08t2,1¢(7t1)¢(Tt2)ptl,t2

1-PF, P
+ \/ P, - 1 ;;)t2 St1.,15t5,00(Te, ) O(Te, ) Pty st

1-P,1— P
+ i o 3t1,13t2,1¢(7t1)¢(Tt2)Pt1,t2- (11)
Py, P,

By incorporating the definition of s; o in Equation 8 and assuming s;; = 1, we obtain:

K, K, 1-P,1-P,
A'(0) = L 2 1 2 b(r -
O ==Kk 1= K\/ B, o))
K, 1-P, 1-P,
+ 1— [l{t \/ Pt - Pt 2 ¢(Tt1)¢(7—t2)pt1,t2
1 1 2
K, 1-P,1-P,
+ 1— ;Q{t \/ Pt 2 Pt e ¢(Tt1)¢(7—t2)pt1,t2
2 1 2
1-P,1-P
+\/ Pt1 - Pt2 2¢(Tt1)¢(7t2>pt1,t2
1-P;, )(1-P;
W¢(Ttl)¢<’rt2)ptl,t2
- 12
(1= Ku)(1 - Kp) (12)
Finally, we combine Equations 9 and 12 into Equation 6 to obtain:
T2 0, )1 ot i
(I-Ke)(1-Kry)
E |:ytlyt2 |St1’st27 Gt17t2i| o I{ttll th = llfljth + O (( ;1],152)2)
Py Py
P (1= Py) Py (1 — Py)d(71,)6(71,) Gy
\/ i ( 1) P ( b2 ) O (Tt )P (T, PP, ((Gt t )2) 13)
Ktl( Ktl)KtQ( — Ktz) ’ 1,t2

This completes the derivation.
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4 PCGC with Covariates

Here we derive the PCGC genetic covariance estimator in the presence of covariates.
We extend the model presented in the previous section as follows. We assume that
every individual in study ¢ carries a vector of covariates C?, including an intercept. The
liability a! is now given by ai = gi + el + (C’i)T,Bt, where 8, is a vector of fixed effects.
Denote P} as the in-sample probability of individual 4 in study ¢ being a case conditional
on her covariates, P} = P(y; = 1|C%,si = 1; B8,). We define the standardized phenotype

of individual i as §i = (yi — P{)//Pi(1 — P}).

We show below that the first order Taylor expansion of the conditional expectation of
ﬂilz]é is now given by:

~i ~] (2]
E |:yt1 ytg | Ctl ) Ct27 st17 8t27 t1,t21|

i 2
th th ( t1o t2 ; :6t17ﬁt21t17t2> Pty ,to + (@) ((th t2) ) ) (14)

where f ( il, . Btl,BtQ,tl,Q) depends on the covariates of individuals ¢ and j, on
the fixed effects and on the case-control proportions and the prevalences of the two
studied traits, and is explicitly given by:

| o(7i,)
f ( t1s t2 ; ﬁtlaBtQatl’tQ) Ptil(l — Ptil) (KZI +(1 - Kgl)%)
¢(r1,)
P = P (2 + 0 = KL R
[qﬁ’f;@;o,o + @ o1 + @0 + qz’l{tz;lvl} - (1)

where K} =1 — (1 - P})/ (1 + Mﬂ Pti) is the population-level probability of

being a case (derived in [3]), 7/ = ®~! (1 — K}) is the individual-level affection cutoff,
and the terms in the parentheses are given by:

/i Ky (1=Py) Ki,(1 = Pry) o

] ) 1 1 2 2 Pz Pj )
qtl,t%o’o Ptl (1 - Kt1) Ptz( Km) bt

ij Ky, (1-Py) :
@100 = mptl( — P},

ij Ki,(1-P,) ;
@10 = mo — PP,
q;;‘j,tg;l,l = ( - Ptl)(]‘ - Ptg)' (16)

Unlike the previous section, the term f (Cil, o ﬁtlaﬁtz,tl,Q) is different for every
pair of individuals. We first derive Equation 14 under the assumption that the fixed
effects are known, and then describe estimation with unknown fixed effects.

The derivation of Equation 14 is carried out as follows. As before, we begin by writ-
ing down the conditional expectation of gj@lgng and use Bayes rule and the conditional
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independence assumptions to obtain:

~7 ~] i o (] _
E [ytlytg ‘ Ct17 t278t173t27 t;,t2i| =

1 i _ Pt J _ pJ )
Yty Pt1 Yty Pt2 P( ‘ C S. Sj ,J )
- ) yt17yt2 t1° t27 t1) 2tar Miy,to

vi, i, =0 \/Ptzl(l N Ptzl) \/Ptjfz(l - B,

Pl

1 yt t yt t Z,j . . ] ]
Zytl,th =0 \/Pti 1— . ) \/Pf (1 (yt17yt2’0t17 tor tl,tQ)P(S;il |y§1)P(St2|yt2)
P(8t17 Stz ‘ Ct1 ’ Ctg’ th,tg)
(17)
Next, we approximate Equation 17 via a Taylor expansion around th tr = = 0. As

before, we denote the numerator and denominator as A(Gt’] 1,) and B(Gt1 1,), Tespec-
tively. The term A(0) is once again equal to 0, as can be verified by seeing that setting

#1, = 0 in the first order Taylor expansion of the expression A( i’lj t,)/B( 11] +,) leads
to the expression A( ) /B( ) on the one hand, but that the conditional expectation

E [5;1552 |C’t1, b stl,stQ, Gzlth = 0} decomposes into a product of conditional expec-

tations of , and of th, each of which is equal to 0 by definition. We therefore once
again have a Taylor expansion of the form:

A'(0)
B(0)

E {yilggg | Ctl’ Ctg? St17 tg? th tg] - th ,to + O ((Gt1 t2)2> . (18)

To compute B(0), we use the fact that the variables s 1,3{2 become independent given
i’l{h = 0 and the covariates. Therefore, by using Equation 8, B(0) is given by:
B(0) = P(s;, | C},)P(st, | C1,)

= (1, 0 - TG (s 0 - TG )

To compute A’(0), we rewrite the numerator of Equation 17 using the results in Equation
10, and additionally incorporate Equation 8 as follows:

Pt P’ K (1—P,) K, (1P, : :
A/(O) _ : t‘1 t2' : t1( tl) tz( t2)¢(TZ1)¢(Tt]2)Pt1,t2
VP = PP~ Pl Pl = Ku) Pl = Ko
Pi(1—P)) Ky (1-P ; :
+ : t1 ' -t2 : Pt1 (1 Kt1)¢(7-t1)¢(7-t]2)pt1,t2
VPL = PPl - ) Pl = Ku)
(1- PP} Ku(=Py) . o
+ bt 2 ! ¢(Tt1)¢(th2)pt1,t2¢(7—t1)¢(7—tj2)pt1,t2

VL= PP - iy P~ Bee)
(1- P - P

Equation 14 is obtained by combining Equations 19 and 20 into Equation 18. This
completes the derivation.

(78,07, P - (20)

When the fixed effects are unknown we carry out a two steps procedure, as explained
in [3]. In the first stage we estimate the fixed effects while ignoring the covariance
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structure via logistic regression. The theory of generalized estimating equations shows
that such an estimation procedure tends to produce highly accurate estimates [4] (the
formula for the variance of the estimators needs to be modified to account for the
covariance structure, but this is out of the scope of our work). In the second stage we
use the estimated fixed effects to compute a conditional in-sample affection probability
Pl =P(i=1|C: sél ; B), which enables us to use the Taylor approximation described
above.

5 Adapting PCGC to use Summary Statistics

Here we describe how PCGC can be modified to use summary statistics. Our derivation
assumes the presence of covariates. Settings without covariates can be regarded as
a special case with a single constant covariate carried by all individuals (a so-called
intercept). To avoid dependency on the previous section, we first reestablish the relevant
notations.

Denote P; as the proportion of cases in study ¢ and P} as the in-sample probability of
individual ¢ in study t of being a case conditional on her covariates. Further denote

Ki=1-(1-P})/ (1 + %Pl Pt’) as the population-level probability of being

a case, and define 77 = ®~! (1 — K}). Note that in the absence of covariates P} = P,
K} = K; and 7} = 7; for all individuals.

The PCGC covariance estimator is given by regressing the conditionally-standardized
i Pz PJ
v, Py on the conditionally-modified genotype prod-

\/PJ (1-P})

0,J )b J
ucts Gy, Q47 1, Where Qtl’tz is given by:

phenotype products

Z Ufy a7y by (21)

a,b=0
where
| i K/(1-PF) _.
ot ‘ @(Tt) e Pt(<1 - Ktspg (22)
Pi(1 = P}y (Kj + (1 = K) i) B t
P e e (1= F). (23)
Pi(1 - P}) (KZ +(1- Kﬁ)m)

Note that each term ugo and ual depends only on information from study t.

A key ingredient in the adaptation of PCGC for summary statistics is the assumed form
of the genetic similarity coefficients:

. 1 ki ok

k2 A I

ijlj,tz - m Z X Zthj’ (24)
k=1

where X~ k43S the kyn variant carried by individual 7 in study ¢, after normalization at
the population level. Therefore, both Gt 1, and Qt’J +, are given by sums of products
of terms, where each term depends only on an individual from one of the two studies.
This is the underlying idea that enables to compute the PCGC estimator via summary
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statistics. However, we note that is is straightforward to extend our results to accom-
modate frequency or LD-dependent architectures or multiple variance components, as
shown in Sections 6 and 7.

We now provide the full derivation of our results. The PCGC covariance estimator is
explicitly given by:
’“‘7: "‘j Z?] 7/7]
Apcgc-covar Zi1j¢st1,t2 Yt, Yo th ta Qtl ta
t1,t2 -
Zi,j¢st1,t2( t17t2Qt17t2)

where Si, 1, is the set of all pairs of indices 4, j that refer to the same individual who is
ytl Ptll

B O-P)

(25)

shared between the two studies, and i =

To compute Equation 25 without having access to genetic and phenotypic data, we
require the following summary statistics:

1
k,covar A ~i v ki i
2t = E Yy E ut,a

Akhcovar A ZXZC thhz Z ut autb (26)
a,b=0

If the two studies include overlapping individuals, we also require the following summary
statistics for each of the overlapping individuals:

wj 2\ (zut ) | 1)

The summary statistic w% are not privacy preserving because they expose (a noisy version
of) the phenotype of individual 7, and some indirect information about her covariates.
This is often not a problem, because overlapping individuals often consist of control
cohorts, in which the phenotypes are already known. Nevertheless, we propose a privacy-
preserving approximation in Section 5.2.

We now describe how Equation 25 can be rewritten to use only the above summary
statistics. The numerator of Equation 25 can be rewritten to use only summary statistics
as follows. We first decompose the numerator into two terms:

~ ~J el ~i =] ¥, 2]
Z yzlth tl,tth ta T Zyzlytz t17t2Qt1 ta Z yzlytzth,tthl,tz' (28)

i:j¢st1,t2 i, 7j€St1,t2

We will handle each term separately. By using Equations 24 and 21, the first term on
the right hand side of Equation 28 can be reformulated as follows:

Z utly utg b

1
a,b=0

o ;g i o k. ’
Zyglyngilj,tZQél{tQ - Zy§1yi2 ( Z X lX ]>
ihj i?

. i ) J
-3 (T S ) (S S
- 7 —
R k
_ = Ztl,covar 7t2,covar' (29)
k=1
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Using Equations 21 and 27, the second term on the right hand side of Equation 28 can
be rewritten as follows:

~7 ~] _ ~7 “'] .77.7
Z ytlthGt1,t2Qt1,t2 - Z Y, Yty t1 t1 t2 t2 Z utl autz b

iujestl,tQ Z‘,jeStl,tQ ab 0
_ G-I
= Z < t17tlyt1 Z “t1 a) < tz,tzytz Z ut2 b)
i,jEStl,tQ
_ i g
= Z Wi, Wy, - (30)
1,JESt ,tg

The derivation in Equation 30 requires having access to the genotypes and covariates of
overlapping individuals. If there are no covariates and the number of overlapping indi-
viduals having each of the four possible combinations of phenotypes is known, Equation
30 can be simplified considerably by using the approximation G;] +, = 1.0 for overlapping
individuals. However, we caution that this approximation is very sensitive to the data

preprocessing, because G;f t 1/ Giit ly/G{;{Q if studies 1, to were preprocessed sepa-
rately (see Supplemental section on the effects of preprocessing the data for a discussion
of this issue).

If a third party with no access to the overlapping individuals wishes to approximate the
second term on the right hand side of Equation 28, she may do so using a sum of Taylor
Expansions around the mean covariates vector for each of the four possible combinations
of phenotypes of overlapping individuals. Typically the only overlapping individuals are
controls, which simplifies this approximation. The derivation is provided in Section 5.2.

We now consider the denominator of Equation 25. As in the analysis of the numerator,
we first decompose the denominator into two terms:

Z ( tl,tthl,tz) :Z( 171],752Qt1,t2) o Z ( tl,tthl,tz) : (31)
i,ngtl,tQ ,] ’i,jestl,tg

As before, we will handle each term separately. The first term on the right hand side of
Equation 31 can be reformulated as follows:

1 m Y 1 ) 2
_ 2 i yrksj i,
Z ( t17t2Qt1,t2) - Z m Zth th Z Uty ,aUty b
i, i, k=1 a,b=0
_ kg yrhi yrhsg TR B R |
- Z Z th Xt2 th Xt2 Z Uty 0Bty bty Wiy d
%,J \k,h=1 a,b,c,d=0
1 & b yhi O kj yh
p— 7Z 1Z Z i 1‘7 7]
T m Zth Xt1 Z Uty 0ty e ZXL‘2 Xt2 Z utzb t27d
2 kh=1 \ i a,c=0 b,d=0
_ Z Ak’ h,covar Ak ,h,covar (32)
M2y =1
. . . Ak, .
A possible drawback of the summary statistics 7;""“**" is their large number. If the

linkage disequilibrium (LD) patterns within both studies are approximately the same as
in a reference population based on which LD patterns were computed, we can carry out
an approximate analysis with only a single summary statistics, as described in Section
5.1.
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Finally, the second term on the right hand side of Equation 31 can be easily computed by
a research group with access to the genotypes and covariates of overlapping individuals
(only covariate can suffice when using the approximation th t, ~ 1). Otherwise, we
describe an approximation of this term in Section 5.2.

5.1 Approximate Summary Statistics without LD

Recall from Equation 32 that computation of the sum }_; ; ( b Qt 1 t2> via summary
statistics requires summary statistics for every pair of variants. Here we describe an
approximation that requires only a single summary statistics, £ [Qfgﬂ, and empirically
yields very accurate approximations.

The approximation consists of assuming independence between covariates and genetic
variants (technically, one needs to assume only that for every pair of individuals 4,5 and
pair of Variants k,h, the covariates of individuals i,j are independent of the product
X X Xk XtQ’j , which is a very mild assumption). Using this assumption and the
law of large numbers, the denominator of Equation 25 can be approximated as:

S (GL,Qk ) & )1 G1d) € Suand] Bggs,, [(Gh@@m)]

i7j¢st17t2

.. .. ij \2
~ [(,9) | :5) & St} Bijgse, oy | (i) | Brigsin.n (@m)

= {(6.) 1 (3) & Stvsa}| B Gl | By > i
) JESty by t1,t2 1,5 €Sty to t1,a%ta,b
- - a,b=0

- - 1

= |{(Z7]) ‘ (27]) gé St17t2}‘ Ei,jngtl,Q ( ;71],252) Ei,j%stl,tg Z uil,aua,cugg,buiz,d
- - a,b,c,d=0

2] ey
= {(6:0) 1 (,3) & S} Brjgsi, o, (Gm) Eijgs, ., |Q0QH ] (33)

To proceed, we first make use of the fact that when the in-sample LD patterns in both
studies are the same, we have:

ii \2 NN
Ei,j¢5t1,t2 |:(Gt71],t2) :| = i tQE[E] (34)

m

where E[/] is the unbiased estimate of the mean LD score among all genetic variants
in the data (see [5] for an explanation). Second, we use the fact that Q}, & ] are
independent for i,j ¢ S, +,, as they depend only on the covariates of 1nd1v1dua1s 1,7,
which are sampled from their respective distributions. Using these facts, Equation 33
can be approximated as:

Y (GHL@i.) ~ M E Bl Bl (35)
i’j¢si17t2

We conclude that the denominator of the PCGC estimator (Equation 25) can be ap-
proximated as "2 F [(] E [Q;ﬂ E { iﬂ

Finally, we note that if the covariate-genotypes independence assumption above does not
exactly hold, one can obtain a better fit by assuming conditional independence given
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phenotypes, and then apply the approximation:

2
~ cas,cas cas,cas cas,cas cas,con cas,con cas,con
Z ( t17t2Qt17t2) ~N b |:< t1,t2 Qtl,tz > ] +N b [( t1,t2 Qtl,tz ) }

i7j¢St17t2
2 2
con,cas COH ,cas con,cas con,con COIl con con,con
+ N E [( t1,t2 Qt1 b2 ) ] + N E {( t17t2 chtz ) }
(36)

where NS ig the number of non- overlapping individuals in the two studies who are
cases for both traits, E ( §fi§“@§fi§”) is the mean value of of (G} tQQtl t2) for

a pair of cases in the two studies, and the other quantities are defined analogously.
One can then apply the approximation for each of the four summands separately. This
approximation is typically not required because overlapping individuals consist mainly
of shared controls.

5.2 Third Party Approximations

If two studies include overlapping individuals, the PCGC estimators cannot be computed
exactly by a third party with no access to the covariates of these overlapping individuals.
Here we propose a summary statistics based approximation. Recall that the denominator
of the PCGC estimator (Equation 25) can be approximated without access to individual-
level data using the approximation described in Section 5.1. We are therefore left with
the task of approximating the second term in the numerator of Equation 25, given by

Z 1,JESty ty ytlytzth t2Qt1 to:-

As a first step, we can approximate G/ ~ 1 since 7 and j refer to the same individual,
which simplifies this term to _; ;¢ St o i L g§2 Qt "1, We propose approximating this term

by approximating the expectation for every combination of the two phenotypes:

N i, ot S
i ~] NI A t127t2 1 ~] NI
Yo nILQL Y kB 5,Q0,
€Skt vi, i, €{0,1}

AR (37)

Y vl . . ; j

where ntf}m 2 is the number of overlapping individuals having phenotypes yt, and yZQ.
However, unlike before we cannot make independence assumptions because the terms
in the expectations refer to the same individuals, and therefore terms belonging to the

two studies are likely to use the same covariates.

Instead, we propose to use summary statistics of the mean covariates vector for every
combination of phenotypes, E {Cgl; C’tj2 | yl%:l , in} . Typically this is feasible because over-
lapping individuals consist almost exclusively of controls. Using this information, we
can approximate the term E {gjélytz Qt Tl |y§1,yg2} via a first order Taylor expansion of
gjélyj{; Qif ¢, around the mean covariate values, respectively. Since the first-order Taylor
expansion is linear in the covariates, the approximate expectation is linear in the mean
covariates vector. Although the derivations are technically straightforward, they are
extremely tedious to write down explicitly. Nevertheless, it is not difficult to code these
computations algorithmically.
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6 Allele-frequency and LD Dependent Genetic Architec-
tures

The derivations in the sections above assume a genetic similarity matrix of the form
G =Xxx7T /m. It is possible to consider alternative architectures, which assign different
weights to different SNPs based on their MAF levels, their LD-scores, or other properties
[6]. In this case, the genetic similarity matrix can be written as G = XWX’ /M, where
W is an m x m diagonal matrix of SNP weights, and M = 3", W** is a normalization
factor which guarantees that the mean entry in the diagonal of the resulting matrix is
1.0. Assuming that the weights are known, it is straightforward to adapt PCGC and
PCGC-s for such architectures, as we now describe.

Adapting PCGC for alternative architectures is straightforward, by using the correct
(weighted) form of the genetic similarity entries G}/, in Equation 25. To adapt PCGC-
s, we need to adapt the summary statistics in Equation 26 by (a) multiplying each

summary statistic 2 by \/W** /M, and (b) multiplying each summary statistic
ff ,h,covar by \/T/M

Instead of using the summary statistics 7#-"*“***" | we can approximate the denominator

of the modified form of Equation 25 (as descrlbed in Section 5.1) by replacing the average
2 2
LD score E[f] = > p, (fkh) /m in Equation 35 with the term Y=y, , W**W " (fkh) /M.

Hence, we can approximate the denominator of the PCGC-s estimator via:

ntlntZ% S wkkpyhh (fkh)2 E Q| BlQl]. (38)

k.h

Importantly, the above derivation demonstrates that we can carry out estimation using
the exact same summary statistics as in the unweighted version of PCGC-s. Hence, it is
possible to evaluate heritability and genetic correlation under various sets of modeling
assumptions given a single set of summary statistics.

7 Extension to Multiple Variance Components

The derivations in the sections above describe estimation of a single variance component.
The extension to multiple variance components is straightforward [3]. In the presence
of multiple variance components, the PCGC estimator is obtained via a multivariate
Taylor expansion of the form:

~1 ”] i’j
E [ytl Yi, | Ct17 CtQa Stl, Stga Gt1,t2:|

. \4 . 2
= Z t1,t2, Qi;j,tgpt17t2§v + Z O (( ;ﬁtg;’u) ) ) (39)
v=1

where V is the number of variance components, Gy, ., is the genetic similarity coeffi-
b b

cient between individuals ¢ and j according to variance component v and p¢, ¢,., is the

corresponding coefficient. The multivariate regression estimator is now given by:

A 1ti >
Pflc,%; multh 2 ((Ztlh)T Zt1,t2) (Zthtz)T Ythtz' (40)
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. C . ~i ~] .
In Equation 40, Yy, 4, is a (ng, e, — Sty 1,|) X 1 vector of i, 73, values for non-overlapping
individuals and Zy, 1, is a (4, ne, — [ty t,|) X V' matrix where column v is a vector of
ij N
th t2:0Q1; 1, values for non-overlapping individuals.

We now describe how Equation 40 can be computed via summary statistics. We consider
-1 -
the terms ((Ztl,tQ)T Zt1,t2) and (Zthb)T Yy, 1, separately.

We begin with the term (Ztth)T Y4, 1,- This term is a vector with V' elements, each
of which corresponds to the summation }_; j¢q, , G . in t2ytlﬂt2 Following the
derivation in Equations 28 and 29, each such term can be computed via:

,] 9] ~i ~J k,covar _k,covar
Y G Q0 = w2 i - Y GY L@ L0, (A1)
,5&St) ,to kev 1,JESt; ,to

where m? is the number of variants used to compute genetic similarity coefficient v and
k iterates over all variants participating in this genetic similarity coefficient. As before,
the second term on the right hand side can be computed by a party with access to the
covariates of overlapping individuals, using the summary statistics w! in Equation 27 or
using the approximations described in Section 5.2.

T . . . T VW
The term ((Zt1,t2) Ztl,tg) is a V' x V matrix, wherein each entry ((Zt1,t2) Zt1,t2)

corresponds to the summation }_; ;o Siyt Gi’lj; 100G b0 (Qt ; t2) Following the deriva-
tion in Equations 31 and 32, this term can be computed via summary statistics as follows:

N2
2,]
E th,tg;th1,t2;w (Qtl,tg)
7;,.7¢Sf17t2
1

mv mWw

~k,h,covar ~k,h,covar
Z Ttl Ttg - Z Gt17t2§th17t2§w (Qtl t2) . (42)

kev,hew i,jEStl’tQ

The second term on the right hand side can be computed by a party with access to the
covariates of overlapping individuals, or using approximations similar to those described
in Section 5.1.

8 Estimating the Liability Variance Due to Covariates

Heritability estimation requires dividing the genetic variance estimator of study ¢, (63)15’

by an estimate of the liability variance var(a}) = 1 + var ((C%)T,Bt). However, since
the data we have is ascertained, we cannot directly estimate 3. Instead we use the
non-parametric variance estimator proposed in [3]. Namely, we employ the law of total
variance to decompose var(a}) as follows:

(C)B,)] +var (E [af| (CD78,]). (43)

The first term on the right hand side of Equation 43 is equal to one by definition, so

var(al) = E [V&I‘ (ai

our task is estimating the second term, which is equal to var ((C%)T) Bt) by definition.

Since 7, £ 7 + (CHTB,, we can instead estimate var(7;,). We employ the law of total
variance again to obtain:

var(r,) = E [var (Tti ‘ yz)} + var (E [Tti

y]) . (44)
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Following the derivation in [3] we can estimate the right hand side of Equation 44 as
follows:

F [Var (Tt,- ‘yi)} = Ktvar(Tti |y§ =1)+(1- Kt)Var(TZ ‘ y}; =0).

var (E {’Tti yiD = Ki(1 — Ky) (E [Tt’ yi = 1} —-F [Ttl yi = ODQ. (45)

The affection cutoffs 7;, are conditionally independent of the selection variables si given
the phenotypes y;. We can therefore estimate the expectations and variances in Equation
45 by their sample estimates.

Consequently, heritability estimation via summary statistics (without having access to
genotype or phenotype data) requires the summary statistic var(7,).

9 Logistic Regression based Summary Statistics

Case control studies often report logistic regression rather than linear regression based
Z-scores. We demonstrate here that although the PCGC estimator should ideally be
computed with linear regression Z-scores, logistic regression Z-scores are approximately
the same as linear regression Z-scores under large sample sizes. Thus, the use of logistic
regression based summary statistics is expected to yield accurate estimates as well,
as verified in our simulations. Our derivation here assumes that variants are single
nucleotide polymorphisms (SNPs) and does not consider covariates. The use of logistic
regression based summary statistics with covariates leads to inaccurate estimates, as
demonstrated in the main text. We note that a somewhat similar treatment was provided
in [7], but this treatment only concerned the estimated effect sizes, whereas here we are
concerned with the Z-scores of the estimates.

Recall that linear regression Z-scores are given by:
1

k,linear A ~i vk,
Z = ﬁ;yi t (46)

Logistic regression Z-scores are given by:

Ak
ch,logistic A 6 —, (47)
Var((F)

where (% is the estimate of the logistic regression coefficient of SNP k. We show that
. . k,logistic k,linear .
under several mild assumptions Z; ~ Zy under large sample sizes.

Our derivation is carried out in two stages. First, we apply a Taylor expansion to
k,linear
Z )

show that B¥ ~ —Zt— where P, is the case-control proportion in study ¢. Then,
ntPt(l—Pt)

we approximate Zf logistic ia Taylor expansion around 3k = 0 and incorporate the
estimate of ¥ from the first stage to complete the derivation.

Zéc,lmear

First stage: We now demonstrate that /3”“ ~ under large sample sizes.

TltPt(l—Pt)
We consider a logistic regression model with the covariates vector X# and an intercept.
Unfortunately, logistic regression does not admit a closed form solution. To circumvent
this difficulty, we will approximate the solution by using a profile log likelihood instead
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of the true log likelihood. Namely, we will first find the maximum likelihood estimate
(MLE) of the intercept coefficient 35 under the assumption 3% = 0 and then express
the MLE of ¥ as a function of B(’)“ and of Zf linear g approximation is likely to be
accurate if B¥ ~ 0, which is likely to hold for polygenic traits.

Finding the MLE of /B{f under the assumption 8% = 0 is easy. The log likelihood is:

U(B5) = —ne Py log(1 + exp(—f4)) — ne(1 — P;) log(1 + exp(65)), (48)
and after differentiating it and setting the derivative to zero, we obtain:
Bg = log(P/(1 — P). (49)

To proceed we assume that under large sample sizes, logistic regression and linear re-
gression estimate the same conditional mean function. The approximation is accurate
when the first order approximation of the logistic function as a function of X is close to
the actual function, which is the case when ¥ ~ 0 (more generally, the approximation
holds when both the logistic and linear approximation of the true function estimate a
very small coefficient for the tested variant). Formally, denote Ejipear [g]ti |th 1 as the

linear regression estimated conditional mean of §;, given X;”*, and Elogistic [yti | X, ’l}

that for every value of Xf o

as the logistic regression estimated conditional mean of y! given Xf ' Then we assume
yr — Py X
P(1-PF)
ki
_ Elinear[yz ’ Xt ’Z] — P
P(1—-F)
~ Elogistic [yi ‘ XL{C’Z] - B
P(1—-F)

~3 k.1
Elinear[yé ’Xt 71] = Elinear [

. . A . li
This assumption enables us to express ¥ as a function of Zf mear,

We begin by simplifying the logistic regression estimate. According to the definition of
logistic regression, we have:

1
1+ eXp(—Xf’in — B(’)“)

Blogistic U1 X1 = P(y; = 11X}"") = (51)

We approximate this quantity via a Taylor expansion around Bk = (0 and then plug in
the approximated value of B{f from Equation 49 to obtain:

ki 1 X exp(=5f)
Elogistic[yt|Xt ] ~ 1 +6Xp(*ﬁ(l)€) ( —|—exp k:))zﬁk
N 1 N 51— P)/P B
1+ (1— P)/P, (1 + (1—P)/P)?
= P+ P(1— P)X k. (52)

We now consider a linear regressmn model. Denoting 4* as the coefficient estimate of
ki
X, in the regression of 4; on Xt we have:

Zf,linear Zfz,linear

Zi(th’i)Q% Ve

4 = i (53)
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where we made the approximation ) ; (XIZg ’1)2 ~ ny. Although this it not guaranteed to
hold in case-control studies where the allele frequencies are different from the population
frequencies, the approximation remains accurate under high levels of polygenicity where
each SNP exerts a very small effect on the phenotype. Therefore, the linear regression
estimate of the conditional mean is closely approximated as follows:

Zk linear

.

Finally, we combine Equations 52 and 54 into Equation 50 and rearrange to obtain:

Biinear [0 | X777 = XPi4% ~ X728 (54)

. Zk,linear
P —2t (55)
ntPt(l — Pt)
This completes the derivation.
Second stage: In the second stage we demonstrate that Zf logistic Zf linear by approx-

imating Z;” Rlogistic (ia a Taylor expansion around Bk = 0. We begin by deriving Var(Bk).

Define X as a matrix with two columns, where the first column contains ones and the

- \NT
second column contains X¥. The observed information matrix is given by (Xf) D X},
where D is given by:

D = diag ((1 + exp (—th’i,/g’k - B§)1> (1 + exp (Xt’”Bk + B§)1>> . (56)

~\NT -, \ !
The covariance matrix ((Xf) D Xf) can be computed analytically using the for-

mula for inversion of a 2 x 2 matrix. Namely, Var(Bk) is given by:
> DV
(Ei D”) (Zi Dz”(th’l)Q) - (Zi D“th’z)

To write Var(ﬁk) in an analytic form, denote n?, n} and n? as the number of individuals
with 0, 1 and 2 minor alleles in SNP k, respectively. Further denote D°, D' and D? as
the values of the diagonal entries of D corresponding to individuals with 0, 1 and 2 minor
alleles, respectively (note that the iy, diagonal entry in D depends only on the number
of minor alleles carried by individual 7). Finally, denote X{fo, X{fl and ijQ as the values
of the genotypes carried by individuals with 0, 1 and 2 minor alleles, respectively, after
normalization. Using these notations, we can rewrite Equation 57 as follows:

Var(gF) = (57)

a= OntDa
(Za ontDa) (Za o n¢De (Xk ) ) — (Za OntDan )

We can now incorporate Equation 58 into Equation 47 and then compute a first order
Talylor expansion of Z/"'°#*%¢ around A% = 0. After also using the approximation of
ﬁo from Equation 49 and applying some algebra, the first order Taylor approximation
takes the form:

2
2 apb (K 2 apbxk Yk
Pt\/<za,bo,a¢b ning (Xt,a) ) -2 (Za,b:O,a<b ni ntXt,aXt,b)
k,logistic

Var(3F) = (58)

Z ) Ak.
t ntPt/(l — Pt) ﬁ
2
Pt\/ZZ,b:O,a<b ngny (th,a - th,b) ok
_ B (59)

neP /(1 — Py)
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Next, we use the fact that the genotypes were initially coded as 0,1,2 and then standard-

ized by substracting twice the minor allele frequency p* and dividing by 1/2p*(1 — pk).
We therefore have:

k k
1 X7y — X
_ Yk k _ yk k _ 2 t,0
=Xio— X1 =X —Xip=—"F—""-

I — 60
2pF(1 — p*) 2 o

Using this fact, Equation 59 can be rewritten as:

Pt\/nﬂnl + n1n2 + 477,:77,2
isti t!' t't t! A
Zf,loglsmc ~ Bk (6])

VP /(1T = Pr)y/2pk(1 — pk)

To proceed, we note that under large sample sizes and assuming Hardy-Weinberg equi-
librium (HWE), we have nf ~ n;(1—p*)2, n} ~ 2np"(1—p*), n? ~ ns(p*)2. In practice,
HWE and these approximations do not hold exactly in case-control studies, but the de-
viation is very small for highly polygenic traits where each SNP has a small effect. By
incorporating these approximations into Equation 61, we obtain:

Zk,logistic ~ Ptnt\/ka(l B pk)S + 2(pk)3(1 7pk) + 4(pk)2(1 - pk)QBk
t ~ .
VP /(1= Pr)y/2p*(1 - p")

_ R P 2 )
N /(11— P)

= \/nPi(1 = P)S". (62)

Finally, we combine Equations 55 and 62 to obtain:

Ztk,linear

Zk,logistic ~ Pl — P _ Zk,linear' 63
: VP t)—ntpt(l_Pt) (63)

This completes the derivation.

10 Additional Summary Statistics

In [2] it is proposed to use LD score regression in case control studies by treating each
SNP as a pair of binary variables, which enables using summary statistics of the form:

nP (1 — Fy) (ﬁ,’iﬁfs ﬁkicon>

. — Dy,
Zgﬁlnary A m , (64)

o (1= 2tn)

where Zt]f PINary i the summary statistics of the maternal allele of SNP k in study ¢,

ﬁﬁm is the in-sample maternal allele frequency of SNP k in study ¢, and ﬁf’ s ﬁf’ o
are its in-sample maternal allele frequency among cases and controls, respectively. The
paternal allele summary statistic ng })bmary is defined analogously. [2] argue that using
LD score regression with these summary statistics and a constrained intercept yields
approximately the correct genetic correlation estimate. Here we reach the same conclu-

sion, by showing that these summary statistics are approximately proportional to linear
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regression-based summary statistics of maternal and paternal alleles, which can prov-
ably be used to estimate genetic correlation owing to the relation to PCGC discussed
in the main text.

We begin by establishing some notations. Denote Xtm, Xﬁ 1’; as the maternal and pa-
ternal alleles of SNP £ of individual t in study ¢, respectively, where th ;fl, th ;,i € {0,1}.

Further denote th =Xy, g, m T Xt as the un-standardized value of SNP £ of individual
Xt ,m p
2p*(1—-p*)

Ski_ Xip—pt
allele, and denote X, = ——s2——
P 2p* (1—pk)
minor allele frequency of SNP k. Note that the notations here are slightly different from
those used in the rest of the paper and the Supplemental material, where we defined

Xf " as the standardized value of SNP k. This modification facilitates the notations in

this section.

¢ in study ¢, and denote Xt,;n = as the standardized value of the maternal

analogously for the paternal allele, where p* is the

Using these notations, we define the maternal, paternal and standard linear regression
summary statistics of the form:

k,linear A k K ~z
Zt,m Z tm Yy
k,linear A ki ~4
Zt,p ZX tpYt-

k,linear ok, ok ~i
Z, 7772 (X + XE3) - (65)

| >

| >

(1>

In the large sample limit we have:

k,linear k Jinear k,linear k Jlinear ~ k hnear k hnear
2 2l tL Z Zi (66)

t2 m t1,p t27p

The approximation is obtained by applying the approximation that for each r € {m, p}
the sum ﬁl;,neath]Z’}inear is the same in the large sample limit. This sum is used
in the numerator of the PCGC-s covariance estimator described in the main text. We
conclude that the sum of the maternal and paternal linear regression-based summary
statistics can be used to estimate genetic correlation, since genetic correlation is a ratio

and is therefore invariant to scaling by %

We now show that in the large sample limit we have:

chrglnary ~ 2\/>Pt(1 B Pt)Zk Jinear + (2Pt — 1)
(1—p*)
k
. npt Py(1 — P
ZE)Y 2 2V/2P(1 — P 27 + ( )(2Pt —1). (67)
(1 —p*)
These approximations demonstrate that Ztk’ ;Zinary is approximately proportional to Z knl;near

when the case-control ratio FP; is close to %, and can therefore be used to estimate genetic
correlation as well. All the derivations henceforth refer to the maternal allele but are
equally applicable to the paternal allele.
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We first rewrite Equation 65 as follows:

k?' k
Zk,linear o 1 Z gt Xt,nlz -Pp
t, = i
R
1 N x5
= =2 I
VI [2pR (1 — pk)
. k"
1 Z yr — P Xt,nzl

Vi = VP -P) \/ka(l—pk)
_ D ’ny;anZz oy th;z
\/QHtPt(l — P)pH(1 - p")
SN — Pt
V21 = Popk(1—ph).
Here, the first equality uses the definition of )N(f " as a standardized SNP, the second
equality uses the fact that ), ¢;. = 0 by definition, the third equality uses the definition

of 7, the fourth equality is a straightforward expansion and the final approximation
uses a large sample approximation.

(68)

Next, we rewrite Equation 64 as follows:

neP(1 — Fy) (ﬁﬁ}%ﬁs ﬁkﬂon)

— Ptm
ﬁﬁm (1 _ﬁz]‘im)
nP(1—P) > Xt,q’%?/z -2 Xt’;;(l -
pF (1 —pF) n
v Pi(1— P o )
\/ntpk (1 _Pk) ? i
_ VbR -h) (22
/e (1 — pF) i

Here, both approximations are based on large sample assumptions and the assumption
that the in-sample maternal allele frequency ﬁﬁm is approximately the same as the
population-level allele frequency p* for highly polygenic traits.

k,binary A
t,m -

Xf’;;yz — ntpk> ) (69)

Finally, we combine Equations 68 and 69 to obtain:

- P(1-P -
gl s ST (o (Zhe fon (1 = PP = ) + b ) =
nep® (1 —p¥)
k
: npt P (1 — P
= 2V2P (1 — Pzl 4 Y1 ( )(2Pt —1).

(1—-p)
(70)

We conclude that ZE ;Zmary is approximately proportional to ZE ;lrinear if the sample case-
control ratio P; is close to 0.5. Therefore, genetic correlation estimates are likely to be

: o kb k.bi
accurate when using the summary statistics 2, Z,7"*".
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11 The Effect of Ignoring Covariates

Here we prove the result reported in the main text, that under certain conditions,
omitting measured covariates does not bias heritability or genetic correlation estimates.
Specifically, the estimates remain unbiased if the covariate effects are normally dis-
tributed and are uncorrelated with the genetic effect.

The proof proceeds as follows. Recall that the liability for individual ¢ in study ¢ is
given by al = gi + el + (Ci)Tﬂt, where C! is a vector of covariates and var(g}) +
var(el) = 1. If we treat the term (Ci)Tﬁt as an unobserved random variable and
assume it is uncorrelated with the genetic effect, then the liability variance is given by
var (gy,) + var (etiT), where e;, ! = el + (Ci)T B;. If we additionally assume that e,
is normally distributed, then all the model assumptions hold except for the constraint
var (gf) +var (e,ﬂ) = 1 (the variables e, are by definition independently and identically
distributed).

Since the liability is unobserved, it is unidentifiable up to multiplication. We can there-
fore define a new model in which covariates are omitted, and estimate the model param-
eters in this new model. Denote gi" and e;,* as the genetic and environmental effects
in this new model, respectively. We proceed by making the assumption var (gi*) +
var (e;;*) = 1. Define 03: = var (gl{*), o5; = var (ef), Pf, 1, = COV (g}:l*, gg*) as the ge-
netic variance, the environmental variance and the genetic covariance in this new model,
respectively. Then we have:

52 var (g})
9t var (gi) + var (e, 1)
T
o el
var (gi) + var (e, T)
p;kl,tg = Ptz . (71)

\/var (gi,) + var (e%lT) \/V&I‘ (9i,) + var (ef;;)

Consequently, heritability and genetic correlation in this new model are given by:

1 var(gi) +var(e;t)  var(a})

2* . .
hz;k a % _ var (g;) var (g;) _ 2,

*
N Pty t Pt
Tft = — = S :Ttgt' (72)
1,02 02* 0_2* i i 1,t2
gty Gto var (gt1) var (gtz)

We conclude that when the assumptions of covariate normality and lack of correlation
with genetic effects hold, heritability and genetic correlation in the omitted-covariates
model is the same as in the covariates model. Therefore, estimates of these quantities
are unbiased when these assumptions hold.

12 Real Data Analysis

We performed stringent quality control preprocessing to avoid genotyping artifacts from
biasing the results. SNPs were excluded if they had minor allele frequency < 5%,
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missingness rates > 1%, a significantly different missingness rate between cases and
controls, or a significant deviation from Hardy Weinberg equilibrium among the controls
group. In the Wellcome Trust Case Control Consortium (WTCCC) analysis, controls
consisted of individuals from the national blood service control group. Individuals were
excluded from the analysis if they were in the WTCCC exclusion lists or if they had
missingness rates > 1%. We further excluded individuals with a standardized similarity
coefficient > 0.05 with at least one other individual, by greedily removing individuals
according to the number of related individuals they had, until no related individuals
remained. In Table 1 and in Supplemental Tables S3 and S5 we additionally projected all
genotype vectors to the subspace that is orthogonal to the top 10 principal components
to prevent spurious results due to population structure. However, we caution that the
analysis is sensitive to this procedure (see next section).

The analysis of each pair of WI'CCC traits included approximately 1,950 cases, 1,450
shared controls and 275,000 SNPs that passed the quality filtering in both data sets.
Following [1], the assumed prevalence for the traits was Crohn’s disease (CD, 0.1%), type
1 diabetes (T1D; 0.5%), bipolar disorder (BD, 0.5%), rheumatoid arthritis (RA; 0.75%),
type 2 diabetes (T2D; 3%), coronary artery disease (CAD; 3.5%) and hypertension (HT;
5%).

The schizophrenia data set included 1745 cases and 2586 controls. The bipolar disorder
data set included 1268 cases and 3707 controls. 2566 controls were shared between the
two data sets. After quality control, the analysis included 635,339 SNPs shared between
the two data sets. These SNPs were taken from genotyped and imputed data provided
by the Psychiatric Genomics Consortium (PGC), and filtered to ensure that no two
SNPs had ro > 0.9. The MHC region was excluded from all analyses of these disorders.
The assumed population prevalence for both disorders was 1%.

When analyzing the PGC datasets according to the LDAK model assumptions [6],
we first computed SNP LD-weightings using LDAK [6], and then multiplied the LD-
weighting of SNP j by (p?(1—p’))%™ (where p; is the MAF of SNP j) to obtain its final
weight. We then used these weights to compute a weighted genetic similarity coefficient
between every pair of individuals. These weighted genetic similarity coefficients were
used in the PCGC-s estimator, as explained in Section 6. LDAK estimated the weight
of 244,640 SNPs as zero, which decreased the number of SNPs used in the estimation
t0 390,699. The LDAK commands we used to compute weightings were:

ldak5.linux —Dbfile <plink_file_ name>
——cut—weights <file_ name>

ldak5.linux —Dbfile <plink_file_ name>
—calc—weights—all <file. name>

Every SNP k was standardized by subtracting 2p* and dividing by 1/2p¥(1 — p*), where

p* is its minor allele frequency. The minor allele frequencies were computed using

Hapmap 3 data rather than from the data itself, To ensure that the summary statistics
in both data sets use the same normalization.

Sex was used as a covariate in all analyses. The top 10 principal components were used
as additional covariates in Table 1 and in Supplemental Tables S3 and S5. To use SNPs
from the MHC region as covariates for T1D and RA, we ranked all SNPs in chromosome
6 between loci 25963966 and 34013250 (hgl8) according to their correlation with the
phenotype and then selected the 24 top SNPs (for T1D) and the top 31 SNPs (for RA)
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by maximizing the area under the receiving operating characteristic curve (AUC) via a
five-fold cross validation using a logistic regression model. All SNPs in the MHC region
were excluded from the genetic similarity matrix computations of T1D and RA.

LD scores were computed in-sample using the overlapping controls with a 0.1 centiMor-
gan window via the ldsc software® and were used by both PCGC-s-LD and LDSC. In
Table 2, LDSC used a predetermined intercept and weighted all summary statistics by
the inverse of the LD scores as recommended in [2], but a second weighting was not
performed (see the discussion in the main text for further elaboration on these issues).
The results with two rounds of weighting were similar (Table S5).

In all analyses, confidence intervals were computed using a block jackknife procedure
with 200 blocks of SNPs, as in LDSC [2].

13 The Effects of Preprocessing the Data

The main text compares the performance of LDSC with omitted covariates to PCGC
with included covariates. Under ideal conditions, LDSC with omitted covariates is
almost equivalent to PCGC with omitted covariates, and this indeed was the case under
the simulation studies. However, this equivalence can break down due to preprocessing
of the data. Here we provide a short discussion of these issues. We consider LDSC
invoked with weighting of the test statistics by the inverse of the LD score (but not by
their posterior variance) and with a predetermined intercept. Recall that the PCGC-s
and LDSC estimators in the absence of covariates are given by:
APCEC-S __ % 2ke1 Z?ﬁ lefﬂz o Zivjestl,tg gil giQ G?ljth
Prate = -0 m akhakh i \2° (73)
g - k=1 Tty Tty — 205, 4y <(;n4m)

VT My om k k
m Zk=1 Ztlztg - Z

~i ~]
Aldsc 1,J€Sty ,tq Yt, Yo

t1,te — Tt Tt
1,t2 }rnQE[é]

(74)

Here, Sy, 1, is the set of pairs of indices 7, j that refer to the same individual in the two
studies, and F [¢] is the mean LD score among all variants in the study.

If both studies used the exact same preprocessing prior to computing the test statistics,
Equations 73 and 74 are almost equivalent: The second term of the numerator of Equa-
tion 74 (the so-called LDSC intercept) very closely approximates the second term of the
numerator of Equation 73, because the genetic similarity coefficient of an individual with
herself is typically very close to 1.0 when using a large number of variants. Furthermore,
the denominator of Equation 74 is an unbiased estimator of the denominator of Equation
73 when the LD patterns in the two studies are the same as in a reference population
from which LD scores was computed [5]. The two aforementioned assumptions are un-
likely to hold exactly under case-control sampling, but our simulation studies indicate
that under a highly polygenic trait model, the deviation from these assumptions is very
small.

Unfortunately, the two assumptions can be violated when the two studies differ in the
preprocessing of the data. Namely, the genotype distribution in the two studies can
differ when using different SNP normalizations or when regressing principal components
out of the genotypes.

Shttps://github.com/bulik/ldsc
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We first consider the effect of different normalization of SNPs. Under ideal conditions,

every SNP k is standardized by substracting 2p* and dividing by 1/2p*(1 — p*), where

p¥ is its minor allele frequency. However, p* is an unknown parameter that needs to be

estimated from data. Many studies estimate this value from the sample and thus use a
a study-specific normalization. This can lead to situations where the genetic similarity
coeflicient of an individual shared between two studies, given by ", Xfl’ZXfQ’] / m (where
i and j refer to the same individual) can deviate from 1.0. Although the deviation is
typically small (less than 0.03 on average in the analysis of the WTCCC data), the
LDSC estimator is very sensitive to such small deviations.

Regression of principal components can also affect the approximate equivalence between
Equations 73 and 74. Ref. [5] argues that regression of principal components is likely
to have a minimal effect on short-range LD patterns in the data, and thus advocates
estimating LD using a limited window size. However, regression of PCs can lead to small
deviations in the genetic similarity coefficient estimates of an individual with herself from
1.0, which can severely affect the LDSC intercept.

We note that although genetic similarity coeflicient estimates of an individual with
herself that deviate from 1.0 are biased estimators, treating these genetic similarity
coefficients as if they were 1.0, without also correcting the first part of the numerator
accordingly, can increase rather than decrease the bias of ,6}5117552.

We conclude that estimating variance components via summary statistics is sensitive
to preprocessing. We therefore recommend that researchers provide summary statistics
that can minimize the bias due to preprocessing, by enabling other researchers to repli-
cate the preprocessing procedure. Namely, we recommend that researchers publish the
in-sample LD information of their samples after normalization and regression of princi-
pal components. We further recommend that researchers normalize SNPs according to
published minor allele frequencies based on a reference population rather than in-sample
estimates. Finally, we recommend that researchers publish the estimated principal com-
ponents so that researchers with access to overlapping individuals can replicate the
preprocessing exactly for these overlapping individuals. We carried out these steps in
the results reported in the manuscript.

14 Simulations

The simulation procedure consisted of first generating SNPs with LD patterns and then
generating phenotypes based on these SNPs. Here we describe these steps.

The simulation of LD is an active research topic, but existing simulation require an
elaborate model of population history [8], which is beyond the scope of our study. The
use of real genotypes is hardly an option, because simulation of case-control studies
requires first obtaining a population sample with millions of individuals and then down-
sampling cases and controls. Here we used a simple model based on a Gaussian field
with a single parameter controlling the degree of LD, similarly to other simulations of
case-control studies [9]. Briefly, we first sampled a minor allele frequency for each SNP
k in the range [0.05,0.5]. Afterwards, two independent vectors v,,,v, corresponding to
maternal and paternal chromosomes were sampled for each individual from a zero mean
multivariate normal distribution with a covariance matrix R obeying Ry, = 6F="l,
where 6 € [0,1] is a tunable parameter. Finally, the maternal and paternal alleles of
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each SNP k were set to the minor allele if v¥, and v]',f exceeded the normal distribution
percentile corresponding to their respective MAF. The normal vectors were generated
without explicitly computing the matrix R, using the well known result that a first
order normal autoregressive process with autocorrelation parameter 6 has the covariance
matrix R [10].

Each SNP was first encoded as a vector of {0,1,2} (corresponding to the number of minor
alleles) and then standardized to have a zero mean and unit variance in the population.

crgt /m piy iy /m
The two effects of each SNP were sampled from N (0, ! 5 ), where m is the
number of SNPs.

Pty ty /M Tgiy /M

Binary covariates were generated as vectors of {0,1} and then standardized. Covariate
effects were generated in several stages. First, the effect of each covariate j in study ¢, 37,
was sampled from N(0,1). Afterwards, the effect of the first covariate was multiplied
by a parameter w > 1. Finally, all effects 3/ were scaled by a constant to ensure

that the contribution of the covariates to the liability variance, >, (ﬁtj )2 , yields the
desired heritability level. This procedure enables tuning the normality of the aggregated
covariates effect via the parameter w; Values of w close to 1 yield an approximately
normal distribution of the aggregate effect.

The liability of every individual was computed as the weighted sum of the SNPs and
the covariates multiplied by their effects, and an environmental term sampled from
N (0, 1-— 0'3 t). The affection cutoff was determined empirically from the data as the
1— K percentile of the liabilities, where K was the simulated prevalence level. Individuals
with liability greater than the affection cutoff were marked as cases.

In each experiment we first generated a population of size n;/K; (where n; is the desired
sample size and K is the trait prevalence) and then sampled the desired number of cases
and controls from this population.

To generate simulations with MAF and LD-dependent SNP weightings, we made several
modifications to the simulations algorithm. First, we divided the SNPs in to 10 different
LD blocks, where the correlation between the Gaussian fields in each LD block b is
a different number 6,, with 6, € (0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.95). This was
done in order for some SNPs to have significantly different LD scores (and thus different
weights) than the others. Second, the SNP effects were sampled from a MAF and
LD-dependent distribution, using the LDAK model [6]. Specifically, the effect of every
SNP k, B, was generated from a zero-mean normal distribution with variance (pg(1 —
pr))?Pwy, /M, where the weights wy were selected to minimize the average Lo norm of

2
the quantity 1 — > 7%, (r’”) wy, across all SNPs j.

We computed the LDAK weights using the LDAK software [6]. Specifically, after creat-
ing an (unascertained) population of individuals, we created a plink file for a randomly

selected subset of 10,000 individuals, and then computed the SNP weights by invoking
LDAK with the options:

ldakb.linux —Dbfile <plink_file_ name>

—no—thin YES —cut—weights <file_ name>

ldakb.linux —Dbfile <plink_file_ name>
—calc—weights—all <file_ name> ——quick—weights YES.

We used the quick-weights option to expedite the simulation studies (which encompasses
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hundreds of different simulations). We note that our results demonstrate that PCGC
can be adapted for different genetic architectures, and so the specific weight values are
not of central importance for this demonstration.

Unless otherwise stated, all simulated datasets consisted of two studies of two traits
with 1% prevalence, 50% heritability and 50% genetic correlation, with each study
having 2,000 cases, 1,000 unique and 1,000 overlapping controls, 10,000 single nucleotide
polymorphisms (SNPs) with a correlation of between 25% and 90% between adjacent
SNPs. In most simulations all SNPs influenced the phenotype, though we verified that
relaxing this assumption does not affect the results (Figure S10). 100 simulations were
conducted for each unique combination of settings.

15 Use of Alternative Methods

Here we describe how LDSC and REML were used in the results section.

REML estimates were computed via GCTA [11]. Specifically, heritability was estimated
via the following two commands:

gctab64 —bfile <file_name> —make—grm —out <file_ name>

gcta64 —grm <file_ name> —reml—bivar —pheno <phenotypes_ file>
—reml—bivar—prevalence <trait 1 prevalence> <trait 2 prevalence>
—qcovar <covariates file >

LDSC estimates in the real data analysis were computed via the command:

python ldsc.py —w—1d <file_ name> —ref—1d <file_name>
—rg <sumstatsl > <sumstatsl>
——samp_ prev <sample_ prevalencel >,<sample_prevalence2>
—pop—prev <prevalencel > <prevalence2> —M <#variants>

When using a predetermined intercept, we also added the arguments:

intercept—h2 1,1 —intercept—gencov 0, <intercept>

where the provided intercept was computed as described in [2].
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