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Figure S1: Performance of different model selection criteria on the simulated 3-state data sets used in Fig. M. The
graphs show the fraction of data sets classified to different number of states, where 3 states is the true answer.
Model selection criteria: Criteria: Variational Bayes (“VB”), Akaike’s information criterion (“AIC”), pseudo-Bayes
factor (PBF) cross-validation on single trajectories (“leave-1-out CV”), PBF cross-validation on randomly selected
trajectories corresponding to 10% of the total data set (“10% CV”), PBF cross-validation on randomly selected
trajectories with about 300 positions in total (“300 pos. CV”), variational Bayes with vbSPT [}, which uses a
model without localization errors or motion blur (“vbSPT?”).
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Figure S2: Diffusion constant estimates in an E coli geometry. Maximum likelihood estimates of diffusion constant,
from simulated movies with a single diffusive state and otherwise as for Fig. B. We estimated based on both

x, y-coordinates (+) and position along the long cell axis (“MLE 1d”, square). The downward bias in the
x,y-analysis for high diffusion constants is comparable to the one seen for slow kinetics in Fig. Bb, which also used
x, y-coordinates, but using the long axis (1d) coordinate only reduces the bias. This rules out state-switching or bias
from prior parameters (which are absent here). However, the fact that the 1d analysis is less biased argues strongly
for a confinement artifact, since motion perpendicular to the cell long axis is more severely confined. Bootstrap
standard error (not shown) are smaller than the symbols.



In the next sections, we go through the trajectory model and derivation of the variational inference algorithms in
detail. We first consider the case where both positions and localization uncertainties are estimated from the data.
Variations of the algorithms where localization uncertainties are instead model parameters are considered in Sec. B3.
This text is an excerpt from the vbSPTu software documentation, available at https://github.com/bmelinden/.
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S1. MODEL WITH ESTIMATED UNCERTAINTIES

Here, we simply state a diffusive hidden Markov model which assumes free diffusion in dim dimensions and gen-
eralizes the Berglund model of camera-based tracking [2] to free diffusion in dim dimensions, with diffusion constant
goverend by a distrete state Markov process, and arbitrary uncorrelated localization errors. This model was previously
considered in Ref. [8], and we refer to the supporting information of that work for details of the derivation. Here,
we closely follow that formulation with some crucial differences in mathematical formulation (but not in physical
interpretation) as noted below, which lead to much more efficient inference algorithms. Later, we also consider some
variations of the model.

S1.1. Data

We assume that we measure a set of positions x4, with associated uncertainties (variances of a Gaussian distribution)
Utm, Where t = 1,2, ..., T describes time points in a trajectory, and m = 1,2,...,dim is the coordinate dimension.
We allow for missing data points, which we keep track of with the indicator variable
1 , if there is data at time ¢,

O = { 0, if not. (81)

As we will see, one can in practise dispense with o; almost everywhere if missing data points are assigned the value
Vgm — 00, so that 1/vy,, = 0. Data in several dimensions are assumed independent, which among other things mean
that we neglect correlations between the localization errors in different coordinates. The application we have in mind
is mostly data sets consisting of many independent trajectories, but for notational simplicity we do the math for a
single trajectory only, except when otherwise noted.

S1.2. Equations of motion
a. Hidden states s; € {1,2,...,N} t=1,2,...,T:

p(sl) = Tsyy p(8t+1|st) = A5t75t+1' (82)

We follow recent versions of vbSPT [l and parameterize A;; in a form that makes it easier to formulate priors using
physical insights about dwell times, and set

Aij = 5”‘(1 - ai) + (1 — 5ij)aiB1;j = (1 - ai)aijaz(-l_éij)Bi(]]f—éij), (83)
with constraints
0 é a; S ]., B” = 0, ZB” =1. (84)
J#i

This means that a; = p(s¢41 # i|s; = @) is the probability to exit state ¢, and B;; = p(s¢41 = jl|s¢ = i,4 # j) is a
matrix of jump probabilities, conditional on a jump actually occurring. While, non-standard for HMMs, we believe
that this allows for formulating prior distributions that are easier to interpret, and thus can be formulated with
greater confidence. However, in Sec. we show that a certain class of prior choices lead to algorithms that are
mathematically equivalent to the more conventional formulation where A is explicitly kept as a model parameter.

b.  True diffusive path

Yt+1,m = Ytm + )\stf‘:tma Etm € N(071) 11d7 (85)

where \;, = 2D,, At is the diffusive step-length variance.
c.  Measured and motion-averaged positions We model two sources of position noise, motion blur and localization
errors, by the equation

At

Tom = | )yt + ) A oS, (S6)
0

=Ztm



where y,,(t) is the continuous true diffusion path.
The first term 2y, represent the motion-averaged position, and can be rewritten in terms of the discrete true

positions yu, [3], as

Zom = (1= T)Ytm + TYer1,m + V/BAs, Cem- (S7)

Here, 7 and 8 = 7(1 — 7) — R are blur coefficients introduced in Ref. [8], and R is the original blur coefficient of
Berglund [2]:

1 At

t At
=5 ) ftdt, F(t) = /0 ft)dt', R= /0 F(t)(1 = F(t))dt, (S8)

where f(t) is the shutter function [2], which describes the distribution of emitted light in each exposure. For example,
continuous exposure during a time ¢z in the beginning of each frame (0 < tp < At) leads to [3]

L o0<t<tgy 1ty 1ty ltg /4 tg
t)=1< te? == =-—~2 R=-— =-=2(=—-=). S9
1®) {O;E tp<t<At. 77T 3AL A 4At(3 x) (59)

The second term in Eq. (SB) represents a localization error, and thus we can write the measured position as

Tim = Ztm + Utm£t77la (SIO)

where v; is the variance of the localization uncertainty at time ¢.

This formulation differs from our previous treatment [3] in that we do not integrate out zi,, at this point, although it
can be done analytically. Instead, we keep both y,,, and 24, as hidden path variables. While this doubles the number
of Gaussian nuisance variables, it keeps the model in the exponential family, which leads to analytically tractable
variational algorithms that allow a fully Bayesian treatment, large computational speed-ups, and treatment of several
variant models, compared to our previous work.

d. Model parameters

0 ={\m B, a}. (S11)

S1.3. Likelihood

Putting it all together, the complete data likelihood can be written

p(x, 2y, s|m, 0, B, A) = p(x|2)p(zly, s, Np(y|s, Np(s|7, a, B), (S12)
with
N
Inp(s|m,a,B) = Z disy In; (S13)
i=1
T-1 N
30D Ghebisegs [ (1 = i) + (1= 8 nax + (1= d;) In By |, (S14)
t=1 k,j=1
1 T N dim
_ -1 2
lnp(y\s, )‘) - _5 ; ; mZZI 6k8t (ln(2ﬂ->‘k) + )‘k; (yt-‘er - ytm) )7 (815)
1 T N dim
— -1 2
Inp(zly, 5,A) = =5 ; ]; 2 B ((2mBM) + (BA) ™ (zum — (1= )y — Ts1.m)?), (S16)
dim

Inp(z|z) = — In(27vem) + v,;,%(xtm — ztm)Q). (S17)

N —
[M]=
S

—~



S2. INFERENCE, MODEL SELECTION, AND VARIATIONAL APPROXIMATIONS
S2.1. Maximum evidence and Variational Bayes inference

In a pure Bayesian treatment [d], we add prior distributions p(6|M) = po(f) on the parameter values (conditional
on model structure, M), and compute the evidence p(z|M) for different models by integrating out both parameters
and unobserved (nuisance) variables in the complete data likelihood,

p(z|M) = /dzdyd@ Zp(x,z,y,s\@)po(e). (S18)

This marginalization is intractable for our model, but we can make a mean-field approximation [d], and write

_ > s p np(m,z,y,s|0)p0(9)
tnp(alM) = 0L = [ dzdydo > als)alw a0y ELS BT, (S19)

where the inequality follows from Jensen’s inequality, and ¢(s), q(y, z), ¢(0) are arbitrary variational distributions, that
we will optimize to maximize the lower bound In L, which is the mean-field approximation of In L. Using functional
differentiation, and enforcing a normalization constraints of the variational distributions while optimizing In L, we get
the variational equations

Ing(0) = —1In Zp + Inpo(6) + (In p(s]0)) ) + A p(Y]$,0)) g (5)q0y.2) T P28 4:0)) 4(6)q(y.2) - (520)
Ing(s) = —InZs 4 (Inp(s]0)), ) + (I p(Yls, 0))y9)q(y,2) T P21y, 5,0)) g(0) q(y.2) - (s21)
Ing(y,z) = —InZy. + (Inp(yls, 0)) 4 (5)q0) T MP(2]Y; 5,0)) 4 (6)q0) » + I P(2]2), (522)

which we solve iteratively. From the likelihood terms one can see that a suitably factorized prior will lead to factoriza-
tion of the entire variational parameter distributions. We will assume such a prior structure, and furthermore choose
the functional forms of conjugate priors [@, ] for computational tractability. We will also sometimes drop subscripts
from the average brackets (-) in unambiguous cases.

To actually compute the lower bound, we substitute the results of the variational updates back into In L. The result
is especially convenient just after updating ¢(s), in which case a lot of terms cancel, and we end up with

0
lnL—ans+<ln p($|z)> —|—<1np0( )> . (S23)
1¥:2) / g(y.2) 4(0) / 40)
The model selection criterion is then to prefer the model with the highest likelihood (or lower bound), or interpret

e L or ef" as proportional to the posterior probability that the model is true. The variational distributions can also

be used for (approximate) inference about the parameters and hidden states and paths.

S2.2. Maximum aposteriori estimates (MAP)

Instead of integrating over the parameters, maximum aposteriori inference simply seek parameter values that
maximize the likelihood,

InL = max ln/dz dy Xs:p(x, 2,9, 8|0)po(6). (S24)

To derive approximate maximum likelihood inference, we make a variational ansatz with only ¢(s) and ¢(y, z), and
write

p(@, 2y, 510)po(6)
lnL:maX/dzd S ,2z)In , S25
: y Z:Q( )a(y, z) 5)aly.2) (S25)
and maximize w.r.t. ¢(s), q(y, z), and 6, to get
Or14p = argmay [ 1npo(6) + (0 p(s16) 0y + (0 P(015.0)) sy ey + (0 D(E1 0 D) gy |- (526)
I g(s) = —1n Z + 1 p(s16) + (1 p(y]5, 0)) oy + W p(ely, 5,0)) ey (s27)

Ing(y,z) = —InZy. + (Inp(yls, 0)) ,5q0) + (MP(2[Y, 5,0)) (5)q0) » T I P(2]2). (S28)



After updating ¢(s), the lower bound is given by

InL=InZ,+ <ln > +1Inpo(Orrap). (S29)
a(y,z)

S2.3. Maximum likelihood estimates (MLE)

The Maximum likelihood estimate (MLE) is like MAP, but with priors removed. In practice, we will use MLE
rather than MAP, but note that MAP inference might offer a way to numerically stabilize MLE in a principled way.

S2.4. Cross-validation with point-estimates

An alternative to using the Bayesian maximum evidence criterion for model selection, is to estimate the predictive
performance of a model. This means that we imagine ensembles of training and validation data sets X7 and Xy, and
seek to maximize

InP = (lnp(XV|XT7M)>XV’XT , (S30)

where the expectation is to be computed with respect to the true distribution of training and validation data sets.
Training and validation data is assumed to be identically distributed (except for possibly being of different size), and
their true distribution are not necessarily known, or part of the set of candidate models. The conditional dependence
in Eq. (830) should be interpreted as learning the model (integrating/maximizing parameters, and integrating out
nuisance variables y, z, s) based on the training data.

In practice, we do not have an inﬁnite amount of validation and training data, and instead divide out existing data
sets into K different partitions {(xv , (1)) (z %,2), g?)), e (mg{), xgﬂK))}, and approximate the predictive performance
by a an average,

(p(Xy [ Xz, M)y, x, Zlnp o |ef) M) (s31)
In practice, for each partition we learn (using MLE or MAP) a set of parameters ngj ) = Q(x(T] )), and use
lnp(xg)m(Tj),M) = lnp(xg)\ﬂ(j),M) = ln/dyv dzy Zp(xg ,z‘(/),yg/]),sv \0(]) M) (S32)

Sv

and do the marginalizations of yy, zy, sy using the same variational approximation as the inference, but exclude
explicit contributions from the prior to the predictive likelihood.

There is some freedom in choosing the size of the training and validation data sets, and to be able to compare
different choices, some normalization may be in order. The question is further complicated by the fact that the
statistically independent atoms of single particle tracking is (to good approximation) single trajectories, not single
coordinate observations, and single trajectories vary in length.

LaMont and Wiggins [6] suggested normalizing data sets of independent observations to the size of the full data
set. In our setting, this probably means rescaling the predictive performance of each validation set to the total data
set size,

K () ©)) K
- 1 Ny’ + Ny ) (J) N
Hcv(M) = = E 7]\[‘(}) lnp(x |9 - é

Jj=1

—( p(ay? 165, M), (533)
Ny
where N... means the number of coordinates (including missing positions) in the training/validation data sets, and

N = Np + Ny if we always partition the data so that each data point is used exactly once. Equivalently, we could
rescale to compute the predictive performance per observed position.



S2.5. Pseudo-Bayes factors

A Bayesian version of cross-validation is to include marginalization over parameters as well in the predictive perfor-
mance [7]. In particular, we use the parameter posterior from the training set as a prior in evaluating the performance
on the validation set. For brevity, we use the more compact notation

ST :(ZTvyTvsT)? SV :(ZVayV75V)7 Z Y, S )7 (834)
/ dSr = / dyrder / dSy = / dyy dzy / ds = / dydz (S35)
sT sv

and the pseudo-Bayes factor for a single training-validation partition is then given by
1 J 48 asy dop(at), 5100w (a, S710)po(0)
Jasidorp <x<ﬂ>,5¥>|ef>po<9'>
_ (4) 70() 3 ¢l () o) _ (4) () o)
In | dSy/’dSy d@p(:zcv LSV ) p(xy’, 87 |0)po(0) —In [ dSy dOp(zy’, S 10)po(6)

lanBF(Ig),Igg))

= lnp(a:v ,x¥)|M) lnp(x¥)|M) =lnp(x|M) — 1np(x¥)|M) ~InL[x] — lnL[xgz)]. (S36)

that is, the difference log evidence between the total and training data. On the other hand, one could also approximate
the training posterior by the variational parameter distributions from the training set,

[dsP R, 5916)po(6)
Jasaorp(=$), S5 16)po(6)

which means that this approximate posterior is used as the prior for evaluating the validation set,

~q(6;29) = ¢ (9), (S37)

In PpBF(xg),x(T)) A2 lnL[xg),qgf)(G)]. (S38)

It is not quite clear which of these approximations is preferred theoretically. The lower bound difference of Eq. (§38)
seems more systematic in that it only approximates integrals with no reference to additional probabilistic interpre-
tations. On the other hand, the variational posterior, Eq. (831), represents the approximate the Bayesian predictive
distribution available for practical use [@, B], and hence is arguably a reasonable choice for assessing predictive per-
formance. Numerically, using the variational parameter posterior avoids potential cancellation problems inherent in
computing small differences between large numbers. Since the validation data sets will in general be smaller than the
training sets, the extra computational cost of converging both training and validation sets (as opposed to only the
training set, since the full data set is already converged) should be negligible. As for cross-validation, we compute an
average over many partitions,

ﬁpBF KZilnPPBF Jig),J?g«)) (839)

and also normalize by validation set size in case of varying trajectory lengths. In order to generate the predictive/AIC
limit asymptotically, the validation sets should be chosen to be small [G, @]. On the other hand, small validation data

sets means higher statistical errors in Hppp.

S3. VARIATIONAL BAYES ALGORITHM
S3.1. Inital state and transition probabilities

The variational equations for the parameters governing the hidden states are

Ing(my) = —InZ; + Inpo(mm) + (Om,s, ) I T, (S40)
T-1 T-1
Ing(ax) = —InZ, + Inpg(ag) + In(1 — ag) Z (0,5, 0k,5,.1 ) + Inay Z (1 = (Oks: Onysiin ) ) (541)
t=1 t=1
T-1
Ing(Brj) = - Zpr+MBij Y (Oks,0js0pr)s k#J. (S42)

t=1



Except for the summation bounds on ¢, this is the same as in vbSPT [, software documentation|, and all relevant
statistics are given in the count matrix

T-1
Wij = Z <5k73t5j73t+1> (543)
t=1

and expected occupancy (d; s,). Using conjugate priors, 7 and the rows (minus diagonal elements) of B get Dirichlet
distributions, while each ay, is beta distributed (the 2-component Dirichlet).

g() = Dir(rjw™), w{™ =@\ + (5,.,), (S44)
N
. B B ~ (B .

= [ Dir(B;.[wl?), W' =@\ + @y, (k#37), (S45)

N T—1

g(a) = [] Blajlwly wls)), wlt =l + 37 (0,0, (1 = 6j0,.)) =B+ b,
j=1 t=1 k#j

T—1
wly) =088 + 3 (67.0,8j5001) = aly) +j, (S46)

t=1

=(m) = (B) (a)

with where w;"", @ ik and @ i are pseudo-counts in the prior distributions. The total number of pseudo-counts (for
each dlstrlbutlon) is called the prior strength and denoted w(()') =2k w!

The Dirichlet density function, in this case for a vector x, is

1) I'(w;)
Dir(x|w) = T H (w5 =1) B(w) = HF( ( ) Zwk (S47)

with the constraints 0 < z; <1 and ) s =1 The beta distribution is the special case of two components (x and
1—x),

B(xlu,v) = ———2a" (1 —2)""h (S48)

The following average and mode values will be needed:

N
(nm) =y(w{™) - ¢(w), wi™ = Z w™, (849)
(Ina;) =p(w'?) — p(wl), wl® ,wg? +wly), (S50)
(In(1 - a;)) =v(w'y) — v(w'y), (S51)

k=1,k#j



Some additional variational mode*, (mean) and variances are

(m) _ () (), (M) ()
ﬂ—;’k = ,w(lﬂ) ! ) <7T1> :wz(ﬂ)7 Var[wi] :wz (ﬂ—()wO (,n.)wl )7
wy ' — N W (wy ) (wy"” + 1)
(a) (a) (a), (a)
(a) _q ( wsy w)
af :wz(}l) ) <az> :wz(i)a Var[aj] = (a) i 12 (a)y’
wio -2 wio (ij )2(1 + wjl )
(a) (a)
g )
(1-a;)7 =22, (1-a)) =22, Var[l — a;] =Var[a;]
Wiy — 2 Wio
B B B), (B B
L D PP )
ik = 1B) (Bir) =—(y arBjk] =" (B’
wis —N+1 Wi (i )2 (1 +wjp")
Ajy =117, (Ajj) =(L—aj),
AGy =177, (Aji) = (a:) (Bjk) -

The variational distributions of a, B induces a joint distribution on A, which can be written (for row 7), as

8(ai7Bi,:)

q(Ai)dA;: = qa(ai(Ai))gp(Bi:(Ai)) ‘ 0A; .

‘dAi,:.

This is difficult to do analytically, and we leave the posterior mode of the transition matrix unknown.

S3.2. Dwell times

Mean dwell times (in units of At) is 7; = a; ! This gives the variational density function

(a) (a)
da; D(wi )T (wjp) —w@ (@) _
. — o A > 1
q(7j) = q(a;(75)) dr; F(w§g)) 7; (75 ) I e
which means that
(a)
_ Wsg 1
<T > =(a;" = )
o) =i @ {ay)
e
TP = (a)
I+ ws;
(a) (a)
2 s wio — 1 2 Wi —1
() =(a;%) oy = (73) = (75) 5
P = =
2
)" ({15) — 1)
Var(7;) = <TJ2> - <TJ>2 = < ]>(a§< i)
Wio™ — (75)
or
w® 1
@ W0 () () = 1)
) Var(7;)
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S3.3. Step variance

Ing(Ax) = —InZx + Inpo(Ax)
T dim

B % Z Z <5kst> (2 In A, + )\};1 |:<(yt+1,m - ytm)2> + 671 <(Ztm - (1 — T)Z/tm - Tyt+1,m)2>})- (866)

t=1 m=1

If the prior is inverse gamma, then so is g(Ak):

Nk
Ck; —np—1

L(ng) "

q(A) = e~k Ak, (S67)

with
ng = Nk + Nk, Cp = Ck + Ck. (868)

Here, Ny, ¢ are prior parameters, and the data-dependent terms are given by

fie = dim X Y (0ks,) (S69)
=1
and
1 T dim ) )
ey = B Z (Oks,) Z {<<yt+1,m> — (Wem) )"+ B ((2tm) = (1= 7) (Wem) =7 (Ye41.m) )

+ (]‘ + B_l(l - T)Q)Eytm’ytm + (]‘ + ﬁ_1T2)29t+1,m7yt+l,m + ﬁ_lzztmyztm

72(1 - 5717_(1 - T)) Zytm,yul‘m - Qﬂil(l - T)Eztm,yytm, - 2/8717_Zzt7n7yt+1,7n }7 (870)
=2R/f

where X are joint covariance matrices of ¢(y. m, 2:,m). We need the following averages (dropping the subscript):

N =—. (871)
tdld] = o= (S72)
(=2, (S73)
(In\) =Inc—(n), (S74)

X= (S75)

Here, v is the digamma function, and the asterix * denotes the mode (most likely value). Since A = 2DA¢, the
variational distribution for the diffusion constant is

(Ck/QAt)"k

D—nk—le*(ck/QAt)/Dk’ S76
F(nk) k ( )

q(Dy) =
i.e., D is also inverse gamma, with

C;CD) = c,(€>‘)/2At7 n,(cD) = n,(j‘). (S77)



S3.4. Hidden states

N
Ing(s) = —InZs + 251-781 (In ;)

T—1 N B
D DRI [5kj (In(1 — az)) 4 (1 = 6x;) (Inag) + (1 — dx;) (In Bkﬂ
t=1 k,j=1
1 T N dim
32020 2 [ O + () (i = 1)
t=1 1=1 m=1

dim

N
Z Z iS¢ [ + 5 < > <(Ztm - (1 - T)ytm - Tyt+1,7n)2>}
=1 m
T—-1 N
=—-InZ,+ Z 5kst J,St41 an]k+ZZ(szst lntha

t=1 k,j=1 t=1 i=1

l\D\>—~
Mﬂ

o~
Il

—

-

with

In Qkj = s (I(1 = ax)) + (1 = dy) [ (ax) + (In By) |,
In Hy; = 014 (Inm;) — dim x (In(\;))

-5 O ;Z { () = o))+ 87 (o) = (1= ) ) = 7 ) )

(1- T)2> ( 72> 1
+ 1 + a E tmYtm + 1 + a 2 t mYt m + 7zztmztm
( ﬂ YtmY ﬁ Yt+1,mYt+1, B

7(1—17) 1—-7 2T
-2 (1 - ﬁ) Zytmyt+l,m - ZTZytmztm - ﬁzyt-Fl,mztm,}'

=2R/B

T-1

12

(S78)

(S79)

(S80)

(S81)

(S82)

(S83)
(S84)

(S85)

(S86)

(S87)

Averages (8;.5,), >;_1 {0k,s,0j,5..1 ), and the normalization constant In Z, are computed with the standard forward-

backward algorithm.

S3.5. Hidden trajectories

T dim xt — )2 1 T N dim
ln Q(y7 = const. — = Z Z i i - 5 Z Z Z <6ist> <)\;1> (yt+1,m - ytm)2
t 1 m=1 t=11=1 m=1
dim

(S88)

(S89)



and expand:

Ing(y, z) = const. — = Z Z

+ 2y

lem{
tlml

7)? T
%yfm +

lem{(
t=1m=1

= const. —fzz

1—

T
-2 YtmZtm —
€47

Written in matrix notation, with

we have

and

Zm = [Zl’maz?ma teey

x
Ing(y, z) = const. — 5 Z

m=1

0

Ay, = —

A om = diag([ ©

Vi _dlag<[

Finally, we rewrite ln ¢(y, z) in the canonical form for multivariate normal distributions,

_ <Zm>T} [
_ <zm>*} [

Ing(y,z) =

T2
Boy

(1+5)

-
Yt4+-1,mZtm + (
Qi

™|~

r
— 2——Yir1,mZm + 2

Boy

yt+1 m

il/t
xtm Ztm + =z +
(673

2
Yi+1,m

. 2ytmyt+1,m

Qi

T T) }
o YtmYt+1,m
Qi

T(1—7)

Ym = [y1m7y2m7 e

]|
_A:Zz Azzm
with A, € R(T+)x(T+1) Ay, € RTHDXT and A,. € RT*T | given by

[ (1+ 55

R 1 (1—7)2
Ba £<1+ B )*

D.

Qi

Ym

Zm

A
_AT

Yyz

+2(

7+£>

1 (1-71)
« (1+ B
1—7
ar
e
ar A
%2 o, - 1 ) or
6a2 UTm

yym

yzm

vy

2
Ztm

y YT'm s yT+1,m] T7

] —2{0, xjnvm} {

1

par

2yzm

EZZTTL

—A

Azzm

B

—_——

Ot
—_9o 7t
v

13
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(S91)
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(S94)
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where the covariance matrix is given by

Ayy _Ayz Eyym Eyz'rn _ 1 O
[Azy AZZm zym Ezzm o O I ’ (899)

Expanding Eq. (898), we get

dim
1 A —A A —A
_ 2 1 1 Yy yz Ym | i 1 vy yz Ym
Inq(yz) = const. 22:{[ym, zmH_ALZ AH] 2[ () ,<zm>}[_m AWH ] (S100)

z
m=1 Yz m

and comparing the linear term with that of Eq. (83), we see that the expectation values are given by

“ﬁi’y Aiij] [g:;] - {Vmoa:m ] (S101)

The A-matrix blocks have some nice sparsity and symmetry properties: diagonal (4,.,,), symmetric tri-diagonal
(Ayy), or asymmetric and non-square bi-diagonal (A4,.). We also note that A, is guaranteed to be invertible, since
it is diagonal and S\; > 0 for all ¢. Furthermore, since ¢(y, z) is multivariate normal, the marginal distributions for
y and z are too. This means that both X, and X..,, are invertible, since otherwise the marginals would not be
properly defined.

Algorithmically, we can avoid full matrix inversions, since only a special subset of covariances are needed, namely

Var(ytm) = Eytm,ytm,’ by D Var(ztm) =X Eytﬁ-lm,ztmﬂ (8102)

YtmYt+1,m? YtmZtm ) ZtmZtm )

We also need the determinant of the full covariance matrix for the lower bound, but as we show below, this can
be reduced to computing |A,..| (easy, since A,.,, is diagonal), and |E;ylm (also fairly easy, since this matrix is
symmetric and tridiagonal).

In all, this suggests that further analytical calculations would be valuable.
a. Covariance matrices Manipulations of the inversion equation (§89) leads to

symmetric tridiagonal
Eyzm = (Ayy - AyZAz_zlmAZy)_lAyZAz_zlm = ZyymAyzAz_zlm’ (8104)
Seym = S (S105)
Yiem = Az_zlm (I + AZyZyZWL) = Az_zlrn + Az_zlmAzyzyymAyzAz_zlm- (8106)
To figure out which elements are needed, we write out some matrixx elements explicitly:

Eytmvytm = (Eyym)tyt ) (8107)
EytmuytJrl,m = (Eyym)m_H ) (8108)
E — (E ) — :< (1 _ ,7_) Zytmayhn + szt7nvyt+1,m ) (A—l ) (8109)

Ytm Ztm yzmji ¢ T Bo‘t ﬂat zzm) ¢ ¢ ’

Zytnlayt+l,7n Zyt+1,m7yt+1,m —1
Sueirmorin = (Syem) == (1=7) o, gt J(AZ5), . (S110)
Eytmwztm Eyt+1,nuztm —1

Sz = (Bezm),, ==(1+ (1= 7) et g YA, (S111)

From this, we see that we only need the diagonal and first off-diagonal of X,,.

It is indeed possible to invert symmetric positive definite tridiagonal matrices from the main diagonal and outwards,
for example as described in Ref. [§], which means that this partial inversion can be done in linear time. We use recursion
relations from Ref. [8], rewritten so as to minimize the risk of numerical over- or underflow. These relations use a
Cholesky factorization as an intermediate step, which is useful for solving triangular systems of equations. They also

yield the determinant |¥; | |.
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b. Mean values To compute the mean values (z,,), (yn,) efficiently, we manipulate Eq. (SI00) to get

(A A AzzmALz) <ym> :AyzAz_zlmexm, (8112)
= Z;ylm, symmetric tridiagonal
(zm) =A7E, (Vinm + Al (ym) ). (S113)

Thus, computing mean values requires inverting a diagonal matrix (A..,,) and solving a symmetric tri-diagonal linear

system of equations. As mentioned above, one first step in this solution would be a cholesky factorization, which we

get as a by-product of partially inverting ¥,,. E;ylm is a symmetric tri-diagonal matrix with elements

[ aq C1 0 i
c1 as + by Co

Sl A~ A AT ar = | O e asdh : (S114)

yym zzm* Yz

ar +br_1 cr

L CT bT -
with
1< (1—7)2 (1—7)2(% 1 >1
am =—(1+ )- =) S115
' Qi p ﬂ204% Ut B ( )
1 72 72 0y 1\!
by = — (1 —) _ , 116
‘ Qg - B 520% (Utm 50%) ( )
1R 7(1—7)( o 1\ "
ek S Y . S117
cm ay 520%2 <Ut * Ba ( )
The RHS of the (y,,) system is given by
[ L\ 1 [ 0 1
PR N L Lim
ay (Ulm + Bal) Vim 1
Ao o 1\ loom L (0—1 + L) Zim
(1 ) as \ Vam + Bas Vom ap \vim P 1v1m
_ -7 . T 1 ( 0o 1\ zom
A AzanV Tm = B : + ﬂ as (Uzm + E) ﬁ2m 5 (8118)
-1
1 o 1 TTm
ar (vTTm + E) v .
1 1 m
I 0 | o (TT + BTT) v |
and the (y)-dependent part of (z) is given by
1 \1 1 T
A AL ) = [ (o o) o (0= 7) (m )] e BT S119
zzm“lyz <y > Vim + ,B(Xt ﬁat ( T) <yt > +7 <yt > ) ( )

S3.6. The lower bound

We recall the expression for the lower bound just after updating ¢(s),

s () (unll) =

Here, In Z; is the normalization constant in Eq. (881), the contribution from measurement errors is

T dim

(In p(x|z) a(y.2) = Z Z ot(ln 270t ) + Vg, < Ttm — Ztm) >)

t 1 m=1
T dim
1 m m 2 Ez z
-5y or(In(2mvpm) + @ = o))" & B, ), (S120)

v
t=1 m=1 tm
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and the variational terms from ¢(y, z) are given, since ¢(ym, 2m) are multivariate normal distributions of dimension
2T + 1, by

dim

2T +1 . 1 1
<1nq(y,z)>q(yﬁz) =— (1+1n27) x dim + 5 Z In ‘Em |
m=1
dim
2T +1 _
=21 m2m) < dim+ 5 j‘ﬁy Ai@: ‘ (S121)
m=1

The determinants can be simplified in various ways. Since A..,, is diagonal and A,, = ALZ, we can use a block LU
decomposition and write

Ayy _AZJZ _ I _AyZAz_zlm Ayy_AyZAz_zlmAZy 0 I 0 S122
A, A | Tlo T 0 Ao | | —AZL AL, T (5122)

which means that

‘2_1’ = |Azzm| ’Ayy - AyZAz_zlmAzy‘ = |Azzm‘ ‘E_l . (8123)

yym

Here, A,.,, is diagonal positive definite, so that determinant is simply the product of the diagonal elements. The
second factor is a tridiagonal symmetric matrix which should be positive definite, since it is the inverse of a (symmetric,
positive definite) covariance matrix.

Finally, parameter contributions are given by the negative Kullback-Leibler divergence from the variational distri-
bution to the prior,

R Y R U
(i >q<,r) (i >q(a> ~(m >q(3> (o >qm (5124

Here, the contributions from 7, a, B are just as in vbSPT. The step length variance is not the same variable as used
in vbSPT, but it’s KL divergence term turns out to be the same:

(1 1) >M — = oy (1= D) B sy (5125)

S4. MAXIMUM LIKELTHOOD AND MAXIMUM APOSTERIORI INFERENCE
S4.1. Parameter updates and log likelihood

It might also be useful to perform maximum likelihood inference in the model parameters, to get unbiased estimates
and an impression about the influence of the priors. As we saw in Secs. EZA-8273, to derive approximate maixmum
likelihood (MLE) or maximum aposteriori (MAP) estimates, we simply drop the variational ansatz for the model
parameters from the above variational treatment, and replace the optimization w.r.t. In ¢(6) by optimizing the param-
eter values. Skipping a lot of details, the parameter updates for a single trajectory are given by the classical update
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formulae, which we give below for without (MLE) and with (MAP) the conjugate priors used above:

(MLE) (MAP) (S126)
(Ok,s1) wl(f) -1
= 7’17 ¥ = —k_ - (S127)
¥ Zm (Orm,s1) ¥ (ﬂ) - N
1 5 a & .
pr = 2t (= OroOhsnn)) - EgeBhs wfﬂ) R e Ry (8128)
ke - n > Tk T a - N y
Z;‘V:I <6k75t6j;3t+1> Zj Wy 'LU;(CO) 2 U);(;é) 24 Z Wi
T-1 R (B) _(B) .
* t=1 <6k,st6j,st+1> o Wil B — wk] -1 _ wkj -1+ Wy (8129)
ki = T-1 = —— DEj = 5 = —5 —,
11 (1= (Oksi 05 ) ) 2k Wi Zg;ék(wl(c]) -1 Z]#k(w,’(@]) 1+ 1g5)
T-1 )
A =1 <5’“ 0 Ojises) o _ [ (—ap), j=k (S130)
Z Z < k,s¢ ],5t+1> k™kjo ’
Cr Ck Cr, + Ck,
A= Ae = = S131
C FT el At ltag (5131)

where ¢, iy, are the data dependent terms of Egs. (869) and (870). The MAP notation is the same as used for the
variational parameter updates, and inclues the same conjugate priors. The iterations for hidden states and path can
now be carried out by using delta functions for the variational parameter distributions, ¢(6) = 6(6 — 6*). The lower
bound on the likelihood can also be computed with the results above, except that the prior terms are absent (MLE)
or just the log prior evaluated at the MAP parameter values. After the s-update, the lower bound is given by

WL= nZ  +(np(el)),. - (ngy.2)),. + npo(6) . (5132)
forward-backward eq. (S120) eq. (S121) MAP only

S4.2. Transition matrix parameterization

It is perhaps more common to parameterize A directly, in which case conjugate priors lead to Dirichlet-distributed
matrix rows, with parameters

(4)

. (A) ;
W@ ~(A)+wj§AMLE _Wij o gmap _ i - wy oy (S133)
ij e 1] A

>, >l -1 Dl — 1+ )

Not surprising, the MLE estimate is equivalent to the a;,B;; parameterization. However, for the MAP estimates to
be consistent, we require

=(A4) N ~(a) N
AMAP B wkk( ; — (@ wk(;(a; L =1—ay, (5134)
2 <wkj L adyg) gy + Wy — 2430k
_(A . (a ) R
MAP _ w,(cj) — 1 + g w,(ﬂ) 1+Zj¢k'lUkj w,(c]) — 1+ Wy

= X =a; By}, (5135)
A N B N a ~ E=kjo
Z (wz(gj) 1+ ;) Zj;ék(wl(cj) -1+ Zj;ék Wk wl(d) + wl(c2) -2+ Zj Wk

()

where the second equation applies only for k& # j. The simplest solution seems to be to set (1) = 1, and then equate
nominators and denominators separately, since we seek a solution independent of #y;. This leads to a unique solution

- (A _(B) _ (A - _(B
@'Y =D, @ =w, o) =1+ > (@) - 1). (S136)
Jj#k
and thus we see that not all conjugate priors on ay, By; are equivalent to A;; priors in this sense. Of special interest

~(A)

is the flat prior w;;

= 1, which corresponds to
By =1, wy =1, w,(f) =1, (S137)

that leads to AMAP = AMLE (in both parameterizations).



18
S5. LEARNING THE LOCALIZATION UNCERTAINTY

In some cases, point-wise uncertainty estimates might not available, in which case one can try to infer localization
errors from the trajectories instead. It is obviously not a good idea to try to infer point-wise localization uncertainties
(an underdetermined problem), but it might work to model an average localization uncertainty, or an average but
state-dependent localization uncertainty. Here, we explore those possibilities.

S5.1. Average localization uncertainty

We start with a single uniform localization error. Compared to the point-wise uncertainty model, this case differs
in the model of measured positions, which are instead given by

Tim = Ztm + V0Em, (5138)
corresponding to the likelihood term
| L. dim
In p(x|z,v) 3 ;; 0t<ln (270) + v (@4 — ztm)2>, (5139)

where v is a single model parameter to be learned. For a maximum likelihood algorithm (MLE), the parameter update
is then given by maximizing

o) 5()
<1np(x‘z)>q(y7z) = const. — A Inv — —— = v* = %7 (5140)
di
A = % o, (S141)
t=1

1 dim 1 T dim
e =33 00 D (@i = 2m) gy = 5 D00 D ((mtm — () + zm) (S142)

t=1 m=1 t=1 m=1

The MLE parameter is further used to substitute v} — 1/v* in A..,, and V,, in the ¢(y, z) update.
The lower bound is also affected through the modified term (In p(x|z)) and now becomes

a(y,2)’
&)
(Inp(z|2,v)) 402 = —7)(In 27 4+ Inv) — (5143)
In a variational Bayes (VB) algorithm , the conjugate prior is inverse gamma, which leads to

(v)

Ing(v)=—-InZ, — (n”) +1)Inv — C—7 n® =a® a0 ) = &) e (S144)
v
where ~ indicates prior parameters, and
(v) (v) (v)
__¢ * __°c -1 _n- —lne® — (v)

W) = s Vo) = o (0 gy = e W)y =™ — (). (S145)

1The a\l;eragz <U_1>q(v) is used to substitute v} in A..,, and Vj, in the ¢(y, z) update, and (In v>q(v) is used in the
ower bound term

(Inp(x]2,v)) (y.2)9(0) = —7)(In 27 + (In V)g0)) — e <v_1>q(0) . (5146)

For prior specification, the RMS error, given by r = /v, is a more intuitive quantity. It’s distribution is
2 n
flr) = ¢ 7'*(2”*1)676/’"2, (S147)

and by making use of the asymptotic series expansion

I'(m+ %)
I'(m)

= V(L= ot e O(m™)) (S148)
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from Mathworld[d], we get

(r) _ﬁr(?(;);) ~ | /ni - (1 - S(nl_ 3 +) (S149)

r* = , <r2> = (v) = . (5150)

Further,

Var[r] = - ¢ (1 —(n— 1)(1—M>2) ~ ¢ (1 - 3 +. ..), (S151)

which with leads to

5 +) (S152)

The first order approximations

=/ (), std[r]~ Q(n\/—é 0’ Stg[;] ~ 2\/%7 (5153)

are better than about 10% for n > 2, or std[r]/r* < 0.79, or std[r]/ (r) < 0.54. It seems likely that one would be able
to make an informed guess about the average localization error with smaller uncertainty than that.

If not, since the number of precision parameters does not change with model dimension, it is possible to use a
Jeffreys prior ~ 1/v, corresponding to 7 = ¢ = 0. Note that this makes <v’1>q(v) = C(v)/M(v), Which coincides
with the MLE update 1/v*.

S5.2. State-wise localization uncertainty

One could also imagine modeling distinct localization uncertainties for different states. For example, this could
be caused by motion blur, which contributes a diffusion-dependent terms to the localization uncertainty, or if differ-
ent states may have different spatial distributions. This case is a little more complicated, since it adds additional
interactions to the model. Here, the measurement model is modified to

Ttm = Ztm T Vs, §tm (S154)
corresponding to the likelihood term
| N T dim
In p(z|z, s,v) ~5 ; ;m_l 040k,s, (ln 27mug) + vy Yy — ztm)Q), (S155)

where there are now N precision parameters vg. This term will also influence the hidden state distribution.
a. Mazimum likelihood First, the parameter updates are given by maximizing

(Inp(z|z,8,0)) 41y 2)q(s) = CONSL. — i [ﬁ,(:) Invy — é::} =) = f’({;)), (5156)
L k=1 M
Al 5 Z (8ks,) (S157)
w1y ST >
& =3 ; o1 (Oks,) mz_l {(Ttm — 2tm) >q(y,z) (S158)

T
= % > 01 (k) D ((xtm —(zem))* + Em) (S159)
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Second, there is an additional term in the hidden state distribution,

dim
ot | .. . 1
mHy=...~ 3 [dlm Inof + - mz (@em = Gzom)? + zwm)} . (S160)
Third, the localization precision contribution to the trajectory distributions become
1 (5 dim
k st 2
Inq(y, 2) 32 Z mzl(:ctm — zm) ., (S161)

which means that we can introduce an effective time-dependent localization uncertainty given by

N -1
by = (Z <5’“>) 7 (S162)
Uk

k=1
which is substituted for vy, in A,.., and V,, for the ¢(y, z) update.

Finally, the fact that (Inp(z|z,s,v)),, ) contributes to Ing(s) means that needs not be explicitly accounted
for in the lower bound expression, since it is already included in In Z;. The lower bound (after an s-update) then
simplifies to

InL=InZ; —(Inq(y,2))ye.. - (5163)

b. Variational Bayes For the precision parameters, this is analogous to the 1-parameter case, with inverse gamma
priors on v, leading to inverse gamma distributions for g(vy),

(v)
Ing(vy) = —InZ,, — nfﬁv) Invy — Cv—k, n,(;’) = ﬁ,(;’) ﬁ,(:), cg}) ég}) + ﬁ,(:), (S164)

and expectation values as in Eq. (§IZ3).
For the hidden states, the additional contribution to H is

InHy =...— ?[dim (Inwg) + <U;1> dzm:l ((Jﬁtm — <Ztm>)2 + Zzi,zum)]' (5165)

m=1

For the trajectory distribution, it is again convenient to introduce an effective time-dependent localization precision

N -1 N o) -1
@t=<;<6k’st><vk1>> :<,;<6k’st>c§’>> , (S166)

and substitute in A,.,, and V,,.
Again, Inp(z|z, s,0) makes no explicit contribution to the lower bound, since it is already included in In Zj.
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