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Lu* AND ZIWEI ZHU*

APPENDIX A: THE LOW-DIMENSIONAL LINEAR MODEL

As mentioned earlier, the infinity norm bound derived in Lemma 4.1 can
be used to do model selection, after which the selected support can be
shared across all the local agents. We significantly reduce the dimension of
the problem as we only need to refit the data on the selected model. The
remaining challenge is to implement the divide and conquer strategy in
the low dimensional setting, which is also of independent interest. Here we
focus on the linear model, while the generalized linear model is covered in
Appendix B.

In this section d still stands for dimension, but in contrast with the rest
of this paper in which d > n, here we consider d < n. More specifically,
we consider the linear model (3.2) with d < n and i.i.d sub-Gaussian noise
{e:} . It is well known that the ordinary least square (OLS) estimator
of B* is defined as ,@ = (XTX)"'XTY. In the massive data setting, the
communication cost of estimating and inverting covariance matrices is very
high (order O(kd?)). However, as pointed out by Chen and Xie (2012), this
estimator exactly coincides with the DC estimator,

—1
k k
G= S x0Tx0 | 3 xOTY W),
j=1 j=1

In this section, we study the DC strategy to approximate B with the com-
munication cost only O(kd), which implies that we can only communicate d
dimensional vectors. R

The OLS estimator based on the subsample D; is defined as B(D;) =
(X(j)TX(j))_lX(j)TY(j). In order to estimate 3*, a simple and natural idea
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is to take the average of {B(Dj) =1, which we denote by 3. The question

is whether this estimator preserves the statistical error aSA,B. The following
theorem gives an upper bound of the gap between 3 and B, and shows that
this gap is negligible compared with the statistical error of 3 as long as k is
not too large.

Here we give intuitive discussion on the source of efficiency loss. According
to proof of Theorem A.1, we have

k
1 . .
B-B=23 (<X< T X /nk) (XTX/n)1> XOTeW) jy,.
j=1
Since {XWTel) /nk}k , are homogeneous and independent to each other
conditional on X, the efficiency loss incurred by the DC procedure ie., the
gap ,3 ,6, is characterized by the difference between (,1g Z 1 X 0T x (J ))

and Z] 1( X(J)TX(J)) . The rate of B — ,3 is studled in detail in
subsequent theorems

Theorem A.1. Consider the linear model (3.2). Suppose Conditions 3.1 and
3.2 hold and {g;}}"_; are i.i.d sub-Gaussian random variables with ||g;||y, < 7.
If the number of subsamples satisfies k = O(nd/(d V logn)?), then for
sufficiently large n and d it follows that

(A1) BBl = 0s (VELYIEY 5 gy, — 0n( /i)

Remark A.2. By taking k = o(nd/(d V logn)?), the loss incurred by the

divide and conquer procedure, i.e., ||3 — ,@ |2, converges at a faster rate than
the statistical error of the full sample estimator 3. In another independent
work Rosenblatt and Nadler (2016), the authors also reveal a similar phe-
nomenon under the broad family of generative linear models. They show
that when k = o(n/d), E||3 — 8*|3/E||B — 8*||3 — 1. In other words, there
is no first-order loss by divide and conquer.

We now take a different viewpoint by returning to the high dimensional
setting of Section 4.1 (d > n) and applying Theorem A.1 in the context of
a refitting estimator. In this refitting setting, the sparsity s of Lemma 4.1
becomes the dimension of a low dimensional parameter estimation problem
on the selected support. Our refitting estimator is defined as

k
(A.2) %Z XDy~ 1x DTy 0,

where S = {j : \BJ\ > 2C/logd/n} and C is the same constant as in (4.1).
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Corollary A.3. Suppose 8, > 2Cy/logd/n, where . = minj<j<q |ﬁj*|
and C is the same constant as in (4.1). Define the full sample oracle es-
timator as 3° = (X1 Xg) 'XIY, where S is the true support of 3*. If
k= O(y/n/(s?logd)), then for sufficiently large n and d we have

(VREVIBMY 5 g, = 0s (/o).

We see from Corollary A.3 that B  achieves the oracle rate when the
minimum signal strength is not too weak and the number of subsamples k is
not too large.

(A3) B —B°2= 0

APPENDIX B: THE LOW-DIMENSIONAL GENERALIZED LINEAR
MODEL

The next theorem quantifies the gap between 3 and ,é\, where 3 is the
average of subsampled GLM estimators and B is the full sample GLM
estimator. In Theorem B.1, |8 — BHQ is the distance between the divide
and conquer estimator and the full sample estimator, while |3 — 3*||2 is the
estimation error on each machine.

Theorem B.1. Under Condition 3.6, if & = O(y/n/(d V logn)), then we
have for sufficiently large d and n,

. I8 =82 = Op(/d/n).

Remark B.2. In analogy to Theorem A.l, by constraining the growth rate
of the number of subsamples according to k = o(y/n/(d V logn)), the error

B1) (BBl - 0p(RYALV I8N

incurred by the divide and conquer procedure, i.e., |3 — ,B\HQ decays at a
faster rate than that of the statistical error of the full sample estimator 3.

We notice a recent independent work Liu and Thler (2014) on distributed
estimation under curved exponential families with fixed dimensions. They
propose a KL-divergence-based combination method to aggregate MLEs from
multiple data repositories and show that it can achieve the best possible
approximation to the global MLE given the entire dataset. In the future
work, it will be interesting to extend their approach to the GLM setting
and characterize the statistical error rate of the correspondent distributed
estimator.

The less stringent scaling of k in the low dimensional linear model relative
to the generalized linear model comes from the fact that the Hessian matrix
depends on the estimator of 8" in the GLM. This results in a larger variance
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relative to the linear model. Figures 3(A) and 4(A) indicate that the deduced
scaling is sharp for both cases.

As in the linear model, Lemma 4.6 together with Theorem B.1 allow
us to study the theoretical properties of a refitting estimator for the high
dimensional GLM. Estimation on the estimated support set is again a low
dimensional problem, thus the d of Theorem B.1 corresponds to the s of
Lemma 4.6 in this refitting setting. The refitted GLM estimator is defined as

k
(B.2) B =23 8Dy,
j=1

el

~ . ; - J—
where 3"(D;) = argmingcga g__— ngk)(ﬁ) and S = {j : |B;| > 2C/logd/n}.

S¢ Y
The following corollary quantifies the statistical rate of B .

Corollary B.3. Suppose 5, > 2Cy/logd/n, where . = minj<j<q |ﬁj*|
and C is the same constant as Lemma 4.6. Define the full sample oracle
estimator as 3° = argmingepa g . ¢n(B), where S is the true support of

B*. If k = O(\/n/((s V s1)?logd)), then for sufficiently large n and d we
have

B3) (B - Bl = 0p (BB 5 gy, = 0p(y/m).

We thus see that 8 achieves the oracle rate when the minimum signal
strength is not too weak and the number of subsamples k is not too large.

APPENDIX C: SIMULATION FOR THE LOW-DIMENSIONAL LINEAR
MODEL

All n x d entries of the design matrix X are generated as i.i.d. standard
normal random variables and the errors {g;}?_; are i.i.d. standard normal as
well. The true regression vector 8* satisfies 37 = 10/vd for j =1,...,d/2

and (7 = —10/+/d for j > d/2, which guarantees that ||3*||2 = 10. Then we
generate the response variable {Y;} ; according to the model (3.2). Denote
the full sample ordinary least-squares estimator and the divide and conquer
estimator by 3 and 3 respectively. Figure 4(A) illustrates the change in the
ratio |8 — Bl|2/||8— B*||2 as the sample size increases, where k assumes three
different growth rates and d = y/n/2. Figure 4(B) focuses on the relationship
between the statistical error of 3 and log k under three different scalings of
n and d. All the data points are obtained based on average over 100 Monte
Carlo replications.
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(A) 1|8 = Bll2/18 — B*l2
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FI1G 4. (A) The ratio between the loss of the divide and conquer procedure and the statistical
error of the estimator based on the whole sample with d = \/n/2 and different growth rates
of k. (B) Statistical error of the DC' estimator against log k.

As Figure 4(A) demonstrates, when k& = O(n'/3), O(n'/*) or O(1), the
ratio decreases with ever faster rates, which is consistent with the argument
of Remark A.2 that the ratio goes to zero when k = o(n/d) = o(y/n). When
k = O(y/n), however, we observe that the ratio is essentially constant, which
suggests the rate we derived in Theorem A.1 is sharp. We also report the
wall time of our proposed distributed approach and the naive average Lasso
in Table 1. The time is computed in a similar way as the testing part. A
comparison between these two approaches reveals the heavy computation
incurred by debiasing. However, we observe that as the splits grow, the time
consumption on individual data sample decreases since the local problem
size becomes smaller, which mitigates the time complexity problem if we
have a parallel computing system.

From Figure 4(B), we see that when k is not large, the statistical error of
(3 is very small because the loss incurred by the divide and conquer procedure
is negligible compared to the statistical error of ,@ However, when k is larger
than a threshold, there is a surge in the statistical error, since the loss of the
divide and conquer begins to dominate the statistical error of ,/8\ We also
notice that the larger the ratio n/d, the larger the threshold of log k, which
is again consistent with Remark A.2.

APPENDIX D: SIMULATION FOR THE LOW-DIMENSIONAL
LOGISTIC REGRESSION

In logistic regression, given covariates X, the response Y| X ~ Ber(n(X)),
where Ber(n) denotes the Bernoulli distribution with expectation 7 and

1
1) = (- XTE)
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(A) B~ Blo/IB-B"l2 (B B8 12/18°2
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| | -=-n=30,000, d=50

I
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F1a 5. (A) The ratio between the loss of the divide and conquer procedure and the statistical
error of the estimator based on the whole sample when d = 20. (B) Statistical error of the
DC estimator.

We see that Ber(n(X)) is in exponential dispersion family canonical form
(2.7) with b(6) = log(1 +€?), # = 1 and ¢(y) = 1. The use of the canonical
link,
o1
77( )_ 1+676(X)’

leads to the simplification 0(X) = X7 3*.

In our Monte Carlo experiments, all n x d entries of the design matrix X
are generated as i.i.d. standard normal random variables. The true regression
vector 3" satisfies 3} = 1/+/d for j < d/2 and B = —1/V/d for j > d/2,
which guarantees that ||3*||2 = 1. Finally, we generate the response variables
{Y;}™_, according to Ber(n(X)). Figure 5(A) illustrates the change of the
ratio |8 — Bl|2/||8— B*||2 as the sample size increases, where k assumes three
different growths rates and d = 20. Figure 5(B) focuses on the relationship
between the statistical error of 3 and log k under three different scalings of n
and d. All the data points are obtained based on an average over 100 Monte
Carlo replications.

Figure 5 reveals similar phenomena to those revealed in Figure 4 of
the previous subsection. More specifically, Figure 5(A) shows that when
k = O(n'/3), O(n'/*) or O(1), the ratio decreases with even faster rates,
which is consistent with the argument of Remark B.2 that the ratio converges
to zero when k = o(y/n/d) = o(y/n). When k = O(y/n), however, we observe
that the ratio remains essentially constant when logn is large, which suggests
the rate we derived in Theorem A.1 is sharp.

As for Figure 5(B), we again observe that the statistical error of 3 is very
small when k is sufficiently small, but grows fast when & becomes large. The
reasoning is the same as in the linear model, i.e. when k is large, the loss
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incurred by the divide and conquer procedure is non-negligible as compared
with the statistical error of ||3]|2. In addition, as Figure 5(B) reveals, the
larger is \/n/d, the larger the threshold of k, which is again consistent with
the threshold rate pointed out in Remark B.2.

APPENDIX E: AUXILIARY LEMMAS AND THEOREMS FOR
TESTING

In this section, we provide the proofs of the technical lemmas and theorems
for the divide and conquer hypothesis testing.

PROOF OF THEOREM 3.3. It remains to verify the Lindeberg’s Condition
for (7.1). By Lemma E.1,

€] < 7P ImPT XD e < e Lol

where liminf,,, ¢,, = co > 0, hence the event {|£Z(f))| > 50} is contained in
the event {|€§J)| > sacnkﬁgl\/ﬁ} and we have

k

;zgph 21{1€)| > o }|X]
=1i€e
k
< ;Z}ZEMZ 21{1e9] > eocn 0y f}\X}
=114€Z;
3 112’“: Z (my" x7)? [@)21 () ﬁ—lf]
T R ‘me;@’<a> {le”1 > eocn, 95" v}
1

= = [(eiJ )2]1{|52(-j | > eacnkﬁglw/nk\/g}}.
Taking expectation with respect to X on both sides above yields that
1 k . .
S Y E[E1{ed)] > e}
j=14€T,
< LE[(E(j))Q]lﬂE(j” > e0cy, 5 /N \/%}}
- o2 T i ng V2 k .

Let 6 = aacnkﬂgl\/ﬁ. Then, for any n > 0,
(E.1)

B[E0) 1<) > o] < B[O 1 (1) )] < smrm]je 2o
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Since ¥9n~1/2 = 0(1) by the statement of the theorem, the choice 7 = 2
delivers

;g;ﬂ;onyglmZZE[ 21{[¢0)] > ea}]

Jj=11i€Z;

(E.2) < lim lim k- nklﬁgc_Q 20_2E<(6§j))4>:0

k—o00 N —00

by the bounded forth moment assumption. By the law of iterated expectations,
all conditional results hold in unconditional form as well. Hence, V,, ~
N(0,02) by the Lindeberg-Feller central limit theorem. O

PROOF OF COROLLARY 3.9. We verify (A5)-(A9) of Lemma E.8 in the
Supplementary Material. (A5) is satisfied because O,y is consistent under
the required scaling by the statement of the corollary. (A6) is satisfied by
Condition 3.7. To verify (A7), first note that V¢;(8*) = (/(XIB*) — Vi) X,.
According to Lemma E.2 in the Supplementary Material, we know that
conditional on X, b/'(X ] 3*)—Y; is a sub-Gaussian random variable. Therefore
Lemma F.6 in the Supplementary Material delivers

1 t?
P ||—ZZV€ Moo >t X Sdexp(l—ncjw2>,

Jj=14€Z;

which implies that with probability 1—e¢/d,

(E.3) | Z D V(B = Cy/nlogd

Jj=14€l;

It only remains to verify (A8). Let § () ('-)*TV€(] (B*)/+/nO%,. By the
definition of the log likelihood,

. B[V, (5°)
(n®3,)'/?
and by 1ndependence of {(Yi, Xi) "y,

k
Var(z Z fz(qjj)) = Z Z Var(gg)) = Z Z E[(ﬁfi))Q]

j=14€eT, j=14€T, j=14€eT,

- = > (01,101 E((V4(3) (745 ]

- fz 16510, = 1.

=0

Efe))] =

3%
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By Condition 3.6, iy > 0, the event {\ﬁfg)] > ¢} coincides with the event
{‘GzTVEi(ﬁ*)‘ > a/@minn} = {‘G)ﬁTXi(Yi — b’(XZ-T,B*))‘ > aVGminn}. Fur-
thermore, since |@:‘)TXZ-’ < M by Condition 3.7, this event is contained in
the event {|Y; — b/'(X] 8*)| > 6}, where § = ey/finn/M. By an analogous
calculation to that of equation (E.1) in the Supplementary Material, we have

B[ (i-b(XT89)" 1{Yi—¥ (X7 8)| > 611X | < 67"E[(vi—b/(X['8")""|x].

Hence, setting n = 2 and noting that E[(Yi—b’(XiT,B*))Q*"]X] < CV2 4+ noUs
by Lemma E.2 in the Supplementary Material, it follows that

k
Jimtim 37 3 B[ L > <]
J=11€Z;

k
< (Omin)” ' lim lim 2t ") O E[X; X056

k—o0 ng—>00 - :
Jj=14€Z;

(E.4) < (Bin) "t lim lim M3s?/(ne’0mim) = 0,

k—00 Nj—00

where the last inequality follows because ||||max = |E[X; X ]|lmax < M? by
Condition 3.6. Similarly, we have for any € > 0,

k
3 . . ZZ ()43 () —
e 2 2 Bl G > ) =0
=11 j

Applying the self-normalized Berry-Essen inequality, we complete the proof
of this corollary. O

Lemma E.1. Under Condition 3.2, (mgj)Tf]ml(,j))fl/2 > ¢y, for any j €
{1,...,k} and for any v € {1,...,d}, where ¢,, satisfies liminf,, , ¢y, =
Coo > 0.

PRrROOF. The proof appears in the proof of Lemma Bl of Zhao et al.
(2014b). O

Lemma E.2. Under the GLM (2.7), we have

Eexp(t(Y — u(0))) = exp(é~ ' (b(0 + to) — b(0) — 41t/ (9))),

and typically when there exists U > 0 such that v”() < U for all § € R, we
will have

2
Eexp(t(Y — u(0))) < exp <¢Zt ) )
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which implies that Y is a sub-Gaussian random variable with variance proxy
oU.

PROOF.
Eexp (t(Y — pu(0)))
+o0 —
— / c(y) exp (y@b(@)) exp(t(y — pu(0)))dy

oo ¢
+o0 - /
- / c(y) exp <(9 o)y (2(0) o (9))> dy
) /+oo . ((9 + 1)y — b(0 + t¢) + b((; +1¢) — (b(0) + ¢>tb’(9)>> dy

= exp (¢~ (b(0 + tg) — b(8) — 6tV (9))) -

When 0”(0) < U. the mean value theorem gives

100\ 4242 2
Eexp (H(Y — u(0))) = exp (%) < exp (“f ) .

O

PROOF OF LEMMA 3.4. We first show that, for any j € {1,...,k}, |5%(D;)
— 02| = op(k™'). To this end, letting

g = Y(J) _ Xi(j)TB\/\(rDj) ( ) X(J ﬂ X (13>‘( ) ﬁ*)7

(2

we write
2 L _ ) (4) (4)
5%(D O'|—‘ Zs U‘SAl +2A57 + A5,
ZGI
. . R 1 N
AP = | Y-, AP = | (B'D) - ) (; > x| and
ke ke
zeI

= | x9DBND;) — B°) |3/ = Op(N2s)

by Theorem 6.1 of Bithlmann and van de Geer (2011). Hence, with A\ =
Co?\/klogd/n, Agj) = op(1) for k = o((slogd)™'n), a fortiori for k =
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o((slogd)~'\/n). Letting

AR = 8@ -8, 3 X x|
ZGI
A% = 1@ -8 X

We obtain the bound

A(J ‘(ﬂk( ( ZX J) _E X(J) (J)]) —|—E[Xi(j)el(.j)])‘

’LEI

< AS) +af).

By the statement of the Lemma, E[X(]) (])] = ]E[X(]) Ele (j)|Xi(j)H =0,

hence Ag; = 0, while by the central limit theorem and Theorem 6.1 of
Bithlmann and van de Geer (2011),

A < Op(As)Op(ng /).

We conclude AY) = Op(Asn; /%), and with A < 02y/klogd/n, AY) = o(1)
with k& = o(n(slogd)~ 2/3) a fortiori for k = o(y/n(slogd)™!). Finally, noting
that o2 = E[s(])], Agj) = Op(nlzlm) = op(1) by the central limit theorem.
Combining the bounds, we obtain [62(D;)—0?| = op(1) for any j € {1,...,k}
and therefore |72 — 02| < k™1 25:1 5%(D;) — 02| = op(1). O

Lemma E.3. Under Condition 3.6, we have for any 3,3 € R? and any
i=1,...,n, [0/(X]B) - /(X]IB)| < Ki|X](B—B)|, where 0 < K; < c0.

PROOF. By the canonical form of the generalized linear model (equation

(2.8)),
16(X]B) — ¢/ (xX]8)| =[v"(X]B) - v"(X]8)| < ") X] (B8

by the mean value theorem, where 77 lies in a line segment between XZT B3 and
XFB'. |b"(n)| < Us < oo by Condition 3.6 for any 7, hence the conclusion
follows with K; = Us for all 1. ]

Lemma E.4. Under Conditions 2.6 and 2.1 (i), we have for any ¢ € (0,1)
such that 6! < d,

P(IX (B -8 2 s <
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PROOF. Decompose the object of interest as
1 Q. * S 2 * 2. * Q. *
SIX B -5 = (B =) (S - D)8 - 5 + (B - )R - BY)
< IS = Sllmaxl B = BT + Amax(2)18* — B713.

This gives rise to the tail probability bound
1 ~
o TGIXE S
' S t
<B(IS ~ Slhmad B = B > 2 ) + Fmax (DB - 671 > 3 ).

Let M := {HE Y|loo < M}. Since {X;}!"; is bounded, it is sub-Gaussian
as well. Suppose || Xy, < &, then by Lemma F.3 we have,

d
M?* M
¢ 2 .
P(M°) < Zl (1S9 — Sy > M) < dexp (—Cn-mln{’#,ﬁz}>7
p,q=

where C is a constant. Hence taking M = n~!log(d/?),

P(M) < dexp { ~Cnminf (1og(d/5))* <1og<d/a>>2}}

Kkin2 K2n

and the right hand side is less than ¢ for 6! < d. Thus by Condition 2.1,
the first term on the right hand side of equation (E.5) is

P8 - 5,18 - 8] 2 YY) <95

Furthermore, by Condition 3.6 (i), the second term on the right hand side of
equation (E.5) is

P (D)8~ B3 2 Con B <5,
Taking ¢ as the dominant term, ¢ < Cpaxn ™ tslog(d/6), yields the result. [
Lemma E.5. Under Condition 3.6, we have for any i = 1,...,n,
V(X[ B1) — 0" (X[ Ba)| < MU3|181 — Bal1,

and if we consider the sub-Gaussian design instead, we have

2
B (W/(XT31) — 1" (X7 8o)| > hUs |1 — Ball) < ndexp (1 _ C’;) |

51
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PROOF. For the bounded design, by Condition 3.6 (iii), we have

0"(X]B1) —b"(X] Ba2)| < Us| X[ (B1 — B2)| < Us|| XillmaxlB1 — Ballr
< MUs||B1 — B2|)1.

For the sub-Gaussian design, denote the event {max;<;<pn1<j<a|Xsj| < h}
by C, where k is a positive constant. Then it follows that,

2
P (C°) < ndexp (1 - CZ) ,
51

where C is a constant. Since on the event C, [b"(X1B1) — V'(XIB2)| <
hUs||B1 — B2||1, we reach the conclusion. O

Remark E.6. For the sub-Gaussian design, in order to let the tail probability
go to zero, h > log((n V d)).

Lemma E.7. Suppose, for any k < d satisfying k = 0(((5 v sl)logd)_l\/ﬁ),
the following conditions are satisfied. (A1) P (nlleX(j)@(j) Hmax > H) <,
where H is a constant and & = o(k™!). (A2) For any 3,8 € R? and
for any i € {1,...,n}, [(/(XIB) — /(X3 < Ki|X](B — B')| with
P(K; > h) < o for ¢ = o(k~) and h = O(1). (A3) P(n,;luxm(@ -
B85 2 nsklog(d/6)) < 6. (A4) P(maxicoca (B V20 (B (D)) ~
ev) (,@)‘(Dj) -8B zn" sklog(d/é)) < 0. Then

?r\»i

k
B — Bt =— Z IT00)(8%) + op(n~1/2).

for any 1 < v <d.

PRrOOF OF LEMMA E.7. B - B =kt Z] 1(BU( ;) — B5)). By the def-
inition of 3%( Dj),

Bi(D;) - By = B)(Dy) - B; — YYD (BN (D).
Consider a mean value expansion of VK%C) (B\’\ (Dj)) around 3*:

VIO (BND;)) = VID(B") + VD) (Ba) (BND)) - B7),
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where 8, = a,@’\(Dj) +(1—a)B* ac|0,1]. So

k k
Zﬁff Z TV (BY) - A,

w\r—‘
?r'\

where A = %Z?Zl (égj)TV%,(fz(ﬁa) _ ey)(B\)\(Dj) — B). Note that |A| <
Lk (AP +1A5)), where

AP =[BTV (B (D)) — ) (BNDy) - 67|

v (A4) of the lemma, for t < n~'sklog(d/s),

k k
P(\ZAP\ >kt) ( LAY y>t) <Y P(AY)| > 1) < k.
j=1

Jj=1

Substituting § = o(k™!) in the expression for ¢ and noting that k < d, we
obtain k™1 Z?Zl Agj) = op(n~Y/?) for k = o((slogd)~'\/n). By (A2),

AY)| = ‘@m (V23)(8a) = V*E3)(BN(D)))) (BN(D)) - B)
= |- S 8T XT (B (D) - 7) (X ) — /(X B D)
’LGI
1 NN (5 1 A * 2
< (max ) (; X D8 s ) |- XD (BNDy) — ),

therefore by (A1) and (A3) of the lemma, for t < n~tsklog(d/?),

k k
P(\ZAgj)\ > k;t) < ( LAY > t) <3 PIAY) | > ) < k(¥ + 5+ €).
j=1

Jj=1

Substituting 6 = o(k™!) in the expression for ¢+ and noting that k < d,
we obtain k1 25:1 Aéj) = op(n~1/2) for sklog(d/§) = o(y/n), i.e. for k =
o((slogd)~'y/n). Combining these two results delivers A = op(n~%/2) for
k= o((slogd)~'y/n). O

Lemma E.8. Suppose, in addition to Conditions (A1)-(A5) of Lemma E.7,
(A5) |©yy — O, = op(1) for all v € {1,...,d}; (A6) 1/6;, = O(1) for
all v € {1,...,d}; (A7) || Xo1<j<k Ziezj V0i(B")|lo = Op(v/nlogd); (A8)
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For each v € {1,...,d}, letting 51(5) = @:TVBEj)(,B*)/ nos,, E [gfi)} =0,
Var(Z?zl Zz’ezj f’g)) =1 and, for all ¢ > 0,

(E.6) lim lim Z > E| 21| > e}] = 0.

k—o00 N —00
j=11i€D;

Then under Hy : B} = BH, taking k = o(((s V s1)logd)~'\/n) delivers
Sn ~ N(0,1), where S,, is defined in equation (3.14).

PROOF. Rewrite equation (3.14) as

3, - 12’“: I GO
S pell (G 1/2 (©5,)2 \ B A1BL)T] /2
k
(B7) = (AY)+AY)),  where
j=1i€T;

~ (AT N S - )
A(]’) _ @)5}]) V@Eﬂ)(ﬁ ) A(j) _ @q()ﬂ) V&(])(ﬁ ) (@m})l/Q L)

Y (0,12 20 T T (n0y,)1/2 5172
Further decomposing the first term, we have

k
Y AD S S A, where A— 3"y (B0-02) Zé*(flfz

Jj=11i€T; Jj=11i€T; Jj=11i€I;

(%0

and Z?:l Eiezj 51(7]1}) ~» N(0, 1) by the Lindeberg-Feller central limit theorem.
Then by Hélder’s inequality, Condition 3.7 and Assumption (A6) and (A7),

o 125 Cier, V6B o
Al < gfgk\\@”—@ H1 ’ (n@:i)lp

= 0p(s1/ 20 Op(iogd) = 02(1),

where the last equation holds with the choice of k = o((s1logd)~t/n).
Letting AV~ (0x,)4/2 — @1/2 we have

: OV B () am  cnT VEBY) i
>3 o= 3% (ST 1 8y - o i) )

j=14€T, =14i€T;

k
ZZ 211+A22z
Jj=14€l;

l>\
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i 1/2 %
where Z] IZZEI Aglz ’Z] IZZEI gzv ‘@/ @ 1/2| Slnce@

0, @1/2 ’@v’u‘lﬂ = ’@vv _ @:ﬁw + ®;kw|1/2 < ‘va - @zv’1/2 + (@T)v)l/Q' Sim-
ilarly

(O5,)72 = |05, [V/% = 1074, — By + 04 |V? < 107, — B, + 6,0,

yielding \@11“/)2 — ()2 < |64, — O%,|"/? and consequently, by assumption
(AD),
}A(j ‘ _ ‘61/2 @* 1/2| — O]P(l).

k
Invoking (A9) and the Lindeberg-Feller CLT, ’Z Z A%),i

= op(1). Simi-
j=14€T;
larly
- () () 1/2 : ()
* AU *T v+ —

>3 Al < max 60—/ [57|(0;70:) Y- 36| -
J=11€; j=1i€Z;
Combining all terms in the decomposition (E.7) delivers the result. O

(B1)-(B5) of Condition E.9 are used in the proofs of subsequent lemmas.
Condition E.9. (B1) |w*||1 < s1, ||J*||max < 0o and for any § € (0, 1),

P82, - Bl 20 2s\/log(d/9)) < 6

and
P(H@ w202 1og(d/5>) <4

(B2) For any 6 € (0,1),
P(IIV-ta (85, 8% o0 2 n™"/2/10g(df0) ) < 8
(B3) Suppose B, satisfies (B1). Define
Hy = (V3 _oln(B3, Bova) = V2, o ln(B5, B-va) - (B, — BZ,).

Then for B_y o = aB*, + (1 — a),@iu and for any ¢ € (0, 1),

P < sup |H,| 2 slsbg(;l/é)) < 0.

a€l0,1]



DISTRIBUTED TESTING AND ESTIMATION 17

(B4) There exists a constant C' > 0 such that C' < I;h < o0, and for
v* = (1,—w*T)T, it holds that

Vi TV, (55, 8)

(B5) For any 4, if there exists an estimator ,5 = (~;;F,,§TU)T satisfying

18 — B*||1 < Cs\/n—Tlog(d/d) with probability > 1 — &, then
P(}|V2£n(§) I n*l/%/log(d/a)) <.

The proof of Theorem 3.11 is an application of Lemma E.13. To apply
this Lemma, we must first verify (B1) to (B4) of Condition E.9. We do this
in Lemma E.10.

Lemma E.10. Under the requirements of Theorem 3.11, (B1) - (B4) of
Condition E.9 are fulfilled.

~ N(0,1).

PROOF. Verification of (B1l). As stated in Theorem 3.11, [|[w*||; =
O(s1) and ||J*|lmax < oo by part (i) of Condition 3.6. The rest of (B1)
follows from the proof of Lemma C.3 of Ning and Liu (2014).

Verification of (B2). Let X; = (Q;, Z1)T. Since |V 0n(8")[|oe = || -1 37,
(YZ- - (xt ﬂ*))ZiHOO, since the product of a sub-Gaussian random variable

and a bounded random variable is sub-Gaussian, and since E[V,¢,(8*)] = 0,

we have by Condition 3.6, Bernstein’s inequality and the union bound

P([|[V4n(8")||loo > t) < (d — 1) exp{—nt*>/M?c}}.
Setting 2(d — 1) exp{—nt?/M?c}} = § and solving for ¢ delivers the result.

Verification of (B3) Let 3% = (0*,7,) and decompose the object of interest
as
(E.8)

5
’ (v?),—vgn(ﬁzta ﬁ*U,a) - @Tv%v,—vgn(/ﬁ:v B*U,a)) (B\iv - /Biv)‘ < Z}At
t=1

)

where the terms Aj - Az are given by Ay = V2 _ (,(8) — V2 _ln(8%),

Ny =V (B —w T, Ay=wT(V2, 0a(B") — V2, ln(B2),

Az = w*T(‘]iv,—v - v%v,—yfn(ﬁ*))a Ay = (w*T - @T)v%v,—vgn(ﬁ:z)‘
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We have the following bounds

_ 1 - 7T\ _ g* 1T ax\ _ gl T g% ‘
2] = \nzzzzi (B, - B2,)(¢(X] 1) - 6/(XT8Y))
< g Ko oo 1ol 2B - 20

1A0] < ||V2 _ola(B) — Ji_o|| 1B, — B4,

1As] < JJwl1|| Ty —y = V2ol (B)|| . 1B, — Bills,
< lrgngllw*H Hf 26, 6.

and |As| < [lw* — @1 || V_v,—oln(B5)], . I1BY — B%,]l1- Let € = 6/5. Then
by Condition 3.6 and Lemma E.4

1 1
IP’<|A1] > Sog(:/z-:)) <e and IP(|A4| > 5$10g(7§l/6)> <e

Noting the B* itself satisfies the requirements on ,5 in (B5), Lemma E.11
and Condition 2.1 together give

1 1
P10 2 2B W) o and B(18g] 2 01 B <
K n
By (B1) verified above and noting that

Hv—v,—vgn(ﬁ:)Hmax - HV—U —v n(lB:) - V—vy—vgn(ﬁ*)umax
+[Vo-otn (8]

max’

the proof of Lemma E.11 delivers ]P’<|A5| 2 swlog(d/e)/n) < . Combining
the bounds, we finally have

]P’( sup H, 2> slsIOg(d/6)> < 0.
n

a€l0,1] ~
Verification of (B4). See Ning and Liu (2014), proof of Lemma C.2. [

In the following lemma, we verify (B5) under the same conditions.
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Lemma E.11. Under Conditions 3.6 and 2.1, (B5) of Condition E.9 is
fulfilled.

PROOF. We obtain a tail probability bound for A; and Ag in the decom-
position

||V2€n(,§) - J*Hmax < HVQ&L(,@) - v2£N(B*)HmaX + HV%H(ﬁ*) - J*”max

= Ay + Ao.
For the control over Ay, note that by Condition 3.6 (ii) and (iii),
V20, (8| < |0"(XTB)|| X3 Xan| < U M.

Hence Hoeffding’s inequality and the union bound deliver

t2
— 2 ¥\ 7* < 2 _L
(B.9) (A3 > t) = P(|[V20a(B") = J*[max > t) < 2d% exp] 8U22M4}.

For the control over Aj, we have by Lemma E.5,

[V20u(B) = V20 (B = |(0(XTB) = V" (XT B%)) X5 X

M3Us||B — 8|1 < MPUss\/n~Vlog(d/d)

with probability > 1 — §. Hoeffding’s inequality and the union bound again
deliver

IN

B(A1 > 1) = B([V36a(B) — Vil s > 1)

(E.10) 2

8UZM6s21og(d/d) }

< 2d? exp{ —

Combining the bounds from equations (E.9) and (E.10) we have

P(IV20B) ~ T |lmax > £
t2 n?t?

< 2d? (exp{—gl%M;} - eXp{_8U§M652 log(d/d) }>

Setting each term equal to d/2, solving for ¢ and ignoring the relative mag-
nitude of constants, we have t = Us max{n~'slog(d/d), n~Y2,/log(d/d) } =
Usn~2?log(d/$), thus verifying (B5).




20 H. BATTEY, J. FAN, H. LIU, J. LU AND Z. ZHU

Lemma E.12. For each j € {1,.. k:} let B_ya;, = %B +(Dj) + (1 —

a;)B*,, for some «; € [0,1], where [3,”( D;) is defined in equation (2.2).
Define

AP = (@(Dy) —w")V_ 098, 8%,) and
Agj) = (Vg —v njk(ﬁmﬂ va) ATV*U —v J)(ﬁwﬁ Uay))(ﬁiv_ﬁi”)'

Under (B1) - (B3) of Condition E.9, )k‘_l Z;?:l Agj)‘ = OP(n_l/Q) and
‘k_l Z§:1 Aéj)‘ = OP(n_l/Q) whenever k£ < d is chosen to satisfy k =
o((s1logd)~t/n).
PrRoOF. By Hoélder’s inequality,
] = | (w" — @(D;))"V-ut) (55,82,
< 1@ (Dy) — w* |1V -l (85, B oo,

hence, for any ¢,
{|AY| > 1} € {||&(D;) — w* |1 |V -l (B2, B )loo > £}

Take t = vq where v = Cn~Y2s1\/klog(d/d) and ¢ = Cn~1/2\/klog(d/s).

Define two events F7 and E5 as following.
By = {[|®(D;) — w*[[1 [Vl (8}, B, lloo > va},

P LA L T)

Then we obtain that P(E;) = P(E1 N E) + P(E; N ES), which is not greater
than 26 by (B1) and (B2) of Condition E.9. Hence the union bound delivers

k k
]P’(‘Z Agj)‘ > kvq) < ]P’(U?:l{‘Agj)‘ > vq}) < ZPOA@} > vq)
j=1 j=1
< 2ké = o(1)

for § = o(k~!). Taking § = k! for a > 0 arbitrarily small in the definition
of v and ¢, the requirement is kslogd = o(y/n) and ksilogk = o(y/n)
for a > 0 arbitrarily small. Since k < d, k~! Z§:1 Agj) = op (n‘l/Q) with
k = o((s1logd)~'y/n). Next, consider ]Agj)| < Supaeo,1) |Gol, where

Gy = (V2 _ 9 (85, Bova) — WV, _ 09 (B, Bva)) (BY,(D)) — BL,).
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By (B3) of Condition E.9, P(|AY)| > t) < 6 for ¢ = sysn~klog(d/5), hence,
(’)

proceeding in an analogous fashion to in the control over k~! Z?:l AT, we
obtain

k k
(|3 a9 > k) <P (Uii]al] > ¢) <Y P(JAF] > 1) < ko =o(1)
j=1 j=1
for 6 = o(k™'). Hence k! Z?Zl Agj) = oIp(n_l/Q) with k = o((s1slogd)™!
n3/2). Since (s1logd)~!y/n = o((s1slog d)_1n3/2), k1 Z?Zl (Agj) —}—Agj))
OP(n*1/2) requires k = o((s1logd)~'/n).

Lemma E.13. Under (B1) - (B4) of Condition E.9, with k£ < d chosen to
satisfy the scaling k = 0(((3 V s1)log d)*l\/ﬁ%

oo

k k
§ DB ADY) = 4 35D 6,) + op(n ) and
j=1 J=1
k
nh_)Igo Sl;p IP((J;, v)_l/Z\/ﬁ% Z (j)(ﬁi,ﬂiv) <t)—@(t)] — 0.
j=1

PROOF. Recall
S(BE,B%,) = Vo9 (B, BE,) — wTV_, 09 (85, B%,).

Through a mean value expansion of S@ (37, B +(Dj)) around 3%, we have
for each j € {1,...,k},

S (85, 82,(Dy)) = Vuld) (83, 824(D;)) — @(D;)" Vol (85, 82,(Dy))
— 508z, 8%,) + AV + AY),

for some B_, o = aB_U(Dj) + (1 — «a)B*,, where

A(j):('w —'w( )) Vo 6])(51;’:3—1))
AP = [ V20082 Bva) = BTV, 09 (85, B-00) | (B2, (Dy) - B,).

Here h, = Vi_véﬁfg( ¥ Bova) — w(D;)TVE, Uf(jk)( . B—v.a). It follows

v
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that
(E.11)

k “ T k

%ZS]) /vaﬁ)\ )):k J) (8%, 8%, %Z A(J A(J
: ]:1 :
1n
= 30590, 7") + op(n )
j=1

by Lemma E.12 whenever k = o((s1logd)~!y/n). Observe

ﬁ(k_lis(j)(ﬂi,ﬂfv))Zf (Zw (8;.8%,)) and
j=1

*_v — (1’ —’U}*T)J*(l, —’IU*T)T.

V|

So Vni Z?Zl SU(Bx,B%,) ~ N(0,.J%_,) by Condition (B4). Similar to

7v|

Corollary 3.9, we apply the Berry-Essen 1nequality to show that

k
sup [P(V %Z (52 8%,) < 1)~ B(1)] = 0.

Lemma E.14. Under Condition (B1), for any ¢ € (0,1),
p(uw— w1 > Cn~ 2 klog(d/é)) < ks,

P(IB, - B,lh > Cn~'/25\/klog(d]) ) < ko.

PROOF. Set t = Cs1y/n~1(klog(d/5)) and note

k

HZ (@(Dy) — w1 > kt) < > P([@ - wlls > t).

J=1

by the union bound. Then by Condition (B1),

P(Jjw —w |y > Cn~"/2s1 /K log(d/9) ) < ko.

The proof of the second bound is analogous, setting t = C's\/n~1(klog(d/d)).
O



DISTRIBUTED TESTING AND ESTIMATION 23
Lemma E.15. Suppose (B5) of Condition E.9 is satisfied. For any 9, if there

exists an estimator 3 = (8L, 87,7 satisfying ||8— 8*||1 < Cs\/n~Tlog(d/d)
with probability 1 — 4, then

(B

> On~1/2 k:log(d/é)) < k.

max

PRrOOF. The proof follows from (B5) in Condition E.9 via an analogous
argument to that of Lemma E.14, taking ¢t = C\/n~1(klog(d/s)). O

Lemma E.16. Suppose (B1)-(B5) of Condition E.9 are fulfilled. Then for
any k < d satisfying k = o(((s V s1)logd)~t\/n), | gy — J:]"_v\ = op(1).

PROOF. Recall that J7_, = Jy, — J5 _,J*, 0, J%, , and

v,—v” —vU,—v" —U,V

?r'\r—‘

k
Z vv ’Uenk /81)716 ) TV%UU ng (/81}7/6—1))
SO |Jy|—p — J:|fv‘ = 01 + d2, where

and

k
1 N d —
A1 = ‘% Z Vv,vggk) (Bgvﬁ—v) -
A2 = ‘7T vav vggzjk vaﬁ )_ *T'Iiv v)‘

Let 3 = (Bﬁ,B_v) and note that || — B*||; satisfies the clause in (B5) of
Condition E.9 by Lemma E.14 when k = o(((s V s1)logd)~!y/n). Hence
A = op(1l) by Lemma E.15.

A < |- w) (4 ZV_M% BBo) = J%00)

Az

@), (1 Zv,mk By Bou) = %) |

Ago

Ao3
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By the fact that ||J*||max < 00 and ||lw*||; < Cs; by (B1) of Condition E.9,
an application of Lemmas E.14 and E.15 delivers

Agp < ||w w || H vavv ny IB’UHB ) 7’1}’UH :Op(l),

Az < ||’w—w Il HJ*WllooZOP(l),

Agy < vav'u ng /Bvﬂlg ) 7va ||w*H1 :OP(l)

for k = o((s1logd)™'n), a fortiori for k = o(((s V s1)logd)~'y/n). Hence
’Jv|_v — J§|—u‘ = op(1). ]

APPENDIX F: AUXILIARY LEMMAS FOR ESTIMATION

In this section, we provide the proofs of the technical lemmas and theorems
for the divide and conquer estimation. Using Lemma 7.1 we can derive Lemma
F.1, which serves as a crucial step in establishing Lemma 4.1.

Lemma F.1. Suppose Conditions 3.1 and 3.2 are fulfilled. Let A < y/klogd/n

and ¥ =< \/k: log d/n. With I = o((slogd)~1y/n), va(B' — B*) = Z + A,
where Z = f ZJ " rM( NXTel) and ||Alls = op(1).

ProOF OF LEMMA F.1. For notational convenience, we write Bf}asso(l)j)
. I~ —d
simply as ,@A(Dj). Decompose 3 — B* as

j=1
+ 1 Zk: Lo xOT0)
k . ng ¢
j=1
. - 1n 1
= Z([ — M(J)Z(J)) (B\ND;) - B) + %Z ;kM( ) x (DT 2(5)
J=1 Jj=1



DISTRIBUTED TESTING AND ESTIMATION 25

Defining AW = (I MOXU )(B)‘( i) — ,8*), we have

1A oo < APy < [MVED — T|uwax 18X (D5) = 871

by Hélder’s inequality, where ||[I — MWEW) || 0 < 91 by the definition of
MU and, for A = Co?\/logd/ny,

s 2log(2d cengt
(F.1) (HB’\ - B3 > nk() +t> < exp (—>

5202

by Bithlmann and van de Geer (2011). We thus bound the expectation of
the 1 loss by

(F.2) E |:HB\)\(D]) _IB*Hﬂ < M + /Ooo exp <_zg§t> dt

Nk
2C's? log(2d) n 5202

n cny
Define the event £0) := {H,B)‘ 5*“1 < s4/C'log(2d) /nk} for j =
k. |AD||o < AV +A<>+Ag>where
A&” = |MWEO) Iumaxnﬁ*( j) — B[ 1{ED)
— E[|MYED) — [)max]|BND;) — 87|11 1{EVN]
AY = MDY f||max||ﬂ*< j) = Bl 1{£D}

— E[|MYSD) — I|ax| BND)) = Bl 1{ED}]  and
AY = E[IMOTO — a8 (D;) - 871
Consider Agj ), Agj ) and Agj ) in turn. By Hoeffding’s inequality, we have for

any t > 0,
(F.3)

k
kt? ngnt?
AJ t] < _ MR < __ e .
( ;1 g ) - exp< Cs?0?log(2d)) — P\ Cs?log?(2d)

PT\H



26 H. BATTEY, J. FAN, H. LIU, J. LU AND Z. ZHU

By Markov’s inequality,

k k (9)

1 () > -1 E[A57]

Pl=Y AV >t | < =122 = -
(k:; 2 ) = Kt

(F.4) < A B[ MOSO — 1], 1B D) - B*[1 1{E0°})]
< 26719, E[|IBN(D;) — B[] BEW)

logd s2log(2d
(F.5) < Ct—l\/ (:f 2 (:;5( )d—c < Ct~Ysn td=*log d,
k k

where the penultimate inequality follows from Jensen’s inequality. Finally,
by Jensen’s inequality again,

1 . .
=5TAY = EMYEY) — ]nullBA (D)) — B7I11]

(F.6) < 791\/1[4: [HBA(DJ) — lg*Hﬂ < CSlogd‘

N

Combining (F.3), (F.5) and (F.6),

slogd 1< slogd
|Aloo > 3Cy/n- ZIP’ =3 AW > Cyn-
u=1 k 1

J:

(F.7) < exp(—ckn) +d~? = 0,
and taking k = o((slogd)~'y/n) delivers || Al = op(1). O

PRrROOF OF THEOREM A.1l.
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For simplicity, denote XOT X0 /ny, by Sgg), XTX /nby Sy, (S(j))*1 (%)t
by D(]) and (X)7! — Sx ! by Dy. For any 7 € R, define an event £0) =
{H( ) Hjp < 2/Cmm}ﬂ{\|S — Y2 < (61V2)} forall j =1,..., k, where

Clx/d/nk-i-T/M , and an event & = {||(Sx) 7|2 < 2/Cmin}ﬂ{HSX—
E||2 < (62 V 65)}, where 82 = Cy1+/d/n + 7/+/n. Note that by Lemma F.2
and F.5, the probability of both (£())¢ and £¢ are very small. In particular

P(£°) < exp(—cn) 4 exp(—c172) and P((ED)¢) < exp(—cn/k) +exp(—c172).

Then, letting & := ﬂ £, an application of the union bound and Lemma
Jj=1
F.9 delivers

P (-l > ) <P ({ S (X0 DT > t/z} mgo)

+P ({(XD2)"e/n|> > t/2} N 5) + P(&5) + P(£°)
203

< 2exp <dlog(6) 320;“2‘52> + kexp(—cn/k) + (k + 1) exp(—c172).
71

When d — oo and logn = o(d), choose 7 = \/d/c1 and 6, = O(\/kd/n).
Then there exists a constant C' such that

P (HB Bl > c@) < (k+ 3)exp(—d) + kexp(~ 7).

Otherwise choose 7 = y/logn/c; and §; = O(y/klogn/n). Then there exists

a constant C such that

\flogn k+3 cn
(IIﬁ Bl > C < TS kewn(- ).
n
Overall, we have
-~ k(dVv1
P (uza Bl > CW) < ckexp(—(d V logn)) + kexp(—cn/k),
which leads to the final conclusion. O

PROOF OF COROLLARY A.3. Define an event

€ = {|IB" = B*|l < 20/ logd/n},
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then by the condition on the minimal signal strength and Lemma 4.1, for
some constant C’ we have

P (IW =B >’

({IIB Bl > W}m)w(m
({IIB -l > W}ﬂé’>+0/d

kexp(—(s Vlogn)) + kexp(—cn/k) + ¢/d.

V(s V log n))

| /\

k .
where B8° = 1 Z( )) D¢ Ty (), which is the average of the oracle

estimators on the subsamples. Then the conclusion can be easily validated.
O

ProOOF OoF THEOREM B.1. The following notation is used throughout the
proof.

1 . 1 . .
S(8) = V*tu(B) = ~X"D(XB)X, SY .= nkaU)TXU)

iX(j)TD<X(j)IB)X(j)7 Sy =
ng

1

j 7290 _ T
SW(B = V) (B) = —xTXx.

For any j=1,...,k, B(j) satisfies
NPy 1 . , N
vg%)(g(])) — ;kX(J)T(Y(J) — (XY =0

Through a Taylor expansion of the left hand side at the point 3 = 3%, we
have

L x0Ty 0) _ y(xg%) — sO@FY — g+ — x) =,
ng
where the remainder term r") is a d dimensional vector with ¢** component

1) = (B9 — ) TVAIX) T (X B)BY - )

Gnk
= (I@(J ﬂ*)TX(j)Tdiag{X;j) o u”((X(j)E(j)))}X(j)(B(j) - B,
Nk

where ,8 () is in a line segment between B(j ) and B*. It therefore follows that

BY) = g* + (SO XD (v — (X9 8*)) + nyr@].
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A similar equation holds for the global MLE ,@:
B=p"+S"[XT(Y - p(XB")) + nr],

where for g =1,...,d,

o= o (B — BT X7 diag{ X, 0 ' (XBY) X (B - 8°).

Therefore we have

k . .
where R = (1/k) 3. (8@))~1r() — §=1r. We next derive stochastic bounds
j=1
for ||Bl|2 and || R||2 respectively, but to study the appropriate threshold, we
introduce the following events with probability that approaches one under

appropriate scaling. For j =1,... k and &, 7,t > 0,

S Y ;
£ i= 189) 2 < 2/} 0 {15222 < 130 150 < 200
£ = {15~ <2/ T} 1 {15 Bl < (52 89)) 1 {1Sx 2 < 2Cna).
FO = {18V - gl > t}, Fi={IB- Bl >t}

where 6 = C1\/d/ni + 7/ /g and d; = C1y/d/ny + 7/+/n. Denote the

intersection of all the above events by A. Note that Condition 3.6 implies

that /(X1 B)X; are i.i.d. sub-Gaussian vectors, so by Lemmas F.2, F.5,
F.4 and F.11, we have

P(A°) < (2k+1)exp (—%) + (k + 1) exp(—c17%)
nC? t2
2k dl 6 min-——min
* P < °8 211 CmaXU2¢k>
We first consider the bounded design, i.e., Condition 3.6 (ii). In order to

bound || R||2, we first derive an upper bound for ré 7 Under the event A, by
Lemma E.5 we have

1
max ( ) < MUngaXt and max ry; < ~ MU3C paxt?
1<g<d,1<j<k Y 3 1<g<d 3
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It follows that, under A,
2
(F.9) |R||2 < gM\/&Ugcmamt?.

Note that B is very similar to the RHS of Equation (F.8). Now we use
essentially the same proof strategy as in the OLS part to bound || B||s.
Following similar notations as in OLS, we denote (SU))~1 — %~1 by DEJ ),
S~ — %1 by Dy, YU — u(XWB*) by €) and Y — u(XB*) by e. For
concision, we relegate the details of the proof to Lemma F.10, which delivers
the following stochastic bound on || B||2.

(F.10) P({| B2 > t1} N.A) < 2exp ( dlog(6) Crnin Linin ™1
. ex (0} — .
2 = 2P LB T R s oo (61 V 62)2

Combining Equation (F.10) with (F.9) leads us to the following inequality.

o~ 2
P <Hﬂ = Bll2 > ZMVAUsCrnat? + 751) < @k+ Do (_%>
C2. L2, ni?
9 min-—min
+ (k+ 1) exp(—e17?) + (k + 1) exp (dlogﬁ - 2110m<Uwﬁk>
C4 L2 nt?
5 dloe 6 — min~“min’""1 .
+ exp < 08 128¢U2Cmax(51 \ 6%)2>

Choose t = t; = \/d/ny and, when d > logn, choose 7 = \/d/c; and
91 = O(y\/kd/n). Then there exists a constant C' > 0 such that

kd3/2
n

—%) +2(k + 2) exp(—d).

P (HB— Bl >C ) < (2k + 1) exp(

When it is not true that d > logn, choose 7 = \/W and § =
O(y/klogn/n). Then there exists a constant C' > 0 such that

- = kvdl k+3
P (w B2 > cfog”> < (@k+ Dexp(~ )+ 7
n k n
Overall, we have
P <H,6' — B2 > CW) < ckexp(—cn/k)+ck exp(—c(dVlogn)),

which leads to the final conclusion. O
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PROOF OF COROLLARY B.3. Define an event

£ = {IB" - B|lo < 20\/logd/n},

then by the conditions of Corollary B.3 and results of Lemma 4.6 and
Theorem B.1,

P (IW — B2 > C’k‘/g(‘s: log")>

<P ({15 - B> o e ) ey

k+v/s(s Vlogn) } A 5)

gP({Hﬁ”—B"HQ > C' +c/d

< ckexp(—(sVlogn)) + kexp(—cn/k) + c/d.

. ko _ .
where 8° = 1 Y 8°(D;), B°(D;) = argmaxgegd g .o (9)(B) and C’ is a
j=1

constant. Then it is not hard to see that the final conclusion is true. O

PROOF OF LEMMA 4.1. According to Lemma F.1, we have \/ﬁ(ﬁd—ﬁ*) =
Z + A, where Z = ﬁzﬁl \/%TkM(j)X(j)Ts(j). In (F.7), we prove that
|A]|oo/v/1n < Csklogd/n with probability larger than 1 — exp(—ckn) —
d—/2 >1— c¢1/d for some constant c;. Since ad is a special case of B
when k& = 1, we also have v/n(B% — 8*) = Z + Ay, where (F.7) gives
|Alloo/v/n < Cslogd/n. Therefore, we have ||Bd - ,@dHoo < Csklogd/n
with high probability.

It only remains to bound the rate of || Z||~/+/n. By Condition 3.2, condi-
tioning on {X;}" ;, we have for any £ =1,...,d,

(F.11)

P10 1 ) = (| S MO XOTO)] > o] ()
j=1

ent? >
K2Qe/’

where & is the variance proxy of € defined in Condition 3.2 and

§2exp<—

k
1 . NT
Q== XM,
j=1
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Let Qmax = maxi<¢<q Q¢. Applying the union bound to (F.11), we have
P(1Z]oo/v/ > t| {XiHir ) < P( max |Z0l/vn > ¢ | {Xi}i)

ent? )

KQQmax

< gP(IZzI/\/ﬁ > (X)) < 2dexp (-

Let t = \/2k2Qmax log d/(cn), then with conditional probability 1 — 2/d,

(F.12) 1Z|oo/ vt < /K2Quuax log d/ (cn).

The last step is to bound Qnax. By the definition of @)y, we have

k k
_ 1 DTG ) — L T()
Qo=+ 2—21 M7EI MY < z > Q7 s9 @),
(F.13) T
1en 1 1
=1 > - > (xT(Q)? = - > (xR,
j=1

iEDj =1

where 0 = X7, The inequality is due to the fact that M E(j ) is the minimizer
in (3.4). By condition (3.2) and the connection between sub-Gaussian and
subexponential distributions, the random variable (XzT Q,)? satisfies

_ 1
Sl>1113q I(E’(XZTQ()QP) /4 < 4/{2(255.
q=

Therefore, by Bernstein’s inequality for subexponential random variables, we
have

n

B (|5 oo x| 1) < 20 (oo )M () )
i=1

Applying the union bound again, we have

1, o 2 T 2 2 logd
P( max |- (X7 (9007 - EXT01] > 820 =7

1=

< gp()i an(Xf €)% - E[X] [QW\ > 82y | %) <2/d.
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Therefore, with probability 1 — 2 / d, there exist a constant C such that

_ < 1 T - To 12 T 12
Quax = max Qs 1rgg<xd\ S (XTI ~ EIXTQ?| + E[XT 0]

log d
<8"529JJ Oi + 8y < Ch,

where the last inequality is due to Condition 3.1. By (F.12), we have with
probability 1 —4/d, || Z||e/v/n < /k2C1logd/(cn). Combining this with
the result on ||A||o delivers the rate in the lemma. O

PrOOF OF LEMMA 4.6. The strategy of proving this lemma is similar to
the proof of Lemma 4.1. In the proof of Lemma E.7 and Theorem 3.8, we
have shown that

1< A
(/6 ,6 %g ()Tve])

?r'\b—‘

T
where the remainder term for each j is

LS v x, XT) (B"(D;) - 6")
"k 1€Z;

and 7; = t X1 B* + (1 — t)XiTB)‘(Dj) for some ¢ € (0,1). We bound A; by
decomposing it into three terms:

1Al < (1 - 0" S V(KT 8 XXT) (BN(D)) - )

Aj= <1 —eulT

1€Z; >
4
+lor S xIBN D) - v (XT B XX] ) By =8,
1€Z;
Iz
+@0 - o L S xR D) XXT ) (B2 - 87|
1€L;

I3
By Hoeffding’s inequality and Condition 3.3, the first term is bounded by
(F.14)

1
nl < |r-e S vx7 s xix!
ng
i€L;

sklogd

n

<C

BND;) - B* X

max
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with probability 1—¢/d. By Condition 3.6 (iii), Condition 3.7 (iv) and Lemma
E.4, we have with probability 1 — ¢/d,

1
(F15) 1] < e |09 X oo 3 UalX )P < oPhled.
’ ZEI n
Finally, we bound I3 by with probability 1 — ¢/d,
(F.16)
\/7 // T )\ T (j .
I3 < 22 > VI(XTBND)) (X (O > [3[x, )
" €15 1€
< (s Vs)klogd

n

where the last inequality is due to Lemma E.4 and Lemma C.4 of Ning and
Liu (2014).
Combining (F.14) - (F.16) and applying the union bound, we have

k

1 (s1Vs)klogd
S0 A < max Al = 0p (RS,
D [FENNRECE

Therefore, we only need to bound the infinity norm of the leading term T.
By Condition 3.7 and equation (E.3), we have with probability 1 — ¢/d,

O <
112?<Xk 11232([1”@ Q|1 < Csi/logd/n  and
1 )
H% nggg(g )| < cviegarn.
j=1

This, together with Condition 3.6 and Condition 3.7 give the bound,

(F.17)

oo

k
NN ) 1 N
[Tl < (M max [OF) — @ + max | X7 O ) | D VEQ(8)
’ ]:1

< C( logd n sllogd)’

n n

with probability 1 — ¢/d. Since Bd is a special case of Bd when k£ = 1, the
proof of the lemma is complete. O

We borrow the following two lemmas on concentration inequalities from
Vershynin (2010) for the proof later.
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Lemma F.2. Suppose X is a nxd matrix that has independent sub-Gaussian
rows {X;}™ ;. Denote E(X;X!) by ¥, then we have

1
P (||XTX —Xxll2>(0V 62)) < exp(—c1t?),
n
where t > 0,0 = C14/d/n+t//n and C; and ¢; are both constants depending
only on || Xy, -
PROOF. See Theorem 5.39 and Remark 5.40 in Vershynin (2010). O

Lemma F.3. (Bernstein-type inequality) Let X,..., X, be independent

centered sub-exponential random variables, and M = max | X, - Then
<i<n

for every a = (ay,...,a,) € R" and every t > 0, we have

n 2
t t
P X >t < —Cymi .
(Za’ - )‘exp< 2m1“<M2|rau§’M||a||oo>>

=1

PROOF. See Proposition 5.16 in Vershynin (2010). O
Lemma F.4. Suppose X is a nx d matrix that has independent sub-gaussian

rows {x;}7" 1. If Apax(E) < Cmax and d < n, then for all M > Cpax, there
exists a constant ¢ > 0 such that when n and d are sufficiently large,

P (H:LXTXH2 > M> < exp(—cn).

PROOF. Apply Lemma F.2 with t = \/en/c1, where (y/c/c1 V ¢/c1) <
M — Ciax, and it follows that

P <“iXTX - EH2 >0V 52)> < exp(—cn).

Since d < n, we obtain (§ V §2) — \/c/c1, which completes the proof. [

Lemma F.5. Suppose X is a nxd matrix that has independent sub-Gaussian
rows {X;} 1. EX; =0, Amin(X) > Cmin > 0 and d < n. For all m < Chn,
there exists a constant ¢ > 0 such that when n and d are sufficiently large,

P (H (%XTX)_1H2 > ;) —P (Amin(iXTX> < m> < exp(—cn).



36 H. BATTEY, J. FAN, H. LIU, J. LU AND Z. ZHU

PROOF. It is easy to check the following inequality. For any two symmetric
and semi-definite d X d matrices A and B, we have

)\min(A) > )\min<B) - ”A - B||2 )
because for any vector x satisfying ||x||2 = 1, we have
[Az|2 = [[Bx + (A = B)zllz > [[Bz[la—[(A = B)®|2 > Amin(B)—[|A = Bl[2.

Then it follows that

1 -1 1 1
P (H (—XTX> H > ) —p (Amin(XTX> < m)
n 2 m n
<P (HiXTX x|, = Coin - m) < exp(—cn),

where ¢ satisfies (y/c/c1 V ¢/c1) < Cpin — m and the last inequality is an
application of Lemma F.2 with ¢t = y/en/c;. O

Lemma F.6. (Hoeffding-type Inequality). Let Xj,...,X,, be independent
centered sub-Gaussian random variables, and let K = max || X;]|y,. Then for
(2

every a = (ai,...,a,) € R” and every ¢t > 0, we have

ct?
P : Zt §€'eXp —m .

n
E a; X;
=1

Lemma F.7. (Sub-exponential is sub-Gaussian squared). A random vari-
able X is a sub-Gaussian if and only if X? is sub-exponential. Moreover,

X135, < 11Xy, < 21X15,.
PROOF. See Lemma 5.14 in Vershynin (2010). O

Lemma F.8. Let Xi,...,X, be independent centered sub-Gaussian random
variables. Let x = max; || X;||y, and 02 = max; EX?. Suppose 02 > 1, then

we have
1< 9 9 a’n

ProOOF. Combining Lemma F.3 and Lemma F.7 yields the result. O
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Lemma F.9. Following the same notation as in the beginning of Proof of
Theorem A.1,

k N HUNT (G 2,13
1« (XO)DYNHTl) t t2C3. n
P — 1 -\n < g4 - min
({k 2 - ly>5 (& | <6%exp < 32C552(6; vaf)2>

j=1
and
P ({ICCD0"e/ula > 1/2} 1€) < exp (d1og(6) - mn )
32C5s% (02 V 65)?
PRrROOF.
(F.18)

E <exp MDD (X DT ) /nk)) ]X(j)>

ok Ax Y T (i ; 2.0\ AY 2
=1]E exp((le) (DUIV)e;) | XU ) <exp [ CsA%sT Y (=) |,
. =1

=1 "k
(F.19)
E (exp (MDov)T (XTe/n)) | X) = ﬂE(exp (AXi/N)T(Dav)e;) | X)
=1 N
< exp (C:MQS? ;Af/n2> ,

where we write Al(j) and A; in place of (Xi(j))Tng)v and (X;)T Dyv respec-
tively (3 is an absolute constant, and the last inequality holds because ¢;

ng . n
are sub-Gaussian. Next we provide an upper bound on ) (AEJ ))2 and > A?.
i=1 i=1
Note that

Z(Al(j))z _ VTng)XTXDg)V
i=1

=vT((SO) = () S (S = (=) )y
— 212 = SO (D) - sP)nly,

and similarly,

D A7 =nvTS (D - Sx)(Sx) T - Sx)T v
=1
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For any 7 € R, define the event £U) = {||(S ‘7)) Y2 <2/Crmin} N {5} 0 _
B2 < (61 V6])} for all j =1,...,k, where &1 = C1+/d/ny + 7//ng, and
the event £ = {H(Sx)_ng < 2/Cmin} N {HSX - EHQ < (52 V 5%)}, where
6y = C1\/d/n +7/\/n. On EU) and &, we have respectively

Nk

3 (42 < é"’“ (61 V 6%)2 and ZAQ D (5, v 62)2.

i=1 min i=1 min

Therefore from Equation (F.18) and (F.19) we obtain

» o , 2.2
E (exp()\(ng)v)T(X(])Ts(])/nk)) ]1{5(3)}> < exp <2§)}3A 51 (61 V 5%)2>

min 'tk

and

252
E (exp()\(DQV)T(XTs/n)) ]l{E}) < exp ( CC'??ANI (62 V 5%)2> .

min

In addition, according to Lemma F.2 and F.5, the probability of both
(£U))e and £°¢ are very small. More specifically,

P(£°) < exp(—cn) +exp(—ec172) and P((£Y))) < exp(—cn/k) +exp(—c172).

ko
Let & := ) &€ (@), An application of the Chernoff bound trick leads us to the
j=1
following inequality.

k
({ Z XUTeW)y/ny > t/2} mgo)

k
<exp(-Xt/2) [[E (exp (2(D§j>v)T(x<J’>T6<J’> /nk)> 11{5@})
J=1

w\H

2.2
< exp (—/\t/2 zg? S (5, v 5%)2> .

InlIl

Minimize the right hand side by A, then we have

k DN (X DT ) 2013

1 (D J ) ot t2C
— E _ < _ min .
({k =1 i 2} m&)) =0 ( 32C351 (01 V5%)2)
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Consider the 1/2—net of R?, denoted by N (1/2). Again it is known that
IN(1/2)] < 6P. Using the maximal inequality, we have

k
1
sup P — ]) XDTeWY/my > /2% N &
”V”2P1 ({kz ( )/ k / 0
1 k
< sup P - Tl /nge > t/4 3 NE
B @ > 44 &

203,
< dl mln
P ( °8(6) = 32c,52 (0, v 07 )

Proceeding in an analogous fashion, we obtain

203,
P ({|(XDg)" t/2 < dl - At :
(XDl > 1/2) 1) < oxp (d1og(®) — oLl

O]

Lemma F.10. Following the same notation as in the proof of Theorem B.1,

CIZ;H]LIZ‘Hlnnt%
P{[IBl2 >t} 0 A) < 2exp | dlog(6) — 107 o= 57y
max 1

PROOF. By Lemma E.2, for any A € R and v such that ||v||2 = 1, we have

E (exp(A(D§j>v)T(X<j>Te<J’> /) | XU‘))

~T[E (exp(()\Xl-(])nk)T(D(])v)ai) | XU)) < exp <¢UA2 S (a)? /n§>
=1 =1
and

n

E (exp(A(Dov)T (XTe/n)) | X) = HE (exp((AX;/n)T (Dav)e;) | X)
=1

< exp <¢m2 > A?/n2> ,

=1
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where we write Al(-j ) and A; in place of (X () )T Dy and (X:)T Dyv respec-
n

k
tively. Next we give a upper bound on Z(AEJ )) and Z A?. Note that
i=1 i=1

i(A(])) _ VTD(])XTXD( J)
i=1
=vI((SD) T =2 HnSx ((SV) T ==Yy
= nvTE 1y - S(j))(g(j))—lggg)(g(j))—1(2 — §@yx-t
Similarly,

ZAQ =nvIs (2 -8)s718xs 1z - §)n!

On €U and &, we have respectively

Nk

; 8C maxn 8Cmaxn
(A2 < 047"”(51v52 and ZA2 a1 e (02 V 83)°.
i=1 min~~min min-—min

Then it follows that

- 8SU Cone 2
E (exp(A(D 0 (X070 /) L{ED}) < exp (i a (51 v 7))
and

2
E (exp(M(Dav)T (XTe/n)) 1{€}) < <8¢Ucmax

—————(J2 V 52)2) .
1 ( 2 2
len lTllH

Now we follow exactly the same steps as in the OLS part. Denote ﬁg‘f‘:lé’j
by &. An application of the Chernoff bound technique and the maximal
inequality leads us to the following inequality.

k
({ Z E(])/nk2>t/2}ﬂ&)>
7=1

C*. nt? )

w\»a

min mm

128¢>U20max(61 V §2)2

< exp [ dlog(6

and

4 nt?
P ({]|(X Dy)” t/2} N E) < exp ( dlog(6) - (2
({I(XDy) " e/nll2 > t/2} )exp< 0g(6) 128¢U20max(5zv<5%)2)
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We have thus derived an upper bound for || B||2 that holds with high proba-
bility. Specifically,

k
1 NN ; t
P({|Bll2 > 01} nA) < B [ {112 > (X D)D) fryla > 5 6 0 &
j=1

(XDQ)TE tl d C4~ L2~ nt%
IP} el T > = m g < 2 . 6 _ min min i
+ ({ ===l > 5 = P\ T 128005 Crmax (61 V 62)2

O

Lemma F.11. Under Condition 3.6, for 7 < Luin/(8MCaxUsVd) and
sufficiently large n and d we have
nC?. L?. 72

P(HB\_ B*HZ > T) < exp (dlogﬁ _ min—~“min

2, Und > + 2exp(—cn).

PROOF. The notation is that introduced in the proof of Theorem B.1. We
further define ¥(3) := E(0" (X7 B)X XT) as well as the event H := {£,,(3*) >
maxgean, In(B)}, where B, = {3 : |8 — 8*||2 < 7}. Note that as long as
the event H holds, the MLE falls in B, therefore the proof strategy involves
showing that P(H) approaches 1 at certain rate. By the Taylor expansion,

(0(B) ~ al87) = (B~ )0 — 5(B— B)'S(B)(B ~ 57) = A1 + A,

where S(8) = (1/n)XTD(XB)X, B is some vector between B and 3*,
v = (1/n)XT(Y —p(XB")), A1 = (8-B*)"v—(1/2)(B-B")"S(8*)(B~B")
and Az = —(1/2)(8 — 8" (S(8) - 5(8*))(B - B8%).

Define the event & := {A\pin [S(8%)] > Lmin/2}, where Ly, is the same
constant in Condition 3.6. Note that by Condition 3.6 (ii), +/v(X] 3)X; is
a sub-Gaussian random vector. Then by Condition 3.6 (iii) and Lemma F.5,
for sufficiently large n and d we have P (£¢) < exp(—cn). Therefore on the
event &,

Lmin
1 7).

We next show that, under an appropriate choice of 7, |As| < Lyin72/8
with high probability. We first consider Condition 3.6 (ii). Define F :=
{IXTX/n|l2 < 2Cmax}- By Lemma F.4, we have P(F¢) < exp(—cn). By

Ay < 7([Jvll2 -
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Lemma E.5, on the event F, we have

A < max [p"(XTB) = V(X[ B")|Crnax”

T 1<i<n
< MU3\/>Hﬂ - IB*HQ : C’maux'r2
LminT2

< Mcmaini\/ng < T:

where the last inequality holds if we choose 7 < Lyin/(8 M CiaxUs \/ﬁ) Now
we obtain the following probabilistic upper bound on H¢, which we later
prove to be negligible.

P(HC) < P(H°NE N F) + P(E°) + P(F°)

(F-20) 5P(%Wb2L§M}ﬂ5ﬂF>+P@%+MF%

Since each component of v is a weighted average of i.i.d. random variables, the
effect of concentration tends to make ||v||2 very small with large probability,
which inspires us to study the moment generating function and apply the
Chernoff bound technique. By Lemma E.2, for any constant u € R%, |jufls = 1
and let a; = u” X;, then we have for any t € R,

E (exp(t{u HE (exp ( ;- u(xE8) ) 1 %)

PUst? 2
< exp ( 3 a;
2n —

<¢U2t2 uTXTXu>
exp : )

2n n

It follows that

Eexp(t{u,v) 1{ENF}) < exp (W> .

2n

By the Chernoff bound technique, we obtain

ne?
P{(u,v) >e}NnENF) <exp <_80U2¢> :

Consider a 1/2—net of R?, denoted by A/(1/2). Since

lvl]l2 = max (u,v) <2 max (u,v),
[[afl2=1 ueN (1/2)
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it follows that

16

Lmin Lmin
P({[|v]2 > T}mé’mf)g[@({ max (u,v) > T}mewr)

8

ueN(1/2)

< 6d e nL?ﬂlnT2
X ___~min
=7 TP\ 20600,
,n‘C’rQninLIQninT2
= exp (legG — Mm) .

Finally combining the result above with Equation (F.20) delivers the conclu-

sion.

O]

Remark F.12. Simple calculation shows that when d = o(y/n), 18— 8|2 =
Op(y/d/n). When d is a fixed constant, |3 — B*[|2 = Op(1/1/n).
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