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S1. ADDITIONAL LEMMAS

Before proving Lemmas 1 and 2, we present the following two lemmas, which we prove in

the next section.

Lemma S1. Consider functions h and g in the space [*(R" x RY). Assume that for any

Y € R” and b € R, there exist M; >0, ¢; >0, and N; € R" (j=1,...,q) such that

q q
[T exp(=2; 16| + NTYb; — ¢;63) < b (Y, b) < [[exp(M; |bj] + NTYb; — ¢;b%),
j=1 Jj=1

and there exists K > 0 such that g(Y,b) < exp{K(1+ |Y |+ |b|)}. Then, with 1, being a

q-vector of ones, both

[exp (— eMFTBY L)L (Y b) g (Y, b) db
f exp ( _ €A2+BTY+1gb)h (Y, b) db

(8.1)

and
fh(Y,b)g(Y,b) db
fh(Y,b) db

(S.2)
are bounded by YD for any A, € R, Ay € R, and B € R".

Lemma S2. The following classes are Donsker:

C = {log\ll((’)i;O,.A) Ny S m=1,...,K,0 € @} ,
C2 {W.||Am||v[077]Sc,mzl,...,K,OE@ s

and

V050, A) HAmllypn Sem=1,...,K,0 € O, [|H|yp, < c}



fork =1,...,K and any fized ¢ > 0, where U, Wy, and V), are defined in the proof of
Theorem 2.

S2. PROOFS OF LEMMAS

We now prove Lemmas 1-2 and S1-S2.

Proof of Lemma 1. Assume that there are two sets of density functions (fy,, fy,), ) and

( fym, fnzlm) such that the marginal densities are identical for all X and Y. That is,

[ o X 10) g O 1) B (2| 1) e 1) i

= /lem (X | "71) len (Y | 77) fnz\m (772 | 771) fm (771> d"%

Where 'r’ — (7’1”]’]2). Thus, Wlth f771|X = F7;1|X7

/ { / i (V1) Fontn (1 1 100) = Ftg (V1) Fonie (15 | 10) dnz} forpx (my | X) digy = 0

for all X and Y. Because 7, is complete sufficient in F |x,

/fym (Y [ 11,M3) fopim (02 | 1) dmy Z/fyn (Y | 1,m5) fop (M2 | 1) dmy VY, .

By assumption, (fyjy, foalm) = (F¥iys Foalm ). Therefore, Model A is identifiable.
To show the complete sufficiency of m; under the sufficient condition, note that the

density of ), | X is of the form

Soix (| X)) o< fxpn (X [ my) foy (1) o exp {ZXij ("71)} f (),

where f* is a function of m; that does not involve X. Thus, as a property of the exponential
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family, s(n,) = (s1(n1), ..., 54(n,)) is complete sufficient under the model with parameter

X € X. Because s is a one-to-one function, 1, is complete sufficient. O

Proof of Lemma 2. With an abuse of notation, we use v to denote all parameters in Fy
and F,, and drop the parameter vector in the arguments of the density functions. We
consider the one-dimensional submodel along (hy, hg, ho, by, hy, by (¢), ..., i (+)) for pa-
rameters (9,3, a,¢,v,A\,...,Ak), where 9 = (94,...,9k), and hy = (hyy, ..., hyk) is
partitioned accordingly. We define 8, o, ¢, hg, h,, and hy in the same way. A one-
dimensional submodel along the direction h = (hg, hi(-),..., hx(-) € R x BV [0, 7]
indexed by € is constructed by setting 8 = 60y + ehy for the vector of all Euclidean pa-
rameters @ and Ag(-) fo {1 + €hg(s)} dAk(s) for k = 1,..., K. By the arguments in
the proof of Theorem 1, we can consider the likelihood with the survival times being right
censored at any values within [0, 7]. For an observation with the K survival times right
censored at (tq,...,tx), the likelihood is given by the left-hand side of (A.1). For simplicity
of description, assume that my is the Lebesgue measure. If the score is zero almost surely,

then
19)

[ [ -t @)oo 5 (e (¥ | Zo) | 2 hydsdn (53

K T T T T
S [t H @) (6) 5y (V| Zm) | 2) sy oo T
k=1
tk
X / WThﬁnk -+ ZThﬂk + YThak + ’l’]ThqyC + hk (w) dAk (w) ds d’l’] =0
0

for all ¢,...,tx, W, Z, and Y, where H (t) = Eszl Ak(tk)skeWTﬁ”ZTﬂk*YTO‘”"Td’k,
s =(s1,...,5x)7, and g(s) = [Tty gr(sr). For k = 1,..., K, we differentiate (S.3) with

respect to t; and then set t;, — 0 for [ =1,..., K. Thus,

// _{fY Y ’ Z 77>f71<77 | Z)} h,sxe™* dn ds



- / / sk g (s) fy (Y | Z.m) f,(n | Z) dnds {W  hoy + Z hg + Y hoi + 1 (0)} = 0.

By linear independence of W, hy, = 0.

Consider the first survival time 7. Because W1 takes at least two distinct values
by conditions (C1) and (C3), we assume, without loss of generality, that it takes 1 and
c with ¢ < 1. Let Uy = s1e™!, and let fy, be the density of (Y,U;) given Z. Setting

to,... .t — 0and eV ®1 =1in (S.3), we have

-1

t1
/ hy (w) dA; (w) = [/ exp {_Al (t1) U1€ZTﬂ1+YTa1} U1€ZT'61+YTalfY,U1 (Y,U, | Z) dU1]
0
B
/ exp { Ay (1) Uye# oY e ) {8_1/ o (V.U | 2)" by
— A (1) (Z%hgy + Y he) UyeZ PtY e fy (Y, UL | Z) } AU,

— a{A, (1)} (S.4)

Likewise, setting ¢y, ..., tx — 0 and e 1 = ¢ in (S.3), we have ca{A;(t1)} = a{cAq(t)}.
Thus, for all v € [0,A1(7)], ¢/(c"v) = d’(v) for any integer n. It follows that a'(v) = a’(0),

such that a is a linear function. Let a(v) = k1v. Then, with v = Ay(¢1), (S.4) becomes

T T,
K1 / g e e (2B Y e (Y Uy | Z) AU
T Ty, 0
— /e—vaZ B1+Y {8—VfKU1 (Y7 Ul | Z)T h,/

0 (Z gy + YTho ) UieZ PY e g (Y UL | Z) } au;.
Therefore,

/eUU1eZT61+YTa1 |:a£fY7Ul (Y, Ul ’ Z)T h,/
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0
- (/11 + ZTh[ﬂ + YThal) 8_U1 {UlfY,U1 (Y,Ui | Z2)} | dU, =0

for all v € [0,A1(7)], Z, and Y. By the uniqueness of the Laplace transform, the term
in the square brackets in the above integral is zero for all Uy, Z, and Y. Let fy be the
density of (Y, n1) given Z. Then,

1 0

/{aa—y‘fyml (Y,lOgUl — IOgS | Z)T hy

0
— (m +Z hg + YThal) wa’n (Y,logU, —logs | Z) }gl (s) ds = 0.
1
By the arguments for convolution in the proof of Theorem 1,

0 0
ooy (Vo [ 2) by — (514 Z7hsy + Y ha) = — fyg (Y, | 2) =0
v On

for all n1;. Multiplying both sides of the above equation by 7;; and then integrating with

respect to (Y, n11) at Z = 0, we obtain

8
a—yE(nn\Z:O)ThVJrE(YThal|Z:0)+/f1:0.

It then follows from condition (C2) that x; = 0. Thus, hy(-) = 0.
Assume that hy_1(-) has been shown to be a zero function for some k =2,..., K;. Let
M = (M1, - ., Mk, and let fy 5, be the density of (Y, n,) given Z. Setting ty41,...,tx — 0

in (S.3), we have

k
T T T a
//exp {—ZAl(tl)SlGW 9+ZTB,+Y az+7711} g(s) {8_1/ {fva (Y., 7 | Z)}T h,
=1

k—1
=D A (t) (Z o+ Y Theg) s PO T (Y iy | Z)

=1



tg
—sp W O BAY Ttk £ (Y, | Z) / Z g + Y T hay + by (w) dAg (w) | 7, ds
0

equals zero for all ty,...,t,, W, Z, and Y. By the uniqueness of the Laplace transform,

we conclude that hy(w) = krw for some k, € R and

0 _ 0 _
a_VfY,ﬁk (Y7 U ‘ Z)T h’l/ + ’%k%fyﬁk (Y, N | Z)

k
0 _
> (Z"hp + Y ha) %fxm (Y.n, | Z) =0.
=1

Multiplying both sides of the above equation by (7;1 X - - - X 1) and then integrating with
respect to (Y, ;) at Z = 0, we have k; = 0 and hy(-) = 0. By induction,

Ki

0 0
8_ny’771 (Y, m | Z)T h, — Z (ZThﬂk + YThak) %fY,m (Y>"71 | Z) =0 VZ)Y, .

k=1

It then follows from condition (D5) that h, =0, hg, =0, and hy, =0 for k=1,..., K].

Consider the left-hand side of (S.3). The first term and the first K; terms in the
summation of the second term have been shown to be zero. Thus, the left-hand side of
(S.3) can be viewed as Laplace transforms with arguments A(¢;),..., Ak, (tx,). By the

properties of the Laplace transform and function convolution,

-3 [feofs 3 nsermmnerasal

k=K;+1 I=K1+1

{ H 91 (s }fY Y |Z.n)f,(n|Z) speV 19’“JFZTB*CJFYTO"“MT%d(SKlJrly-~,<‘5K)

I=K1+1

i
X {/ WThﬂk + ZThgk + YTh,ak + 7’]Th¢k + hk (w) dAk (w)} d’l’]2 =0
0

for all tg,11,...,tx, My, W, Z, and Y. For k= Ky +1,..., K, setting t;, — 0 for [ # k in



the above equation yields

T T T T
// o= Mr(t)sieW " On+Z B oy %SkewTﬂk+ZTﬁk+YTak+nT¢kfn;k)‘le (ngk) | ZuYunl)
tE &
X gk (Sk) {/ WThﬁk =+ ZTth + YThak =+ T]Th¢k; + hk (w) dAk (w)} d’l’]é ) dsk =0
0
for all ty, ny, W, Z, and Y, where fn<k)|Ym is the density of nék) given (Z,Y,n,). By
2 ’
condition (C5), nék) is complete sufficient in fn““)\Ym with (Y ~®) =) as parameters.
2 )

Because Y ay, + 17, and Y hyy + 0T hy, do not depend on (Y =% 5=*)) the property

of complete sufficient statistics implies that
ty
/‘WWW+Z%%+Y%M+ﬁ%M+MWMMMM:OVme&ﬂmJWZY.
0

Thus, hgr = 0, hg, =0, hy, = 0, and hg, = 0. Therefore, hy(-) = 0.
We have shown that the information operator is one-to-one. Using the arguments of
Zeng and Lin (2010), we can show that it is also a Fredholm operator. Therefore, the

invertibility of the information operator follows. O

Proof of Lemma S1. Without loss of generality, assume that Y is a scalar. Clearly,
q
h(Y,b)g(V,b) < [[exp{E (1+|Y]) + (M + K) |by] + N;Yb, — 82,
j=1

Note that (M + K)[bj| + NYb; — cbj is bounded by

_C(

NY
2c

N2Y?

b = 4e

M+ K\? (M+K)? NY
- +(—)+(M+K)—+
2c 4e 2c

Similarly,



M\? NY
—M |bj| + NYb; —cb? > —c(bj— - ) — M| —|+

2c 2c

2c 4c

Therefore, (S.2) is bounded by

N2Y?

76.(b.7N]-Y 7le+K)2 (‘ - M; +K)2
q J J 2Cj 2Cj q €j
60(1+|Y|)ij:16 db _ eO(1+|Y|)ij:1 db < LOUHY)
—c-(b-—NjY &)2 (\ bj|+ ot )2 B '
e ) riage ) a
Likewise, (S.1) is bounded by
fexp{ GATH(BHE; N /2c])Y+1Tb} e (‘ b+~ +K) ab
O+ = (S.5)

. 2 :
{ pAH(BHE, N/2cJ)Y+1Tb} Cj(|bj|+%) db

[ exp .

For any w > 0 and a € R,

/ exp (—we ) (bl=a)* qp < 2/ exp (—we*“e*b) e db.
beR

beR

Thus, the numerator in (S.5) is bounded above by
Zq/exp {—eAlJij*(MﬁK)/ZcJ' (B+N;/2¢;)Y 1Tb} He_CJ 2 b,

In addition, if a > 0, then

1
/ exp (—web) e~ (bl+a)” qp > —K! exp (—weae_b) eV db,
beR

2 beR

where K, = [* e~ db/ [* e™¥ db. Thus, the denominator in (S.5) is bounded below by



1 q

21 H Kﬂjli/2cj /GXP {—6A2+Zj M;/2¢j+(B+Nj/2¢;)Y 1Tb} H e~cib 7 db.
=1

The fraction in (S.5) is bounded by

ﬁ [ exp {—wle_(cfl/g)Tb} el dp
4q KMj/QCj T 9
j=1 [ exp {—wgef(cim) b} e~1b* db

V2= ("7 cg YT, and wy, = eSO M HE)/26 + (BN 260V for Jo — 19,

where ¢~ ye ey Cq

Therefore, the fraction in (S.5) is finite if >_;(B+N;/2¢;)Y — —oo. If 3 (B+N;/2¢;)Y —

oo, then we use the approximation that

bQ
/ exp (———we“b) db
beR 2
2 {1+ o0 (1)}]"* 1 log log w — log 12 1 ?
_ |2 {1+0(1)} exp [ — logw |1 loglogw —log)
log w 242 log w log w

logw{ log log w — log 11 ( 1 )})
—— 11— +o0
I log w log w

as w — oo (Evans and Swartz 2000). It follows that

[ exp {—wle_(cfl/z)Tb} eI db

[ exp{ —wqe” } -Ib* b
[exp (—wie [ ) b qp

{-
(-

fexp( wae |7 !) -2 qp
o

o ! —1/2 2
10gw1> {_2|C—1/2‘2{10gw1—loglogw1_}_210g|c }_{_0(1)}

T{logwl 1oglogw1+2log|c 1/2‘+0 }
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1
e {logw2 — loglog wy + 21log |c_1/2‘ +o (1)}2
2|C—1/2|

+

| 1|2 {logwg—loglogw2+210g|c’1/2‘+0(1)} :
P

The Y? terms in the exponent cancel out; therefore, (S.1) is bounded by eOU+IYD), O

Proof of Lemma S2. We use Z to denote both W and Z with 8, (k = 1,...,K) as the

corresponding vector of regression parameters. Note that

0
93 log ¥(0;; 0, A) (S.6)

Gidari (0, A)} 7 \ 278 +¥Tay4nT ]
= Q i A i1+ k A (T, i i BetY otn oy,
st (80 1+ GG A e

—G A qni (G,A)}Ak(fki)ez?ﬁﬁy?a”"%k)Zify Y| Zim)fy(n| Z;v)dn

-1
» {/Q ) fy (Y| Zomi ) fy (0| Ziw) dn} ,
where qx; (0, A) = eZiT'GWYiTO‘”"T%Ak(Tki), and
T T T ’ Ak
i () = [ YTt (g0, )} exp =G {ans (0, )}

By condition (D4), the terms G, {qx:(0, A) } and |G}, {q1:(6, A) }] 71G’k’{qki(0, A)} are bounded
by eQUHYil+m) - Therefore, the first integral term on the right-hand side of (S.6) is bounded

above by
/Qki (m) 60(1+|Yi‘+|n‘)fY(Yi | Zi,n; ) fy(n | Zi;v) dn.

Condition (D3) states that either Gi(z)/logz — My or Gi(z)/xP* — My, as © — oo. If
Gy(x)/xP* — My, then we can find My, > 0, My, > 0, Cy, € R, and Cy, € R such that
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MopaPe 4+ Oy, < Gk(l‘) < MipxP* + Chg. Thus,

exp (_6A1+BTYi+CTn> e~ O+Y il +[nl) < Qi (n) < exp <_€A2+BTY¢+CT77) O+Y il +nl)

for some A;, Ay, B, and C. After transforming 7 to b using the transformation S specified
in condition (D3), we see that (S.6) is bounded by a term of the form (S.1) and is in
turn bounded by e?*¥i) according to Lemma S1. If Gy(z)/logz — My, then (S.6) is
bounded by a term of the form (S.2), which is also bounded by e?U+YiD  Similarly, the
derivatives of log U(O;; 0, A) with respect to other parameters are bounded by eOUHYiD),

By Theorem 2.7.5 of van der Vaart and Wellner (1996), the bracket covering number
for any bounded set in BV [0, 7] is of the order exp {O (1/€)}. Therefore, we can construct
N, = 1/e x exp{O(K/€)} brackets for © x BV [0,7]", denoted by {(67, Ak, (07, AV)}
(j=1,...,N), where |6 — 07| <, and

/T|AkUj(t)—A£J \E{ 1+|Y|)dI(Tk<t)} e,

By the mean-value theorem, for any (61,.4;) and (65, As),

K
‘log\IJ(Oi;Ol,Al) — log \IJ(Oi;BQ,Ag)‘ < OUFYD {’91 — 0] + Z )Alk(Tkz) - A2k(Tki) } :
k=1

The pairs of functions

log U(0;; 0%, AF) & 20D {|9U HLHZ’A (Thi) — M (Tha)

3

j = 1,..., N, constitute a bracket cover for C;, where the L,(P)-distance within each
bracket pair is of the order €. Therefore, the bracket entropy of C; is finite, such that C; is

Donsker. Similarly, the classes C, and Cs; can also be shown to be Donsker. O
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Table S.1. Simulation Results for Mplus

Dep Ind Param Bias SE SEE CpP
T Z 0.100 0.004 0.075 0.073 0.95
Zy —0.200 —0.004 0.18 0.182 0.95

Ys 0.100 0.001 0.145 0.143 0.95

Y7 0.200 —0.007 0.167 0.163 0.96

Mo 0.500 0.035 0.171 0.170 0.97

Ao(t1) 0.900 —0.004 1.512 0.915 0.64

Ao(t2) 1.440 —0.027 2.634 1.443 0.67

Ao(t3) 2.100 0.105 3.229 2.254 0.73

Yi Int 0.000 0.000 0.074 0.073 0.94
Var 1.000 —0.015 0.132 0.128 0.96

Y, Int 0.000 0.002 0.076 0.073 0.94
m 1.000 0.022 0.221 0.204 0.94

Var 1.000 —0.013 0.13 0.129 0.96

Y; Int 0.000 0.001 0.076 0.073 0.95
™ 1.000 0.021 0.215 0.203 0.95

Var 1.000 —0.010 0.132 0.128 0.96

Y, Int 0.000 —0.001 0.077 0.075 0.95
Var 1.000 0.000 0.185 0.178 0.94

Ys Int 0.000 —0.002 0.078 0.076 0.94
Mo 1.000 0.099 0.324 0.298 0.95

Var 1.000 —0.054 0.205 0.195 0.97

Ys Int 0.000 0.005 0.286 0.273 0.94
Z —0.500 0.001 0.112 0.113 0.95

Zy 0.500 0.021 0.307 0.297 0.95

o 0.000 0.008 0.233 0.226 0.96

Y, Int 1.000 —0.032 0.338 0.345 0.96
Z 1.000 0.028 0.148 0.148 0.96

Zy 0.200 0.002 0.333 0.342 0.96

Ys —0.200 —0.011 0.264 0.264 0.95

Mo 0.000 0.006 0.269 0.260 0.97

T Var 0.500 0.009 0.138 0.134 0.95
7o M 0.500 —0.004 0.156 0.146 0.93
Var 0.500 —0.020 0.164 0.159 0.96

NOTE: Each row corresponds to the regression parameter of the dependent variable “Dep” on the
independent variable “Ind” or some other parameter in the model of “Dep”. “Int” and “Var” stand for
the intercept and error variance, respectively. The parameters A\o(t1), Ao(t2), and Ag(¢3) correspond
to the baseline hazard function values at the 25%, 50%, and 75% quantiles of the survival time.
The true value of a parameter is given under “Param”. “Bias” is the empirical bias; “SE” is the
empirical standard error; “SEE” is the empirical mean of the standard error estimator; and “CP” is

the empirical coverage probability of the 95% confidence interval.
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Table S.2. Analysis Results for the Gene ACACA

NPMLE (r =1) NPMLE (r =0) Mplus (r = 0)

Dep Ind Est St Error Est St Error Est St Error
T Z 0.229 0.086 0.114 0.054 0.114 0.054
Zy 0.038 0.309 0.168 0.192 0.168 0.192
Ys 0.760 0.284 0.436 0.139 0.436 0.139
Y 0.511 1.118 0.263 0.151 0.263 0.148
Mo 0.192 0.116 0.068 0.062 0.068 0.062
Ao(tq) 0.135 0.143 0.160 0.028 0.160 N/A
Ao(ts) 0.401 0.415 0.392 0.061 0.394 N/A
Ao(t3) 1.062 1.061 0.767 0.114 0.771 N/A
Y] Int 0.004 0.044 0.004 0.044 0.005 0.044
Var 0.286 0.038 0.288 0.038 0.287 0.038
Y, Int —0.013 0.044 —0.013 0.044 —0.013 0.044
M 0.687 0.056 0.688 0.056 0.687 0.056
Var 0.658 0.046 0.658 0.046 0.658 0.046
Ys Int 0.014 0.043 0.014 0.044 0.014 0.043
™ 1.019 0.062 1.022 0.062 1.021 0.062
Var 0.276 0.039 0.274 0.039 0.275 0.039
Y, Int —0.021 0.048 —0.023 0.049 —0.022 0.048
Var 0.096 0.046 0.097 0.046 0.106 0.045
Ys Int —0.009 0.048 —0.011 0.049 —0.011 0.048
Mo 0.909 0.054 0.910 0.054 0.919 0.054
Var 0.237 0.041 0.236 0.041 0.229 0.041
Ys Int —1.733 0.128 —1.734 0.128 —1.732 0.128
A —0.290 0.125 —0.290 0.125 —0.289 0.125
Zy —0.095 0.434 —0.092 0.434 —0.094 0.434
Mo —0.113 0.157 —0.121 0.157 —0.123 0.158
Y, Int 1.977 0.149 1.977 0.149 1.996 0.151
Z 0.132 0.135 0.132 0.135 0.133 0.135
Zy 0.001 0.461 0.002 0.461 —0.015 0.462
Ys —0.055 0.356 —0.054 0.356 —0.072 0.357
Mo 0.082 0.162 0.080 0.161 0.081 0.162
™ Var 0.689 0.068 0.687 0.068 0.687 0.068
Mo ™ 0.691 0.062 0.692 0.063 0.690 0.063
Var 0.560 0.063 0.559 0.063 0.551 0.062

NOTE: Each row corresponds to the regression parameter of the dependent variable “Dep” on the independent variable “Ind”
or some other parameter in the model of “Dep”. “Int” and “Var” stand for the intercept and error variance, respectively. The
representation of each variable is given in Section 6. The parameters Ao(t1), Ao(t2), and Ag(t3) correspond to the cumulative
baseline hazard function values at the 25%, 50%, and 75% quantiles of the progression-free survival, respectively. The point
estimate of and standard error estimate of a parameter are given under “Est” and “St Error”, respectively.
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