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S1. ADDITIONAL LEMMAS

Before proving Lemmas 1 and 2, we present the following two lemmas, which we prove in

the next section.

Lemma S1. Consider functions h and g in the space l∞(Rr × Rq). Assume that for any

Y ∈ Rr and b ∈ Rq, there exist Mj > 0, cj > 0, and N j ∈ Rr (j = 1, . . . , q) such that

q∏
j=1

exp(−Mj |bj|+NT
j Y bj − cjb2

j) ≤ h (Y , b) ≤
q∏
j=1

exp(Mj |bj|+NT
j Y bj − cjb2

j),

and there exists K > 0 such that g(Y , b) ≤ exp{K(1 + |Y |+ |b|)}. Then, with 1q being a

q-vector of ones, both

´
exp

(
− eA1+BTY +1T

q b
)
h (Y , b) g (Y , b) db´

exp
(
− eA2+BTY +1T

q b
)
h (Y , b) db

(S.1)

and ´
h (Y , b) g (Y , b) db´

h (Y , b) db
(S.2)

are bounded by eO(1+|Y |) for any A1 ∈ R, A2 ∈ R, and B ∈ Rr.

Lemma S2. The following classes are Donsker:

C1 =
{

log Ψ(Oi;θ,A) : ‖Λm‖V [0,τ ] ≤ c,m = 1, . . . , K,θ ∈ Θ
}
,

C2 =

{
Ψ̇θ(Oi;θ,A)

Ψ(Oi;θ,A)
: ‖Λm‖V [0,τ ] ≤ c,m = 1, . . . , K,θ ∈ Θ

}
,

and

C3k =

{
Ψ̇k(Oi;θ,A) [H]

Ψ(Oi;θ,A)
: ‖Λm‖V [0,τ ] ≤ c,m = 1, . . . , K,θ ∈ Θ, ‖H‖V [0,τ ] ≤ c

}
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for k = 1, . . . , K and any �xed c > 0, where Ψ, Ψ̇θ, and Ψ̇k are de�ned in the proof of

Theorem 2.

S2. PROOFS OF LEMMAS

We now prove Lemmas 1-2 and S1-S2.

Proof of Lemma 1. Assume that there are two sets of density functions (fY |η, fη2|η1) and

(f̃Y |η, f̃η2|η1) such that the marginal densities are identical for all X and Y . That is,

ˆ
fX|η1 (X | η1) fY |η (Y | η) fη2|η1 (η2 | η1) fη1 (η1) dη

=

ˆ
fX|η1 (X | η1) f̃Y |η (Y | η) f̃η2|η1 (η2 | η1) fη1 (η1) dη,

where η = (η1,η2). Thus, with fη1|X = F ′η1|X ,

ˆ {ˆ
fY |η (Y | η) fη2|η1 (η2 | η1)− f̃Y |η (Y | η) f̃η2|η1 (η2 | η1) dη2

}
fη1|X (η1 |X) dη1 = 0

for all X and Y . Because η1 is complete su�cient in Fη1|X ,

ˆ
fY |η (Y | η1,η2) fη2|η1 (η2 | η1) dη2 =

ˆ
f̃Y |η (Y | η1,η2) f̃η2|η1 (η2 | η1) dη2 ∀Y ,η1.

By assumption, (fY |η, fη2|η1) = (f̃Y |η, f̃η2|η1). Therefore, Model A is identi�able.

To show the complete su�ciency of η1 under the su�cient condition, note that the

density of η1 |X is of the form

fη1|X (η1 |X) ∝ fX|η1 (X | η1) fη1 (η1) ∝ exp

{
q∑
j=1

Xjsj (η1)

}
f ∗ (η1) ,

where f ∗ is a function of η1 that does not involveX. Thus, as a property of the exponential
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family, s(η1) ≡ (s1(η1), . . . , sq(η1)) is complete su�cient under the model with parameter

X ∈ X . Because s is a one-to-one function, η1 is complete su�cient.

Proof of Lemma 2. With an abuse of notation, we use ν to denote all parameters in FY

and Fη and drop the parameter vector in the arguments of the density functions. We

consider the one-dimensional submodel along (hϑ,hβ,hα,hφ,hν , h1 (·) , . . . , hK (·)) for pa-

rameters (ϑ,β,α,φ,ν,Λ1, . . . ,ΛK), where ϑ = (ϑ1, . . . ,ϑK), and hϑ ≡ (hϑ1, . . . ,hϑK) is

partitioned accordingly. We de�ne β, α, φ, hβ, hα, and hφ in the same way. A one-

dimensional submodel along the direction h ≡ (hθ, h1(·), . . . , hK(·)) ∈ Rd × BV [0, τ ]K

indexed by ε is constructed by setting θ = θ0 + εhθ for the vector of all Euclidean pa-

rameters θ and Λk(·) =
´ (·)

0
{1 + εhk(s)} dΛk(s) for k = 1, . . . , K. By the arguments in

the proof of Theorem 1, we can consider the likelihood with the survival times being right

censored at any values within [0, τ ]. For an observation with the K survival times right

censored at (t1, . . . , tK), the likelihood is given by the left-hand side of (A.1). For simplicity

of description, assume that mk is the Lebesgue measure. If the score is zero almost surely,

then

ˆ ˆ
exp {−H (t)} g (s)

∂

∂ν
{fY (Y | Z,η) fη (η | Z)}T hν ds dη (S.3)

−
K∑
k=1

ˆ ˆ
exp {−H (t)} g (s) fY (Y | Z,η) fη (η | Z) ske

WTϑk+ZTβk+Y Tαk+ηTφk

×
ˆ tk

0

W Thϑk +ZThβk + Y Thαk + ηThφk + hk (ω) dΛk (ω) ds dη = 0

for all t1, . . . , tK , W , Z, and Y , where H (t) =
∑K

k=1 Λk(tk)ske
WTϑk+ZTβk+Y Tαk+ηTφk ,

s = (s1, . . . , sK)T, and g(s) =
∏K

k=1 gk(sk). For k = 1, . . . , K1, we di�erentiate (S.3) with

respect to tk and then set tl → 0 for l = 1, . . . , K. Thus,

ˆ ˆ
g (s)

∂

∂ν
{fY (Y | Z,η) fη (η | Z)}T hνske

η1k dη ds
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−
ˆ ˆ

ske
η1kg (s) fY (Y | Z,η) fη (η | Z) dη ds

{
W Thϑk +ZThβk + Y Thαk + hk (0)

}
= 0.

By linear independence of W , hϑk = 0.

Consider the �rst survival time T1. Because eW
Tϑ1 takes at least two distinct values

by conditions (C1) and (C3), we assume, without loss of generality, that it takes 1 and

c with c < 1. Let U1 = s1e
η11 , and let fY,U1 be the density of (Y , U1) given Z. Setting

t2, . . . , tK → 0 and eW
Tϑ1 = 1 in (S.3), we have

ˆ t1

0

h1 (ω) dΛ1 (ω) =

[ˆ
exp

{
−Λ1 (t1)U1e

ZTβ1+Y Tα1

}
U1e

ZTβ1+Y Tα1fY,U1 (Y , U1 | Z) dU1

]−1

ˆ
exp

{
−Λ1 (t1)U1e

ZTβ1+Y Tα1

}{ ∂

∂ν
fY,U1 (Y , U1 | Z)T hν

− Λ1 (t1)
(
ZThβ1 + Y Thα1

)
U1e

ZTβ1+Y Tα1fY,U1 (Y , U1 | Z)

}
dU1

≡ a {Λ1 (t1)} . (S.4)

Likewise, setting t2, . . . , tK → 0 and eW
Tϑ1 = c in (S.3), we have ca{Λ1(t1)} = a

{
cΛ1(t1)}.

Thus, for all v ∈ [0,Λ1(τ)], a′(cnv) = a′(v) for any integer n. It follows that a′(v) = a′(0),

such that a is a linear function. Let a(v) = κ1v. Then, with v = Λ1(t1), (S.4) becomes

κ1v

ˆ
e−vU1eZ

Tβ1+Y
Tα1U1e

ZTβ1+Y Tα1fY,U1 (Y , U1 | Z) dU1

=

ˆ
e−vU1eZ

Tβ1+Y
Tα1

{
∂

∂ν
fY,U1 (Y , U1 | Z)T hν

−v
(
ZThβ1 + Y Thα1

)
U1e

ZTβ1+Y Tα1fY,U1 (Y , U1 | Z)

}
dU1.

Therefore,

ˆ
e−vU1eZ

Tβ1+Y
Tα1

[
∂

∂ν
fY,U1 (Y , U1 | Z)T hν
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−
(
κ1 +ZThβ1 + Y Thα1

) ∂

∂U1

{U1fY,U1 (Y , U1 | Z)}
]

dU1 = 0

for all v ∈ [0,Λ1(τ)], Z, and Y . By the uniqueness of the Laplace transform, the term

in the square brackets in the above integral is zero for all U1, Z, and Y . Let fY,η̄1 be the

density of (Y , η11) given Z. Then,

ˆ {
1

U1

∂

∂ν
fY,η̄1 (Y , logU1 − log s | Z)T hν

−
(
κ1 +ZThβ1 + Y Thα1

) ∂

∂U1

fY,η̄1 (Y , logU1 − log s | Z)

}
g1 (s) ds = 0.

By the arguments for convolution in the proof of Theorem 1,

∂

∂ν
fY,η̄1 (Y , η11 | Z)T hν −

(
κ1 +ZThβ1 + Y Thα1

) ∂

∂η11

fY,η̄1 (Y , η11 | Z) = 0

for all η11. Multiplying both sides of the above equation by η11 and then integrating with

respect to (Y , η11) at Z = 0, we obtain

∂

∂ν
E (η11 | Z = 0)T hν + E

(
Y Thα1 | Z = 0

)
+ κ1 = 0.

It then follows from condition (C2) that κ1 = 0. Thus, h1(·) = 0.

Assume that hk−1(·) has been shown to be a zero function for some k = 2, . . . , K1. Let

η̄k = (η11, . . . , η1k), and let fY,η̄k be the density of (Y , η̄k) given Z. Setting tk+1, . . . , tK → 0

in (S.3), we have

ˆ ˆ
exp

{
−

k∑
l=1

Λl

(
tl
)
sle

WTϑl+Z
Tβl+Y

Tαl+η1l

}
g (s)

[
∂

∂ν
{fY,η̄k (Y , η̄k | Z)}T hν

−
k−1∑
l=1

Λl (tl)
(
ZThβl + Y Thαl

)
sle

WTϑl+Z
Tβl+Y

Tαl+η1lfY,η̄k (Y , η̄k | Z)
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−skeW
Tϑk+ZTβk+Y Tαk+η1kfY,η̄k (Y , η̄k | Z)

ˆ tk

0

ZThβk + Y Thαk + hk (ω) dΛk (ω)

]
dη̄k ds

equals zero for all t1, . . . , tk, W , Z, and Y . By the uniqueness of the Laplace transform,

we conclude that hk(ω) = κkω for some κk ∈ R and

∂

∂ν
fY,η̄k (Y , η̄k | Z)T hν + κk

∂

∂η1k

fY,η̄k (Y , η̄k | Z)

−
k∑
l=1

(
ZThβl + Y Thαl

) ∂

∂η1l

fY,η̄k (Y , η̄k | Z) = 0.

Multiplying both sides of the above equation by (η11× · · ·× η1k) and then integrating with

respect to (Y , η̄k) at Z = 0, we have κk = 0 and hk(·) = 0. By induction,

∂

∂ν
fY,η1 (Y ,η1 | Z)T hν −

K1∑
k=1

(
ZThβk + Y Thαk

) ∂

∂η1k

fY,η1 (Y ,η1 | Z) = 0 ∀Z,Y ,η1.

It then follows from condition (D5) that hν = 0, hβk = 0, and hαk = 0 for k = 1, . . . , K1.

Consider the left-hand side of (S.3). The �rst term and the �rst K1 terms in the

summation of the second term have been shown to be zero. Thus, the left-hand side of

(S.3) can be viewed as Laplace transforms with arguments Λ1(t1), . . . ,ΛK1(tK1). By the

properties of the Laplace transform and function convolution,

−
K∑

k=K1+1

ˆ ˆ
exp

{
−

K∑
l=K1+1

Λl (tl) sle
WTϑl+Z

Tβl+Y
Tαl+η

Tφl

}

×

{
K∏

l=K1+1

gl (sl)

}
fY (Y | Z,η) fη (η | Z) ske

WTϑk+ZTβk+Y Tαk+ηTφk d (sK1+1, . . . , sK)

×
{ˆ tk

0

W Thϑk +ZThβk + Y Thαk + ηThφk + hk (ω) dΛk (ω)

}
dη2 = 0

for all tK1+1, . . . , tK , η1,W , Z, and Y . For k = K1 + 1, . . . , K, setting tl → 0 for l 6= k in
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the above equation yields

ˆ ˆ
e−Λk(tk)ske

WTϑk+ZTβk+Y Tαk+ηTφkske
WTϑk+ZTβk+Y Tαk+ηTφkf

η
(k)
2 |Y,η1

(
η

(k)
2 | Z,Y ,η1

)
×gk (sk)

{ˆ tk

0

W Thϑk +ZThβk + Y Thαk + ηThφk + hk (ω) dΛk (ω)

}
dη

(k)
2 dsk = 0

for all tk, η1, W , Z, and Y , where f
η
(k)
2 |Y,η1

is the density of η
(k)
2 given (Z,Y ,η1). By

condition (C5), η
(k)
2 is complete su�cient in f

η
(k)
2 |Y,η1

with (Y −(k),η−(k)) as parameters.

Because Y Tαk +ηTφk and Y
Thαk +ηThφk do not depend on (Y −(k),η−(k)), the property

of complete su�cient statistics implies that

ˆ tk

0

W Thϑk +ZThβk + Y Thαk + ηThφk + hk (ω) dΛk (ω) = 0 ∀tk ∈ [0, τ ] ,η,W ,Z,Y .

Thus, hϑk = 0, hβk = 0, hαk = 0, and hφk = 0. Therefore, hk(·) = 0.

We have shown that the information operator is one-to-one. Using the arguments of

Zeng and Lin (2010), we can show that it is also a Fredholm operator. Therefore, the

invertibility of the information operator follows.

Proof of Lemma S1. Without loss of generality, assume that Y is a scalar. Clearly,

h (Y, b) g (Y, b) ≤
q∏
j=1

exp{K (1 + |Y |) + (Mj +K) |bj|+NjY bj − cjb2
j}.

Note that (M +K)|bj|+NY bj − cb2
j is bounded by

−c
(∣∣∣∣bj − NY

2c

∣∣∣∣− M +K

2c

)2

+
(M +K)2

4c
+ (M +K)

∣∣∣∣NY2c

∣∣∣∣+
N2Y 2

4c
.

Similarly,
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−M |bj|+NY bj − cb2
j ≥ −c

(∣∣∣∣bj − NY

2c

∣∣∣∣+
M

2c

)2

−M
∣∣∣∣NY2c

∣∣∣∣+
N2Y 2

4c
.

Therefore, (S.2) is bounded by

eO(1+|Y |)

´ ∏q
j=1 e

−cj
(∣∣∣∣bj−NjY

2cj

∣∣∣∣−Mj+K

2cj

)2

db

´ ∏q
j=1 e

−cj
(∣∣∣∣bj−NjY

2cj

∣∣∣∣+Mj
2cj

)2

db

= eO(1+|Y |)

´ ∏q
j=1 e

−cj
(
|bj |−

Mj+K

2cj

)2

db

´ ∏q
j=1 e

−cj
(
|bj |+

Mj
2cj

)2

db

≤ eO(1+|Y |).

Likewise, (S.1) is bounded by

eO(1+|Y |)

´
exp

{
−eA1+(B+

∑
j Nj/2cj)Y+1T

q b
}∏q

j=1 e
−cj

(
|bj |+

Mj+K

2cj

)2

db

´
exp

{
−eA2+(B+

∑
j Nj/2cj)Y+1T

q b
}∏q

j=1 e
−cj

(
|bj |+

Mj
2cj

)2

db

. (S.5)

For any w > 0 and a ∈ R,

ˆ
b∈R

exp
(
−web

)
e−(|b|−a)2 db ≤ 2

ˆ
b∈R

exp
(
−we−ae−b

)
e−b

2

db.

Thus, the numerator in (S.5) is bounded above by

2q
ˆ

exp
{
−eA1+

∑
j −(Mj+K)/2cj+(B+Nj/2cj)Y−1T

q b
} q∏
j=1

e−cjb
2
j db.

In addition, if a > 0, then

ˆ
b∈R

exp
(
−web

)
e−(|b|+a)2 db ≥ 1

2
K−1
a

ˆ
b∈R

exp
(
−weae−b

)
e−b

2

db,

where Ka =
´∞

0
e−b

2
db/
´∞
a
e−b

2
db. Thus, the denominator in (S.5) is bounded below by
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1

2q

q∏
j=1

K−1
Mj/2cj

ˆ
exp

{
−eA2+

∑
j Mj/2cj+(B+Nj/2cj)Y−1T

q b
} q∏
j=1

e−cjb
2
j db.

The fraction in (S.5) is bounded by

4q
q∏
j=1

KMj/2cj

´
exp

{
−w1e

−(c−1/2)
T
b
}
e−|b|

2

db

´
exp

{
−w2e

−(c−1/2)
T
b
}
e−|b|

2
db
,

where c−1/2 = (c
−1/2
1 , . . . , c

−1/2
q )T, and wk = eAk+

∑
j(−1)k(Mj+K)/2cj+(B+Nj/2cj)Y for k = 1, 2.

Therefore, the fraction in (S.5) is �nite if
∑

j(B+Nj/2cj)Y → −∞. If
∑

j(B+Nj/2cj)Y →

∞, then we use the approximation that

ˆ
b∈R

exp

(
−b

2

2
− weµb

)
db

=

[
2π {1 + o (1)}

logw

]1/2

exp

(
− 1

2µ2

[
logw

{
1− log logw − log µ2

logw
+ o

(
1

logw

)}]2

− logw

µ2

{
1− log logw − log µ2

logw
+ o

(
1

logw

)})

as w →∞ (Evans and Swartz 2000). It follows that

´
exp

{
−w1e

−(c−1/2)
T
b
}
e−|b|

2

db

´
exp

{
−w2e

−(c−1/2)
T
b
}
e−|b|

2
db

=

´
exp

(
−w1e

−|c−1/2|b
)
e−b

2
db

´
exp

(
−w2e

−|c−1/2|b
)
e−b2 db

= O (1)

(
logw2

logw1

)1/2

exp

[
− 1

2 |c−1/2|2
{

logw1 − log logw1 + 2 log
∣∣c−1/2

∣∣+ o (1)
}2

− 1

|c−1|2
{

logw1 − log logw1 + 2 log
∣∣c−1/2

∣∣+ o (1)
}
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+
1

2 |c−1/2|2
{

logw2 − log logw2 + 2 log
∣∣c−1/2

∣∣+ o (1)
}2

+
1

|c−1|2
{

logw2 − log logw2 + 2 log
∣∣c−1/2

∣∣+ o (1)
}]

.

The Y 2 terms in the exponent cancel out; therefore, (S.1) is bounded by eO(1+|Y |).

Proof of Lemma S2. We use Z to denote both W and Z with βk (k = 1, . . . , K) as the

corresponding vector of regression parameters. Note that

∂

∂β
log Ψ

(
Oi;θ,A

)
(S.6)

=

ˆ
Ωki (η)

(
∆ki

[
1 +

G′′k {qki (θ,A)}
G′k {qki (θ,A)}

Λk

(
T̃ki
)
eZ

T
i βk+Y T

i αk+ηTφk

]
−G′k {qki (θ,A)}Λk

(
T̃ki
)
eZ

T
i βk+Y T

i αk+ηTφk

)
ZifY

(
Y i | Zi,η;ψ

)
fη
(
η | Zi;ν

)
dη

×
{ˆ

Ωki (η) fY (Y i | Zi,η;ψ) fη (η | Zi;ν) dη

}−1

,

where qki (θ,A) = eZ
T
i βk+Y T

i αk+ηTφkΛk(T̃ki), and

Ωki (η) =
[
eZ

T
i βk+Y T

i αk+ηTφkG′k {qki (θ,A)}
]∆ki

exp [−Gk {qki (θ,A)}] .

By condition (D4), the termsG′k
{
qki(θ,A)

}
and

[
G′k
{
qki(θ,A)

}]−1
G′′k
{
qki(θ,A)

}
are bounded

by eO(1+|Y i|+|η|). Therefore, the �rst integral term on the right-hand side of (S.6) is bounded

above by ˆ
Ωki (η) eO(1+|Y i|+|η|)fY

(
Y i | Zi,η;ψ

)
fη
(
η | Zi;ν

)
dη.

Condition (D3) states that either Gk(x)/ log x → Mk or Gk(x)/xρk → Mk as x → ∞. If

Gk(x)/xρk → Mk, then we can �nd M1k > 0, M2k > 0, C1k ∈ R, and C2k ∈ R such that
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M2kx
ρk + C2k ≤ Gk(x) ≤M1kx

ρk + C1k. Thus,

exp
(
−eA1+BTY i+C

Tη
)
e−O(1+|Y i|+|η|) ≤ Ωki (η) ≤ exp

(
−eA2+BTY i+C

Tη
)
eO(1+|Y i|+|η|)

for some A1, A2, B, and C. After transforming η to b using the transformation S speci�ed

in condition (D3), we see that (S.6) is bounded by a term of the form (S.1) and is in

turn bounded by eO(1+|Y i|) according to Lemma S1. If Gk

(
x
)
/ log x → Mk, then (S.6) is

bounded by a term of the form (S.2), which is also bounded by eO(1+|Y i|). Similarly, the

derivatives of log Ψ(Oi;θ,A) with respect to other parameters are bounded by eO(1+|Y i|).

By Theorem 2.7.5 of van der Vaart and Wellner (1996), the bracket covering number

for any bounded set in BV [0, τ ] is of the order exp {O (1/ε)}. Therefore, we can construct

Nε ≡ 1/εd × exp{O(K/ε)} brackets for Θ × BV [0, τ ]K , denoted by {(θLj ,ALj ), (θUj ,AUj )}

(j = 1, . . . , Nε), where |θUj − θLj | < ε, and

ˆ τ

0

∣∣ΛU
kj(t)− ΛL

kj(t)
∣∣2 E

{
eO(1+|Y i|) dI(T̃ki ≤ t)

}
< ε2.

By the mean-value theorem, for any (θ1,A1) and (θ2,A2),

∣∣log Ψ
(
Oi;θ1,A1

)
− log Ψ

(
Oi;θ2,A2

)∣∣ ≤ eO(1+|Y i|)

{
|θ1 − θ2|+

K∑
k=1

∣∣∣Λ1k(T̃ki)− Λ2k(T̃ki)
∣∣∣} .

The pairs of functions

log Ψ
(
Oi;θLj ,ALj

)
± eO(1+|Y i|)

{∣∣θUj − θLj ∣∣+
K∑
k=1

∣∣∣ΛU
kj(T̃ki)− ΛL

kj(T̃ki)
∣∣∣} ,

j = 1, . . . , Nε, constitute a bracket cover for C1, where the L2(P)-distance within each

bracket pair is of the order ε. Therefore, the bracket entropy of C1 is �nite, such that C1 is

Donsker. Similarly, the classes C2 and C3k can also be shown to be Donsker.
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Table S.1. Simulation Results for Mplus

Dep Ind Param Bias SE SEE CP
T Z1 0.100 0.004 0.075 0.073 0.95

Z2 −0.200 −0.004 0.18 0.182 0.95
Y6 0.100 0.001 0.145 0.143 0.95
Y7 0.200 −0.007 0.167 0.163 0.96
η2 0.500 0.035 0.171 0.170 0.97

λ0(t1) 0.900 −0.004 1.512 0.915 0.64
λ0(t2) 1.440 −0.027 2.634 1.443 0.67
λ0(t3) 2.100 0.105 3.229 2.254 0.73

Y1 Int 0.000 0.000 0.074 0.073 0.94
Var 1.000 −0.015 0.132 0.128 0.96

Y2 Int 0.000 0.002 0.076 0.073 0.94
η1 1.000 0.022 0.221 0.204 0.94
Var 1.000 −0.013 0.13 0.129 0.96

Y3 Int 0.000 0.001 0.076 0.073 0.95
η1 1.000 0.021 0.215 0.203 0.95
Var 1.000 −0.010 0.132 0.128 0.96

Y4 Int 0.000 −0.001 0.077 0.075 0.95
Var 1.000 0.000 0.185 0.178 0.94

Y5 Int 0.000 −0.002 0.078 0.076 0.94
η2 1.000 0.099 0.324 0.298 0.95
Var 1.000 −0.054 0.205 0.195 0.97

Y6 Int 0.000 0.005 0.286 0.273 0.94
Z1 −0.500 0.001 0.112 0.113 0.95
Z2 0.500 0.021 0.307 0.297 0.95
η2 0.000 0.008 0.233 0.226 0.96

Y7 Int 1.000 −0.032 0.338 0.345 0.96
Z1 1.000 0.028 0.148 0.148 0.96
Z2 0.200 0.002 0.333 0.342 0.96
Y6 −0.200 −0.011 0.264 0.264 0.95
η2 0.000 0.006 0.269 0.260 0.97

η1 Var 0.500 0.009 0.138 0.134 0.95
η2 η1 0.500 −0.004 0.156 0.146 0.93

Var 0.500 −0.020 0.164 0.159 0.96
NOTE: Each row corresponds to the regression parameter of the dependent variable �Dep� on the

independent variable �Ind� or some other parameter in the model of �Dep�. �Int� and �Var� stand for

the intercept and error variance, respectively. The parameters λ0(t1), λ0(t2), and λ0(t3) correspond
to the baseline hazard function values at the 25%, 50%, and 75% quantiles of the survival time.

The true value of a parameter is given under �Param�. �Bias� is the empirical bias; �SE� is the

empirical standard error; �SEE� is the empirical mean of the standard error estimator; and �CP� is

the empirical coverage probability of the 95% con�dence interval.
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Table S.2. Analysis Results for the Gene ACACA

NPMLE (r = 1) NPMLE (r = 0) Mplus (r = 0)
Dep Ind Est St Error Est St Error Est St Error
T Z1 0.229 0.086 0.114 0.054 0.114 0.054

Z2 0.038 0.309 0.168 0.192 0.168 0.192
Y6 0.760 0.284 0.436 0.139 0.436 0.139
Y7 0.511 1.118 0.263 0.151 0.263 0.148
η2 0.192 0.116 0.068 0.062 0.068 0.062

Λ0(t1) 0.135 0.143 0.160 0.028 0.160 N/A
Λ0(t2) 0.401 0.415 0.392 0.061 0.394 N/A
Λ0(t3) 1.062 1.061 0.767 0.114 0.771 N/A

Y1 Int 0.004 0.044 0.004 0.044 0.005 0.044
Var 0.286 0.038 0.288 0.038 0.287 0.038

Y2 Int −0.013 0.044 −0.013 0.044 −0.013 0.044
η1 0.687 0.056 0.688 0.056 0.687 0.056
Var 0.658 0.046 0.658 0.046 0.658 0.046

Y3 Int 0.014 0.043 0.014 0.044 0.014 0.043
η1 1.019 0.062 1.022 0.062 1.021 0.062
Var 0.276 0.039 0.274 0.039 0.275 0.039

Y4 Int −0.021 0.048 −0.023 0.049 −0.022 0.048
Var 0.096 0.046 0.097 0.046 0.106 0.045

Y5 Int −0.009 0.048 −0.011 0.049 −0.011 0.048
η2 0.909 0.054 0.910 0.054 0.919 0.054
Var 0.237 0.041 0.236 0.041 0.229 0.041

Y6 Int −1.733 0.128 −1.734 0.128 −1.732 0.128
Z1 −0.290 0.125 −0.290 0.125 −0.289 0.125
Z2 −0.095 0.434 −0.092 0.434 −0.094 0.434
η2 −0.113 0.157 −0.121 0.157 −0.123 0.158

Y7 Int 1.977 0.149 1.977 0.149 1.996 0.151
Z1 0.132 0.135 0.132 0.135 0.133 0.135
Z2 0.001 0.461 0.002 0.461 −0.015 0.462
Y6 −0.055 0.356 −0.054 0.356 −0.072 0.357
η2 0.082 0.162 0.080 0.161 0.081 0.162

η1 Var 0.689 0.068 0.687 0.068 0.687 0.068
η2 η1 0.691 0.062 0.692 0.063 0.690 0.063

Var 0.560 0.063 0.559 0.063 0.551 0.062
NOTE: Each row corresponds to the regression parameter of the dependent variable �Dep� on the independent variable �Ind�

or some other parameter in the model of �Dep�. �Int� and �Var� stand for the intercept and error variance, respectively. The

representation of each variable is given in Section 6. The parameters Λ0(t1), Λ0(t2), and Λ0(t3) correspond to the cumulative

baseline hazard function values at the 25%, 50%, and 75% quantiles of the progression-free survival, respectively. The point

estimate of and standard error estimate of a parameter are given under �Est� and �St Error�, respectively.

15


