Estimation and Inference of Quantile Regression

for Survival Data under Biased Sampling

Supplementary Materials: Proofs of the Main Results

S1 Verification of the weight function v;(¢) for the length-
biased sampling scheme
Here, we provide the justification of (11) which is introduced in Section 3. Observe that
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It follows that that
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S2 Proof of Theorems 1 and 2

For the biased samplings introduced in Sections 2.2 and 3, let f#(t | Z) be the conditional
density function of T', i.e., fz(t | Z) = > seiony J7.a(t,0 | Z), where f7 A(t,0 | Z) is defined
in (8) of Section 2.2. For a vector a, let a®? denote aa', and ||a|| denote the Euclidean norm

of a. For b € RP, define

(b)) = 1 Z {zwi(esz)n(ezf‘ﬂ} :

B(b) = B{Zf7. (", 1| Z) exp(Z7D) }

J(b)=—E {z%(eZTb) £2(e270 | Z) exp(sz)} .
For d > 0, define the set B(d) as
By = {ber: int m(b) - m(Bo(r)l < ).

where B,(7) is the true parameter value, 7 € (0, 7,); and 7, satisfies Condition C4 below.



Furthermore, consider the setting in Section 3.2. For b € RP, define

m'(b) = E{Z o $(T)N("™)].

' (b) = E{Z@w(c® P)u(e® ")V (A ™)},
i) = = 3" 2w pEIN(H),
T (0) = - 3° 70 e ) (PO,

B'(b) = E{[Z®p(e* )2 f7,5(c“ " 1| Z)exp(Z"b) }

3(b) = —E{[Z @ p(c® )2 v(e®) fr(* " | Z) exp(Zb) |

We assume the following conditions for theoretical derivation.

C1:

C2:

C3:

C4:

C5:

Cé:

Z is uniformly bounded, i.e., sup; || Z;|| < oo and the matrix F(Z®?) is positive definite.

m{B(7)} is a Lipschitz continuous function of 7 € (0,7}, and f#(t | z) and f7 A(t,1 | z)

are bounded above and continuous uniformly in ¢ and z.

There exists dy > 0 such that for b € B(dy) and any Z, fiA(esz, 1] Z)>0and
|J(b)B(b)~Y| is uniformly bounded.

inf,cpr, -, €igmin B{B,(7)} > 0 for any 7, € (0, 7,], where eigmin(-) denotes the mini-

mum eigenvalue of a matrix.

The class of weight functions {(Z, A, T, A) = v(eZ'® A, T, A, Z); b € R%} is Glivenko-
Cantelli and uniformly bounded; and {(Z, A, T,A) — v(eZ'®, A, T, A, Z);b € B(dy)}

belongs to a Donsker class.

The weight function 4(t) is positive, bounded and differentiable; {(Z, A, T,A) —
P(e?™ AT, A, Z):b € R} is Glivenko-Cantelli and {(Z, A, T, A) — (eZ ' *, A, T, A, Z);

b € B(dy)} belongs to a Donsker class. Matrix W((3,, 7) is nonsingular, inf;e[,, - eigmin B*{8(¢)} "



W (B, 7)7'B*{By(t)} > 0 for any 7 € (0, 7] and ||J*(b){B*(b) "W (By,7)™'B*(b)} |

is uniformly bounded for b € B(dy).

Conditions C1-C4 are mild assumptions concerning the covariates Z, the underlying
regression quantile parameter process 3(7), and the density functions associated with the
observed data (T, A). The boundedness assumption of covariates in C1 are often assumed
in survival models although it can be further relaxed with extra technical complexity. For
Conditions C2 and C3, the boundedness and uniform continuity assumption of f;(¢ | z) and
f7.a(t,1 | z) is reasonable in many biased sampling problems. For instance, it is satisfied
for case-cohort study if the density functions of survival and censoring times are bounded
and uniformly continuous. Similarly, for the length-biased sampling introduced in Section 3,
this is satisfied if the density functions of 7" and C are bounded and uniformly continuous.
Under these conditions, it can been verified that m(b) and m(b) are differentiable and
B(b) = 0m(b)/0b and J(b) = 0m(b)/0b are well defined. As in Peng and Huang (2008),
Condition C4 is assumed to ensure the identifiability of 3,(7). The regularity of the weight
function assumed in Condition C5 is satisfied for all the sampling schemes introduced in
Section 3. In particular, for the case-cohort type designs (Examples 3 and 4), the weight
function v does not depend on 3 and satisfies C5. For length-biased sampling with weight
function in the form (14), {v(e?"®),b € B(dy)} is a VC class, which implies C5 (Theorems
2.6.7 and 2.5.2 in van der Vaart and Wellner, 1996). Condition C6 is similar as conditions
C3-Ch and is satisfied for many weight functions. It is assumed to ensure the asymptotic

normality of the efficient estimator.

Proof of Theorem 1 The proof follows closely that in Peng and Huang (2008) and we
only present the key steps. We should note that, however, their results cannot be directly
applied due to the associated random weight functions in the estimating equation. Let
ao(t) = m{B,(1)}, a(r) = m{B(r)}, and A(d) = {m(b) : b € B(d)}. Following the

argument in Peng and Huang (2008), m is a one-to-one mapping from B(dy) to A(dy). There



exists an inverse function « : B(dy) — A(dp) such that k{m(b)} = b, for any b € B(dp).

Uniform Convergence — Let &, = m,{B()} — Joen 1 {B(u)}dH (u). According to the esti-

mating equation taking the general form of (10), we have supy, ||, .|| = O(1) sup; ||Z;||/n =
O(n=1). From m{B,(rx)} — JJ* m{By(s)}dH(s) = 0, we have the following decomposition:

m{B<Tk)} — m{Bo(7k)} )
=~ [mdBE) = m{aE] + 3 [ [BGs)) — iy} a(e)

=07 Ti

[ [ — (B} AH) + o (S1)

Under the condition that Z is uniformly bounded, {Z;N (¢% ®); b € RP} and {Z,Y;(eZ?);b €
RP} are Glivenko-Cantelli. By Condition C5 and Theorem 3 in van der Vaart and Wellner
(2000), {Zv; (% ?)Y; (% ?); b € RP} is also Glivenko-Cantelli. Then, we have the following
results: suppcpe ||m(b) — my(b)|] — 0 and suppcgs ||(b) — m,(b)|| — 0 almost surely.
This implies that the first and third terms in (S1) are ignorable. Denote ¢, := sup, || —
[mn{B(m)} —m{B(1)} + /" [ {B(s)} —m{B(s)}|dH s)||, and it follows that ¢, = 0,(1).

Under condition C2, there exists ¢; such that |m{B8,(7)} — m{By(7")}| < e1|7 — 7’| for
any 7,7 € (0,7,]. For 0 = 19 < 7 < 1, since m{B(0)} = 0, we have SUD, <7<y Im{B(r)} —
m{By(T)H = sup,,<r<r, IM{Bo(7)}| < bno := c1||Sr(myl|- Then for large enough n, we know
bno < do and B, (1) € B(dy) for 7 € [rg,71). Thus, we can write SUP, <7y |m{B(r)} —
m{By(T)}H = sup,y<rery [M[r{a(7)}] — m[s{a(7)}]||. Under Condition C3, there exists

(1) between a(7) and &(7) such that

sup (i B(r)}—i{Bo(r)}l = sup_||J[s{&(r)}|Blr{a(r)}] " {a(r) —en(r)}] < esbuo,

To<T<T]1 To<T<T1



where ¢y is some constant. Next consider 71 < 7 < 75. We have

sup [lm{B(r)} = m{Bo(}| < [m{B(r)} —m{Bo(r)}| + sup [m{By(r)} —m{Bo(r)} ]I

T1<7<T9 T1<T<T2

We know sup., <., [[m{Bq(71)} —m{By(7)}|| < c1||Srml|- Further from the decomposition

(S1) that gives an upper bound for ||m{B(m)} — m{By(m)}||, we have:

sup  [[m{B(7)} — m{Bo(M)}H| < bui = oo+ can 4 cabuo(l — 7)) " Siimy + 1l Srim s

T1<T7<T2

where c3 is some big constant. Note that b;,, — 0 and it is smaller than d, for large enough
n. This implies 3, () € B(dy) for 7 € [ry, 7). Then an induction argument similarly to the

Proof of Theorem 1 in Peng and Huang (2008) gives

k—1
sup  [[m{B(r)} =m{Bo(r)HI < bug := cagtesn™ Her Y bui(1=70) " Spim el Spimll-

Tk STSTk+1 i=1

This implies that sup, < <, Im{B(r)} — m{By(T)}|| & 0 and for 7, < 7 < 7, and large
enough n, B(7) € B(dy). Thus sup, [|&(r) — ao(7)|| = sup, [m{B(1)} — m{By(r)}| % 0.
Take Taylor’s expansion of m{B(r)} around oy (), and we have

sup [|B(1) = Bo(7)|l < sup [IB{By(r)} {a(r) — exo(r)}| + sup |le;(r)l];

TE[T,Tu] TE[T,Tu] TE[T,Tu]

where €;,(7) is the remainder term of the Taylor expansion and sup,(, .., ll€,(7)[| — 0. By
Condition C4, we have sup, ¢, - IB{By(7)} {&(7) — () }|| = O{&(7) — ao(7)} and this

implies the uniform consistency.



Weak Convergence  Following Lemma B.1 of Peng and Huang (2008), we have

s [ S {0 < N A} e} (]| =t
(s2)
and
o3 a{1(Fz 2000) <17z i)

- B — gy | =), (63

In addition, for the grid size chosen in Theorem 1, S, (8, 7) = 0,(1) uniformly in 7 € (0, 7,,].

Then, the following equations hold uniformly in 7 € (0, 7,],

=5,(80,7) =0 [m{B()} = m{Bu(r)Y] = [ [i{B)} ~ (B} dH(w) + o,(1)
=n'/2 [m{B(r)} — m{By(r)}|
= [0 (8BB4 (1] [m{Bla)} — m{Byw)}] dH (W) + o,(1).

0

A discrete version of the above equation

=8By, ) =2 [ma(B()) — mulBy(}] = [0 [ma{Bla)} — By (w)}] dH () + 0y(1)

0



leads to the following recursive formula:

— {5u(B0: ) = Su(Bo i)}

=1 [ {B(r)} = maBo(r)}| = 072 [ B 1)} = in {8y ()} {H(7) = H(m 1)}
=02 {m(Bri1)) = ma(Bol(ricn)) |

= B{B,(1)}n"*{B(71) — By ()}
— [B{Bo(7s1)} + I{By(re1) {H (1) — H(7u1)}n*/*{B(71) — Bo(7s1)} + 0p(1):

The above recursive equation gives the following approximation result

B{/Bo(Tk>}n1/2{B(Tk) — Bo(m)}
= - {Sn(/3077—k) - Sn(/8077—k—1)}
- [I + J{IBO(Tk—l)}B_l{IBO(Tk—I)}{H<Tk) - H(Tk—l)}] X {Sn(5077k—1) - Sn(/6077—k—2)}

k

— TTIT+ 3{Bo(rn1)} BBy (Tt H H (1) — H(71-1)}] % {Su(By. 71) = Su(Bo: 70)}
+0,(1). (S4)

Using the product integration theory (Gill and Johansen, 1990; Andersen et al., 1993 11.6),

we can write the above decomposition as

n'2Im{B(r)} = m{By(7)}] = ¢{—=Su(Bo, 7)} + 0,(1), (S5)

where ¢ is functional defined as follows. Forany g € G = {g : [0, 7,] — RP?, g is left-continuous

with right limit, g(0) = 0} and product integral Z(s, t) = T0ye(s.[Lp+I{Bo(w) }B{By(u)} ]dH (u)



with 7T the product integral notation, ¢(g)(7) is defined as

o(g)(r) = / (s, 7)dg(s). (56)

Note that {Z;N;(eZ#o(M) 7 € [, 7,]} is a Donsker class and uniformly bounded. From
Condition C5, the class {Z;v;(e% Po())Y;(eZ o) s € [1;,7,]} is also Donsker (see Example
2.10.8 in Section 2.10 of van der Vaart and Wellner, 1996). Since [ v;(e% #o())Y;(eZ PoC))dH (s)
is Libschitz in 7, from the permanence properties of the Lipschitz transformation of the

Donsker class (Theorem 2.10.6, van der Vaart and Wellner, 1996), we can show that

{ziv(@m0) 2, [Cu (@Ot (). 7 € il

is a Donsker class. Then the Donsker theorem implies that S, (8, 7) converges weakly to a
Gaussian process U(7) living on 7 € |7, 7,] with mean 0 and covariance matrix (s, t), where
S(s,t) = E{ui(s)u;(t) "} with u;(1) = Z;N;(eZPo) — Z; [ v; 2] Bo())Y; (% Pos))dH (s).
Furthermore, since ¢ is a linear operator, ¢{—.5,(8,, 7')} converges weakly to ¢{—U(7)} and
¢{—U(7)} is also a Gaussian process (Rémisch, 2005). From (S5), apply Taylor’s expansion

and we have

B{By(r)}n'"*{B(7) = Bo(r)} = {=5.(By, 7)} + 0p(1).

Then n'/2{B(r) — B,(7)} converges weakly to the Gaussian process B{B,(7)} *¢{-U(7)}
with covariance matrix B{B,(7)} 1X*[B{B,(7)} !, where ¥*(7) denotes the limiting co-

variance matrix of ¢{—5,,(8,,7)}

Proof of Theorem 2  Next we prove the weak convergence of /n{B.(7) —B,(7)}. From

the above definitions, we can write n(3,7) and n*(3, 7%) in (18) and (20) as

n(B.7) = n'm:{B(r)} - / "Mz {B(u)}dH (u)



and

k—1
n(B.) = n'Pmi{B(r)} — Y i Bep(m) HH (7j11) — H(7))}.
=0
By the proposed estimation method for BQH(T), the sequential estimator B(Tk), 1 <k<L*
minimizes

niln*<137 Tk>TW(Bint7 T)iln*(ﬁ7 Tk)'

Since Bint is taken as a consistent estimator of 3, it can be shown that V[/(,(Aiv’intﬂ')*1 —

W(B,,7)~! in probability. Further note that

As in the proof of Theorem 1, m}(b) and m*(b) converge to m*(b) and m*(b) uniformly in
probability; then the sequential estimators Byq(75) satisfy n=22B*{B4(7)} W (B, 7) " X
0 (Bog, ) = 0p(1). Then from a similar argument as in the proof of Theorem 1 for the
consistency of 3(-), we have that B,g(t) is uniformly consistent in 0 < ¢ < 7. Similarly as
Lemma B.1 of Peng and Huang (2008), we have for B(t) such that sup, ||B(t) — B,(t)|| — 0

in probability,

sup [|[m; {B(1)} — mi{B(t)}] — [m™{B(t)} — m™{By(t)}]| = 0p(—n'"?)

te(0,7]

and

| [ ABM)} — i {Bo(D)}] — [ {B(t)} — i {Bo(D}]I| = op(n~"?).

te(0,7

Then we can write

n'(B.m) = n'PBHBy () HB(m) — Bo(mi)} + 0p(1)
+n!2mi {Bo(m)} — 02 Y i {Bea(my) HH (1501) — H(m)}-

J=0

10



This implies the sequential estimator B.4(7;,) satisfies

B*{BO(Tk)}TW(ﬁO’ 7_)_177* (Beff? T/f) = Op(l)v

uniformly in probability, and furthermore, uniformly in ¢, B*{8,(t)}W (8o, 7) 'n(Bus. t) =
0p(1). This equation plays a similar role in the current proof as that of the unweighted
estimating equation Sn(,@, t) = 0,(1) in the proof of Theorem 1 for the weak convergence of

B. The weak convergence of Beﬂ then follows from a similar argument.

S3 Resampling method

An alternative Resampling method A commonly used resampling method is the perturbation-
based approach proposed by Jin et al. (2003) for the AFT model; its modified version for
the quantile regression was adopted in Peng and Huang (2008) under unbiased sampling.
This approach can be easily extended to the biased sampling case. In particular, consider

the following stochastic perturbation of the observed estimating equations

Su(B,7) =n/? Z GiZi {Wezf Py — / (PO B <S>} =0 (57)
=1

0

where (;’s are i.i.d. from a known nonnegative distribution with mean 1 and variance 1,
such as the exponential distribution with rate 1. The above estimation can be implemented
in the same fashion as discussed in Section 2.3. Conditional on the observed data, we
independently generate the variates ((1,. .., (,) M, times, with M, being a big number, and
obtain the corresponding M, estimates B*(T) by solving (S7).

The resampling method described above is consistent. Following the proof of Theorem 3

below, conditional on {Z;, A;, T;}7_,, we have S, (3, 7) has the same asymptotic distribution

11



as Sy (B, T) in probability; moreover, for 7 uniformly in (0, 7], we have

n'2{(B*(7) = B(1)} = B(Bo(7)) ' ¢{=5.(8,7)} + 0,(1), (S8)

where function ¢ is defined as in (S6). Therefore, conditional on the observed data, n'/?{ B*(T)—
B(7)} converges weakly to the same limiting process of n'/2{B(7) — B,(7)} for 7 € |14, 7,

where 7, € (0,7,).

Proof of Theorem 3 We first show that, conditional on the observed data, gn(B,T)
has the same asymptotic distribution as S,(3,,7) in probability. Consider the weighed

summation defined in (S7)

Su(B,7) =072 (7 {M-(ez? By — / vi(e% P (e ﬂ<5>>dH<s>} :
i=1

0

Since E(¢;) =1 and Var(¢;) = 1, a similar argument as in the proof of Theorem 1 gives that

sup 5,(87,7) = 0,(1),

7€(0,7u]

where B* is the solution of S’n(ﬁ, 7) = 0 using the proposed sequential algorithm. Because
SUD ¢ (0,7, ] Sn(B,7) = 0p(1) as shown in the proof of Theorem 1, for 7 uniformly in (0, 7],

—S’n(B, 7) can be expressed as

where

12



Then we have for any s,t € 1, 7],

E

{1 ia — Qi(s) H{n 2 iu _ g)ﬁi(t)}T’{Zi, AT

= pt Zﬁi(s)ﬂi(tﬁ — 3(s, 1),

in probability as n — oo, where Y(+,-) is the corresponding limiting covariance function
of =S,(By,-) as defined in the proof of Theorem 1. Therefore, by a similar argument as
in Lin, Wei, and Ying (1993), conditional on {Z;, A;, T;}",, S,(3,7) has the same limit-
ing covariance matrix and asymptotic distribution as S,(3,,7) in probability. From the
decomposition in (S4), then we can show that conditional on the data, ¢,{—S,(3,7)}
has the same asymptotic distribution as ¢,(—5,(8y, 7)) in probability. Furthermore, since
n 2 m{B(r) Y —m{By(T)}] = dn{—5n(By, T)} +0,(1), we obtain that conditional on the data,
¢n{—5.(3,7)} converges weakly to the limiting distribution of n*/2[m{B(r)} — m{By(7)}]
in probability.

Following from Zeng and Lin (2008), we use the perturbation estimators B and J to
estimate B and J. The consistency property can be established as follows. Following Lemma
B.1 of Peng and Huang (2008), for B(t) such that sup, ||B(t) — B,(t)|| = 0 in probability,

the following result holds uniformly in 7
In"2[ma{B(r)} = ma{Bo(r)}] — n*2[m{B(r)} = m{By(r)}][| = 0,(1).
This implies that

02 m{B(r)} — ma{Bo (1)} = B{B,(7)}n"/*{B(7) — Bo()} + 0,(1).

Therefore, the above approximation holds for 3(r) = B(T) + n~1/2y, where ~ follows a p-

dimensional multivariate normal distribution with zero mean and identity covariance matrix.

13



For M generated «’s, let v be the M x p matrix (y1,--+,7y)' and m be the m-dimensional

vector [n'2m,{B(1) +n~2y} —n'?m,{B(r)};i =1,--- , M]T. Then we have

B{bo(7)} = (v"v) "'y 'm + 0,(1).

Note that (y'+)~! exist with probability 1 for M > p. Therefore, the slope matrix
estimator given by regressing the perturbed values n'/2m,{B(t) + n~/%y} on v, ie.,
B{B(7)} = (v ) '~ m, is consistent. Similarly we have the consistency of J. This implies
that B{B(7)} ¢.{—5,(83,7)} has the same asymptotic distribution as n/2{8(r) — B,(7)}.

This validates the proposed resampling method.
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