Supplementary Information for Grilli et al. “The empirical

fluctuation pattern of E. coli division control”

We assume that the final volume (in a cell cycle or subperiod) is a result of a size-dependent growth

and timing
Vi = Voexp (a(Vo)r(Vo, @) (A1)

where V. is volume and a and 7 quantify the duration and growth in the period (or cell cycle) and they
are both random variables. Note that, formally, there is no hypothesis of exponential growth rate, just
that growth during a period is represented as en effective exponential growth (this is formally always

possible, and physically it is justified by the mean time traces).

g5 —qo=GVo) +v (A2)

where v is a noise term, ¢, = log(V;) and G(Vp) = a(Vo)7(Vo) and g — go = log % so the previous

equation is just the size-growth plot.

A. Notation and general response theory

Introducing the notation

g = qo0 — (q0) (A3)
and
da=a—{a), (A4)
we can write
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Using G = a7 and a = {a) + da, we can write

G = {a)7 + 10 = (@){(T) + {)dT + (7)d, + nonlinear terms + noise (A7)



And therefore we obtain the equivalence between the two parameterizations

Or

Aaq = (a)—Ary (A8)
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In principle o can depend on size as well
dq
a=(a) — 0arag— + Va (A10)
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B. Measuring the coupling coefficients \xys from correlations

The parameter A4 can be estimated as

Aag = —L;(:’q) = —cor(aq) := Caq - (A1)
q0a

Analogously, Agq and Ag, can be obtained from correlation between variables. Since by definition
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and therefore we have
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Similarly, we obtain
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which simplifies to

CGa = _)‘Gq)\aq - )\G(x . (A16)



Solving for Agq and Agg, we obtain
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In a similar way we can estimate A;4 and M-, from equation A5, obtaining
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Note that G — (G) = 6¢(+1) — §¢). We have therefore

We have therefore
0% = 2060, A\aq + A\carag)
and then
oG =204 (Agq + AGaraq) »

C. Mechanistic interpretation of )\,,: correlation of o across generations
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The growth rate « is correlated across generations. A minimal model to express this correlations

is to consider the following dynamics for the growth rate olit1) at generation i + 1

ot = (1= p)a) + pal” + () = (a) + pial? + ).
It is simple to show that, at stationarity,

(30 *D5a) = p((20)?) = ot .

(A24)
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and therefore p is the correlation of the mother and the daughter growth rate.

Using the definition of G we have that
¢+ — 5q00) = q(()i+1) _ q(()i) =GO — (@),
and therefore
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From equation A24, we obtain
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From equation A27 we have
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At stationarity (5a(95¢®) = (5D 5q0HD) = (5adq) and ((6a))?) = o2. Combining equation A28

and equation A29, we have
1
(dadq) = (1 - ZE064) (3adg) + 0GAGa0a |
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and therefore
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By introducing equation A23, we obtain
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By solving this equation for Ay, we get
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D. Mechanistic interpretation of \g,: adder with fluctuating growth rate
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As explained in the text, we consider two alternative ways to include fluctuations of growth rate

the adder model. In the second part of this section we generalize it to a general control mechanism.



In the first scenario, the size at division is given by
Vi=WVo+A({a))e”, (A34)

where the added size A is a function of the average growth rate only, and v is a noise term. In the

second SCGH&I‘iO, we assume
Vi=MWVo+Ala))e”, (A35)

where A is a function of the individual growth rate.

The Shaecter’s law can be written as
(log A) =log So + ()T, (A36)
and implies that, under both scenarios,
A(a) = Spexp(aT) . (A37)
The adder equations can be written as
A
a5 —qo=1log [ 1+ A + v =log (1 +exp(logA —logVp)) + v . (A38)
0
Under the first scenario, A is constant within a condition, and we can rewrite
qr — qo = log (1 + exp((log A) — (go) — dqo)) + v . (A39)
By expanding this equation around the average, we obtain (log A) = (go) and
1
G=qr—q=—300+v, (A40)

which implies Agq = 1/204/0G and Agq = 0.

Under the second scenario, A depends on growth rates fluctuations, and we obtain
a5 — qo = log (1 4+ exp((log A) — (qo) + Tdax — dqp)) + v . (A41)
By expanding this equation around the average, we obtain again (log A) = (qop) and

1 T
G=q—qw=—500+50+v, (A42)



which implies Agq = 1/204/0G and

0o T

This argument can be generalized to an arbitrary mechanism of size control (11)

Vi
G:qf—qo=g<v(i)+l/, (A44)

where V* is the only dimensional scale of the process, and g(1) = log 2. Note that the existence of a
unique dimensional scale is a necessary and sufficient condition for the collapse of the size distribution.
The other assumption is that V* follows the Shaecter’s law. It is simple to see that in the first scenario,
when V* depends only on the average growth rate, Agq = 0. In the second scenario (where we assume

V* = SpeT), we can expand Vp and V* around the average to obtain
G =qr—q = 91690 — g1 Toa + v, (A45)

where g1 = ¢/(1). We have therefore that Ago = 2&¢g1T. Since by definition g1 = —Agq0c/0q, we

obtain

Ao = ——*AgqT . (A46)



