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Supplemental Methods 

Probability of a mutation on a branch segment 

Assuming mutations are rare, the probability of a mutation on a particular branch 
segment, i.e. xα and yβ, is proportional to the length of that segment (Hudson 1992). The 
probability of a mutation can be estimated as the probability for at least one mutation on the 
given segment, with no mutations on the rest of the tree, 
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(S1) 

where 2Neµ is the population mutation parameter, L(xα) is the length of branch segment xα, and a 
Taylor series approximation has been made to remove terms of order µ2 and higher. 

Mutation order for (S1, S2) S3 int. gene trees 

Let τ1 be a random variable representing the time from the S1, S2 divergence to the first 
mutation on segment g-h on the first tree. Let v1 and v2 be random variables representing the time 
from the S1, S2 divergence to the most recent coalescence on the first and second tree, 
respectively. The first mutation on segment g-h is unconstrained and its probability remains t2 – 
q(t2). The second mutation on segment d-g is constrained by both the timing of the first mutation 
as well as the timing of the coalescence event at one end of the segment (see Fig. S9). If the 
mutation on the first tree occurs before the coalescence on the second tree, the second mutation 
can arise on the entire length of the d-g segment, up to time v2. If the coalescence on the second 
tree occurs before the first mutation, the second mutation may only arise on the truncated d-g 
segment, up to length τ1. The probability of an incompatible mutation arising on d-g is the 
expected length, 

	𝑃(𝐼	mutation	on	𝑑-𝑔) = P(𝜏l > 𝑣m)E[𝑣m|𝜏l > 𝑣m] + P(𝜏l < 𝑣m)E[𝜏l|𝜏l < 𝑣m] (S2) 

Let fv be the probability distribution function for v1 and v2 (as described earlier in 
Equation 11; main text), and fτ be the probability distribution function for τ1. Because we assume 
only a single mutation occurs on segment g-h, the probability of τ1 is uniformly distributed along 
its length, 
t2 - v1. The probability distribution function, fτ, is then 
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The conditional expectations can thus be expressed as 
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When these expectations are substituted into Equation S2, the probability of an incompatible 
mutation arising on d-g becomes, 

B)*0B;<=>=?@AB@ABs†t1 2 Ö Äw�*Ä1 ¶Ö w•*C1sC
Z&

Z
ß

Z&

[
sÄ W Ö Äw•*Ä1

Z&

[
¶Ö w�*C1sC

Z&

Z
ß sÄ (S4) 

The probability of an incompatibility between these segments can be calculated from the product 
of the unconstrained mutation probability on segment g-h, t2 – q(t2), and Equation S4. Since 
segments d-g and g-h exist on both trees, this product contributes twice to the probability of a 
derived-ancestral incompatibility when both loci have (S1, S2) S3 int. trees. 

Figure S12. Calculating constraints on derived-ancestral incompatibilities due to mutation order 
on a pair of (S1, S2) S3 int. trees. 
While this figure shows the mutation on the left tree, marked by the red star, as occurring first, 
this is not always true. Because v1, v2, and $1 are all random variables, it is possible for the 
mutation on the second tree, marked by the blue star, to be the first mutation. 

Mutation order for incompatibilities that arise ancestrally 

As previously noted, there are a number of branch segments with ambiguous endpoints in 
the ancestral population, forcing us to consider mutation order for derived-ancestral 
incompatibilities when incompatible alleles are allowed to arise before divergence. These 
calculations follow Eqs. S2 and S4; the timing of the first mutation restricts the length of the 
segment on which the second mutation may occur. Let %Ai be a random variable representing the 
length of the segment on which an unrestricted second mutation might occur for a pattern of 
branch segment asymmetry, Ai. Let $Ai be a random variable representing the time from the 
oldest divergence to the first mutation for this asymmetry pattern. The probability of the first 
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mutation is unrestricted and equal to the expected length of the first branch segment. The 
probability of the second mutation depends on whether the first mutation precedes the 
coalescence of the second branch segment and can be expressed as 

	P(𝜇m) = P(𝜏Ho > 𝜆Ho)E[𝜆Ho|𝜏Ho > 𝜆Ho] + P(𝜏Ho < 𝜆Ho)E[𝜏Ho|𝜏Ho < 𝜆Ho] (S5) 

Branch segments with mutation order asymmetry affecting the probability of derived-
ancestral incompatibilities are labeled with their respective asymmetry patterns in Appendix 2. 
The probability distribution functions for λAi can be calculated from the time to coalescence for 
three-to-two and two-to-one lineages. Similarly, τAi can be calculated from the convolution of 
these functions and the probability distribution function for a mutation uniformly distributed 
along the appropriate branch. The probability distribution functions for λAi and τAi, as well as 
P(µ1) and P(µ2), are listed for each asymmetry pattern in Table S1. 

We modify Equation 13 (main text) to calculate the probability of concordance with 
polymorphic incompatibilities. Let 1RTx,Ty be the indicator matrix for segments on trees Tx and 
Ty, whose elements are 1 when the segment combination can lead to an incompatibility and 0 
otherwise. Let ATx,Ty be a matrix whose elements are the probabilities for a derived-ancestral 
incompatibility that depends on mutation order (i.e. P(µ1) · P(µ2) for that segment combination). 
The probability of an incompatibility with isolation pattern I, conditioned on gene trees Tx and 
Ty, is then 

𝑃3𝐼8𝑇𝑥, 𝑇𝑦4 = 𝑝 ©𝐵𝑇𝑥𝟏𝐑𝑇𝑥,𝑇𝑦𝐵𝑇𝑦 − 𝐵𝑇𝑥𝟏𝐀𝑇𝑥,𝑇𝑦
𝐵𝑇𝑦 + 𝐀𝑇𝑥,𝑇𝑦 ∘ 𝟏𝐑𝑇𝑥,𝑇𝑦« (S6) 

where 𝟏𝐀¬�,¬�  is a matrix whose elements are 1 for non-zero entries of ATx,Ty and 0 otherwise. 

As before, we can form the 4x4 matrix, D(I), for each isolation pattern I from Equation S6, and 
calculate concordance probabilities from Equation 4 (main text). 
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Table S1. Probabilities for incompatibility-participating mutations that depend on mutation order 
Note that patterns A2 and A5 correspond to calculations from Eqs. 16 (main text) and S4 
respectively. 
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