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ABSTRACT Under different environmental stresses, bacteria optimize the allocation of cellular resources through a variety of
mechanisms. Recently, researchers have used phenomenological models to quantitatively characterize the allocation of bacte-
rial protein resources under metabolic and translational limitations. Some stresses interfere with protein maturation, thereby
enhancing the expression of chaperones and proteases. However, the reallocation of protein resources caused by such envi-
ronmental stresses has not been modeled quantitatively. Here, we developed a dynamic model of coarse-grained protein
resource fluxes based on a self-replicator that includes protein maturation and degradation. Through flux balance analysis, it
produces a constrained optimization problem that can be solved analytically. Accordingly, we predicted protein allocation frac-
tions as functions of growth rate under different limitations, which are basically in line with empirical data. We cultured Escher-
ichia coli in media containing different concentrations of chloramphenicol, acetic acid, and paraquat and measured the functional
relationship between the expression level of b-galactosidase driven by a constitutive promoter and the bacterial growth rate,
respectively. Taking into account the possible mode of stress limitation on the fluxes, our model reproduces this experimentally
measured relationship. In addition, our model is in good agreement with the experimental relationship between growth rate and
proteome fraction of unnecessary protein in E. coli, considering the unoptimized upregulation of chaperones with useless protein
overexpression. The results provide a more systematic view of bacterial stress adaptation that may help in designing for bioen-
gineering or medical interventions.
INTRODUCTION
Bacteria have to adapt to various stresses such as nutrient
limitation, heat/cold shock, acidic/alkaline stress, oxidative
damage, and high osmolarity, so they have evolved a variety
of corresponding response mechanisms to counteract or
alleviate these stresses (1–4). These response mechanisms
can be well tuned to overcome different stresses to maintain
the necessary cellular physiology. However, the production
of response proteins is a burden to cell growth and reproduc-
tion. This leads to a balance of resource allocation between
reproduction and maintenance/repair (5). Inducing bacterial
stress responses under these conditions eventually leads to
reallocation of cellular protein resources (6), with prefer-
ence given to growth rate maximization (7). Molecular
chaperones and proteases are important for protein quality
control (8,9). Many environmental factors such as tempera-
ture, pH, free radicals, hydrostatic pressure, and osmolarity
can affect the processes of protein folding and assembly (2),
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and abnormalities in these factors can interfere with protein
maturation. To resist this effect, bacteria will express more
chaperones and proteases. This will lead to the proportion
of chaperones and proteases in the proteome rising to a
degree that cannot be ignored (10–15). This study aims to
quantitatively characterize bacterial protein allocation under
nonlethal stress conditions, especially when the protein
maturation process is impaired. We will highlight the role
of chaperones and proteases in protein quality control and
protein allocation.

The process of cell growth can be regarded as a process of
‘‘self-replication,’’ and the cell is a ‘‘self-replicator.’’ A sim-
ple self-replicator is that ribosomes translate themselves as
well as other proteins (16,17). In the past �10 years,
many models based on such a self-replicator have been con-
structed that phenomenologically describe the dependence
of some physiological factors (e.g., transcription/translation
rate, mRNA/protein level, resource allocation) on bacterial
growth rate (e.g., (16,18–25)). In these models, proteins
are usually divided into different classes according to their
function and trends under different growth conditions
(e.g., (19–22)). In the model of Scott et al. (19), proteins
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FIGURE 1 Schematic illustration of protein self-replicator. (A) An illus-

tration for the model of Scott et al. (19) is shown. The proteome is parti-

tioned into Q (housekeeping and growth rate-independent proteins), R

(ribosome-affiliated proteins) and P (proteins belonging to neither Q

nor R). R-class proteins are partly used for synthesizing themselves and

partly for other proteins. The green line denotes the resource flows from nu-

trients to AAs by P. Yellow lines indicate proteins that are synthesized by

R and allocated to R, P, and Q with fractions fR, fP, and fQ. (B) An illus-

tration of our model is shown. The proteome is partitioned into Q, R, P1

(P-class proteins required by AA supply), P2 (chaperones and other proteins

catalyzing protein maturation), and P3 (proteases and other proteins pro-

moting protein degradation). P2-class proteins are partly used for matu-

rating themselves and partly for others. Green lines indicate AA supply

(from P1 to R), polypeptide translation (from R to P2), aberrant protein for-

mation (from P2 to P3 or protein aggregation), and aberrant protein degra-

dation into AAs (from P3 to R), respectively. Yellow lines denote proteins

that are matured by P2 and allocated to Q, R, P1, P2, and P3 with fractions

fQ, fR, fP1, fP2, and fP3. fX (˛ {Q, R, P, P1, P2, P3}) denotes the fraction

of total native proteins devoted to X-class proteins.
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were divided into three classes: 1) R, ribosomal and other
ribosome-affiliated proteins; 2) Q, proteins unaffected by
translation inhibition; and 3) P, the remainder. They consid-
ered the self-replicator to be the case in which ribosomes
synthesize either themselves or other proteins (Fig. 1 A).
They found that the fraction of the total protein mass occu-
pied by the Q sector is nearly 50% independent of the
growth rate, whereas the fractions for the R and P sectors
are linearly correlated with the growth rate under nutrient/
translational limitations, which are the so-called ‘‘growth
laws’’ (17,19). The growth laws indicate that bacteria need
to be assigned more resources to protein synthesis, i.e.,
more ribosomes are reallocated to produce themselves
with either the increase of metabolic rate or the decrease
of translation rate. Within their framework, we developed
a coarse-grained protein resource flux balance model to
elucidate how bacterial cells allocate protein resources,
especially when environmental stress is affecting protein
maturation.

To construct our model, we considered a more complete
self-replicator, which includes not only nutrient uptake,
metabolism, and translation but also protein maturation,
degradation, and aggregation (Fig. 1 B). Different environ-
mental pressures may have different effects on these pro-
cesses, resulting in the redistribution of protein resources
in these processes. Therefore, this extended self-replication
model can describe how different allocations of protein re-
sources under environmental stress lead to different
steady-state growth rates. A diagram of coarse-grained pro-
tein resource fluxes can describe the advanced self-replica-
tor (Fig. 2), in which the flux rates can be represented as
functions of the concentrations or proteome fractions of pro-
tein classes. Flux balance analysis (FBA) is widely used in
studying bacterial metabolism (26), and recently it has been
extended to describe resource allocation between cellular
processes beyond metabolism (7,21,22,27). The extended
self-replication model of protein resource fluxes may give
a series of steady-state growth rates under a fixed condition.
Because bacteria with higher growth rates are more likely to
survive because of higher evolutionary adaptability in com-
mon nonlethal (e.g., weakly acidic or oxidative) environ-
ments. Therefore, we used the growth rate as the objective
function of optimization in the analysis. By FBA, we
derived the optimal protein allocation to achieve the
maximal growth rate.

Our model predicted how the optimal protein allocation
changes with the growth rate as a flux capacity (flux rate
constant) is reduced, based on which two general character-
istics of the bacterial stress adaptation can be drawn. With
reasonably selected parameters, the proteome fractions of
chaperone-like proteins and protease-like proteins under
nutrient and translation limitations agree well with the
genome-wide proteomic data (22,28–30). These two
fractions are close to 5 and 0%, respectively, basically
regardless of growth rate. Furthermore, we predicted a sig-
nificant increase in the mass fraction of chaperone-like pro-
teins occupying the proteome under the protein maturation
stress, which is roughly in line with the transcriptomic/pro-
teomic data (11,30–34). To test the model, we experimen-
tally measured the changes in the expression level of lacZ
driven by a constitutive promoter (PLtetO1 (35)) with the
growth rate under translational, acidic, and oxidative stress,
respectively. With reasonable consideration of the way in
which the stress conditions affect flux capacities, our model
fits well with the experimental data. The results under the
acidic and oxidative stresses imply a mixed limitation on
both flux capacities of amino acid supply and protein matu-
ration. Inspired by the observed upregulation of chaperone
proteins in response to overexpression of unnecessary pro-
teins (e.g., (36,37)), we hypothesized that a part of the chap-
erones are not optimized, and their proteome fraction
increases with the proteome fraction of unnecessary protein.
Combining this hypothesis with our model, we made a
prediction of the relationship between growth rate and
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FIGURE 2 Schematic illustration of protein

resource fluxes in bacteria. AAs inside the cell

come from the uptake and metabolism of the nutri-

tional substrate (S) via P1 (flagella, transporters,

metabolic enzymes, and their affiliated proteins)

or from the degradation of aberrant proteins via

P3 (proteases and their affiliated proteins). The

former is defined as AA supply flux (v1, J1) and

the latter as the degradation flux (v3, J3). AAs are

translated into polypeptides via R (ribosome-affil-

iated proteins), defined as translation flux (v0, J0).

Unfolded polypeptides (UP) mature as native

proteins via P2 (chaperones and other proteins

promoting protein maturation) or mistakenly mature as aberrant proteins (AP) because of the lack of P2. The former is defined as normal maturation

flux (v2, J2) and the latter as aberrant maturation flux (v4, J4). APs can also form protein aggregates spontaneously, defined as the aggregation flux

(v5, J5). Here, vi denotes the total flux rate and Ji (hvi=Mc, where Mc denotes total cell mass and i ˛ {0, 1, 2, 3, 4, 5}) denotes flux rate per unit cell

mass. Each flux can be represented as a function of the concentration or proteome fraction of related proteins.
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proteome fraction of useless proteins, which is in good
agreement with the experimental data (36,38). Importantly,
we predicted that the fraction of overexpressed useless pro-
teins at zero-growth rate is at �30%, which is also consis-
tent with empirical data (36,38). Finally, we discussed the
common molecular mechanisms that allow protein realloca-
tion and the possible effect of the toxicity of protein aggre-
gates on protein allocation.
MATERIALS AND METHODS

In experiments, we used Escherichia coli strain MGIBKY4PLtetO1-lacZ

from Terence Hwa’s lab (19). This strain was constructed from wild-type

E. coli K12 MG1655 by deleting lacI, lacY, galK, and ryhB and replacing

PlacZYjA with PLtetO1 (19). We cultivated the bacteria with four different

M9 media: M9 þ (0.5% w/v) Gluc, M9 þ (0.5% w/v) Glyc, M9 þ
(0.5% w/v) Gluc þ (0.2% w/v) cAA, and M9 þ (0.5% v/v) Glyc þ
(0.2% w/v) cAA. Here, M9 is a minimal medium containing 1� M9 salts

(1 L: 17.096 g Na2HPO4.12H2O, 3 g KH2PO4, 0.5 g NaCl, and

1 g NH4Cl, dissolved in double distilled water (ddH2O)), 2 mM MgSO4,

and 0.1 mM CaCl2 (39), and cAA, Gluc, and Glyc denote casein acids hy-

drolysate, glucose, and glycerol, respectively. Experimental cultures were

grown in a 48-well plate (Corning Costar; Corning, Corning, NY) shaken

at 180 rotations per minute and 37�C. The optical density at 600 nm

(OD600) was measured at more than three time points in the exponential

phase, from which we derived the growth rate. In the b-galactosidase assay,

culture quantification, culture permeabilization, and b-galactosidase

reaction were all performed in 96-well plates. We used o-nitrophenyl-

b-D-galactopyranoside as the substrate of b-galactosidase. The product

o-nitrophenol was monitored by measuring the optical density at 405 nm

(OD405). Both OD600 and OD405 were measured with a Wallac Victor3

1420 multilabel counter (PerkinElmer Life Sciences, Waltham, MA).

Each measurement for OD600 was repeated three times. Our experimental

procedure was adapted from the literature (19,40,41). Details of the proced-

ure and data processing methods are presented in the Supporting Materials

and Methods.
RESULTS

A flux-balance-optimization model for protein
allocation

Bacteria produce proteins from raw nutrients through
several major systems composed mainly of proteins
898 Biophysical Journal 115, 896–910, September 4, 2018
(1,2,4) (see Supporting Materials and Methods; Fig. S1).
These systems include the chemotaxis and nutrient uptake
system (flagella and transporters), catabolic system, biosyn-
thetic system, translation system (ribosomes and accessory
proteins), protein maturation system (molecular chaperones
and other protein factors benefiting protein maturation), and
aberrant protein degradation system (proteases and other
affiliated proteins). The newly produced proteins are in
turn distributed to those systems described above for subse-
quent protein production. The production and allocation of
proteins constitute a self-replicator (Fig. 1). We divide
native proteins into five classes (sectors) by extending the
partition of Scott et al. (19), redefining Q-class proteins as
proteins that are not affected by the stresses considered in
this study (with proteome fraction fQ) and subdividing
P-class proteins into three smaller classes: P1 includes pro-
teins belonging to the chemotaxis/nutrient uptake/metabolic
(amino acid supply) system (with proteome fraction fP1), P2

includes proteins belonging to the protein maturation
system (with proteome fraction fP2), and P3 includes pro-
teins belonging to the protein degradation system (with pro-
teome fraction fP3). We still use R to indicate ribosomal
and ribosome-affiliated proteins (with proteome fraction
fR). Now the normalization constraint becomesP3

i¼1fPi þ fR ¼ 1� fQbf� (fQ, fR, fP1, fP2, fP3 R 0).
Without lethal stress, bacterial cells can replicate them-

selves continuously, i.e., their components (such as the pro-
teome) make themselves by utilizing extracellular nutrients.
Fig. 2 shows the protein resource conversion flows in our
extended self-replication model. There are six different
forms of protein resources: nutritional substrate (S), amino
acid (AA), unfolded nascent polypeptide (UP), normally
matured native protein (NP), abnormally matured aberrant
protein (AP), and protein aggregate (PA), corresponding to
six different fluxes between them: AA supply flux (v1, J1),
translation flux (v0, J0), UP normal maturation flux
(v2, J2), UP aberrant maturation flux (v4, J4), AP degradation
flux (v3, J3), and AP aggregation flux (v5, J5). In general, the
growth rate is the optimization objective for the bacteria at
the steady-state. In our model, it is equivalent to maximizing
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the UP normal maturation flux (J2) (see below). Here, we
aim to find the optimal allocation of proteome through
FBA using growth rate as the objective function.

The evolution of the amount of various protein resources
over time can be represented by

dM=dt ¼ Sv; (1)

where the mass vector M ¼ (MAA, MUP, MAP, MPA, MNP)
T,

the conversion flux rate vector v ¼ (v0, v1, v2, v3, v4, v5)
T,

and the stoichiometric matrix

S ¼

0
BBBB@

�1 1 0 1 0 0

1 0 �1 0 �1 0

0 0 0 �1 1 �1

0 0 0 0 0 1

0 0 1 0 0 0

1
CCCCA
: (2)

When bacteria grow in the steady-state exponential
phase, it results in dM/dt ¼ mM, where m indicates the
growth rate. Together with Eq. 1, Sv ¼ mM is given. We
denote the total mass of cells as Mc. Then we denote the
flux rate per cell mass (hereinafter referred to as ‘‘flux’’
for convenience) as Ji, i.e., Ji¼ vi/Mc and denote the fraction
of cell mass devoted to component X (hereinafter referred to
as the concentration of component X) as jX, i.e., jX ¼
MX/Mc where i ˛ {0,1,2,3,4,5} and X ˛ {all forms of
protein resources}. Furthermore, the flux vector J
ðbðJ0; J1; J2; J3; J4; J5ÞTÞ and the concentration vector J
ðbðjAA;jUP;jAP;jPA;jNPÞTÞ satisfy

SJ ¼ mJ: (3)

Note that the cell mass in this study excludes the mass
of protein aggregates. Protein aggregates as wastes of pro-
tein resource inside the cell do not contribute to the reac-
tions behind the fluxes that determine cell growth. The
concentration of protein resource X (jX) here actually re-
flects the mass ratio of X to all the usable substances in the
cells (including normal proteins, RNA, DNA, etc.) More-
over, protein aggregates can occupy isolated spaces, for
example, in the form of insoluble inclusion bodies (42).
Excluding the mass of protein aggregates from the cell
mass is equivalent to excluding their occupied volume
from the total cell volume under the consideration of con-
stant density (43). It is reasonable to refer to the concen-
tration of component X in the remaining (connected)
space.

Next, we express each flux Ji (i ˛ {0,1,2,3,4,5}) as a func-
tion of the level or relative level of each class (sector) pro-
teins. Based on empirical evidence (19,21,22,44), AA
supply flux can be viewed as a linear function of the concen-
tration of P1-class proteins, i.e.,

J1 ¼ k1jP1; (4)
where k1 represents the bacterial ‘‘AA supply capacity,’’
which reflects the nutrient quality. Notice that here we set
the vertical intercept to zero, which is exactly what Scott
et al. (19) did. The basal expression levels (independent of
the growth rate) of the enzymes in AA supply process are
considered as a part of the Q sector. An intuitive understand-
ing of this linear relationship is that a key enzyme (or an
entire pathway) is the rate-limiting factor that ultimately de-
termines the rate of AA production as a bottleneck (19). The
translation flux (J0) is linearly dependent on the number of
active ribosomes and is therefore proportional to the con-
centration of active R-class proteins, i.e.,

J0 ¼ k0ðjR � j0Þ; (5)

where k0 indicates ‘‘translational capacity’’ and j0 is the
mass fraction of inactive R-class proteins (19,22). In protein
folding, the AA sequence determines the main folding
pathway, whereas molecular chaperones and other affiliated
proteins (P2-class proteins) play an auxiliary role by assist-
ing the UPs to fold correctly or rescuing misfolded polypep-
tides back to a normal intermediate state (9,45). P2-class
proteins are hereinafter referred to simply as ‘‘chaperones.’’
In bacterial cells, translation usually consumes more protein
resources than maturation. To use resources more effi-
ciently, the strategy adopted by the bacteria is to make as
many as possible UPs into functional proteins. This means
that the maturation process should be exceedingly efficient,
which requires that chaperones are expressed enough to
fully fulfill the auxiliary role. Therefore, the rate of protein
maturation (either normally or aberrantly) should be limited
by the level of UPs, and then we simply assume that both the
UP normal maturation flux (J2) and UP aberrant maturation
flux (J4) linearly depend on the concentration of UPs, i.e., J2
f jUP and J4 f jUP. The mechanism of chaperones influ-
encing protein maturation is complicated. In general, the
more chaperones are able to help, the more UPs fold into
native structures and will saturate when the number of chap-
erones reaches a certain value. To avoid the complex calcu-
lations but capture the saturation effect of chaperones, we
assume that J2 and J4 are the Michaelis-Menten functions
of the concentration of all chaperones (jP2), i.e., J2 f
jP2/(Km þ jP2) and J4 f Km/(Km þ jP2). Here, Km is equi-
librium constant, which represents the degree of difficulty in
folding an UP into an NP. Based on the above description,
we finally write J2 and J4 as

J2 ¼ k2jU PjP2=ðKm þ jP2Þ (6)

and

J4 ¼ k4jUPKm=ðKm þ jP2Þ; (7)

where k2 and k4 are rate constants for successful and aber-
rant maturations, respectively. Notice that k2, k4, and Km
Biophysical Journal 115, 896–910, September 4, 2018 899
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can be integrated as one parameter (see fm as below) given
the constraints on J2 and J4. Chaperones help bacteria to
fold as many UPs as possible into functional proteins, but
too many chaperones are a burden on the growth of bacteria.
To get the maximal growth rate, the bacteria need an appro-
priate jP2, i.e., jP2 should be chosen to be small enough to
make jP2/(Km þ jP2) as close to one as possible. In the
absence of maturation stress, Km is approximately equal to
zero, so even a small jP2 is sufficient to make
jP2=Km [ 1, and thus J2z J0 and J4z 0. Under the stress
that affects protein maturation (such as thermal, acidic or
oxidative stress), UPs are harder to fold into NPs without
the help of chaperones and Km will be raised. To meet the
requirements of bacterial growth, bacteria need to allocate
more resources to molecular chaperones, which means
jP2 will increase. The difference in the means of limitation
between AA supply flux and protein maturation flux indi-
cate that proteins are produced in a way of ‘‘strict flow in
and loose flow out.’’ Similar to the AA supply process, pro-
tein degradation can also be regarded as rate limiting at
some protease concentrations, and then AP degradation
flux (J3) is proportional to the concentration of proteases
and other proteins promoting the degradation of abnormally
folding polypeptides (P3-sector proteins), i.e.,

J3 ¼ k3jP3; (8)

where k3 denotes ‘‘AP degradation capacity.’’ P3-sector pro-
teins are hereinafter referred to simply as ‘‘proteases.’’ If we
can ensure that J3 turns off when the growth medium is not
too poor and there is no strict limitation on the AA supply
flux, our main results are not sensitive to using different re-
lations between J3 and jP3. Protein aggregation is more
likely a spontaneous (enzyme-free) process, so the aggrega-
tion flux (J5) can be expressed as a function of the concen-
tration of aberrant proteins (jAP) independent of the
concentration of each sector protein. The significance of
this flux to our model is reflected in the constraint

J5R0: (9)

AAs, UPs, and APs are intermediate products in the
fluxes system. The bacteria need to utilize protein resources
economically. AA pools are well controlled by negative and
positive feedback loops in the balance of AA supply flux
and translation flux (19). The amount of free AAs just needs
to meet the requirement of ongoing translation, so the free
AAs should not occupy a high proportion of cell mass.
This is supported by experimental evidence. Free building
blocks (AAs, deoxynucleoside triphosphates, ribonucleo-
side triphosphates, etc.) for macromolecules occupy 2.5%
of the dry mass for E. coli B/r strain with a doubling time
of 40 min (1), which indicates that the proportion of AAs
should be less than 2.5%. With the help of chaperones and
folding catalysts, the folding time of UPs should mostly
900 Biophysical Journal 115, 896–910, September 4, 2018
be shorter than one bacterial generation. However, the ma-
jority of mature proteins have half-lives of 5–20 h over
several generations (8). Therefore, the fraction of cell
mass for UPs should be quite small relative to that for
mature proteins. APs can interfere with normal physiolog-
ical processes, so the bacteria should aggregate or degrade
them quickly once they are formed (see the Discussion
and the Supporting Materials and Methods). Therefore, we
neglect the terms mjAA, mjUP, and mjAP in Eq. 3. We sub-
stitute JijNP for Ji (i ˛ {0,1,2,3,4,5}) in the above equations
and define fX as the fraction of the proteome mass that the X
mass occupies (referred to simply as the proteome or mass
fraction of X hereinafter), i.e., fX ¼ jX/jNP, where X is
one form of protein resource. Furthermore, with Eq. 3, we
rewrite Eqs. 4, 5, 6, 7, and 8 as

J0 ¼ k0ðfR � f0Þ; (10)

J1 ¼ k1fP1; (11)
m ¼ J2 ¼ k0ðfR � f0ÞfP2=ðfm þ fP2Þ; (12)
J3 ¼ k3fP3; (13)
and

J4 ¼ k0ðfR � f0Þfm=ðfm þ fP2Þ; (14)

where fm ¼ k4Km/(k2jNP), reflecting the frustration level of
protein maturation. Notice that constraints J0 ¼ J2 þ J4 and
m ¼ J2 have been used here. We assume that the mass frac-
tion of normal proteins in the cell mass (jNP) does not
change with the growth rate much under the stresses consid-
ered in this study. Thus, the change of fm due to the (small)
change of jNP can be neglected. Notice that cell mass ex-
cludes the mass of protein aggregates in our definition
(see above). Then the change in the mass of protein aggre-
gates even under the maturation stress will not affect jNP

much. The below results are consistent with this assumption
(see Fig. S2). Based on this assumption, fm is basically in-
dependent of k0 and k1. We use 1/fm to indicate ‘‘UP matu-
ration capacity.’’ The corresponding constraints are

J0 ¼ J1 þ J3; (15)

J5 ¼ J4 � J3P0; (16)
X3
fR þ
i¼ 1

fPi ¼ f�; (17)

and

ðfR � f0Þ;fP1;fP2;fP3P0: (18)



TABLE 1 The Model Predicts the Changes of the Optimal

Allocation Fractions f
opt
R , fopt

P1 , f
opt
P2 , and f

opt
P3 and Maximized

Growth Rate mmax with the Flux Capacities k0, k1, k3, and 1/fm

Optimal Allocation of Protein Resources
In stress conditions, bacteria redistribute protein re-
sources for the fastest growth rate, and the problem of the
allocation of protein resources in the stressful environment
becomes a constrained optimization problem in which the
growth rate is the objective function. Here, we need to
derive the optimal protein allocation ðfopt

R ;fopt
P1 ;f

opt
P2 ;f

opt
P3 Þ

by maximizing the growth rate (m ¼ mmax). This optimiza-
tion problem can be analytically solved by the method of
dimensionality reduction (see the procedure and the optimal
solution in the Supporting Materials and Methods).

To analyze a particular stress with our model, we need to
know exactly how the stress suppresses the fluxes. The main
assumptions and parameters for the specific stresses studied
here are listed in Table S1. Some of the parameters are fixed
based on literature (19): f* ¼ 0.55, f0 ¼ 0.066, k0 ¼ 6 h�1

(no translation limitation), and k1 ¼ 1.3 h�1 (for M9 þ
Glyc), 2 h�1 (for M9 þ Gluc and M63 þ Gluc), 2.6 h�1

(for M9 þ cAA þ Glyc), 3.34 h�1 (for M9 þ cAA þ
Gluc and M63 þ cAA þ gluc), or 20 h�1 (for Neidhardt’s
rich defined media þ Gluc) (no AA supply limitation). fm

and k3 are fixed to reasonably agree with experimental
data: fm ¼ 0.0061 and k3 ¼ 0.3h�1. Additional parameters
for fitting experimental data are given in the figure captions.

The model needs to be further clarified in the following
aspects. First, there are two different types of protein
degradation: housekeeping and regulatory (8,46). The
degradation of APs in our model mainly refers to the house-
keeping type. Second, growth-rate-dependent proteins may
be regulated both in number and in activity. In our model,
inactive proteins are regarded as non-native (aberrant); in
other words, all NPs are considered as active. So those pro-
teins that regulate protein activity also belong to the P2 class
(chaperone-like proteins). Third, ‘‘growth-rate indepen-
dent’’ in this study refers to ‘‘not affected by the stresses un-
der consideration.’’ Fourth, under intense (lethal) stress,
some parameters (such as mass fraction of housekeeping
proteins fQ) may significantly depend on growth rate, and
even DNA may be damaged to cause SOS response (47).
Here, we only consider weak (nonlethal) stress. Fifth,
recently, the rate of translational elongation has been found
to depend on the growth rate under changes in nutrient
composition (20,25). We considered the dependence of
translational elongation rate on growth rate in our model,
and the results did not change much (see Fig. S5).
k1 > k3 k1 < k3

k0Y k1Y
a fm[ k3Y k0Y k1Y fm[ k3Y

f
opt
R [ Y Y – [b Y Y or [c Y

f
opt
P1 Y [ Y – Y [ Y Y

f
opt
P2 – – [ – [ Y [ [

f
opt
P3 – – – – Y Yb [ [

mmax Y Y Y – Y Y Y Y

[, Y and – indicate increasing, decreasing and constant, respectively.
aKeeping k1 > k3.
bLittle stress on protein maturation, namely, fm � 0.
cIf k1 > k0k3/(k3 þ 2k0), take ‘‘Y’’; if k1 < k0k3/(k3 þ 2k0), take ‘‘[.’’
The model predicts optimal allocation of proteins
under the limitation on flux capacity

The rigorous analytical solution to the above optimization
problem shows how protein allocation and growth rate
depend on flux capacities (see Supporting Materials and
Methods). Environmental stress suppresses a flux by
reducing its capacity, and the stronger the stress, the smaller
the flux capacity. Using this relationship, we can derive from
the analytic solution the effect of the stress intensity on pro-
tein resource allocation and growth rate. Table 1 summa-
rizes how the maximal growth rate (mmax) and the optimal
mass fraction of each class of proteins (fopt

R ,fopt
P1 ,f

opt
P2 ,f

opt
P3 )

change as one of the flux capacities (k0, k1, 1/fm, and k3) de-
creases. It shows that the flux suppressed by the stress will
occupy a higher fraction of the protein, whereas some of
other fluxes will occupy lower fractions accordingly. For
example, the mass fraction of ribosome-affiliated proteins
ðfopt

R Þ increases with decreasing translation capacity k0 but
decreases with decreasing AA supply capacity k1, whereas
the mass fraction of AA-supply-required proteins ðfopt

P1 Þ
changes inversely. In addition, the growth rate is always
declining as the flux capacity is limited. With only one
exception—when AA supply capacity is higher than AP
degradation capacity (k1 > k3)—the limitation on AP degra-
dation capacity (k3) does not affect the growth rate.

According to the analytic solution, the optimal allocation
fractions of the proteome can be expressed as explicit func-
tions of the maximized growth rate mmax (see the Supporting
Materials and Methods). For example, under the condition
of k1 > k3, f

opt
R and f

opt
P1 can be formalized as linear func-

tions of mmax no matter whether k1 or k0 is reduced (AA
supply or translation limitation), i.e.,

f
opt
R ¼ Ammax=ðk0BÞ þ f0; (19)

¼ �Ammax=ðk1BÞ þ ABþ f0; (20)
and

f
opt
P1 ¼ �Ammax=ðk0BÞ þ AB; (21)

¼ Ammax=ðk1BÞ; (22)
where A ¼ (fm þ f**)1/2, B ¼ ðfm þ f��Þ1=2 � f1=2
m and

f** ¼ f* � f0. If fm ¼ 0 (i.e., no frustration in protein
maturation), we have A ¼ B ¼ f**1/2, and then the
linear functions shown by Eqs. 19, 20, 21, and 22 degenerate
into the Scott-Hwa growth laws (17,19): mmax ¼ k0ðfopt

R �
f0Þ ¼ k1f

opt
P1 ¼ ðf� � f0Þk0k1=ðk0 þ k1Þ. Beyond the
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Scott-Hwa growth laws ðfms0Þ, our model gives that both
mass fractions of chaperones and proteases (fopt

P2 and f
opt
P3 )

are independent of growth rate (the former is a function of
fm, and the latter is zero) when k1 or k0 decreases under
the condition k1 > k3. Moreover, our model predicts a linear
correlation between the mass fraction of each class of pro-
teins and the growth rate under the protein maturation stress
(see Supporting Materials and Methods; Figs. 3 and S3).

Assigning empirical or properly chosen values to the pa-
rameters (see the model section), we obtain the quantitative
relation between the mass fraction (fopt

X , also simplified as
fX, X˛ {R, P1, P2, P3}) of each class of proteins and growth
rate (mmax, also simplified as m) under the stress of limiting
flux capacity k0, k1, or 1/fm, as shown in Figs. 3 and S3. Un-
der AA supply stress (k1 decreasing), the mass fraction of
ribosome-affiliated proteins ðfopt

R Þ linearly increases with
the growth rate (mmax), whereas the mass fraction of AA-
supply-required proteins ðfopt

P1 Þ linearly decreases except
at extremely small growth rates (Fig. 3 A). Under transla-
tional stress (k0 decreasing), f

opt
R linearly or approximately

linearly decreases with mmax, whereas f
opt
P1 linearly increases

(Figs. 3 B and S3 B). Figs. 3, A and B and S3, A and B also
show the mass fraction of chaperones and proteases (i.e.,
f
opt
P2 þ f

opt
P3 ) is much smaller than that of ribosome-affiliated

and AA-supply-required proteins ðfopt
R þ f

opt
P1 Þ. These re-

sults, obtained with a small fm (¼0.0061), are in line with
those of Scott et al. (19).

Interestingly, Fig. 3 A shows that there is a jump in protein
allocation at a growth rate of 0.15 doublings/h (also see
A

B C
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Fig. S3). When the growth rate is smaller than this jump
point, both mass fractions of chaperones and proteases
(fopt

P2 and f
opt
P3 ) increase with the growth rate. When the

growth rate exceeds the jump point, the mass fraction of
chaperones ðfopt

P2 Þ is saturated, whereas the mass fraction
of proteases ðfopt

P3 Þ drops to zero immediately. The shift of
f
opt
P3 is in line with the fact that most proteins are stable

when E. coli cells grow in a nutrient-rich environment, but
these ‘‘stable’’ proteins are prone to degradation in starva-
tion (46). The jump results from the switching of AP degra-
dation process. If AA supply capacity (k1) is higher than AP
degradation capacity (k3), it is more efficient to produce
AAs via metabolism than via the degradation of aberrant
proteins. At this time, the bacteria will switch off the AP
degradation process (i.e., J3 ¼ 0) and transfer the cost of
P3-sector proteins totally to P2 sector. As a result, APs
will tend to aggregate. In the opposite case, the bacteria
will express enough proteases to degrade all the APs to
compensate for the lack of AAs produced via metabolism.
In real bacterial cells, the ‘‘jump’’ might be smoothed out
because our model is a coarse-grained model; many details
about the bacteria are not taken into account, and the bacte-
ria may not always proliferate at the maximal rate because
of environmental variability (48). By analyzing the proteo-
mic data (22,28,29), we found that the mass fraction of
chaperones and folding catalysts (classified by Proteomaps
(49)) in the proteome is around 5%, and the mass fraction
of peptidases (proteases) is around 2%. Moreover, both of
these fractions are substantially independent of growth rates
FIGURE 3 The model predicts the relation of

protein allocation fractions and the growth rate

when one flux capacity (k1, k0, or 1/fm) is reduced

by the stress. Insets present the decrease of

growth rate with flux capacity limitation, in which

units of m, k1, k0, and fm are doublings/hour

(dbls/h), h�1, h�1, and 1, respectively. fR, fP1,

fP2, and fP3 indicate proteome fractions of ribo-

some-affiliated proteins (R class), AA-supply-

required proteins (P1 class), chaperone-like

proteins (P2 class), and protease-like proteins (P3

class), respectively. The experimental data for fP2

(circles) and fP3 (triangles) are obtained with the

classification of Proteomaps (49); those in (A) are

based on the proteomic data of (22,28–30), and

those in (B) are based on (22). Common parame-

ters: f* ¼ 0.55, f0 ¼ 0.066, k3 ¼ 0.3 h�1. (A)

AA supply stress is shown by k1 decreasing. Param-

eters: k0 ¼ 6 h�1 and fm ¼ 0.0061. (B) Transla-

tional stress is displayed by k0 decreasing

(k1 > k3). Parameters: k1 ¼ 4.5 h�1 and fm ¼
0.0061. (C) Protein maturation stress is

reflected by fm increasing (k1 > k3). Parameters:

k0 ¼ 6 h�1 and k1 ¼ 4.5 h�1. To see this figure

in color, go online.



FIGURE 4 Translation flux shifts from the normal maturation flux to the

aberrant maturation flux under protein maturation stress (fm increasing). J0:

translation flux; J2: normal maturation flux; J4: aberrant maturation flux; J3:

degradation flux; J5: aggregation flux. J2/J0 and J4/J0 indicate fractions of

UPs matured normally and abnormally, respectively. J3/J4 and J5/J4 indi-

cate fractions of APs degraded and aggregating, respectively. Notice that

J2/J0 þ J4/J0 ¼ 1 and J3/J4 þ J5/J4 ¼ 1. The plot shows that J2/J0 decreases

with the maturation stress (minimum ¼ 0), whereas J4/J0 increases

(maximum ¼ 1) with the maturation stress. When AA supply capacity is

bigger than the degradation capacity (k1 > k3), AP degradation flux is

switched off and all the aberrantly matured proteins aggregate. Parameters

are the same as those used in Fig. 3 C. To see this figure in color, go online.

Optimal Allocation of Protein Resources
under various conditions that limit AA supply (by changing
composition or concentration of nutrients or titrating a
permease for carbon source or a key enzyme in an anabolic
pathway) or limit the translation (induced by chloramphen-
icol). By choosing k3 and fm properly, our results are in
good agreement with the above proteomic analysis (see
Fig. 3, A and B): the mass fraction of chaperones is always
�5% and that of proteases is always �0% in the case k1 >
k3. It suggests that the consideration of protein quality con-
trol in our model and the choice of parameters (fm and k3)
are reasonable. The extra 2% protease fraction in the empir-
ical data points to the existence of a basal level of the pro-
teases. From Table 1, we know the influence of the
perturbations of fm and k3 on the above results. Under the
condition of k1 > k3, when fm is perturbed, the proteome
fraction of chaperones changes in the same direction as
fm and the proteome fractions of AA-supply-required pro-
teins and ribosome-affiliated proteins change in the opposite
direction of fm, whereas the fraction of proteases remains
constant. When k3 is lower than k1, the perturbation of k3
does not affect protein allocation, but when k3 is higher
than k1, it affects the jump point and protein allocation.

Under the stress (e.g., thermal, acidic, and oxidative
stresses) of interfering protein maturation, fm is raised,
so the mass fraction of chaperones (fP2) should increase
as well (see Figs. 3 C and S3 C; Table 1). Figs. 3 C and
S3 C present the quantitative relationship between protein
allocation and growth rate under the protein maturation
stress (fm increasing) for the cases of k1 > k3 and k1 <
k3, respectively. When AA supply capacity is larger than
AP degradation capacity (k1 > k3), the mass fraction of
proteases is zero, i.e., fopt

P3 ¼ 0, and decreasing the growth
rate (from 1.44 to 0 doublings/h), the mass fraction of
chaperones ðfopt

P2 Þ will linearly increase (from �5% to
�25%), whereas both mass fractions of ribosome-affiliated
proteins and AA-supply-required proteins (fopt

R and f
opt
P1 )

will linearly decrease (see Fig. 3 C). These relations, as
the important predictions of our model, indicate that the
expression of chaperones, proteases, and other affiliated
proteins can be upregulated to maximize the growth rate
under the maturation stress, and meanwhile, that of ribo-
somal proteins, metabolic enzymes, etc. should be downre-
gulated according to resource reallocation. Fig. 4 shows
that a higher fraction of the translation flux will flow to
the aberrant maturation flux with increasing intensity of
maturation stress, which indicates that a remarkable pro-
portion of UPs mature abnormally under the strong matu-
ration stress even if chaperones are expressed at a high
level. In addition, Fig. 4 shows that the aberrant maturation
flux (J4) 100% shifts to the aggregation flux (J5) when k1 >
k3, which is in line with the above results (see the results
when k1 < k3 in the Supporting Materials and Methods
and Fig. S4 therein).

Genome-wide transcriptomic/proteomic data show that
the expression of some chaperones increases significantly
in response to acidic stress (11,31), oxidative stress (32),
and thermal stress (33,34). The transcriptomic data from
Tucker et al. (31) show that periplasmic acid stress chaper-
ones hdeA and hdeB are upregulated more than 10-fold, and
cbpA (co-chaperone of DnaK), is increased fivefold at
pH ¼ 4.5 relative to pH ¼ 7.4. Allen and Griffiths (32),
with their microarray data, revealed that the expression of
at least three chaperone genes (hdeA, clpB, and dnaK) has
a 1.5- to 4-fold change upon exposure of exponentially
growing cells to 2.5 mM hydrogen peroxide or 300 mM
paraquat. Foshag et al. (33) found five chaperones (GroEL,
GroES, DnaK, GrpE, and SecA) increased 3- to 10-fold in
42�C-heat-shocked S30 lysates. Notice that some chaper-
ones may not be detected/recognized in the above
genome-wide data. Therefore, it is very likely that the
mass fraction of all chaperones (including chaperone-like
proteins) in the proteome increases significantly under the
protein maturation stresses (such as acidic, oxidative, and
thermal stresses). Schmidt et al. (30) in 2016 measured
the abundance of >2300 proteins under 20 steady-state con-
ditions. With the classification of Proteomaps (49), we
computed the mass fraction of chaperones (including
folding catalysts) and that of proteases (peptidases) under
these conditions. With varying nutrient sources or using
glucose-limited chemostat (17 conditions), the mass frac-
tions are�5% and �2% respectively, which is in agreement
with above results from other proteomic data, except that the
mass fraction of chaperones is �8% with the complex me-
dium LB. Interestingly, the mass fraction of chaperones in-
creases significantly (55 and 35% respectively) in presence
Biophysical Journal 115, 896–910, September 4, 2018 903
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of the weak thermal (42�C) and acidic stresses (pH ¼ 6),
which is in line with our results about the maturation stress.

Based on the above results in line with the literature (e.g.,
(19,21,22)), we summarize two general characteristics of
bacterial cells under stress: 1) environmental stress usually
creates a bottleneck somewhere in protein production, re-
sulting in slower cell growth; and 2) the bacteria can reallo-
cate protein resource among fluxes to maximize the growth
rate within constraints. Stress-targeted flux occupies an
increased proteome fraction (may increase from a negligible
fraction to a remarkable fraction), and other fluxes occupy
decreased proteome fractions correspondingly.
The model quantifies the change of
b-galactosidase concentration from a constitutive
promoter with the growth rate under translational,
acidic, and oxidative stresses

The linear relationships as shown in Fig. 3 C are the predic-
tions for the pure maturation stress, under which the matu-
ration of all the proteome sectors is restricted to the same
extent. However, the maturation stresses available for the
current experiments (e.g., thermal, acidic, or oxidative
stress) may not act on only one flux, and therefore protein
allocation is probably not linearly correlated with the
growth rate. Different proteins differ in their maturation
pathways with the help of different molecular chaperones
(9). The usual maturation stress probably does not have a
common intensity for all the proteins, i.e., proteins from
different sectors may have different sensitivities to the
stress. In addition to the limitation on the maturation pro-
cess, the stress may also hinder other processes in which
some sensitive proteins play important roles. The genome-
wide transcriptomic/proteomic data show that some
metabolic enzymes, like chaperones, are produced at higher
levels under thermal, acidic, or oxidative stress (11,30–34).
Moreover, the rate-limiting enzymes are widespread in the
AA supply process. It is likely that one of the upregulated
metabolic enzymes determines the rate of AA supply under
A B

line), 2 h�1 (green line), 2.6 h�1 (red line), or 3.34 h�1 (cyan line), f�
m¼ 0.0061,

of acetic acid are shown. Kx ¼ 0.1 (blue line), 5 (green line), 15 (red line), or 25

line), 12 (green line), 0.1 (red line), or 15 (cyan line).
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the usual maturation stress. Therefore, the usual maturation
stress probably limits both the protein maturation process
and the AA supply process, with the former being direct
and the latter being indirect. To explain our experimental re-
sults under acidic and oxidative stresses, the effects of stress
on both flux capacities need to be considered.

We measured the expression level of b-galactosidase
constitutively driven by promoter PLetO1 (35) in E. coli as
a function of growth rate under translational (induced by
chloramphenicol), acidic (induced by acetic acid), and
oxidative (induced by paraquat) stresses, respectively. As
Scott et al. (19) did, b-galactosidase driven by a constitutive
promoter can be regarded as a P1-class protein, and the mass
fraction of b-galactosidase can be assumed to be propor-
tional to that of AA-supply-required proteins (P1 sector),
i.e., fZ f fP1. Considering that the change of cell mass is
mainly reflected in proteins and RNA (43), we can derive
fNP f 1/(rþ fR) with r¼ 0.76 (19), which is in agreement
with empirical data for various nutrients and different chlor-
amphenicol concentrations (see the Supporting Materials
and Methods and Fig. S7 therein). Integrating above for-
mulas with Z f jZ ¼ fZjNP, we can represent b-galactosi-
dase concentration Z as a function of mass fractions of
ribosome-affiliated proteins and AA-supply-required pro-
teins (fR and fP1) (see the Supporting Materials and
Methods):

Z ¼ CfP1=ðrþ fRÞ; (23)

where r ¼ 0.76 (19) and C is constant. This formula con-
nects the experimental variable Z with theoretical variables
fP1 and fR. Considering how the stress changes flux
capacities, our optimization model combined with Eq. 23
yields comparable results to the experimental data (see
Figs. 5 and S8).

Chloramphenicol-induced translation inhibition can be
represented by a decrease in translational capacity k0
(19). To obtain theoretical results in agreement with exper-
imental data, we determined f*, f0, k1 (under translation
FIGURE 5 b-galactosidase activity (concentra-

tion) from a constitutive promoter (PLtetO1) as a

function of growth rate under the stress induced

by acetic acid or paraquat is well fitted with the

model. Circles, diamonds, triangles, and squares

denote experimental results for the bacteria grown

in four different growth media (M9 þ Glyc,

M9 þ Gluc, M9 þ cAA þ Glyc, and M9 þ
cAAþGluc) with various sublethal levels of acetic

acid or paraquat. Corresponding experimental data

are presented in Tables S2 and S3. Blue, green, red,

and cyan lines show theoretical results under the

acidic or oxidative stress, and yellow lines indicate

those under AA supply stress. Parameters: f* ¼
0.55, f0 ¼ 0.066, k0 ¼ 6 h�1, k�1¼ 1.3 h�1 (blue

k3 ¼ 0.3 h�1, b ¼ 5, C ¼ 5 � 105 Miller units. (A) Results under the stress

(cyan line). (B) Results under the stress of paraquat are shown. Kx ¼ 9 (blue
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limitation), and k0 (under nutrient limitation) based on the
literature (19) and set fm and k3 as the values from fitting
the proteomic data (see above). In addition, we fixed the
scaling factor C (in Eq. 23) by fitting the experimental
b-galactosidase concentration as a function of growth
rate. As shown in Fig. S8, our model well fitted b-galacto-
sidase concentration as a function of growth rate under
chloramphenicol limitation with various growth media.
However, it seems that the experimental b-galactosidase
concentration may not convert to zero at the zero-growth
rate as we predict. This may indicate that b-galactosidase
has a nonzero basal expression level that could be regarded
as part of housekeeping the Q sector. We have overlooked
this possible impact here because it is not our focus of
concern, nor does it affect our main results. Fig. S8 B, con-
verted from theoretical curves in Fig. S8 A with Eq. 23,
shows a linear relationship between the mass fraction of
AA-supply-required proteins (fP1) and growth rate under
translation inhibition as an echo of the results of Scott
et al. (19).

For acidic/oxidative stress, our experimental results (see
Fig. 5) show that b-galactosidase concentration basically
decreases and then increases to some extent with the level
of the inducer (acetic acid or paraquat). It is impossible to
explain this phenomenon if we only consider that the matu-
ration flux capacity is affected. According to the manner
and effect of action, we classify the effects of acidic/oxida-
tive stress on the maturation (folding, assembly, activation,
etc.) process of proteins as direct and indirect. In general,
maturation stress affects the folding of UPs into functional
proteins: the nonspecific frustration on the maturation of
the entire proteome becomes a bacterial growth bottleneck,
and we call this effect a direct effect. Bacteria will use pro-
tein quality-control systems to deal with this effect. The
damage or activity reduction of some specific key protein
caused by the stress will affect the key biochemical pro-
cess(es) in the important pathway(s), and thus this protein
becomes the bottleneck restricting bacterial cell growth.
We refer to this effect of maturation stress as an indirect
effect. A variety of rate-limiting enzymes exist in the AA
supply process, and empirical data show that expressions
of some metabolic enzymes are also increased in response
to acidic or oxidative stress (11,30–32). Moreover, only
AA supply stress can induce an increase in the concentra-
tion of AA-supply-required proteins according to Fig. 3.
Therefore, one of the simplest and most natural ideas is
that the acidic/oxidative stress acts on the AA supply pro-
cess by influencing some important proteins in this process.
Based on this viewpoint, both AA supply flux and UP
normal maturation flux are limited by the acidic/oxidative
stress, which is reflected in our model by the reduction
of flux capacities k1 and 1/fm. We define the stress inten-
sity (x) by

fm ¼ f�
mð1þ xÞ; (24)
where f�
m represents the values in the absence of oxidative/

acidic stress. In general, the stress intensity x is a function of
the concentration of the inducer (here, acetic acid or para-
quat), and x ¼ 0 if there is no inducer. The acidic/oxidative
stress acts on the AA supply flux by affecting the enzymes,
and enzyme-catalyzed biochemical reaction rates can often
be written in the form of a Hill function. Therefore, a
reasonable choice of the relationship between AA supply
capacity k1 and stress intensity x is

k1 ¼ k�1
.h

1þ ðx=KxÞb
i
; (25)

where k�1 represents the values in the absence of oxidative/
acidic stress and Kx and b denote the equilibrium constant
and Hill coefficient, respectively. Although we do not
know the exact relationship between stress intensity and
inducer concentration, for each value of stress intensity x,
we can calculate the optimal protein allocation and growth
rate and then get the value of b-galactosidase concentration.
Finally, we can get protein allocation and b-galactosidase
concentration as functions of growth rate. To compare
with the experimental results, we set f*, f0, k

�
1 , k0, f

�
m, k3,

and C as the same values as those for the corresponding pa-
rameters under chloramphenicol limitation and fixed Kx and
b (in Eq. 23) by fitting the experimental relationship of
b-galactosidase concentration and growth rate. Fig. 5 shows
our model can well fit the experimental b-galactosidase con-
centration as a function of growth rate under the acidic and
oxidative stresses induced by acetic acid and paraquat,
respectively. Furthermore, the results also show that the
relationship between b-galactosidase concentration and
growth rate is also dependent on the growth medium. It sug-
gests that the bacteria grown in different growth media
choose different AA supply pathways with different
acidic/oxidative sensitivities. Astonishingly, the curves in
Fig. 5 for M9 þ Glyc under acetic acid stress and M9 þ
cAA þ Glyc under paraquat stress overlap with the nutrient
line. This means that in both cases, the limitation on AA
supply flux completely overwhelms the limitation on the
maturation flux because of the supersensitivity of some
key AA supply enzyme(s).
The model well characterizes the effects of
overexpression of unnecessary protein on
growth rate

Earlier experiments show that many chaperones (e.g.,
DnaK, DnaJ, GrpE, HtpG, and GroEL) are upregulated in
response to overexpression of an unnecessary protein
(e.g., (36,37)). With two-dimensional polyacrylamide gels,
Dong et al. (36) found that DnaK and GroEL increase
around 90 and 27%, respectively, in the level in response
to overexpression of either DEF-Tu or b-galactosidase.
DNA microarray data of Oh and Liao (37) show that
Biophysical Journal 115, 896–910, September 4, 2018 905



Zhang et al.
dnaK, dnaJ, grpE, and htpG are upregulated two- to eight-
fold under the overexpression of the a-subunit of the lucif-
erase heterodimer. The upregulation of chaperones can be
qualitatively interpreted with our model. Bacteria cannot
distinguish the unnecessary protein from useful proteins at
the translation level. In order not to waste translation costs,
whether it is a useful or useless protein, the bacterium
should try its best to help the UPs correctly folded into
the native structures. Producing unnecessary proteins,
although taking up cellular resources, has no use in cell
growth. When unnecessary proteins are overexpressed, the
same translation costs are paid while the proportion of func-
tional proteins obtained is reduced. This is similar to the
cells facing maturation stress. Similarly, chaperones will
be upregulated in response to overexpression of unnecessary
proteins. Because chaperones are able to have a non-ne-
glectable mass fraction in the proteome (see our above re-
sults), it is meaningful to consider the effect of their
upregulation in illuminating the physiological change of
the bacteria with overexpressed unnecessary protein.

Overexpression of unnecessary proteins will inhibit bac-
terial cell growth, which is well known in synthetic biology
and biotechnology (19,21–23,36,38,43,50). From empirical
data, the growth rate shows a nonlinear decrease as the mass
fraction of the unnecessary protein in the whole proteome
increases, and the ratio reaches a maximum of �30% at
the zero-growth rate (36,38). But the Scott-Hwa model
and other extended versions predict an exactly linear rela-
tion and a zero-growth ratio between 40 and 50%
(17,19,21–23). The nonlinear behavior and a smaller zero-
growth ratio in empirical data probably result from the
effect of upregulation of chaperones accompanying the
overexpression of unnecessary protein that is unconsidered
in previous models. Here, we integrate this effect into our
model to provide a more in-depth explanation of the empir-
ical results.

Overexpression of the unnecessary protein directly af-
fects three fluxes: translation flux (J0), normal maturation
flux (J2), and aberrant maturation flux (J4) (see the Support-
ing Materials and Methods). For convenience, we consider
that the useless protein has the same level of maturation
frustration (fm) as the useful proteins. Under this consider-
ation, we do not need to distinguish the useless protein from
useful proteins, and the model can be still described by Eqs.
10, 11, 12, 13, 14, 15, 16, 17, and 18, but the normalization
condition shown by Eq. 17 should be changed to

fR þ fP1 þ fP2 þ fP3 ¼ fmax
R � fUbf���; (26)

where fU R 0. We also modeled the situation in which the
maturation frustration level of the useless protein differs
from that of useful proteins (see the Supporting Materials
and Methods), for which the results vary little if the matura-
tion frustration level of the useless protein is not much
higher than that of useful proteins.
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As mentioned above, chaperones are upregulated as un-
needed protein is overexpressed. The upregulation of chap-
erones does not come from the direct limitation on the UP
maturation process. Instead, it comes from the limitation
on the maturation flux for useful proteins due to the occupa-
tion of resources by the useless protein. The most econom-
ical way is to use all chaperones for useful proteins.
Overexpression of unnecessary proteins in experiments is
artificially controlled, so upregulation of chaperones is not
fully optimized. At least a portion of the chaperones are
used for the maturation of unneeded proteins, which are
not well optimized and are only related to the amount of un-
necessary protein. For the sake of convenience, we assume
that the mass fraction of unoptimized chaperones are line-
arly related to the mass fraction of overexpressed unneces-
sary protein (fU). The chaperones used for the maturation
of useful proteins also come from these useful proteins,
and the bacteria will optimize the proteome fraction for
this portion of chaperones to achieve optimal growth rates.
Therefore, we can assign the mass fraction of all chaperones
(fP2) to an unoptimizable part (proportional to fU) and an
optimizable part ð~fP2Þ, represented by

fP2 ¼ ~fP2 þ afU; (27)
where ~fP2R0 and a is constant. Notice that here fP2 R
afU, i.e., chaperones have a minimal mass fraction afU.
When a ¼ 0 and fm z 0, our model is equivalent to that
of Scott et al. (19). The relationship between the mass frac-
tion of unoptimized chaperones and fU may actually be
more complicated, in which case we consider Eq. 27 as a
linear approximation of this relationship. The optimization
goal is still to maximize the growth rate m. Furthermore,
we only consider k1 > k3 because it usually holds in bacte-
ria. Then we can analytically solve the optimization prob-
lem in a one-dimensional space (see Supporting Materials
and Methods). From the analytic solution (see Supporting
Materials and Methods), we can get the maximal proteome
fraction of unnecessary protein fU at zero-growth rate, i.e.,
fmax
U ¼ ðfmax

R � f0Þ=ð1þ aÞ. With a ¼ 0.5, our theoretical
results (Fig. 6) fit well with experimental data of Dong et al.
(36) and Scott et al. (19). These results reproduce the
nonlinear relationship of growth rate and the proteome frac-
tion of unnecessary protein fU and also give the maximal
fraction of unnecessary protein fmax

U ¼ 0:32, approximately
equal to the 30% obtained directly from the data by exper-
iments (36,38). From the analytic solution (see the Support-
ing Materials and Methods) and Fig. S9, the mass fraction of
chaperones (fP2) decreases a little bit and then increases
with the mass fraction of useless protein (fU), whereas
mass fractions of R-class and P1-class proteins both
decrease. This is in line with the experimental evidence
that many heat-shock proteins (chaperone-like proteins)
are upregulated, whereas ribosomes, some elongation



A B FIGURE 6 Empirical relations of growth rate and

proteome fraction of overexpressed unnecessary

protein are completely elucidated with our model,

which indicates a significant effect of the upregula-

tion of chaperone proteins. Global parameters:

f* ¼ 0.55, f0 ¼ 0.066, k0 ¼ 6, fm ¼ 0.0061,

k3 ¼ 0.3 h�1, a ¼ 0.5. (A) The model well fits the

experimental data of Dong et al. (36) with overex-

pression of b-galactosidase or DEF-Tu. k1 ¼ 4.2

h�1. (B) The model well fits the experimental data

of Scott et al. (19) with overexpression of b-galac-

tosidase in different growth media (Neidhardt’s rich

defined media þ Gluc, M63 þ cAA þ Gluc, and

M63 þ Gluc; see details in (19)). k1 ¼ 20 h� (solid

line), 3.34 h�1 (dashed line), or 2 h�1 (dash-dot

line). To see this figure in color, go online.
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factors, and some metabolic enzymes are expressed less
under overexpression of unneeded proteins (36–38).
DISCUSSION

The acidic or oxidative stress can hinder the maturation of
many proteins, which will induce higher expressions of
some chaperones and proteases (10,11,13–15). When the
stress is strong, the maturation of some vulnerable proteins
will mostly fail even if chaperones are expressed at high
levels. We propose that the most vulnerable key proteins
belong to the P1 class (AA-supply-required proteins)
because, first of all, P1-class proteins such as metabolic en-
zymes have greater diversity and variability than other pro-
teins. Second, only the limitation on AA supply flux leads to
the increased expression of P1-class proteins. We do not rule
out the possibility that acidic/oxidative stress inhibits other
processes such as translation. But even if there is such an ef-
fect, we still believe that it does not overwhelm the effects
on the maturation process and AA supply process. The
Scott-Hwa model (17,19) has been extended to study
more detailed effects of the limitations on AA supply and
translation processes (20–22,25) or to investigate the effects
of energy dissipation (23). We have considered the depen-
dence of translational elongation rate on growth rate
(20,25) in our model, but we have not found any significant
change in the results (see Fig. S5). Further decomposition of
AA supply flux (21,22) brings further partition of AA-sup-
ply-required proteins, but its consideration in our model
does not affect the results on mass fractions of chaperones
and proteases. Energy-molecule ATP is also a limiting fac-
tor that controls the choice of metabolic strategies and the
rate of metabolic overflow (16,23). In our model, such en-
ergy limitations can be roughly reflected in the change of
flux capacity k1.

More systematic experiments can be carried out under
acidic/oxidative stress conditions to test the broad conclu-
sions of this work and even go beyond this study. For
example, the mass ratio between RNA and protein can be
measured as was done by Scott et al. (19) to check the
change of proteome fraction of ribosome-affiliated proteins
(fR) predicted in this research. The linear relationships that
we predicted under the maturation stress (shown in Fig. 3 C)
may be observed in some well-designed experiments, for
example, using a special chemical to limit the folding of
all proteins to a similar degree. In addition, more detailed
genome-wide proteomic data than before can be obtained
with high-throughput techniques (e.g., mass spectrometry)
to check the predictions on a larger scale.

Here, we studied the phenomenological relationships be-
tween bacterial protein allocation and growth rate under
nonlethal stress conditions. The elucidation of molecular
mechanisms behind these relations is another important
issue. A common mechanism of achieving protein realloca-
tion is the alarmone ppGpp-mediated stringent response, in
which ribosomal proteins are inhibited by ppGpp at the tran-
scriptional level or autorepressed at the translation level
because of ppGpp inhibiting rRNA synthesis (51,52).
ppGpp emerges in response to multiple stresses, and it prob-
ably inhibits synthesis of other R-class (ribosome-affiliated)
proteins as well as ribosomal proteins directly or indirectly.
Another important way to adjust protein allocation is regu-
lating the competition between sigma factors by global reg-
ulators, such as ppGpp, Rsd, and 6S RNA (5,53–56). In
bacterial stress response, usually, numerous active alterna-
tive s factors will emerge. Thereby some stress proteins
whose transcription promoters are recognized by these alter-
native s factors will be produced at a higher level, whereas
housekeeping s factor (sD) and housekeeping proteins will
be negatively regulated in some way. Therefore, bacterial
protein allocation is probably mainly adjusted by regulating
the competition between s factors for core RNA polymer-
ases and the competition between messenger RNAs for ribo-
somes in stress adaptation (see the Supporting Materials and
Methods).

The effects of protein aggregate from the aggregation flux
were not taken into account in our above model. Protein
aggregate, as a waste of protein resources in the cell, may
be also an aging factor because of its certain toxicity to bac-
terial cells (42,57,58). So, protein aggregate may also affect
Biophysical Journal 115, 896–910, September 4, 2018 907
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protein allocation and cell growth via a feedback loop. Our
model can be improved to give a possible explanation of ef-
fects of protein aggregates on protein allocation (see the
Supporting Materials and Methods). The results show that
if the toxicity of protein aggregates is high enough, bacteria
will degrade all the APs without the jump that takes place in
the relation of protein allocation and growth rate. If the
toxicity of protein aggregates is small, the bacterium will
either degrade all APs or allow all of them to aggregate,
and which way it chooses is determined by physiological
conditions (see the Supporting Materials and Methods). In-
clusion body, as a form of protein aggregate, was observed
in normally growing cells (42,59), indicating that protein
aggregates are not highly harmful to bacterial cells. Actu-
ally, the larger interference area of dispersed aberrant poly-
peptides causes their toxicity to be stronger than their
aggregates. It indicates that the aggregation is another effec-
tive manner to lessen the exposed toxicity of dispersed aber-
rant polypeptides. Therefore, the degradation and the
aggregation are two complementary strategies to handle
the toxic APs. The degradation can eliminate the toxicity
thoroughly, and its product (AAs) can be reused by cells,
but it requires extra protein resources (proteases). The ag-
gregation is mainly spontaneous, but it produces waste con-
taining some toxicity. Bacterial cells need to choose a better
strategy according to environmental conditions.
CONCLUSIONS

In this research, we investigated the allocation of bacterial
proteins under nonlethal stress conditions, especially those
that hinder the maturation of proteins, by performing a
coarse-grained FBA of a self-replication model. Consid-
ering the role of protein quality control in protein allocation,
we extend the model of Scott et al. (19), which is used to
phenomenologically study the allocation of protein re-
sources between metabolism and translation. From our
model, maximizing the growth rate during the steady-state
exponential growth determines the relationship of protein
allocation and growth rate in bacteria under nonlethal stress
conditions. Our model gives a mostly linear dependence of
proteome fractions of ribosome-affiliated proteins and AA-
supply-required proteins on growth rate, which is in agree-
ment with empirical relationships found by changing
nutrient quality or translational rate (19). Moreover, we
discover a nonmonotonic relationship between the concen-
tration of a constitutive protein (b-galactosidase) and
growth rate under acidic/oxidative stress: b-galactosidase
concentration tends to decrease and then increase with the
stress intensity. The results imply that some proteins work-
ing in AA supply flux are more vulnerable to the acidic/
oxidative stress than others. So, if the stress is strong
enough, the limitation on AA supply flux will overwhelm
that on the maturation flux. According to our model, the
blockages in AA supply and protein maturation cause diver-
908 Biophysical Journal 115, 896–910, September 4, 2018
gent dependences of the proteome fraction of AA-supply-
required proteins on the growth rate. So, the concerted
action of these two blockages leads to the convex relation
of b-galactosidase activity versus growth rate (Fig. 5).
Considering that the mass fraction of chaperones and chap-
erone-affiliated proteins includes an unoptimized part that is
proportional to that of the overexpressed useless protein, we
obtain a sublinear relationship between growth rate and the
mass ratio of the unnecessary protein to total proteins and
the zero-growth mass ratio around 30%. These results are
in better agreement with the experimental data (36,38)
than those from previous models (17,19,21–23). Our model
suggests that when a synthetic gene is overexpressed for
bioengineering applications, there is an extra limitation on
the bacterial growth rate. This extra limitation could be
overcome by a systematic alteration of the genome to con-
trol the proteome fraction of chaperones and chaperone-
affiliated proteins.

In addition to the specific stresses we studied here (e.g.,
acidic stress, oxidative stress, and overexpression of unnec-
essary protein), other stresses (such as thermal and antibiotic
stresses) are also worth researching with experiments and
coarse-grainedmodels for understanding resource-allocation
strategies of bacterial cells more widely. Many molecular
chaperones and proteases are notably upregulated in heat-
shock response (12,33,34). Moreover, some antibiotics can
interfere with proteolytic machinery (60). Therefore, it is
necessary to consider protein quality control for character-
izing bacterial adaptation to thermal and some antibiotic
stresses. Chen et al. (34) recently, with a genome-scalemodel
integrating protein foldingwithmetabolism and gene expres-
sion, predicted that the mass fraction of chaperones has a sig-
nificant increase under thermal stress. The increase of the
mass fraction of chaperones they predicted (18-fold) at
45�C in comparison with 37�C is much higher than that we
predicted (fourfold as the maximum) under protein matura-
tion stress (see Fig. 3 C). The difference is partly because
we have not yet considered possible dependences of the pa-
rameters (e.g., flux capacities) on the temperature in our
model. Another reason is that their detailed model may not
be complete. More relevant experiments are needed to sup-
port the theoretical prediction of the effect of thermal stress.

The quantitative research on protein allocation will help
us to understand how a microorganism (e.g., pathogenic
bacteria and engineering bacteria) adapts to a stressful envi-
ronment (e.g., addition of antibiotics and overexpression of
synthetic genes) in a systematic and quantitative way, which
will eventually pave the way for rational design for
improved therapeutic interventions and biotechnology.
SUPPORTING MATERIAL
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Supporting Text

1 Experimental procedure and data processing methods
In order to derive the growth rate and β-galactosidase activity, we measured the absorbance of bacterial cells at
600nm (OD600) and the absorbance of the product of β-galactosidase reaction at 405nm (OD405) with a Wallac
Victor3 1420 Multilabel Counter (PerkinElmer Life Sciences). The detailed experimental procedure, modified from
the literature (1–3), are as follows. First, seed cultures were incubated in the M9 minimal growth medium with
0.2% (w/v) casamino acids and 0.5% (w/v) glucose (M9+cAA+Gluc) at 37◦C (the same temperature was used for
below cultivations). After ∼9 hours growth, the cultures were pelleted, washed at least once by centrifugation and
resuspension with appropriate growth media and then inoculated in the media at initial OD600 ≈ 0.004 for pre-
cultures. After overnight growth, pre-cultures were pelleted, washed, and then inoculated in the experimental media
with several concentrations of the growth inhibitor (chloramphenicol, paraquat or acetic acid), which were distributed
to a 48-well plate (Corning Costar) in advance. The total volume of experimental culture per well was 1 mL. OD600 of
the culture was measured no less than four times at an interval 30-50 minutes during the exponential phase (typically
at OD600 between 0.03 and 0.18). During the late exponential phase (typically at OD600 between 0.12 and 0.18),
removed 200µL culture per well to one 96-well plate (culture plate) and measured OD600 again. Added 160 µL
permeabilization solution (0.8 mg/mL hexadecyltrimethylammonium bromide, 0.4 mg/mL sodium deoxycholate, 200
mM Na2HPO4, 20 mM KCl, 2 mM MgSO4, and 5.4 µL/ml β-mercaptoethanol) per well to another 96-well plate
(permeabilization plate), and removed 40 µL culture, which was in advance diluted fourfold with M9 salts solution (1L:
17.096g Na2HPO4·12H2O, 3g KH2PO4, 0.5g NaCl, 1g NH4Cl, dissolved in ddH2O), per well from the culture plate
into the permeabilization solution. The permeabilization plate was kept at 4◦C until all permeabilized samples were
collected. To reduce the waiting time, the culture with more growth inhibitor was inoculated earlier with a larger initial
OD600 (not exceeding 0.004). Next, added 190µL substrate solution (60mM Na2HPO4, 40 mM NaH2PO4, 10 mM
KCl, 20 µg/mL hexadecyltrimethylammonium bromide, 10 µg/mL sodium deoxycholate, 1 mg/mL o-nitrophenyl-β-
D-galactopyranoside, and 2.7 µL/mL β-mercaptoethanol) per well to another 96-well plate (reaction plate). Stored
both the permeabilization and reaction plates at 30◦C for ∼30 minutes. Then added 10µL permeabilized sample per
well into the substrate solution and mixed them fully with a multichannel pipette. Immediately, the multilabel counter
(PerkinElmer Life Sciences) was used to measure OD405 of the sample once per 1-3 minutes for 90 to 120 minutes at
30◦C.

We obtained the growth rate by deriving the slope of the plot of the logarithm of OD600 during exponential phase
versus the time. In earlier work (e.g (2, 3)), β-galactosidase activity was determined by deriving the slope of the plot
of the product absorbance (at a wavelength of around 420nm) versus time. In our measurement, however, OD405

has a little concave-down tendency in the change with the time, which should result from that the product of the
β-galactosidase reaction, i.e. o-nitrophenol (ONP), is steam volatile (4). We also observed that the color (yellow)
of the product, unsealed and stored in the fume hood, turned much lighter after a few days, whereas that packaged
hermetically lasted for several months. For simplicity, we assume that the detectable ONP decays slowly with a rate
that is proportional to the concentration of ONP. We use x and y to denote concentrations of β-galactosidase and ONP,
respectively. Then the change of y follows the differential equation

dy/dt = vx− γy, (1)

where v and γ denote the reaction rate per enzyme and decay constant, respectively. The solution can be derived as

y = vx(1− e−γt)/γ. (2)

where vx and γ can be fixed by fitting the data of OD405 as a function of time with this equation (see examples in
Figure S6 in the Supporting Material). Since vx represents the enzyme reaction rate per unit volume, β-galactosidase
activity can be defined by

β − gal activity(Miller units) , 1000 · vx · 1

0.01
× 20× 1

OD600
= 2× 106 × vx

OD600
(3)
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2 Analytically solving the optimization problem of protein allocation

2.1 Ignoring the toxicity of protein aggregates and without overexpression of the unneces-
sary protein

The optimization problem of protein allocation can be mapped into a two-dimensional space (ϕR, ϕP2). For simplicity,
we define ϕP0 = ϕR − ϕ0 and ϕ∗∗ = ϕ∗ − ϕ0. Then the constraints (Eqs. 15-18 in the main text) become

(bϕP0 + ϕP2 − ϕ∗∗)(k1 − k3) ≥ 0, (4)
(aϕP0 + ϕP2 − ϕ∗∗)(k3 − k1) ≥ 0, (5)

ϕP0ϕm/(ϕm + ϕP2)− (a− b)−1(aϕP0 + ϕP2 − ϕ∗∗) ≥ 0, (6)
ϕP0, ϕP2 ≥ 0, (7)

where a = 1 + k0/k1 and b = 1 + k0/k3. The objective is to maximize

µ = k0ϕP0ϕP2/(ϕm + ϕP2). (8)

This two-dimensional nonlinear programming problem can be solved analytically and strictly. Obviously, the optimum
(maximum) is not at ϕP0 = 0 or ϕP2 = 0. When ϕP0, ϕP1 > 0, we have ∂µ/∂ϕP0 > 0 and ∂µ/∂ϕP2 > 0. So
the optimum should be located at the boundary of the region defined by Eqs. 4-7. With the boundary condition, the
optimum can be derived directly. Thus we obtain the optimal allocation solution ϕoptP0 (ϕoptR ), ϕoptP2 and the maximized
growth rate µmax. Then ϕoptP1 and ϕoptP3 can be derived from Eqs. 15 and 17 in the main text. Furthermore, we can
formalize the relationship of the optimal allocation fractions and growth rate under the stress that reduces flux capacity
k1,k0 or 1/ϕm.

As below, we give the analytic solution in two cases, from which we represent the proteome fraction of each class
proteins as a function of growth rate. (i) If k1 > k3, we have J3 = 0 and J0 = J1. Then the optimal allocation is

ϕoptR =
k1

k0 + k1
(ϕm + ϕ∗∗)1/2

[
(ϕm + ϕ∗∗)1/2 − ϕ1/2m

]
+ ϕ0, (9)

ϕoptP1 =
k0

k0 + k1
(ϕm + ϕ∗∗)1/2

[
(ϕm + ϕ∗∗)1/2 − ϕ1/2m

]
, (10)

ϕoptP2 = ϕ1/2m

[
(ϕm + ϕ∗∗)1/2 − ϕ1/2m

]
, (11)

ϕoptP3 = 0, (12)

and the maximized growth rate is

µmax =
k0k1
k0 + k1

[
(ϕm + ϕ∗∗)1/2 − ϕ1/2m

]2
. (13)

Next, we present the correlation of allocation fractions and bacterial growth rate under three limitations. (1) Under AA
supply limitation (k1 declining), ϕoptP2 and ϕoptP3 are constant, while ϕoptR and ϕoptP1 can be expressed as linear functions
of growth rate by

ϕoptR = Aµmax/(k0B) + ϕ0, (14)

ϕoptP1 = −Aµmax/(k0B) +AB, (15)

whereA = (ϕm+ϕ∗∗)1/2 andB = (ϕm+ϕ∗∗)1/2−ϕ1/2m . As can be seen from Eqs. 14-15, ϕoptR positively correlates
with growth rate, whereas ϕoptP1 negatively correlates with growth rate. (2) Under translation limitation (k0 decreasing),
ϕoptP2 and ϕoptP3 are still constant, while ϕoptR and ϕoptP1 can be expressed as linear functions of growth rate by

ϕoptR = −Aµmax/(k1B) +AB + ϕ0, (16)

ϕoptP1 = Aµmax/(k1B). (17)
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From Eqs. 16-17, ϕoptR negatively depends on growth rate, whereas ϕoptP1 positively depends on growth rate. (3) Under
UP maturation limitation (ϕm increasing), ϕoptP3 are still constant, and ϕoptR , ϕoptP1 and ϕoptP2 can be expressed as linear
functions of growth rate by

ϕoptR = 0.5µmax/k1 + 0.5ϕ∗∗k0/(k0 + k1) + ϕ0, (18)

ϕoptP1 = 0.5µmax/k0 + 0.5ϕ∗∗k1/(k0 + k1), (19)

ϕoptP2 = −0.5(1/k0 + 1/k1)µmax + 0.5ϕ∗∗. (20)

From Eqs. 18-20, as the growth rate increases, ϕoptR and ϕoptP1 increase, whereas ϕoptP2 decreases.
(ii) If k1 < k3, we have J5 = 0, J4 = J3 and J2 = J1. Then the optimal allocation is

ϕoptR =
k1

k0 + k1

[
(cϕm + ϕ∗∗)1/2 − (cϕm)1/2

] [
(cϕm + ϕ∗∗)1/2 − (cϕm)1/2 + (ϕm/c)

1/2
]
+ ϕ0, (21)

ϕoptP1 =
k0

k0 + k1

[
(cϕm + ϕ∗∗)1/2 − (cϕm)1/2

]2
, (22)

ϕoptP2 = (cϕm)1/2
[
(cϕm + ϕ∗∗)1/2 − (cϕm)1/2

]
, (23)

ϕoptP3 =
k0

k0 + k3
(cϕm)1/2

[
(cϕm + ϕ∗∗)1/2 − (cϕm)1/2

]
, (24)

and the maximized growth rate is

µmax =
k0k1
k0 + k1

[
(cϕm + ϕ∗∗)1/2 − (cϕm)1/2

]2
, (25)

where c(= b/a) = (1 + k0/k3) / (1 + k0/k1). In the following we study the dependence of the allocation fractions
on growth rate under three limitations. (1) Under AA supply limitation (k1 declining), ϕoptR , ϕoptP1 , ϕoptP2 and ϕoptP3 can
be expressed as functions of growth rate by

ϕoptR = µmax/k0 + [k3ϕm/(k0(k0 + k3))]
1/2

µ1/2
max + ϕ0, (26)

ϕoptP1 = −µmax/k0 − 2[(k0 + k3)ϕm/(k0k3)]
1/2µ1/2

max + ϕ∗∗, (27)

ϕoptP2 = [(k0 + k3)ϕm/(k0k3)]
1/2

µ1/2
max, (28)

ϕoptP3 = [k0ϕm/((k0 + k3)k3)]
1/2

µ1/2
max. (29)

From Eqs. 26-29, ϕoptR and ϕoptP1 are quadratic functions of µ1/2
max, while ϕoptP2 and ϕoptP3 are linear functions of µ1/2

max. (2)
Under translation limitation (k0 decreasing), ϕoptR , ϕoptP1 , ϕoptP2 and ϕoptP3 can be expressed as functions of growth rate by

ϕoptR = (f(µmax)
2 − µmax/k3)(1 + ϕ1/2m /f(µmax)) + ϕ0, (30)

ϕoptP1 = µmax/k1, (31)

ϕoptP2 = ϕ1/2m f(µmax), (32)

ϕoptP3 = ϕ1/2m µmax/(k3f(µmax)). (33)

where f(µmax) = [(1/k3 − 1/k1)µmax + ϕm + ϕ∗∗]
1/2−ϕ1/2m . From Eqs. 30-33, ϕoptR and ϕoptP2 negatively correlate

with growth rate, ϕoptP1 linearly and positively correlates with growth rate, while ϕoptP3 positively correlates with growth
rate. (3) Under UP maturation limitation (ϕm increasing), ϕoptR , ϕoptP1 , ϕoptP2 and ϕoptP3 can be expressed as linear functions
of growth rate by

ϕoptR = µmax/k0 − k3(k0 + k1)µmax/[2k0k1(k0 + k3)] + 0.5k3ϕ
∗∗/(k0 + k3) + ϕ0, (34)

ϕoptP1 = µmax/k1, (35)

ϕoptP2 = −(k0 + k1)µmax/(2k0k1) + 0.5ϕ∗∗, (36)

ϕoptP3 = −(k0 + k1)µmax/[2(k0 + k3)k1] + 0.5k0ϕ
∗∗/(k0 + k3). (37)

We know from Eqs. 34-37, as the growth rate increases, ϕoptP1 linearly increases, ϕoptP2 and ϕoptP3 linearly decrease, while
ϕoptR linearly increases when k1 > k0k3/(2k0 + k3) but linearly decreases when k1 < k0k3/(2k0 + k3).
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2.2 Considering the toxicity of protein aggregates
By considering the toxicity of protein aggregate in the model, we can investigate how protein aggregates affect protein
allocation. Protein aggregates probably interfere with many cellular processes, but the main mechanism resulting in
their toxicity is still unclear. One plausible mechanism works by protein aggregates interfering with the maturation
of proteins. Thus we can add the interference of protein aggregates with the maturation of proteins in the model. We
redefine the aberrant maturation flux J4 in Eq. 7 in the main text as

J4 = k4ψUPKm/(Km + ψP2) + k6ψPAψUP , (38)

where the new term k6ψPAψUP indicates the interference effect, and k6 is constant. Then Eq. 12 in the main text
becomes

µ = J2 = k0(ϕR − ϕ0)ϕP2/ [(1 + γ1ϕPA)ϕP2 + (1 + γ2ϕPA)ϕm] (39)

where γ1 , k6ψNP /k2 and γ2 , k6ψNP /k4.
We can analytically solve this optimization problem by mapping it into a two-dimensional space(ϕP0, ϕP2). For

the sake of convenience, we take k2 = k4, so γ1 = γ2 , γ. If γ ≥ ϕ∗∗/(ϕ∗∗ + ϕm), the constraints and objective
function are the same as shown by formulas 4-8, and the results are shown by Eqs. 21-25. If γ < ϕ∗∗/(ϕ∗∗ + ϕm),
the constraints can be described by formulas 4, 5, 7 and

ϕP0ϕm/(ϕm + ϕP2) ≤ (a− b)−1[aϕP0 + ϕP2 − ϕ∗∗]; (40)

and the objective function can be expressed as

µ = (1− γ)−1k0
[
ϕP0ϕP2/(ϕm + ϕP2)− γ(b− a)−1(bϕP0 + ϕP2 − ϕ∗∗)

]
(41)

where a = 1+k0/k1 and b = 1+k0/k3. DefineA = (ϕm+ϕ∗∗)1/2−ϕ1/2m (1−γ)−1/2 andB = (ϕ∗∗/A−A)
2
/4ϕm (>

1). When c(= b/a) < B, the results are the same as shown by Eqs. 21-25. When c > B, the optimal allocation is

ϕoptR =
k1

k1 + k0
(ϕm + ϕ∗∗)1/2

[
(ϕm + ϕ∗∗)1/2 − ϕ1/2m (1− γ)−1/2

]
+ ϕ0, (42)

ϕoptP1 =
k0

k0 + k1
(ϕm + ϕ∗∗)1/2

[
(ϕm + ϕ∗∗)1/2 − ϕ1/2m (1− γ)−1/2

]
, (43)

ϕoptP2 = ϕ1/2m

[
(ϕm + ϕ∗∗)1/2(1− γ)−1/2 − ϕ1/2m

]
, (44)

ϕoptP3 = 0, (45)

and the maximized growth rate is

µmax =
k0k1
k0 + k1

[
(ϕm + ϕ∗∗)1/2 − ϕ1/2m (1− γ)−1/2

]2
. (46)

The above analytical solutions show that if the toxicity of protein aggregates is large enough (γ > (ϕ∗−ϕ0)/(ϕ∗−
ϕ0 + ϕm)), bacteria will degrade all the aberrant proteins without the jump taking place in the relation of protein al-
location and growth rate. Otherwise (γ < (ϕ∗ − ϕ0)/(ϕ

∗ − ϕ0 + ϕm)), the bacteria will either degrade all aberrant
proteins or allow all of them to aggregate, and which way to choose is determined by physiological conditions. More-
over, the jump point will change, and when AA supply capacity is larger than the jump point, the toxicity will make
mass fractions of ribosome-affiliated proteins and AA supply-required proteins (ϕoptR and ϕoptP1 ) and the growth rate
µmax decrease while the mass fraction of chaperones (ϕoptP2 ) increase.

2.3 Overexpression of unnecessary protein
Overexpression of the unnecessary protein directly affects three fluxes: translation flux (J0), maturation flux (J2) and
the aberrant maturation flux J4. In order to consider the effects in our model, we partition these three fluxes into two
groups of sub-fluxes: one group for the unnecessary protein (JU

0 , JU
2 and JU

4 ) while another for the needed proteins
(JN

0 , JN
2 and JN

4 ). This is helpful to address the optimization problem of protein allocation when the maturation
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frustration levels of the unnecessary protein (ϕUm) and the useful proteins (ϕNm) are not the same. Referring to Eqs. 10,
12 and 14 in the main text, these sub-fluxes can be represented by

JN
0 = k0ϕ

N
P0, (47)

JN
2 = k0ϕ

N
P0ϕP2/(ϕ

N
m + ϕP2), (48)

JN
4 = k0ϕ

N
P0ϕ

N
m/(ϕ

N
m + ϕP2), (49)

and

JU
0 = k0ϕ

U
P0, (50)

JU
2 = k0ϕ

U
P0ϕP2/(ϕ

U
m + ϕP2), (51)

JU
4 = k0ϕ

U
P0ϕ

U
m/(ϕ

U
m + ϕP2), (52)

where the variables labeled with N are for native proteins, while those labeled with U are for unnecessary proteins.
ϕNP0 and ϕUP0 indicate mass fractions of active R-sector proteins (ribosome-affiliated proteins) for needed proteins and
unnecessary protein, respectively and ϕNP0 + ϕUP0 = ϕR − ϕ0. Accordingly, the constraints on the fluxes become

J1 + J3 = JN
0 + JU

0 (53)
JN
0 = JN

2 + JN
4 (54)

JU
0 = JU

2 + JU
4 (55)

JN
4 + JU

4 = J3 + J5 (56)
JN
2 = µ(1− ϕU ) (57)
JU
2 = µϕU (58)

The normalization condition is

ϕNP0 + ϕUP0 + ϕP1 + ϕP2 + ϕP3 = ϕmax
R − ϕ0 − ϕU , ϕ∗∗∗ (59)

Based on the upregulation of many chaperones in response to overexpression of unnecessary protein (5, 6), we assign
the mass fraction of all chaperones (ϕP2) to an unoptimizable part (proportional to ϕU ) and an optimizable part (ϕ̃P2),
represented by (see the main text)

ϕP2 = ϕ̃P2 + αϕU (60)

where ϕ̃P2 ≥ 0 and α is constant. Notice that here ϕP2 ≥ αϕU , i.e. chaperones has a minimal mass fraction αϕU .
When α = 0 and ϕm ≈ 0, our model is equivalent to that of Scott et al. (3).

Based on Eqs. 47-60 and the condition k1 > k3, we can solve the optimization problem in a one-dimensional
space. First, we can obtain ϕoptP3 = 0 and derive

µ = ϕP2(ϕ
∗∗∗ − ϕP2)/[k̃(ϕP2 + ϕ̃m)] (61)

where k̃ = (k0 + k1)/(k0k1) and ϕ̃m = (1 − ϕU )ϕ
N
m + ϕUϕ

U
m. If αϕU ≤

√
(ϕ̃m + ϕ∗∗∗)ϕ̃m − ϕ̃m, the maximal

growth rate and the optimal mass fraction of P2-class proteins are

µmax =

(√
ϕ̃m + ϕ∗∗∗ −

√
ϕ̃m

)2

/k̃. (62)

ϕoptP2 =

√
(ϕ̃m + ϕ∗∗∗)ϕ̃m − ϕ̃m. (63)

If αϕU >
√
(ϕ̃m + ϕ∗∗∗)ϕ̃m − ϕ̃m, we have

µmax = αϕU (ϕ
∗∗∗ − αϕU )/[k̃(αϕU + ϕ̃m)], (64)

ϕoptP2 = αϕU . (65)
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Then with the formulas

ϕNP0 = µmax(1− ϕU )(1 + ϕNm/ϕ
opt
P2 )/k0, (66)

ϕUP0 = µmaxϕU (1 + ϕUm/ϕ
opt
P2 )/k0, (67)

ϕR = ϕNP0 + ϕUP0 + ϕ0, (68)
ϕP1 = k0ϕR/k1, (69)

we can derive ϕN,opt
P0 , ϕU,opt

P0 , ϕR and ϕoptP1 , respectively.

Finally, we list the optimal solution and the maximal growth rate as below: (i) If αϕU ≤
√

(ϕ̃m + ϕ∗∗∗)ϕ̃m− ϕ̃m,
the maximized growth rate and the optimal allocation fractions are

µmax = k0k1

(√
ϕ̃m + ϕ∗∗∗ −

√
ϕ̃m

)2

/(k0 + k1), (70)

ϕN,opt
P0 =

k1(1− ϕU )

k0 + k1

(√
1 + ϕ∗∗∗/ϕ̃m − 1

)(√
(ϕ̃m + ϕ∗∗∗)ϕ̃m + ϕU (ϕ

N
m − ϕUm)

)
, (71)

ϕU,opt
P0 =

k1ϕU
k0 + k1

(√
1 + ϕ∗∗∗/ϕ̃m − 1

)(√
(ϕ̃m + ϕ∗∗∗)ϕ̃m + (1− ϕU )(ϕ

U
m − ϕNm)

)
, (72)

ϕoptR =
k1

k0 + k1

(√
1 + ϕ∗∗∗/ϕ̃m − 1

)√
(ϕ̃m + ϕ∗∗∗)ϕ̃m + ϕ0, (73)

ϕoptP1 =
k0

k0 + k1

(√
1 + ϕ∗∗∗/ϕ̃m − 1

)√
(ϕ̃m + ϕ∗∗∗)ϕ̃m, (74)

ϕoptP2 =

√
(ϕ̃m + ϕ∗∗∗)ϕ̃m − ϕ̃m, (75)

ϕoptP3 = 0 (76)

where ϕ̃m = (1 − ϕU )ϕ
N
m + ϕUϕ

U
m. (ii) If αϕU >

√
(ϕ̃m + ϕ∗∗∗)ϕ̃m − ϕ̃m, the maximized growth rate and the

optimal allocation fractions are

µmax = αϕUk0k1(ϕ
∗∗∗ − αϕU )/[(k0 + k1)(αϕU + ϕ̃m)], (77)

ϕN,opt
P0 =

k1
k0 + k1

(1− ϕU )(ϕ
∗∗∗ − αϕU )(αϕU + ϕNm)/(αϕU + ϕ̃m), (78)

ϕU,opt
P0 =

k1
k0 + k1

ϕU (ϕ
∗∗∗ − αϕU )(αϕU + ϕUm)/(αϕU + ϕ̃m), (79)

ϕoptR =
k1

k0 + k1
(ϕ∗∗∗ − αϕU ) + ϕ0, (80)

ϕoptP1 =
k0

k0 + k1
(ϕ∗∗∗ − αϕU ), (81)

ϕoptP2 = αϕU , (82)

ϕoptP3 = 0. (83)

Here we obtain the optimal solution even when the maturation frustration levels ϕUm and ϕNm are different from each
other. We assigned different values to ϕUm (its difference from ϕNm is not too large), but the results did not change
much. So we consider the simplest case ϕUm = ϕNm , ϕm in fitting the experimental data.

When ϕUm = ϕNm, actually, we do not need to separate the translation flux and the normally and aberrantly matu-
ration fluxes as above (one for the useless protein and another for needed proteins). In this case, the model can still
be described by Eqs. 10-18 in the main text, but the normalization condition (i.e. Eq. 17 in the main text) should be
changed to

ϕR + ϕP1 + ϕP2 + ϕP3 = ϕmax
R − ϕU , ϕ∗∗∗ (84)

where ϕU > 0. We still assign the mass fraction of all chaperones (ϕP2) to an unoptimizable part (proportional to ϕU )
and an optimizable part (ϕ̃P2) as above, represented by Eq. 60. Then the analytic results under the condition k1 > k3
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are: (i) If αϕU ≤
√
(ϕm + ϕ∗∗∗)ϕm − ϕm, the maximized growth rate and the optimal allocation fractions are

µmax = k0k1

(√
ϕm + ϕ∗∗∗ −

√
ϕm

)2

/(k0 + k1), (85)

ϕoptR =
k1

k0 + k1

(√
1 + ϕ∗∗∗/ϕm − 1

)√
(ϕm + ϕ∗∗∗)ϕm + ϕ0, (86)

ϕoptP1 =
k0

k0 + k1

(√
1 + ϕ∗∗∗/ϕm − 1

)√
(ϕm + ϕ∗∗∗)ϕm, (87)

ϕoptP2 =
√
(ϕm + ϕ∗∗∗)ϕm − ϕm, (88)

ϕoptP3 = 0. (89)

(ii) If αϕU >
√

(ϕm + ϕ∗∗∗)ϕm − ϕm, the maximized growth rate and the optimal allocation fractions are

µmax = αϕUk0k1(ϕ
∗∗∗ − αϕU )/[(k0 + k1)(αϕU + ϕm)], (90)

ϕoptR =
k1

k0 + k1
(ϕ∗∗∗ − αϕU ) + ϕ0, (91)

ϕoptP1 =
k0

k0 + k1
(ϕ∗∗∗ − αϕU ), (92)

ϕoptP2 = αϕU , (93)

ϕoptP3 = 0. (94)

Clearly, when ϕUm = ϕNm , ϕm, ϕ̃m = ϕm, so Eqs. 70-83 decay to Eqs. 85-94.

3 The model predicts optimal allocation of proteins under the limitation on
flux capacity (when k1 < k3)

In the main text, we mainly show the change of protein allocation with growth rate under the limitation on one flux
capacity when AA supply capacity (k1) is larger than AP degradation capacity (k3), i.e. k1 > k3. Here we additionally
give the results under the condition k1 < k3 (see Figure S3 and S4 in the Supporting Material). Figure S3 A, obtained
by rescaling X-axis of Figure 3 A, more clearly shows that there is a jump in protein allocation at a growth rate of ∼0.15
doublings/hour. When k1 < k3, the exponential steady-state may occur in some special cases. For example, when the
bacteria are grown in the MOPS minimal medium with 0.2% glycerol+20 mM Threonine (7). Figure S3 B presents the
results under translation limitation when k1(= 0.09h−1) < k3(= 0.3h−1), some of which are significantly different
from those under the condition k1 > k3: the mass fraction of chaperones and other affiliated proteins (ϕP2) increases
(from 2.8% to 4.9%) while the mass fraction of proteases (ϕP3) decreases (from 2.7% to 0) with the growth rate
decreasing (from 0.055 dbls/h to 0 dbls/h). These are likely testable predictions.

Under the protein maturation stress (e.g. thermal, acidic or oxidative stress), the mass fraction of chaperones and
other protein factors promoting maturation (ϕP2) increase with the stress intensity (ϕm) (see Table 1 and Figures 3
C and Figures S3 C). When AA supply capacity is smaller than AP degradation capacity (k1 < k3), ϕoptR is nearly
constant and close to ϕ0, both ϕoptP2 and ϕoptP3 linearly increase, whereas ϕoptP1 linearly decreases with the growth rate
decreasing (Figure S3 C). In addition, Figure S4 shows that the aberrant maturation flux (J4) totally shifts to the
degradation flux (J3) when k1 < k3, which is in line with the above results.

4 The theoretical explanation for experimental data under translation, acidic
and oxidative stresses

The model gives the ratios of protein allocation, while what we measured is β-galactosidase activity (Z), reflecting the
concentration of β-galactosidase (ψZ). We will derive a formula to link ψZ with the allocation ratios. First, we have

Z ∝ ψZ = ϕZψNP . (95)
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Then we will represent ψNP by a function of ϕR. The bacterial cell mass (Mc) consists of protein mass (MNP ), RNA
mass (Mrna), DNA mass (Mdna) and the mass of other constituents (Mother), namely,

Mc =MNP +Mrna +Mdna +Mother. (96)

Dividing both sides by Mc, we obtain

1 = ψNP + ψrna + ψdna + ψother. (97)

Because
ψrna = ϕRψNP /ρ, (98)

where ρ =MR/Mrna = 0.76 (3), we derive

ψNP = ρ(1− ψdna − ψother)/(ρ+ ϕR). (99)

The experimental data of Basan et al. (8) shows that ψother is independent of the growth rate µ and ψdna ≪ 1, so we
approximately have

ψNP ∝ 1/(ρ+ ϕR). (100)

Equation 100 provides good fits to experimental data of Bremer and Dennis (9) and Basan et al. (8) as shown in
Figure S7 in the Supporting Material. As proposed by Scott et al. (3), the mass fraction of β-galactosidase driven by a
constitutive promoter should be proportional to that of P1-class proteins, i.e.

ϕZ ∝ ϕP1. (101)

Substituting Eqs. 100 and 101 into equation 95, we have

Z = CϕP1/(ρ+ ϕR), (102)

where C is a scaling factor independent of growth rate.
In fitting experimental data, we take the flux capacities that are limited by the stress as variables and assign proper

values to the parameters including the unaffected flux capacities (see Table S1 in the Supporting Material). Under
the chloramphenicol stress, translational flux is limited, and then we view k0 as a variable. Under the oxidative/acidic
stress, we consider that both AA supply and protein maturation fluxes are limited. Thus we take k1 and ϕm as variables
and denote their values in the absence of oxidative/acidic stress as k∗1 and ϕ∗m, respectively. We use x = ϕm/ϕ

∗
m−1 to

indicate the stress intensity, leading to ϕm = ϕ∗m(1+x). Furthermore, we assume k1 = k∗1/[1+(x/Kx)
β ], whereKx

(equilibrium constant) and β (Hill coefficient) can be inferred by fitting experimental data. Parameters k0 and k1 (or
k∗1) are chosen properly based on those used by Scott et al. (3). The stress intensity x is a function of the concentration
of the inducer (acetic acid or paraquat) and x = 0 indicates the case without the stress.

5 Molecular mechanisms adjusting protein allocation in E.coli
The sigma factor, as a subunit of RNA polymerase, recognizes the promoter to initiate the transcription. Different
sigma factors have different biases to the sequence of the promoter. In E.coli, in addition to the housekeeping sigma
factor (σD), six alternative sigma factors (σS , σN , σH , σE , σF and σFecI ) have been identified (10, 11). Stress stimuli
lead to up-regulation of some alternative sigma factors and concomitantly up-regulation of the proteins regulated
by these alternative factors whereas the housekeeping sigma factor and its regulated proteins are down-regulated in
level and activity(12, 13). Different sigma factors compete to bind the core RNAP (E) and the regulation of their
competition is an effective strategy to adjust protein allocation (12, 13). Many global factors, such as ppGpp, Rsd,
Crl, CRP, Fis, IHF, HNS, and 6S RNA, regulate the number and the activity of sigma factors and some of them
are growth rate-dependent, such as ppGpp, Rsd and 6S RNA (14, 15). In this scenario, ppGpp, as an effector of the
stringent response, represses the transcription of rRNA directly and thereby inhibits the synthesis of ribosome-affiliated
proteins (3, 16, 17). In the bacterial adaptation to the stress, it is possible that multiple growth rate-dependent global
regulators cooperatively regulate the competition between different σ factors for core RNAPs and the competition
between different mRNAs for ribosomes to achieve the reallocation of the proteome (12).
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The bacterial transcript levels parallel protein levels in average (18, 19). Therefore, protein level can be roughly
determined by mRNA level (m) and translation initiation rate (l), i.e.

ϕR : ϕP1 : ϕP2 : ϕP3 = l0m0 : l1m1 : l2m2 : l3m3. (103)

The concentration of each class mRNA (mi) has an approximate linear relationship with concentrations of free RNAP
holoenzyme ([Eσj ]f )

mi =
1

βi

∑
j∈ J

αj
iN

j
i [Eσ

j ]f , (104)

where the class set of σ factors J , {D, S, N, H, E, F, FecI} for E.coli, αj
i andN j

i denote average transcriptional
strength and the number of Pi-class promoters recognized by σj , respectively and βi indicates the degradation rate of
the ith-class mRNA. We assume that [Eσj ]f and the total concentration of σj are correlated as

[Eσj ]f = λj [σ
j ], (105)

where λj is related to free E concentration, affinity of σj with E, availability of specific/nonspecific RNAP binding
sites on DNA and corresponding strength of RNAP binding to them (13). Define

rj = [σj ]/(
∑
j ′∈J

[σj ′
]), (106)

where the total concentration of sigma factors
∑
j∈J

[σj ] is basically independent of the growth rate (20). Then, we have

ϕR : ϕP1 : ϕP2 : ϕP3 =
∑
j∈ J

Aj
0rj :

∑
j∈ J

Aj
1rj :

∑
j∈ J

Aj
2rj :

∑
j∈ J

Aj
3rj (107)

where Aj
i = liα

j
iN

j
i λj/βi. There are two normalization conditions:

ϕR +
3∑

i=1

ϕPi = ϕ∗, (108)∑
j∈J

rj = 1. (109)

Then protein reallocation in some specific stress adaptation can be understood from the change of rj and Aj
i .

In E.coli stress adaptation, the regulation of the competition between sigma factors can affect the ratio rj (12, 21).
In another way, ppGpp inhibits the synthesis of rRNA and some ribosomal proteins, and moreover, ribosomal proteins
that are not assembled into ribosomes repress their own translational initiation (l0 and Aj

0 decreasing) by the mecha-
nism of “translation feedback of ribosomal proteins” (17). Based on the knowledge on specific promoters recognized
by each sigma factor in E.coli (10, 11), we consider A{S, N, E, F, FecI}

0 = 0, A{N, FecI}
2 = 0 and A{N, FecI}

3 = 0.
Then, we can estimate the variation tendency of protein allocation in three cases. (i) When carbon source is limited,
r{N, H, E, F, FecI} ≈ 0 and ϕP2 + ϕP3 ≈ 0. From Eqs. 107-109, we approximately have

ϕR : ϕP1 ≈ (AD
0 rD) : (AD

1 rD +AS
1 rS), (110)

∆(ϕR + ϕP1) ≈ 0, (111)
∆(rD + rS) ≈ 0. (112)

Limitation of carbon source induces the emergence of stringent factor ppGpp and some other regulators, which lead to
∆l0 < 0, ∆rD < 0 and ∆rS > 0 (12, 17, 21). Then we derive ∆ϕR < 0 and ∆ϕP1 > 0. (ii) Under the stress induced
by chloramphenicol, translational process will be inhibited (3). Then the concentration of spoT ppGpp synthetase
and the concentration of ppGpp will be reduced (3, 22). Thus l0(Aj

0) and rD will be larger, whereas rS will be
smaller (12, 17, 21). Further considering ∆r{N, H, E, F, FecI} ≈ 0 and Eqs. 110-112, we have that ϕR rises and ϕP1

declines. (iii) In acidic/oxidative/thermal stress adaptation, empirical data imply that ∆r{H, E, S} > 0, ∆rD < 0 and
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∆AD
0 < 0 (23–33). Moreover, we consider ∆r{N, F, FecI} = 0,AH

0 rH ≪ AD
0 rD,AS

1 rS+A
H
1 rH+AE

1 rE ≪ AD
1 rD,

AD
2 rD ≪ AH

2 rH +AE
2 rE +AS

2 rS and AD
3 rD ≪ AH

3 rH +AE
3 rE +AS

3 rS . Then according to Eqs. 107-109, we have

ϕR : ϕP1 : ϕP2 : ϕP3 ≈ (AD
0 rD) : (AD

1 rD) : (AH
2 rH +AE

2 rE +AS
2 rS) : (A

H
3 rH +AE

3 rE +AS
3 rS) (113)

Based on this equation and the above assumption, ϕP2 and ϕP3 will increase, ϕR will decrease, whereas ϕP1 will
either increase or decrease.
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Supporting Figures

Figure S1: An schematic diagram for the main processes of protein self-production. Squares denote main biochemical
reaction pathways during protein producing. Circles indicate substrates, intermediate products or final products. The
normally matured proteins are partitioned into three classes: Q (housekeeping and growth rate-independent proteins),
R (ribosome-affiliated proteins) and P (others). The allocations of P , Q and R classes of proteins are indicated by
dashed lines. R-class proteins are devoted to the translation process. P -class proteins are devoted to the processes of
amino acid supply (chemotaxis, nutrient uptake, catabolism and biosynthesis), nascent polypeptides maturation and
aberrant proteins degradation. Q-class proteins are devoted to the biosynthesis process and many other processes.
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Figure S2: The concentration of normal proteins, i.e. the fraction of cell mass occupied by normal protein mass
(ψNP ), slightly depends on the growth rate under the stresses considered in this study. The cell mass here does not
include the mass of protein aggregates. Protein aggregates as wastes from protein production contribute little to the
normal physiological processes inside the cell, and they usually occupy the isolated space (e.g. in the form of inclusion
body). Therefore, it is reasonable to refer to the concentration in the remaining connected space. Moreover, Eq .99,
i.e. ψNP = (1− ψdna − ψother)/(1 + ϕR/ρ), was used, where ρ = 0.76 (3) and ψdna + ψother = 0.12 (8).
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Figure S3: The model predicts the relation of protein allocation fractions and the growth rate when one flux ca-
pacity (k1, k0 or 1/ϕm) is reduced by the stress. The plots mainly show the results when k1 < k3. Insets present the
decrease of growth rate with flux capacity limitation, in which units of µ, k1, k0, and ϕm are doublings/hour (dbls/h),
h−1, h−1, and 1 respectively. ϕR, ϕP1, ϕP2, and ϕP3 indicate proteome fractions of ribosome-affiliated proteins
(R-class), AA supply-required proteins (P1-class), chaperone-like proteins (P2-class), and protease-like proteins (P3-
class), respectively. The experimental data for ϕP2 (circles) and ϕP3 (triangles) are obtained with the classification of
Proteomaps (34) and those in (A) are based on the proteomic data of ref. (33, 35–37), and those in (B) based on ref.
(37). Common parameters: ϕ∗ = 0.55, ϕ0 = 0.066, k3 = 0.3h−1. (A) AA supply stress shown by k1 decreasing.
Parameters: k0 = 6h−1 and ϕm = 0.0061. (B)Translational stress displayed by k0 decreasing (k1 < k3). Parameters:
k1 = 0.09h−1 and ϕm = 0.0061 (C) Protein maturation stress reflected by ϕm increasing (k1 < k3). Parameters:
k0 = 6h−1 and k1 = 0.09h−1.
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Figure S4: Translation flux shifts from the normal maturation flux to the aberrant maturation flux under pro-
tein maturation stress (ϕm increasing). J0: translation flux; J2: normal maturation flux; J4: aberrant maturation
flux; J3: degradation flux; J5: aggregation flux. J2/J0 and J4/J0 indicate fractions of nascent polypeptides matured
normally and abnormally, respectively. J3/J4 and J5/J4 indicate fractions of aberrant proteins degraded and aggre-
gating, respectively. Notice that J2/J0 + J4/J0 = 1 and J3/J4 + J5/J4 = 1. The plot shows that J2/J0 decreases
with the maturation stress (minimum=0), whereas J4/J0 increases with the maturation stress (maximum=1). When
AA supply capacity is smaller than the degradation capacity (k1 < k3), AP degradation flux is switched on and all the
aberrantly matured proteins are degraded. Parameters are the same as that used in Fig. S3.

16



Figure S5: Consideration of growth rate-dependence of translational capacity k0 does not affect the theoretical
relationship of protein allocation fractions and growth rate much when one flux capacity (k1, k0 or 1/ϕm) is
reduced by the stress. Insets present the decrease of growth rate with flux capacity limitation, in which units of
µ, k1, k0, and ϕm are dbls/h, h−1, h−1, and 1 respectively. ϕR, ϕP1, ϕP2 and ϕP3 indicate proteome fractions of
ribosome-affiliated proteins (R-class), AA supply-required proteins (P1-class), chaperone-like proteins (P2-class) and
protease-like proteins (P3-class), respectively. Experimental data for ϕP2 (circles) and ϕP3 (triangles) are obtained
with the classification of Proteomaps (34) and those in (A) are based on the proteomic data of ref. (33, 35–37), and
those in (B) based on ref. (37). Parameters are the same as those in Fig. 3 and Fig.S3: (A)-Fig. 3 A, (B)-Fig. 3 B,
(C)-Fig. S3 B, (D)-Fig. 3 C, (E)-Fig. S3 C. 17



Figure S6: Examples for fitting the data of OD405 as a function of time from β-galactosidase assay. Blue dots denote
experimental data. Red lines indicate the theoretical fits with Eq. 2. Decay constant γ = 0.006 (for every line).
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Figure S7: Equation 100 well fits the experimental relationship between the ratio of total protein mass to cell mass
and growth rate. Blue triangles denote experimental data with various nutrient. Red circles denote experimental data
with different chloramphenicol (Cm) levels. Lines indicate corresponding fits with Eq. 100. For simplicity, the linear
relations ϕR = ϕ0 + µ/5.92 (for various nutrient) and ϕR = ϕmax

R − µ/5.5 (for glucose with Cm) were used (based
on (3)). (A) Fitting experimental data of Bremer and Dennis (9). The fitted scaling factor is 5.53 ×1017AA/OD460.
(B) Fitting experimental data of Basan et al. (8). The fitted scaling factor is 362 µg/OD600.
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Figure S8: Relationship between β-galactosidase activity (A) or proteome fraction of P1-class protein (B) and growth
rate under translational inhibition induced by chloramphenicol (Cm). Circles, diamonds, triangles, and squares denote
experimental results for bacteria cultivated in four different growth media (M9+Glyc, M9+Gluc, M9+cAA+Glyc and
M9+cAA+Gluc) with different sublethal levels of chloramphenicol. Corresponding experimental data are shown in
Table S4. Blue, green, red, and cyan lines indicate theoretical results under translational stress, whereas the yellow
lines under AA supply stress. Theoretical parameters are ϕ∗ = 0.55, ϕ0 = 0.066, k0 = 6h−1 (Yellow line), k1=
1.3h−1 (Blue line), 2h−1 (Green line), 2.6h−1 (Red line) or 3.34h−1 (Cyan line), ϕm= 0.0061, k3 = 0.3h−1, C =
5× 105 Miller units.
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Figure S9: The model predicts the relation of the proteome fraction of each class proteins and growth rate under
overexpression of unnecessary protein. Parameters: ϕ∗ = 0.55, ϕ0 = 0.066, k0 = 6, ϕm = 0.0061, k3 = 0.3h−1,
α = 0.5, k1=4.2h−1.
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Supporting Tables

Table S1: Assumptions and parameters in the model for all the stresses studied here.

specific stress major assumptions parameters
common specific chosen based on lit-

erature (3)
fixed by fitting data
†

AA supply stress J2 and J4 are
proportional to the
concentration of
unfolded
polypeptides (ψUP )
and
Michaelis-Menten
functions of the
concentration of
chaperones (ψP2).

k1 is decreased. ϕ∗, ϕ0, k0 ϕm, k3, C
translation inhibi-
tion

k0 is decreased. ϕ∗, ϕ0, k1 ϕm, k3, C

acidic/oxidative
stress

k1 and 1/ϕm are de-
creased as Hill func-
tions of stress inten-
sity.

ϕ∗, ϕ0, k0, k∗1 ϕ∗m, k3, Kx, β, C

overexpression of
unnecessary protein

The mass fraction
of unoptimized
chaperones is
proportional to
that of expressed
unnecessary protein

ϕ∗, ϕ0, k0, k1 ϕm, k3, α.

† Notice that the same parameters, i.e. ϕm (ϕ∗m), k3 and C, under different stresses were assigned the same values in
the fitting.
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Table S2: Experimental data and error estimates for Fig. 5 A.
Mediuma Growth rate β-gal activity

(dbls/h)b (105 Miller units)
M9+Glyc 0.54±0.02 2.03±0.07
+0.25µL/mL GAAc 0.57±0.01 2.02±0.06
+0.50µL/mL GAA 0.51±0.01 2.00±0.03
+0.75µL/mL GAA 0.41±0.01 2.02±0.07
+1.00µL/mL GAA 0.31±0.01 2.19±0.01
M9+Gluc 0.81±0.02 1.56±0.20
+0.25µL/mL GAA 0.81±0.03 1.42±0.20
+0.50µL/mL GAA 0.76±0.02 1.51±0.30
+0.75µL/mL GAA 0.62±0.01 1.51±0.40
+1.00µL/mL GAA 0.51±0.03 1.78±0.06
+1.25µL/mL GAA 0.33±0.03 2.01±0.20
M9+cAA+Glyc 0.86±0.02 1.32±0.01
+0.25µL/mL GAA 0.80±0.02 1.30±0.04
+0.50µL/mL GAA 0.69±0.01 1.31±0.04
+0.75µL/mL GAA 0.60±0.01 1.34±0.05
+1.00µL/mL GAA 0.50±0.01 1.38±0.05
+1.25µL/mL GAA 0.40±0.01 1.48±0.10
M9+cAA+Gluc 1.15±0.01 1.36±0.05
+0.25µL/mL GAA 1.08±0.02 1.30±0.05
+0.50µL/mL GAA 0.98±0.02 1.30±0.10
+0.75µL/mL GAA 0.80±0.02 1.21±0.06
+1.00µL/mL GAA 0.70±0.03 1.17±0.01
+1.25µL/mL GAA 0.50±0.03 1.24±0.04

a.Abbreviations: M9+Glyc - M9+0.5% (v/v) glycerol; M9+Gluc - M9+0.5% (w/v) glucose; M9+cAA+Glyc -
M9+0.2% (w/v) casamino acids+0.5% (v/v) glycerol; M9+cAA+Gluc - M9+0.2% (w/v) casamino acids+0.5% (w/v)
glucose.
b. The value behind ± indicates standard deviation among three or more replicates in one measurement. (Repeated
measurements done on different days show similar patterns in the relation of β-gal activity and growth rate).
c.GAA-Glacial acetic acid.
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Table S3: Experimental data and error estimates for Fig. 5 B.
Mediuma Growth rate β-gal activity

(dbls/h)b (105 Miller units)
M9+Glyc 0.55±0.01 1.82±0.05
+0.20µM Pdc 0.50±0.01 1.85±0.06
+0.25µM Pd 0.22±0.03 1.79±0.14
+0.30µM Pd 0.12±0.01 1.99±0.22
M9+Gluc 0.79±0.02 1.60±0.04
+0.20µM Pd 0.65±0.02 1.71±0.13
+0.25µM Pd 0.56±0.03 1.64±0.10
+0.30µM Pd 0.40±0.09 1.60±0.11
M9+cAA+Glyc 0.89±0.03 1.68±0.14
+1 µM Pdd 0.79±0.02 1.76±0.11
+5 µM Pd 0.65±0.01 1.73±0.13
+20µM Pd 0.54±0.01 1.85±0.09
+30µM Pd 0.42±0.02 2.21±0.18
+35µM Pd 0.35±0.01 2.25±0.19
M9+cAA+Gluc 1.19±0.04 1.46±0.06
+1 µM Pd 0.90±0.03 1.19±0.05
+5 µM Pd 0.82±0.01 1.18±0.05
+20µM Pd 0.78±0.02 1.18±0.08
+40µM Pd 0.66±0.03 1.34±0.03

a.Abbreviations: M9+Glyc - M9+0.5% (v/v) glycerol; M9+Gluc - M9+0.5% (w/v) glucose; M9+cAA+Glyc -
M9+0.2% (w/v) casamino acids+0.5% (v/v) glycerol; M9+cAA+Gluc - M9+0.2% (w/v) casamino acids+0.5% (w/v)
glucose.
b.The value behind ± indicates standard deviation among three or more replicates in one measurement. (Repeated
measurements done on different days show similar patterns in the relation of β-gal activity and growth rate.)
c.Pd - Paraquat dichloride.
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Table S4: Experimental data and error estimates for Fig. S8 A.
Mediuma Growth rate β-gal activity

(dbls/h)b (105 Miller units)
M9+Glyc 0.54±0.01 1.84±0.10
+1µM Cmc 0.58±0.01 1.57±0.05
+2µM Cm 0.56±0.01 1.35±0.05
+4µM Cm 0.43±0.01 1.16±0.06
+6µM Cm 0.37±0.01 0.98±0.06
+8µM Cm 0.31±0.01 0.86±0.05
M9+Gluc 0.83±0.02 1.48±0.04
+1µM Cm 0.82±0.02 1.48±0.08
+2µM Cm 0.75±0.01 1.44±0.11
+4µM Cm 0.63±0.01 1.15±0.07
+6µM Cm 0.52±0.01 1.13±0.05
+8µM Cm 0.45±0.01 0.98±0.07
M9+cAA+Glyc 0.88±0.03 1.49±0.04
+1µM Cm 0.87±0.02 1.24±0.03
+2µM Cm 0.76±0.01 1.06±0.04
+4µM Cm 0.54±0.02 0.84±0.09
+6µM Cm 0.43±0.02 0.64±0.03
+8µM Cm 0.34±0.01 0.69±0.04
M9+cAA+Gluc 1.21±0.03 1.36±0.06
+1µM Cm 1.15±0.03 1.23±0.05
+2µM Cm 1.00±0.01 1.08±0.02
+4µM Cm 0.74±0.02 1.00±0.05
+6µM Cm 0.60±0.01 0.72±0.03
+8µM Cm 0.48±0.01 0.66±0.03

a.Abbreviations: M9+Glyc - M9+0.5% (v/v) glycerol; M9+Gluc - M9+0.5% (w/v) glucose; M9+cAA+Glyc -
M9+0.2% (w/v) casamino acids+0.5% (v/v) glycerol; M9+cAA+Gluc - M9+0.2% (w/v) casamino acids+0.5% (w/v)
glucose.
b. The value behind ± indicates standard deviation among three or more replicates in one measurement. (Repeated
measurements with not exactly same protocols show similar patterns in the relation of β-gal activity and growth rate.)
c.Cm-chloramphenicol.
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