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Supporting information 2: Extension to k-partition
algorithm

The Queyranne’s algorithm [I] works on minimization of g(U) = f(U) + f(V \ U) with

respect to non-empty set U C V or g((U,V\U) = f(U) + f(V \ U) over bi-partition

(U,V \ U) with an arbitrary submodular set function f. Here we show a recursive

method extending this symmetric submodular search over a set of bi-partitions to that

of 3-partitions. The following argument will be easily extended to that of k-partition.
First let us denote the set of k-partitions of a given set V' by

Py = {(Mo,Ml,...,Mk_1)|UMi =V,M; N M; =0 for any i # j and, M; # () for every

For a submodular system (V, f) of a given underlying set V' and a submodular set
function f : 2¥ +— R, we consider minimization of function g : Psy — R of the form

2

9 (Mo, My, My)) = > f(M;) + ¢, (1)
=0

where ¢ € R is a constant. This is an extension of the bi-partition function
g((U,V\U) = f(U)+ f(V\U) to 3-partition function. In this section, we provide an
algorithm to minimize this k-partition function by employing Queyranne’s algorithm.

By defining f(M) := H(M) for M C V, (V, f) is a submodular system, and the
information loss function is written with a constant ¢ = —f (V) by

2
g ((Mo, My, Ms)) = Z f(M;) = f(V).
i=0
For the special case k = 2, g((My, M7)) = I(My; M), this is identical to the minimal
loss of information introduced in this study.

Our argument below does not depend on any specific form of a particular
submodular function f, as long as the objective function takes the form in (). The
basic idea is to reduce the original objective function g : Ps .y — R to a set function
93,V : 2V = R by recursively defining g2,u for the remaining two subsets in a given
bi-parition. As our goal is to minimize g3y, such reduction can be written specifically
for non-empty U C V by

g3v(U) = fv(U) + hav(U), (2)
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where for any ) C Uy C Us, fu,(Ur) := f(Ur) + f(U2 \ Uz) and hy y,(Ur) := 0 and

. ) U’
min {mln(bCU CUx\U: gQ,Ug\Ul( ) (mln(|U1|, |U2 \ Ul‘) > 1)

h2 U (Ul) . min@CU’CU] 92,U1(U/) ] (3)
i mingc oy cv,\v, 92,02\0, (U”) (Il =1)
mingcprc, 92,0 (U') (U2 \ U1 =1)

This function (@) can be interpreted as recursive bi-partitioning across multiple stages:
The first partition (U, V \ U) of the set V is made on fy, and the second partition
(U’,UI) of either U or V'\ U on hj_1, and so forth. For |U| =1 or |V \U| = 1, there is
only one set for which the second partition can be made, otherwise smaller one of
either fy(Mo) or fy\u(Mo) has the solution. For k =2, g2 v(U) = fy(U), and
minimization of fy (U) over the set of bi-partitions of V' can be computed by the
Queyranne’s algorithm.

If this function g3y is symmetric and submodular, we can apply the Queyranne’s
algorithm to this function at every recursive step above. Then, the minimum of
g3.v(U) is identical to g((U, My, My)) with the 3-partition is (U, My, M;) such that

U = arg mings v (U) and (Mg, My) =  arg min  ho(My, M;)
pcucv (MOle)EPz,V\U

or (V\ U, My, M;) such that

U = arg min g3 v (U) and (Mo, My) = arg min  hy (Mo, My).
pcucv (Mo, M1)EP, &

As g,y is obviously symmetric by definition, our main question now is whether it is
submodular. The lemma following states that it is submodular.

Lemma 1. For a given submodular system (V, f), the function g3 v : 2V > R is
submodular.

The proof of Lemma [[] needs Lemma 2] which is stated after the proof.

Proof. For a pair of set X, Y C V and k > 2, consider the difference

A=g3v(X)+g3v(Y)—gav(XUY)—g3v(XNY),

and
Ay, = hg’v(X) + hg’v(Y) — hg’v(X U Y) — h3’V(X N Y)

As A — Aj > 0 due to submodularity of the function f, Ay > 0 implies A > 0 for any
k. We show Ay > 0 as follows. Now we will show that Aj;, > 0, by using the fact that
any function g y for U C V is submodular.

Let us denote the minimizer of g3 x by

[X] := arg min g3 x (W).
bcwex

For all three cases of the function h (@), we consider the case below as the lower bound
for Ay, and the other cases follow the essentially same argument:

Ap > g3, x([X]) + g3y ([Y]) — g3, xuv (X UY]) — gz xny ([X NY])

By definition, g3 x ([X]) < g3,x (W) for any non-empty W C X, and thus for any
non-empty W C X UY and Z C X NY, we have

Apz > g3 x([X]) + 93y ([Y]) — 93, x0v (W) — g3, xnv (Z).
By Lemma 2] Ay, > 0 due to submodularity of go iy for any U C V. O
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The last line in the proof of Lemma [1is shown as follows.

Lemma 2. For an arbitrary submodular system (V, f), f(0) =0 andd C W C Z CV,
write

fz(W) = f(W) + f(Z\W).

For any given pair of partitions (W, W) € Py xuy and (Z,Z) € Py xny, there is some
pair (A, A) € P, x and (B, B) € P,y which holds the inequality

Ix(A)+ fy(B) > fxoy(W) + fxny (2).

Vice versa, for any given pair of partitions (A,A) € Py x and (B,B) € Py y, there is
some pair W, W) € Py xuy and (Z,Z) € Py xny which holds the inequality above.

This lemma states about a kind of submodularity on the bi-partition function fx
by existence of some pair W and Z for any pair A and B or vice versa. The proof of
Lemma [2]is beyond the scope of this section, and will be reported elsewhere.

The Lemma [I] states that Queyranne’s algorithm can be used to minimize the
symmetric submodular set function g,,, 7 (U’) with respect to non-empty U’ C U at
each step of the function g v (U). This observation further applies recursively for a
k-partition problem, which can be reduced to the minimization of (k — 1)—partition
problem by defining an appropriate function. As minimization of a k-partition
function includes the minimization of (k — 1)-partition function, the computational
time of this recursive algorithm for the minimal k-partition of n elements would take
the order O(n3(F=1).
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