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1 Additional Mathematical Details

This section provides additional details about the model development and numerical solution techniques.

1.1 Fiber Directions

Considering a cylindrical body composed of an anisotropic material reinforced by two sets of fibers dispersed in
the @ — z plane, the undeformed fibre directions in polar cylindrical co-ordinates are given by

mé}l = cosO,e9 +sinO,e,, (Sla)

m((f()l = —cosB,ep +sinOe,, (S1b)

for a given constituent a, where ey and e, are unit vectors in the circumferential and axial directions, respectively.
The current fibre direction, denoted mgj ), is obtained from the undeformed fibre directions via a push-forward
operation,

o

m{) = m97“7 (S2a)
\ /Oq(zj)

where

) = m((){()l . Cmé{i, j=1,2, (S2b)

is the square of the fibre stretch ratio (Holzapfel, 2000), and C = FTF is the right Cauchy-Green tensor. We further
posit that all fibres, including both ASM and collagen fibres in the ECM, are oriented along the circumference
(Ijpma et al, 2017), so ©, = O = 0°.

1.2 Specific Forms of the Strain Energy Functions

Below we define the forms of the strain energy functions for the tissue constituents a = p, ¢, e. The neo-Hookean
form of the strain energy function for the proliferating (p) airway smooth muscle cells (ASMCs) is given by

1
Wy = 37 (I —3), (S3a)
where 7, is a material parameter representing the passive stiffness of proliferating cells, and I; = trC is a strain
invariant. The form for the contractile (¢) ASMCs is given by

1 C () _1)2
= — — c Bc(ac _1) —
W, 2nc (I —3)+ jzgl 2 2. (exp 1) , (S3b)

where material parameters are 7., representing the passive (isotropic) stiffness of contractile cells, C.., representing
their passive (anisotropic) stiffness, and 8., accounting for nonlinear stiffening with increasing deformation. The
form for the extracellular matrix (ECM or e) is modeled similarly, so

1 ; Ce (a—2,2)?
We =30 (11 =3) +j;2H(a§) = N (exp?e(o? =257~ 1)), (S3c)

with material parameters 7., representing the passive (isotropic) stiffness of the embedded ECM cells, C., repre-
senting fibre density, and f., parametrizing the gradual recruitment of collagen fibres.
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1.3 Numerical Solution Procedure

This section provides specific forms of the model equations that were used in the numerical scheme, as well as
the numerical techniques that were used to solve the PDEs. First, we derive the equations governing the growth
in each layer of the airway wall. Next, we derive a nonlinear equation that represents the elastic deformation of a
two-layer multi-phase cylinder subject to pressure boundary conditions. Finally, we discuss the specific numerical
schemes we used to solve these equations and the governing PDEs in the main text.

Growth. The radial growth of the airway is determined as follows. Integrating (2.27) with respect to & gives the
velocity in the outer layer as

3
W= [ g + K1,  &Gu<E<&. (S4a)
Eint
Similarly, the velocity in the inner layer is given by
, £ ,
W = [ gV + Ky, & <E< G (S4b)
&1

The constants K7 and K5 are determined by applying the zero velocity boundary condition (2.31c) and continuity
of velocity at &, (2.31d), respectively. The interface velocity is then given by (S4a) evaluated at & = &;,,; to give

din 1o,
w(g) = St =~ [ sae (510)

which is solved numerically for &;,;. It is then used with (S4b) to obtain an expression for the velocity at the inner
wall, given by

d Sint )
U(&) = % = é [fintv(fmt) _/g fq(l)dfl , (S4d)

which is again solved numerically for &;.

Flastic deformation. Integrating (2.12) and applying (2.13a) gives the radial stress for the inner layer
_ rq 4 .
T = / > (Te(;) - Tfﬁ)) dr' — Py, 1 <7 < Ting, (Sha)
T1 r
and applying (2.13d) gives the radial stress for the outer layer
) "1
T =T (ri) + / = (ng) _ ng>) dr' — Py, i <7 <o (S5b)
Applying continuity of stress (2.13¢) thus gives
Tint 1 (i) . ™2 1 (0)
P~ Py= / - (Tge - T}:)) dr + / - (Teg - TT(,?)) dr, (S5¢)
1 r Tint

wherein 7 and ry can be expressed in terms of r;,; via (2.4), since & and &;,,; are known from the solution of
(S4), and (i) denotes variables computed in the inner layer and (o) those in the outer layer. Together with the
radial and circumferential stress components of the Cauchy stress specified by (2.5) and (S3), (Sbc) is therefore
an algebraic equation in the unknown 7;,,;. At each time step, a root finding algorithm (fzero.m), is used to solve
the equilibrium equation (S5c) for r;,¢. All other variables can be evaluated once this is known.
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Table 1: Initial Conditions and Airway Geometry

Parameter Definition Inner Outer Units
layer layer
lto Inflammatory factor, u 0 0 mg mm >
Elt, Contractile agonist, k 0 0 mg mm~3
Delt, Contractile ASMC 0 0.20
volume fraction
Dyt Proliferating ASMC 0 1.50x1073
volume fraction
Delt, ECM volume 0.30  9.85x1072
fraction
R, Inner radius 1.800 mm
Rint Interface radius 1.818 mm
Ry Outer radius 2.340 mm

Numerical techniques. Numerical solutions to the system of coupled PDEs, given by (2.26), with (2.18-2.25), were
obtained via the method of lines as follows. A finite difference spatial discretisation, with upwinding applied to
convective terms, was employed. For simplicity, we fixed with the number of nodes at 10 in the (thin) inner
layer and 100 in the outer layer, noting that, as the airway grows, Ar is not constant!. The resulting system,
along with (S4), was time-stepped in MATLAB using an ODE solver (ode45.m or odel5s.m; the latter is used
when inflammatory or agonist challenge frequency is very high resulting in a stiff system of equations), with the
integrals evaluated using trapz.m. This method was applied separately to the inner and outer layers and solutions
matched at 7;,;.

2 Model Parameters and Initial Conditions

Initial conditions for inflammatory factor, u, contractile agonist concentration, k, and volume fractions, ®,, a =
p, ¢, e, along with the initial geometry of the airway, are given in Table 1. Rate constants for the mass balance
equations and material parameters, consistent between the two layers, are given in Table 2. Model parameters
differing between the layers are given in Table 3.

3 Sensitivity Study

We performed a one-at-a-time sensitivity study by varying parameters a,, cau, @k, Cdk, Te, Gk, and a. (Fig. S1).
For each parameter, simulations were performed for a range of 100 values, with inflammatory challenges (except
for parameter ay, in which the airways were challenged with contractile agonists) at a frequency of one per day for
50 days, followed by a resolution period. Change in inner radius, from the initial value (R;=1.8mm), at 5 days post
final challenge was used to assess the results. The model is highly sensitive to a, and cg4,, as increased remodelling
(represented by decreased inner radius) is associated with increasing magnitude (a,), decreasing clearance (cqy,)
of inflammatory factor p, with the former exhibiting a linear response above a certain threshold and the latter a
nonlinear response. Moreover, the model is highly sensitive to contractile agonist magnitude (aj) in the agonist-
challenge simulations. Note that the curve for a; in Fig. S1 does not pass through zero. The reason for this is that, at
the default value of ay, and cqx (Table 2), the simulations with contractile agonist challenges at a frequency of 1 per
day over 50 days results in contraction into the lumen. A nonlinear decrease in radius is associated with decreasing
clearance of contractile agonist concentration, k, with a strong threshold effect observed with decreasing cg4;. The
model is less sensitive to this parameter than magnitude, clearance of p (subject to inflammatory challenges).

I Remark: Initially, Ar = 0.002mm in the inner layer and 0.005mm in the outer layer. For all times, Ar < 0.2mm, even in the
extreme (unrealised) case in which only the airway inner layer grows into the lumen.
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Table 2: Default Model Parameters Consistent Between the Two Layers

Parameter Definition Value Units
Constants

ol Contractile ASMC density 1.050 mg mm >
pX Proliferative ASMC density 1.050 mg mm >
p? Extracellular matrix density 1.050 mg mm >
p}r Fluid mass density 1.000 mg mm >
Dy Fluid volume fraction 0.70

Inflammation and Agonist Rate Constants

ay Stimulus amplitude for inflammatory factor, 3 mg mm~3 day~!
Cdp Decay rate of inflammatory factor, u 5 day~!
1 First inflammatory threshold 1 mg mm ™3
2 Second inflammatory threshold 2.5 mg mm ™3
ay Stimulus amplitude for contractile agonist, &k 4.64x1072 mg mm™3 day~!
Cdk Decay rate of contractile agonist, k 2 day~!
Ak Inflammation-induced agonist release coefficient 0.001 day~?!
Qe Contraction-induced agonist release coefficient 0.001 mg mm~3 ecmH,O~! day~!
Event Parameters
d Duration of inflammation/agonist administration 1/3
o Event parameter 0.01
w Inflammation, p, or contractile agonist, k, 1 day—!
challenge frequency
T Time scale 1000 days
Mechanical/Material Parameters
Mp Proliferative ASMC passive isotropic stiffness 51.84 cmH0
Ne Contractile ASMC passive isotropic stiffness 51.84 cmH,0
C. Contractile ASMC passive anisotropic stiffness 1.14x1073  emH,0
Be Contractile ASMC passive anisotropic 2.74
exponential parameter
Ne ECM passive isotropic stiffness 51.84 cmH,0
C. ECM passive anisotropic stiffness 18.1 cmH>0
Be ECM passive anisotropic exponential parameter 1.48
T. Agonist-induced active contraction parameter 1000 cmH0
Aact Collagen recruitment stretch 1
Az Axial stretch ratio 1
] Fiber angle 0 radians
P Lumen pressure 0 cmH>0
Py External pressure 0 cmH>0

Also, the model is not very sensitive to changes in ASMC responsiveness to contractile agonist (7, ), inflammation-
induced contractile agonist release (ax,,), and mechanical-stress induced contractile agonist release (a.), as each of
these result in only small (nonlinear) changes in inner radius.

4 Volume Fractions

In order to compare results more directly from the simulations in Figs. 4 and 6, we plot the volume fractions of the
airway wall constituents (proliferating, contractile ASMCs and ECM) as functions of the radius in Fig. S2. The
left column depicts the constituent volume fractions taken at 3 separate days (increasing in time, moving down the
column) from the simulation using the parameters corresponding to the circled point on the surfaces of Fig. 4a,b,
while the right column depicts those corresponding to the circled point on the surfaces of Fig. 6a,b. The volume
fractions of the constituents remain flat and only slightly increase during inflammation challenges (moving down
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Table 3: Default Model Parameters Differing Between the Two Layers

Parameter Definition Inner Outer Units
layer  layer

Cpo Baseline cell proliferation rate constant 0 1/3 day~!
Cpe Proliferative to contractile ASMC 0 2/3 day—!
switching rate constant
Ceo Basline (low) contractile to proliferative 0 2.50x10™%  day~!
switching rate constant
Ce1 Medium contractile to proliferative 0 5.0x1073 day~!
switching rate constant
Ce2 High contractile to proliferative 0 5.0x1072 day~!
switching rate constant
Ca Contractile cell apoptosis rate constant 0 1.19x1072  day~!
Cde Baseline ECM degradation rate constant 0 9.70x1073  day~!
Ce0 Baseline (low) ECM deposition rate constant 0 1.0x1073 mg mm 2 day ™!
Cel Medium ECM deposition rate constant 0 1.0x107%  mg mm 2 day~!
Cen High ECM deposition rate constant 0 1.0x1073  mg mm™3 day~!
Cpe ECM deposition, via proliferative cells, 0 1.0x1073 day~!
rate constant
cg Stress-induced cell proliferation rate 0 0 day 1
constant
cfp Stress-induced contractile to proliferative 0 5.0x1073  day~!

ASMC switching rate constant

10+

Change in radius (%)

-60 : : :
-200 0 200 400 600

Change in parameter value from default (%)

Fig. S1: Sensitivity Study. Change in inner radius, at 5 days post final challenge, from original radius R;=1.8mm, as a function of
change in parameter from default value (Table 2). The airway was challenged every day for a 50 day period with inflammation challenges,
except for the study varying ag, in which contractile agonist challenges were used. The default value for aj was chosen so that low
frequency challenges led to non-trivial remodelling, but at higher frequencies used here (one per day for 50 days), growth/contraction
into the lumen results with this default value.

the left column). The increase in proliferating ASMCs towards the outer wall of the airway is due to the tensile
mechanical stress-induced increase in phenotype switching rate. Thus, the figures in the right column depict the
local increase in proliferative, and associated decrease in contractile, ASMCs during phenotype switching. Also,
the airway geometry shifts to the right from day 28 to day 32, as the contractile agonist gradually clears from the
tissue and the airway relaxes.
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Fig. S2: Volume Fractions vs. Radius. Volume fractions of proliferating, contractile airway smooth muscle cells (ASMCs) and extra-
cellular matrix (ECM) plotted as a function of radius taken at days 28, 30, and 32, corresponding to (left column) the circled point
on the surfaces of Fig. 4a,b and (right column) the circled point on the surfaces of Fig. 6a,b. The inner radius shifts to the left more
dramatically moving down the right column compared with the left column, as contractile agonist is cleared from the tissue following
the challenge. Clearly, contractile agonist-induced deformation is dominant in the agonist-challenge simulations.
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Fig. S3: Volume Fractions, Contractile Agonist Concentration, and Mechanical Stresses during Inflammatory Challenges. Illustrative
results are evaluated at the circled point on the surface of Fig. 4a: volume fractions of (a) contractile ASMCs, (b) extracellular matrix,
and concentration of (c) contractile agonist; Cauchy stresses in the (d) radial, (e) circumferential, and (f), (f) axial directions

5 Volume Fractions, Contractile Agonist Concentration, and Mechanical Stresses

The volume fractions, local contractile agonist concentrations, and mechanical stress distributions for the selected
points (not already included) in Figs. 4 and 6 are depicted in Figs. S3 and S4, respectively. During inflammation-
only challenges, the gradients of the constituents and agonists across the airway radius (Figs. S3a-c and 4c) are low
compared to contractile agonist challenges (Figs. S4a-c and 6¢), in which the local mechanotransduction-induced
ASMC phenotype switching leads to local increases in ASM towards the outer wall (associated with regions on
increased circumferential tensile stress), and thus relatively higher volume fractions of proliferating ASMCs and
lower volume fractions of contractile ASMCs and ECM. For both inflammation (Fig. S3d-f) and agonist (Fig. S4d-
f) challenges, radial stresses are compressive in the mid-wall and zero at the boundaries (thus matching the zero
pressure boundary conditions), circumferential stresses are tensile in the outer potion of the wall and compressive
in the inner portion, and axial stresses are compressive (due to incompressibility), with agonist challenges resulting
in much higher stress magnitudes due to the active contraction.

6 Effect on Remodelling of Changes in Phenotype Switching Rate or Intrinsic Proliferation Rate
Modulated by Mechanical Tensile or Compressive Stresses

Similar amounts of remodelling are observed for increases in both tensile and compressive stress-modulated phe-
notype switching rates, c and decreasing agonist clearance rate, cqx, with no clear threshold effect (Fig. S5a,b).
For the same parameter ranges, agonist resolution times are also observed to be similar (note some simulation
results are not plotted due to contraction/growth into the lumen during challenges). Moreover, agonist resolution
time appears to be relatively independent of cgp for both cases (Fig. S5c,d). For a selected parameter set (shown
as circles on the surfaces in Figs. Sba—d), distributions of the proliferative ASMC volume fraction are significantly
different in the two cases. Larger volume fractions are observed at the outer edge of the airway wall in the tensile
stress-modulated case (Fig. She) and at the inner edge in the compressive stress-modulated case (Fig. S5f).
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Fig. S4: Volume Fractions, Contractile Agonist Concentration, and Mechanical Stresses during Contractile Agonist Challenges.
Ilustrative results are evaluated at the circled point on the surface of Fig. 6a: volume fractions of (a) contractile, (b) proliferating
ASMCs, and (c) extracellular matrix; Cauchy stresses in the (d) radial, (e) circumferential, and (f) axial directions

For our given initial conditions, both tensile and compressive stress-induced phenotype switching (cfp) results
in a greater amount of airway remodelling (Fig. S5a,b) than stress-induced increase in proliferation rate (c£ ;
Fig. S6a,b); again, note that some simulation results are not plotted due to contraction/growth into the lumen
during challenges. Agonist retention is similar between the two cases (cf. Figs. S5c,d, S6¢,d). Slightly less contraction
is observed during challenges with increasing c;,, compared with increasing cg . In the former case (Fig. S5e, S5f),
contractile cells are lost due to phenotype switching, and in the latter case (Fig. S6e, S6f), the intrinsic proliferation

rate of the current (lower) population of proliferating ASMCs is increased.

7 Comparison to Previous Modelling Results

Qualitatively, very similar results were obtained between the current study and our previous study (Chernyavsky
et al (2014); Fig. S7). Severe remodelling in the former (red colour in Figs. S7a,b) corresponds to increased

remodelling towards the lumen in the latter (red colour in Figs. S7c¢,d, respectively corresponding to the inward
remodelling shown in Figs. 8a, 4a).
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Fig. Sb: Effect of phenotype switching rate modulated by tensile vs compressive stress: Variation in (a), (b) remodelled geometry (15¢
row) and (c), (d) agonist resolution rate (2% row) with selected parameter values of stress-induced phenotype switching (cfp) and
agonist resolution rate (cqi). The proliferating airway smooth muscle cell volume fraction (e), (f) is plotted as functions of radius and
time for parameter value pairs indicated by the circled points on the surfaces.
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Fig. S6: Effect of proliferation rate modulated by tensile vs compressive stress: Variation in (a), (b) remodelled geometry (15t row)
and (c), (d) agonist resolution rate (2% row) with selected parameter values of stress-induced proliferation rate increase (czf7 ) and
agonist resolution rate (cqx). The proliferating airway smooth muscle cell volume fraction (e), (f) is plotted as functions of radius and
time for parameter value pairs indicated by the circled points on the surfaces.
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Fig. S7: Comparison of Current Model Results to Chernyavsky et al (2014). Top row: results from Chernyavsky et al (2014), showing
fold-increase in ASM population size after 300 days (colour scale) as a function of the inflammation resolution rate and the (a)
inflammation magnitude or (b) inflammation challenge frequency; Bottom row: results from current study, showing inner radius at
5 days post final inflammatory challenge (colour scale) as a function of the inflammation resolution rate and the (c) inflammation
magnitude (rotated view of Fig. 8a) or (d) challenge frequency (rotated and zoomed view of Fig. 4a).
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