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Supporting Information Text

In this document, we provide supplementary information, including the estimation procedure, regularity conditions for theorems,
models considered in simulation, simulation results not listed in the paper, details of notation and proofs of all theorems. This
document is organized as follows.

In section A, we list several notations that are used frequently in the main text and this supplementary document.
In section B, we describe the estimation procedure for JMI.
In section C, we state the regularity conditions required for our theoretical results, and provide details for the constants

appearing in the theorems.
In section D, we list all the models we have considered in our simulation study.
In section E, we provide simulation results not shown in the main text.
In section F, we show the extraordinary local power for independence test based on JMI for the case that both X and Y are

univariate random variables.
In section G, we extend the JMI estimator to discrete random vector case.
In section H, we list technical lemmas for proving theoretical results.
In section I, we present proofs for theorems in the main text and this supplementary document.
In section J, we prove all auxiliary lemmas in section H.

A. Useful notations.

Table S1. Notations and their meanings

Notation Meaning
C universal constant (Without ambiguity, we use C denote all unknown constants)

C′,C′′ universal constant (when there are more than one unknown constants)
Ck constant that changes with subscript k
df
dx

first order derivative of univariate function f
d2f
dx2 second order derivative of univariate function f
∂f

∂up
first order partial derivatives of P-variate function f with respect to the p-th element, p = 1, 2, ..., P

∂2f
∂up1 ∂up2

second order partial derivatives of P-variate function f with respect to the p1-th and p2-th elements, p1, p2 = 1, 2, ..., P

X = (X1, X2, ..., XP )′, a P dimensional random vector
Y = (Y1, Y2, ..., YQ)′, a Q dimensional random vector
xi = (xi1, xi2, ..., xiP )′, sample from X
yi = (yi1, yi2, ..., yiQ)′, sample from Y
FX cumulative distribution function of X
FXp

cumulative distribution function of Xp, p = 1, 2, ..., P

FXp,n empirical cumulative distribution function of Xp, p = 1, 2, ..., P

FY cumulative distribution function of Y
FYp

cumulative distribution function of Yq , q = 1, 2, ..., Q

FYp,n empirical cumulative distribution function of Yq , q = 1, 2, ..., Q

U = (U1, U2, ..., UP ) = (FX1 (X1), FX2 (X2), ..., FXP
(XP ))′

U? = (U?
1 , U?

2 , ..., U?
P ) = (FX1,n(X1), FX2,n(X2), ..., FXP ,n(XP ))′

V = (V1, V2, ..., VP ) = (FY1 (Y1), FY2 (Y2), ..., FYQ
(YQ))′

V? = (V ?
1 , V ?

2 , ..., V ?
P ) = (FY1,n(Y1), FY2,n(Y2), ..., FYQ,n(YQ))′

cU copula density function of random vector (U)(or (X))
cV copula density function of random vector (V)(or (Y))

cUV copula density function of random vector (U, V)(or (X, Y))
ui = (ui1, ui2, ..., uiP ) = (FX1 (xi1), FX2 (xi2), ..., FXP

(xiP ))′
vi = (vi1, vi2, ..., viQ) = (FY1 (yi1), FY2 (yi2), ..., FYQ

(yiQ))′
u?

i = (u?
i1, u?

i2, ..., u?
iP ) = (FX1,n(xi1), FX2,n(xi2), ..., FXP ,n(xiP ))′

v?
i = (v?

i1, v?
i2, ..., v?

iQ) = (FY1,n(yi1), FY2,n(yi2), ..., FYQ,n(yiQ))′

∆uij,p = u?
jp − u?

ip − ujp + uip

∆vij,q = v?
jq − v?

iq − vjq + viq
u
h

= ( u1
h

, u2
h

, ..., uP

h
)′

v
h

= ( v1
h

, v2
h

, ...,
vQ

h
)′

K(u) kernel function for univariate kernel density estimation, a symmetric density function
Kh(u) = 1

h
K( u

h
)

KP (u) =
P∏

p=1

K(up), kernel function of P -dimensional kernel density estimation

KQ(v) =
P∏

q=1

K(vq), kernel function of Q-dimensional kernel density estimation

KP
H(u) = |H|−1/2KP(H−1/2u)
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Table S1. Continued from previous page

Notation Meaning
BU =diag(b2

U1
, b2

U2
, ..., b2

UP
)

BV =diag(b2
V1

, b2
V2

, ..., b2
VQ

)
HU =diag(h2

U1
, h2

U2
, ..., h2

UP
)

HV =diag(h2
V1

, h2
V2

, ..., h2
VQ

)
Ik k × k identity matrix
1A indicator function of set A
|A| determinant of matrix A

||f ||sup supremum norm of function f

||t|| Euclidean norm of vector t
ĉ
\i
U,HU

(u) = 1
n−1

∑
j 6=i

KP
HU

(u?
j − u), leave-one-out kernel density estimation for cU

ĉ
\i
V,HV

(v)) = 1
n−1

∑
j 6=i

KQ
HV

(v?
j − v), leave-one-out kernel density estimation for cV

ĉ
\i
UV,BU,BV

(u, v) = 1
n−1

∑
j 6=i

KP
BU

(u?
j − u)KQ

BV
(v?

j − v), leave one out kernel density estimation for cUV

Î0 = 1
n

∑n

i=1
log cUV(ui,vi)

cU(ui)cV(vi)

Î2(BU, BV, HU, HV) = 1
n

∑n

i=1
log

ĉ
\i

UV,BU,BV
(u?

i
,v?

i
)

ĉ
\i

U,HU
(u?

i
)ĉ
\i

V,HV
(v?

i
)

Î3(h) = 1
n

∑n

i=1
log

ĉ
\i

UV,h2IP ,h2IQ
(u?

i
,v?

i
)

ĉ
\i

U,h2IP
(u?

i
)ĉ
\i

V,h2IQ
(v?

i
)

Ĩ3(h) = 1
n

∑n

i=1
log

ĉ
\i

UV,h2IP ,h2IQ
(ui,vi)

ĉ
\i

U,h2IP
(ui)ĉ

\i

V,h2IQ
(vi)

Ai(u, h) =
∫ 1−u

h

− u

h

tiK(t)dt, i = 0, 1, 2, ...

AP
0 (u, h) =

P∏
p=1

A0(up, h)

AQ
0 (v, h) =

Q∏
q=1

A0(vq , h)

L(u, h) =
∫ 1

0
Kh(s−u)
A0(s,h) ds

LP (u, h) =
P∏

p=1

L(up, h)

T1(h) = 1
n

n∑
i=1

[ 1
n−1

∑
j 6=i

KP

h2IP
(u?

j
−u?

i
)KQ

h2IQ
(v?

j
−v?

i
)

cUV(ui,vi)AP
0 (ui,h)AQ

0 (vi,h)
−

1
n−1

∑
j 6=i

KP

h2IP
(u?

j
−u?

i
)

cU(ui)AP
0 (ui,h) −

1
n−1

∑
j 6=i

KQ

h2IQ
(v?

j
−v?

i
)

cV(vi)AQ

0 (vi,h)
+ 1
]

T̃1(h) = 1
n

n∑
i=1

[ 1
n−1

∑
j 6=i

KP

h2IP
(uj−ui)KQ

h2IQ
(vj−vi)

cUV(ui,vi)AP
0 (ui,h)AQ

0 (vi,h)
−

1
n−1

∑
j 6=i

KP

h2IP
(uj−ui)

cU(ui)AP
0 (ui,h) −

1
n−1

∑
j 6=i

KQ

h2IQ
(vj−vi)

cV(vi)AQ

0 (vi,h)
+ 1
]

T2(h) = 1
n

n∑
i=1

{[ 1
n−1

∑
j 6=i

KP

h2IP
(u?

j
−u?

i
)KQ

h2IQ
(v?

j
−v?

i
)

cUV(ui,vi)AP
0 (ui,h)AQ

0 (vi,h)
− 1
]2
−
[ 1

n−1

∑
j 6=i

KP

h2IP
(u?

j
−u?

i
)

cU(ui)AP
0 (ui,h) − 1

]2
−
[ 1

n−1

∑
j 6=i

KQ

h2IQ
(v?

j
−v?

i
)

cV(vi)AQ

0 (vi,h)

]2
}

T̃2(h) = 1
n

n∑
i=1

{[ 1
n−1

∑
j 6=i

KP

h2IP
(uj−ui)KQ

h2IQ
(vj−vi)

cUV(ui,vi)AP
0 (ui,h)AQ

0 (vi,h)
− 1
]2
−
[ 1

n−1

∑
j 6=i

KP

h2IP
(uj−ui)

cU(ui)AP
0 (ui,h) − 1

]2
−
[ 1

n−1

∑
j 6=i

KQ

h2IQ
(vj−vi)

cV(vi)AQ

0 (vi,h)

]2
}

T3(BU, BV, HU, HV) = 1
n

n∑
i=1

[ 1
n−1

∑
j 6=i

KP
BU

(u?
j
−u?

i
)KQ

BV
(v?

j
−v?

i
)

cUV(ui,vi)AP
0 (ui,BU)AQ

0 (vi,BV)
− 1
]

T̃3(BU, BV, HU, HV) = 1
n

n∑
i=1

[ 1
n−1

∑
j 6=i

KP
BU

(uj−ui)KQ

BV
(vj−vi)

cUV(ui,vi)AP
0 (ui,BU)AQ

0 (vi,BV)
− 1
]

T4(BU, BV, HU, HV) = 1
n

n∑
i=1

[ 1
n−1

∑
j 6=i

KP
BU

(u?
j
−u?

i
)KQ

BV
(v?

j
−v?

i
)

cUV(ui,vi)AP
0 (ui,BU)AQ

0 (vi,BV)
− 1
]2

T̃4(BU, BV, HU, HV) = 1
n

n∑
i=1

[ 1
n−1

∑
j 6=i

KP
BU

(uj−ui)KQ

BV
(vj−vi)

cUV(ui,vi)AP
0 (ui,BU)AQ

0 (vi,BV)
− 1
]2

B. Estimation procedure.
The calculation of JMI involves a maximization problem with respect to common bandwidth h. As the objective function

shows a unimodal shape, the maximization can be easily solved by most existing methods such as the Newton-Raphson method
or grid-search. In our calculation, we consider the latter as it is easy to implement, especially when the permutation test is
carried out, and is more convenient for parallel computation. Let

Hn =
{
c0 < h1 < h2 < · · · < hm < c1

}
,

where c0, c1 > 0, and m→∞ with n. As suggested by Theorem 2, theoretically c0 and c1 can be proportional to n−1/(P+Q+3).
In our calculation, we set m = 50 in Eq. (B) and Hn = {hk = 1

50k
2n−1/(P+Q+3)σ̂, k = 1, 2, ..., 50} with σ̂ being the sample
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standard deviation of 1
n+1 ,

2
n+1 , ...,

n
n+1 . i.e. σ̂ =

√
n

12(n+1) . Then, JMI is calculated as

ĴMI(X,Y ) = max
h∈Hn

Î3(h).

To counteract the negative bias indicated by Theorem 2, we use the average of JMI and the KDE estimator that uses the full
data and the same bandwidth of JMI, to calculate MI in the simulation study of estimation efficiency. We find that the choice
of the kernel function has little impact on the results. In our calculation, we use kernel function

K(t) = 3
2(1 + |t|)4

and

KP (t) = KP (t1, ..., tp) =
P∏
p=1

K(tp).

C. Regularity conditions and Constants in Theorems.

C.1. Regularity conditions.

Assumption A.1
(i) cU(u) and cV(v) are smooth on [0, 1]P and [0, 1]Q, respectively;
(ii) cU(u) and cV(v) are bounded away from 0 and infinity on their supports.

Assumption A.2
(i) cUV(u,v) is smooth on [0, 1]P+Q;
(ii) cUV(u,v) is bounded away from 0 and infinity on their supports.

Assumptions A.1 and A.2 are typically used in studying the consistency rate of mutual information estimators (1, 2).

Assumption A.3
When Q ≤ P , V = (V1, V2, ..., VQ)′ = Φ(U) = (Φ1(U),Φ2(U), ...,ΦQ(U))′, where

(i) Φq(U) is smooth on [0, 1]P , q = 1, 2, ..., Q;
(ii) Φq(U) is bounded away from infinity and has bounded partial derivatives on [0, 1]P , q = 1, 2, ..., Q.

When Q > P , U = (U1, U2, ..., UP )′ = Φ(V) = (Φ1(V),Φ2(V), ...,ΦP (V))′ where
(i) Φp(V) is smooth on [0, 1]Q, p = 1, 2, ..., P ;
(ii) Φp(V) is bounded away from infinity and has bounded partial derivatives on [0, 1]Q, p = 1, 2, ..., P .

Assumption A.3 is the condition for theoretical analysis when X and Y are functionally dependent, and thus U and V are
functionally dependent.

Assumption A.4
(i) cUV(u,v) is bounded away from 0;
(ii) for any M > 0, cMUV(u,v) = min[cUV(u,v),M ] is absolutely continuous on [0, 1]P+Q.

Assumption A.5
(i) There exists a constant K0 such that ||K||sup, || dKdt ||sup, || d

2K
dt2 ||sup < K0.

(ii)
∫∞
−∞K(t)dt = 1; and

∫∞
−∞ tK(t)dt = 0;

(iii) There exists an ε1 > 0 such that,
∫∞
−∞ |t|

1
2 +ε1 |dK(t)| <∞; and

∫∞
−∞ |t|

2+ε1K(t)dt) <∞;

(iv) when h = o(1),
∫ −C

h

−∞ tK(t)dt = o(h).

Assumption A.5 is commonly used in the analysis of consistency for kernel density estimation, for example (3). Many commonly
used kernels, such as the Gaussian kernel and the kernel above, satisfy the assumption.

Assumption A.6
As n→∞,

(i) max(bUp , bVq , hUp , hVq )→ 0 for p = 1, 2, ..., P and q = 1, 2, ..., Q;

(ii) min{
nb

P +Q
Up

logn ,
nb

P +Q
Vq

logn ,
nh

P +Q
Up

logn ,
nh

P +Q
Vp

logn } → ∞ for p = 1, 2, ..., P and q = 1, 2, ..., Q.

Assumption A.7
As n→∞,

(i) h→ 0;
(ii) nhP +Q

log(n) → 0.
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Assumption A.8 There exists an ε2 > 0 such that

h ∈ Hn =
{
c1n
− 1

P +Q+3 = h1 < h2 < ... < hm = c2n
− 1

P +Q+3

}
with m = O(n

P +Q
P +Q+3−ε2 ).

Assumptions A.6 to A.8 are conditions on bandwidths to guarantee the consistency of kernel density estimation and our JMI
estimation. They are also commonly assumed for kernel estimation; see for example (4, 5) and (6).

C.2. Constants in Theorem 1 and Theorem 2.

C1 in theorem 1.

C1 = 2
∫ ∞

0

tK(t)∫∞
−t K(s)ds

dt. [1]

C2 and C3 in theorem 2.

C2 = lim
h→0

1
h

[∫
[0,1]P +Q

[ P∑
p=1

A2
1(up, h)( ∂cUV

∂up
(u,v))2

cUV(u,v)A2
0(up, h) +

Q∑
q=1

A2
1(vq, h)( ∂cUV

∂vq
(u,v))2

cUV(u,v)A2
0(vq, h)

]
dudv

]
, [2]

and

C3 =
[∫ ∞
−∞

K2(s)ds
](P+Q)

. [3]

D. Models considered in simulation studies.

D.1. Estimation Efficiency. For estimation efficiency, we consider the same experiments as in (7), which include the following nine
different models:

Model I: Both X and Y are mixtures of continuous and discrete distributions. The continuous part follows the bivariate

normal distribution with mean (0, 0) and covariance matrix
(

1 0.9
0.9 1

)
. For the discrete part, P (X = 1, Y = 1) =

P (X = −1, Y = −1) = 0.45 and P (X = 1, Y = −1) = P (X = −1, Y = 1) = 0.05. The two distributions are mixed with
equal probabilities.

Model II: X is uniformly distributed over integers {0, 1, 2, 3, 4} and Y ∼ U(X,X + 2).

Model III: X = (X1, X2, X3, X4, X5)′ and Y = (Y1, Y2, Y3, Y4, Y5)′, where (X1, Y1), (X2, Y2), (X3, Y3), (X4, Y4) and (X5, Y5)
follow the same distribution as in model II.

Model IV: X ∼ Exp(1), the standard exponential random variable; Y ∼ Possion(x) given X = x.

Model V: X ∼ Exp(1), the standard exponential random variable; Y takes the value 0 with probability 0.15, and
Y ∼ Possion(x) given X = x with probability 1− 0.15.

Model VI: X = (X1, X2, ..., X20)′ and Y = (Y1, Y2, ..., Y20)′, where (X1, Y1), (X2, Y2),..., (X20, Y20) follow the same distribu-
tion as in model I.

Model VII: X = (X1, X2, ..., X20)′ and Y = (Y1, Y2, ..., Y20)′, where (X1, Y1), (X2, Y2),..., (X20, Y20) follow the same
distribution as in model II.

Model VIII: X = (X1, X2, ..., X20)′ and Y = (Y1, Y2, ..., Y20)′, where (X1, Y1), (X2, Y2),..., (X20, Y20) follow the same
distribution as in model IV.

Model IX: X = (X1, X2, ..., X20)′ and Y = (Y1, Y2, ..., Y20)′, where (X1, Y1), (X2, Y2),..., (X20, Y20) follow the same distribu-
tion as in model V.
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D.2. Statistical power of independence test.
For independence test, we consider 18 different models used in (8–10) with either additive noise or contaminated noise. For

additive noise, the normal noise is additive to Y , with a parameter to control the noise ratio amplitude NR. As for linear
models, we consider both normal noise (symmetric) and standardize chi-square noise . Contaminated noise observations are
randomly generated from [a, b]× [c, d] with a, b, c, d being selected to cover the range of (X,Y ), and we increase the noise level
by increasing the number of contaminated observations. These models are listed bellow.

(a1) linear with symmetric additive noise

y = 2
3x+NR× ε;

x ∼ N(0, 1); ε ∼ N(0, 1);
x and ε are independent;

(a2) linear with asymmetric additive noise

y = 0.05x+NR× ε;
x ∼ N(0, 1); ε ∼ N2(0, 1)− 1;
x and ε are independent;

(a3) quadratic with additive noise

y = 2
3x

2 +NR× ε;

x ∼ N(0, 1); ε ∼ N(0, 1);
x and ε are independent;

(a4) circle with additive noise

x = 10 cos(2πθ) +NR× ε;
y = 10 sin(2πθ) +NR× ξ;
θ ∼ U(0, 1); ε, ξ ∼ N(0, 1);
θ, ε and ξ are independent;

(a5) spiral circle with additive noise

x = 3u sin(uπ) +NR× ε;
y = 3u cos(uπ) +NR× ξ;
u ∼ U(0, 4); ε, ξ ∼ N(0, 1);
u, ε and ξ are independent;

(a6) cloud with additive noise

x = 10× (floor(5U1) + U2) +NR× ε;
y = 10× (2floor(2U3) +mod(x, 2) + U4) +NR× ξ;
U1, U2, U3, U4 ∼ U(0, 1); ε, ξ ∼ N(0, 1);
U1, U2, U3, U4, ε and ξ are independent;

(a7) sine with high frequency
y = sin[(20 + 7NR)πx]; x ∼ U(0, 1);

(a8) diamond with additive noise

x = U1 cos(π4 ) + U2 ∼ (π4 ) +NR× ε;

y = −U1 sin(π4 ) + U2 cos(π4 ) +NR× ξ;

U1, U2 ∼ U(−1, 1); ε, ξ ∼ N(0, 1);
U1, U2, ε and ξ are independent;
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(a9) x-para with additive noise

y =
{

4x2 +NR× ε; if U ≥ 1
2

−4x2 +NR× ε; otherwise
x ∼ U(−1, 1); U ∼ U(0, 1); ε ∼ N(0, 1);
x, U and ε are independent;

(a10) step function with additive noise

y =

{
1; if (x+ ε)( n

4 ) ≤ x+ ε ≤ (x+ ε)( 3n
4 )

0; otherwise

x ∼ U(−4, 4); ε ∼ N(0, 1);
x and ε are independent;
(x+ ε)(i) is the i-th order statistics of (xi + εi)ni=1;

(a11) 5 dimensional conditional variance

y =
√

0.5x2 +NR× e;
x ∼ N(0, I5); e ∼ N(0, I5);
x and e are independent;

(a12) 5 dimensional logarithm with additive noise

y = log(x2) +NR× e;
x ∼ N(0, I5); e ∼ N(0, I5);
x and e are independent;

(a13) 5 dimensional polynomial with additive noise 1

y = (y1, y2, y3, y4, y5)′

yi = xi + 4x2
i +NR× ei, i = 1, 2

yi = NR× ei, i = 3, 4, 5
x = (x1, x2, x3, x4, x5)′ ∼ N(0, I5);
e = (e1, e2, e3, e4, e5)′ ∼ N(0, I5);
x and e are independent;

(a14) 5 dimensional polynomial with additive noise 2

y = (y1, y2, y3, y4, y5)′

yi = 3xi + 2.5x2
i +NR× ei, i = 1, 2

yi = NR× ei, i = 3, 4, 5
x = (x1, x2, x3, x4, x5)′ ∼ N(0, I5);
e = (e1, e2, e3, e4, e5)′ ∼ N(0, I5);
x and e are independent;

(a15) 20 dimensional multivariate logarithm with additive noise

y = log(x2) +NR× e;
x ∼ N(0, I20); e ∼ N(0, I20);
x and e are independent;

(a16) multivariate linear with additive noise

y = (y1, y2, y3, y4, y5)′

yi =
10i∑

j=10i−9

xj +NR× ei, i = 1, 2, 3, 4, 5

x = (x1, x2, ..., x50)′ ∼ N(0, I50);
e = (e1, e2, e3, e4, e5)′ ∼ N(0, I5);
x and e are independent;
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(c1) linear with contaminated noise

sample : y0 = 2
3x0; x0 ∼ U(0, 1);

noise : x1 ∼ U(−π, 6π); y1 ∼ U(−3, 3);
x0, x1 and y1 are independent;

(c2) quadratic with contaminated noise

sample : y0 = 2
3x

2
0; x0 ∼ N(0, 1);

noise : x1 ∼ U(−3, 3); y1 ∼ U(−1, 7);
x0, x1 and y1 are independent;

(c3) circle with contaminated noise

sample : x0 = 10 sin(2πθ);
y0 = 10 cos(2πθ); θ ∼ U(0, 1);

noise : x1 ∼ U(−12, 12); y1 ∼ U(−12, 12);
θ, x1 and y1 are independent;

(c4) spiral circle with contaminated noise

sample : x0 = 3u sin(uπ);
y0 = 3u cos(uπ);
u ∼ U(0, 4);

noise : x1 ∼ U(−12, 10); y1 ∼ U(−12, 14);
u, x1 and y1 are independent;

(c5) cloud with contaminated noise

sample : x0 = 10× (floor(5U1));
y0 = 10× (2× floor(2U2) +mod(x, 2));
U1, U2 ∼ U(0, 1);
floor(x) is the maximum integer that does not larger than x

noise : x1 ∼ U(−5, 45); y1 ∼ U(−5, 35);
U1, U2, x1 and y1 are independent;

(c6) sine with contaminated noise

sample : y0 = sin(5πx0); x0 ∼ N(0, 1);
noise : x1 ∼ U(−3, 3); y1 ∼ U(−1, 7);
x0, x1 and y1 are independent;

(c7) diamond with contaminated noise

sample : x0 = U1 cos(π4 ) + U2 sin(π4 );

y0 = −U1 sin(π4 ) + U2 cos(π4 );

U1, U2 ∼ U(−1, 1); ;
noise : x1 ∼ U(−15, 15); y1 ∼ U(−15, 15);
U1, U2, x1 and y1 are independent;

(c8) x-para with contaminated noise

sample : y0 =
{
x2

0; if U ≥ 1
2

−x2
0; otherwise

x0 ∼ U(−1, 1); U ∼ U(0, 1);
noise : x1 ∼ U(−3, 3); y1 ∼ U(−0.5, 1.5);
x0, x1 and y1 are independent;
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(c9) step function with contaminated noise

sample : y0 =

{
1; if x0( n

4 ) ≤ x0 ≤ x0( 3n
4 )

0; otherwise

x0 ∼ U(−4, 4);
x0(i) is the i-th order statistics of (x0i)ni=1;

noise : x1 ∼ U(−5, 5); y1 ∼ U(−0.5, 1.5);
x0, x1 and y1 are independent;

(c10) multivariate logarithm with contaminated noise

sample : y0 = log(x2
0); x0 ∼ N(0, I5);

noise : x1 = (x11, x12, x13, x14, x15)′;
y1 = (y11, y12, y13, y14, y15)′

x1i ∼ U(−3, 3); i = 1, 2, 3, 4, 5;
y1i ∼ U(−10, 4); i = 1, 2, 3, 4, 5;

x0,x1 and y1 are independent;

(c11) 5 dimensional polynomial with contaminated noise 1

sample : y0 = (y01, y02, y03, y04, y05)′

y0i = x0i + 4x2
0i, i = 1, 2

y0i = 0, i = 3, 4, 5
x0 = (x01, x02, x03, x04, x05)′ ∼ N(0, I5);

noise : x1 = (x11, x12, x13, x14, x15)′;
y1 = (y11, y12, y13, y14, y15)′

x1i ∼ U(−2, 2); i = 1, 2, 3, 4, 5;
y1i ∼ U(−2, 18); i = 1, 2, 3, 4, 5;

x0,x1 and y1 are independent;

(c12) 5 dimensional polynomial with contaminated noise 2

sample : y0 = (y01, y02, y03, y04, y05)′

y0i = 3x0i + 2.5x2
0i, i = 1, 2

y0i = 0, i = 3, 4, 5
x0 = (x01, x02, x03, x04, x05)′ ∼ N(0, I5);

noise : x1 = (x11, x12, x13, x14, x15)′;
y1 = (y11, y12, y13, y14, y15)′

x1i ∼ U(−2, 2); i = 1, 2, 3, 4, 5;
y1i ∼ U(−2, 18); i = 1, 2, 3, 4, 5;

x0,x1 and y1 are independent;

E. Simulation results that are not reported in the paper.

E.1. estimation efficiency. Here we plot the averaged MSEs against sample sizes plots for model VI to model IX in the figure
S1 below. Again, due to the excessive computational complexity of other KDE based methods, only JMI, mixed-KSG and
copula-KSG are calculated and plotted.

(Fig S1 is about here)

E.2. Statistical power of independence test. In the main text, we only provide the power curves for (a7)-(a16) with additive noises,
and models (c4)-c(9) with contaminated noises. The plots for the remaining models are presented in figure S2 below.

(Fig S2 is about here)
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F. Local power of independence test.
We only consider the case that X and Y are both univariate continuous random variables to justify the extraordinary

power. The marginal transformations are then taken to be U = FX(X) and V = FY (Y ), where FX and FY are the CDF of X
and Y . Let cUV (u, v) be the copula density function of (U, V )(or X,Y ). By the properties of mutual information, testing the
independence is equivalent to the following test,

H0 : MI = 0 versus H1 : MI > 0.

The proposed JMI estimator is a natural test statistic. In statistical inference, the power is usually evaluated by the local
power to investigate the probability of rejecting the null hypothesis under a sequence of local alternatives. We consider the
following local tests for JMI,

H0 : MI = 0 versus H1 : MI ≥ ρn,

where ρn is a sequence of positive values.

Theorem A.1 Let tα be the critical value for rejecting the null hypothesis at significance level α, i.e. P (ĴMI ≤ tα|H0) ≤ α.
Suppose that general regularity conditions A.1, A.5 and A.8 on the kernel, copula and bandwidths hold. Suppose further that the
partial derivatives of copula density cUV (u, v) are bounded. Let ρn = Cn−3/5 for some constant C > 0, then, there exists a
constant Cα such that, for 0 < α < 1 and C > Cα,

lim
n→∞

P (ĴMI > tα) = 1.

It is interesting to note that the local power of testing the dependence is higher than the usual power of the root-n local
alternative.

G. JMI for discrete random vectors. Suppose X = (X1, X2, ..., XP )′ and Y = (Y1, Y2, ..., YQ)′ be two discrete random vectors.
Let X = {s1, s2, ..., sK} and Y = {t1, t2..., tL}be the regions of X and Y, respectively. PX(s) = P (X = s), PY(t) = P (Y = t)
and PXY(s, t) = P (X = s,Y = t) be the marginal and joint probability mass functions. Let nk = #(xi|xi = sk), nl =
#(yi|yi = tl) and nkl = #((xi,yi)|xi = sk,yi = tl) with # represents the number of elements in a set. Denote

P̂XY(sk, tl) = nkl
n

;

P̂X(sk) = nk
n

and P̂Y(tl) = nl
n
.

Then, under general regularity conditions,

Î3(h) = 1
n

n∑
i=1

log
{ 1

n−1
∑
j 6=i

KP
h2IP

(xj − xi)KQ

h2IQ
(yj − yi)

1
n−1

∑
j 6=i

KP
h2IP

(xj − xi) 1
n−1

∑
j 6=i

KQ

h2IQ
(yj − yi)

}

= 1
n

K∑
k=1

L∑
l=1

nkl log
{ nkl−1

(n−1)hP +Q +
∑

(i,j)6=(k,l)

nij

n−1KP
h2IP

(si − sk)KQ

h2IQ
(tj − tl)[

nk−1
(n−1)hP +

∑
i6=k

ni
n−1Kh2IP

(si − sk)
][

nl−1
(n−1)hQ +

∑
j 6=l

nj

n−1KQ

h2IQ
(tj − tl)

]}

= 1
n

K∑
k=1

L∑
l=1

nkl log
{ nkl−1

n−1
nk−1
n−1

nl−1
n−1

}
+ o(n−1/2)

=
K∑
k=1

L∑
l=1

P̂XY(sk,yl) log
{

P̂XY(sk,yl)
P̂X(sk)P̂Y(yl)

}
+ o(n−1/2).

This implies that, when h is small enough, the estimated mutual information remains unchanged and that our method can
achieve the same efficiency as the commonly considered discrete MI estimation:

Î0
′′ =

K∑
k=1

L∑
l=1

P̂XY(sk,yl) log
{

P̂XY(sk,yl)
P̂X(sk)P̂Y(yl)

}
.

In fact, the JMI is also applicable to mixture random vectors.
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H. Technical lemmas.

Lemma 1 Let χ2
n be the Chi-squared distribution with degree of freedom n. Then, for 0 ≤ t ≤ 1,

P (| 1
n
χ2
n − 1| > t) ≤ 2e−

nt2
8 .

Lemma 2 Let ui, i = 1, 2, ..., n be n IID samples from standard uniform distribution U(0, 1). Denote by u(i), i = 1, 2, ..., n the
order statistics. Then, for any 1 ≤ i, j ≤ n and 0 ≤ t ≤ 1, we have

P

(∣∣∣u(j) − u(i) −
j − i
n+ 1

∣∣∣ > t
√
|j − i| log(n)

n

)
≤ 3e−

t2(log(n))2
25 .

Lemma 3 For any p : 1 ≤ p ≤ P and 0 ≤ t ≤ 1, we have

P

(∣∣∣ujp − uip − u?jp + u?ip

∣∣∣ > t
√
|u?jp − u?ip| log(n)

√
n

)
≤ 3e−

t2(log(n))2
25 .

Moreover, when |u?jp − u?ip| > n−9/10,

P

(∣∣∣ujp − uip − u?jp + u?ip

∣∣∣ > t
√
|ujp − uip|(log(n))

√
n

)
≤ 3e−

t2(log(n))2
36 .

Lemma 4 Under Assumptions A.2, A.5 and A.8 ,

(I) sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣] = O(n
1

P +Q+3 ) + o(n−
1

2(P +Q+3) log(n)) a.s.;

(II) sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣√|ujp − uip|] = O(n
1

2(P +Q+3) ) + o(n−
1

P +Q+3 log(n)) a.s..

Lemma 5 Let 1 ≤ p, p1, p2 ≤ P and 1 ≤ q ≤ Q. Then, under Assumptions A.1, A.2, A.5 and A.8,

(I) sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

∣∣∣]
= O(n−

P +Q+2
2(P +Q+3) log(n)) + o(n−

P +Q+2
2(P +Q+3) log(n)) a.s.;

(II) sup
h∈Hn

[ 1
(n− 1)hP+2

∑
j 6=i

∣∣∣ ∂2KP

∂up1∂up2
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆uij,p1 ∆uij,p2

∣∣∣]
= O(n−

P +Q+2
P +Q+3 (log(n))2) + o(n−

P +Q+2
P +Q+3 (log(n))2) a.s.;

(III) sup
h∈Hn

[ 1
(n− 1)hP+Q+2

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)∂KQ

∂vq
(vj − vi

h
)∆uij,p∆vij,q

∣∣∣]
= O(n−

P +Q+2
P +Q+3 (log(n))2) + o(n−

P +Q+2
P +Q+3 (log(n))2) a.s.;

(IV ) sup
h∈Hn

[ 1
(n− 1)hP+Q+1

∑
j 6=i

∣∣∣KP (uj − ui
h

)∆uij,p
∣∣∣]

= O(n−
P−Q+2

2(P +Q+3) log(n)) + o(n−
P−Q+2

2(P +Q+3) log(n)) a.s.;

(V ) sup
h∈Hn

[ 1
(n− 1)hP+Q+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)∆uij,p

∣∣∣]
= O(n−

P−Q+2
2(P +Q+3) log(n)) + o(n−

P−Q+2
2(P +Q+3) log(n)) a.s..

Lemma 6 Under Assumptions A.1, A.5 and A.8,

(I) sup
h∈Hn

∣∣∣ 1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )Kh2IQ
(v?j − v?i )−

1
n− 1

∑
j 6=i

KP
h2IP

(uj − ui)Kh2IQ
(vj − vi)

∣∣∣ = o(1) a.s.;

(II) sup
h∈Hn

∣∣∣ 1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )−
1

n− 1
∑
j 6=i

KP
h2IP

(uj − ui)
∣∣∣ = o(1) a.s.;

(III) sup
h∈Hn

∣∣∣ 1
n− 1

∑
j 6=i

KQ

h2IQ
(v?j − v?i )−

1
n− 1

∑
j 6=i

KQ

h2IQ
(vj − vi)

∣∣∣ = o(1) a.s..
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Lemma 7 Under Assumptions A.1, A.2, A.5 and A.7,

(I) sup
u∈[0,1]P

∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)− E(KP
h2IP

(U− u))
∣∣∣ = o(1) a.s..

(II) sup
v∈[0,1]Q

∣∣∣ 1
n

n∑
j=1

KQ

h2IQ
(vj − v)− E(KQ

h2IQ
(V− v))

∣∣∣ = o(1) a.s..

(III) sup
u,v∈[0,1]P +Q

∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)KQ

h2IQ
(vj − v)− E

(
KP
h2IP

(U− u)KQ

h2IQ
(V− v)

)∣∣∣ = o(1) a.s..

Lemma 8 Let U and V be two continuous random vectors with absolutely continuous joint and marginal copula densities
cU,V(u,v), cU(u) and cV(v). Let ĉ\iUV,BU,BV

(u,v), ĉ\iU,HU
(u) and ĉ\iV,HV

(v) be the leave-one-out kernel density estimators
with BU, BV, HU and HV defined in Table S1. Under Assumptions A.1, A.2, A.5 and A.6, we have

(I) sup
u∈[0,1]P

|ĉ\iU,HU
(u)− cU(u)

P∏
p=1

A0(up, hUp )| → 0,

(II) sup
v∈[0,1]Q

|ĉ\iV,HV
(v)− cV(v)

Q∏
q=1

A0(vq, hVp )| → 0,

(III) sup
u,v∈[0,1]P +Q

|ĉ\iUV,BU,BV
(u,v)− cUV(u,v)

P∏
p=1

A0(up, bUp )
Q∏
q=1

A0(vq, bVp )| → 0.

Lemma 9 Let 1 ≤ p, p1, p2 ≤ P . Then, under Assumptions A.1, A.2, A.5 and A.7 ,

(I) E

∣∣∣∂KP

∂up
(uj − ui

h
)∆uij,p

∣∣∣ = O(n−1/2hP+1/2 log(n));

(II) E

∣∣∣∂KP

∂up1
(uj − ui

h
)∆uij,p1

∂KP

∂up2
(uj − ui

h
)∆uij,p2

∣∣∣ = O(n−1hP+1(log(n))2);

(III) E

∣∣∣∂KP

∂up1
(uj − ui

h
)∆uij,p1

∂KP

∂up2
(uk − ui

h
)∆uik,p2

∣∣∣ = O(n−1h2P+1(log(n))2);

(IV ) E

∣∣∣∂KP

∂up1
(uj − ui

h
)∆uij,p1

∂KP

∂up2
(ul − uk

h
)∆ukl,p2

∣∣∣ = O(n−1h2P+1(log(n))2).

Lemma 10 Let 1 ≤ p1, p2 ≤ P . Then, under Assumptions A.1, A.2, A.5, A.7 and that w(ui) = O(h2), i = 1, 2, ..., n, we have

(I) Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( uj−ui

h
)∆uij,p2

cU(ui)AP
0 (ui, h)

w(uj)
]

= O(n−1hP+5(log(n))2);

(II) Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( ui−uk

h
)∆uki,p2

cU(uk)AP
0 (uk, h)

w(ui)
]

= O(n−1h2P+5(log(n))2);

(III) Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( ul−uk

h
)∆ukl,p2

cU(uk)AP
0 (uk, h)

w(ul)
]

= O(n−1h2P+5(log(n))2).

Lemma 11 Under Assumptions A.1, A.2, A.5 and A.8 ,

sup
h∈Hn

|T1(h)− T̃1(h)| = op(n−
3

P +Q+3 ).

Lemma 12 Under Assumptions A.1, A.2, A.5 and A.8 ,

sup
h∈Hn

|T2(h)− T̃2(h)| = op(n−
3

P +Q+3 ).

Lemma 13 Let Q be a given positive number,

W1 =
∫ Q

−1
tK(t)dt;
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W2 =
∫ ∞
−∞

t2K(t)dt;

W3 =
∫ ∞

0
tK(t)dt.

Then, as h→ 0,

(i) W1h <

∫ h

0

∣∣∣∣A1(u, h)
A0(u, h)

∣∣∣∣du∫ 1

0

∣∣∣∣A1(u, h)
A0(u, h)

∣∣∣∣du < (2W2 + 1)h;

(ii) W 2
1 h <

∫ h

0

∣∣∣∣A2
1(u, h)

A2
0(u, h)

∣∣∣∣du < ∫ 1

0

∣∣∣∣A2
1(u, h)

A2
0(u, h)

∣∣∣∣du < (4W2W3 + 1)h;

(iii) 0 <
∫ 1

0

∣∣∣∣A2(u, h)
A0(u, h)

∣∣∣∣du <∞.
Lemma 14 Suppose LP (u, h) is defined as in Table S1. Then∫

[0,1]P
|LP (u, h)− 1|du = O(h), as h→ 0.

Lemma 15 Suppose {ui}ni=1 are n constitute a random sample of n observations from the standard uniform distribution. If
h, b→ 0 as n→∞, then

1
n

n∑
i=1

[logA0(ui, h)− logA0(ui, b)] = 2(b− h)
∫ ∞

0

tK(t)∫∞
−t K(s)ds

dt+ o(n−
1
2 (|b− h|)

1
2 log(n)) a.s..

Lemma 16 Let Un = 1
(n

m)
∑

c
h(Xi1 , Xi2 , ..., Xim ) be a U-statistics and Ûn =

∑n

i=1 E(Un|Xi)− (n−1)E(Un) be its projection
on X1, X2, ..., Xn. Let

Un = Ûn +Rn.

If E(Un − Ûn)2 = O(n−2), then
Rn = o(n−

1
2 log(n)) a.s..

Lemma 17 Under Assumptions A.1, A.5 and A.7,

T̃1(h)− θ(h) = o(h3 + 1
nhP+Q ) a.s.,

where
θ(h) = E(T̃1(h)) = O(h4).

Furthermore, if Assumption A.8 holds, then

sup
h∈Hn

|T̃1(h)| = oP (n−
3

P +Q+3 ).

Lemma 18 Under Assumptions A.1, A.5 and A.7,

T2(h) = θ̃(h) + o(h3 + 1
nhP+Q ) a.s.,

where
θ̃(h) = E(T2(h)) = C2h

3 + 1
nh(P+Q)

[∫ ∞
−∞

K2(s)ds
](P+Q)

with

C2 = lim
h→0

1
h

[∫
[0,1]P +Q

[ P∑
p=1

A2
1(up, h)( ∂cUV

∂up
(u,v))2

cUV(u,v)A2
0(up, h) +

Q∑
q=1

A2
1(vq, h)( ∂cUV

∂vq
(u,v))2

cUV(u,v)A2
0(vq, h)

]
dudv

]
.

Furthermore, if Assumption A.8 holds, then

sup
h∈Hn

|T2(h)− θ̃(h)| = oP (n−
3

P +Q+3 ).
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Lemma 19 Let Q be a fixed positive number. Write W1 =
∫ Q
−1 tK(t)dt, W2 =

∫∞
−∞ t

2K(t)dt and W3 =
∫∞

0 tK(t)dt. Let
u−p = (u1, u2, ..., up−1, up+1, ..., uP ), up,c = (u1, u2, ..., up−1, c, up+1, ..., uP ), v−q = (v1, v2, ..., vq−1, vq+1, ..., vQ) and vq,c =
(v1, v2, ..., vq−1, c, vq+1, ..., vQ). If

M1 ≤ cUV(u,v) ≤M2

m1 = max
p,q

{∫
[0,1](P +Q−1)

[
∂cUV

∂up
(up,0,v)

]2

du−pdv,
∫

[0,1](P +Q−1)

[
∂cUV

∂up
(up,1,v)

]2

du−pdv,

∫
[0,1](P +Q−1)

[
∂cUV

∂vq
(u,vq,0)

]2

dudv−q,
∫

[0,1](P +Q−1)

[
∂cUV

∂vq
(u,vq,1)

]2

dudv−q

}
,

m2 = min
p,q

{
sup
up>0

[∫
[0,1](P +Q−1)

[∂cUV

∂u (up,0,v)]2du−pdv
]
, sup
vq>0

[∫
[0,1]P +Q−1

[∂cUV

∂vq
(u,vq,0)]2dudv−q

]}
,

then the constant C1 in Theorem 2 satisfies,

m1W
2
1

M2
− ε < C1 <

2m2
2(4W2W3 + 1)

M1
.

as h→ 0. Here ε is any positive value.

Lemma 20 Under Assumptions A.1, A.4 and A.8, for M > 2,

sup
(u,v)

∣∣∣∣min
[ 1
n−1

∑
j 6=i

KP
h2IP

(uj − u)KQ

h2IQ
(vj − v)

AP
0 (u, h)AQ

0 (v, h)
,M

]
−min

[
cUV(u,v),M

]∣∣∣∣ = o(1).

I. Proofs of Theorems.

Theorem 1 Under regularity conditions (A.1, A.5 and A.6) on the kernel function K, the copula density cU, cV and cUV
and bandwidth matrices, we have

1
n

n∑
i=1

log ĉ\iUV,BU,BV
(u?i ,v?i )−

1
n

n∑
i=1

log cUV(u,v) = −C1

[
P∑
p=1

bUp +
Q∑
q=1

bVq

]
+ oP

(
P∑
p=1

|bUp |+
Q∑
q=1

|bVq |

)
,

with C1 = 2
∫∞

0
tK(t)∫∞
−t

K(s)ds
dt. Furthermore,

Î2(HU,HV,BU,BV)− Î0 = C1

[
P∑
p=1

(hUp − bUp ) +
Q∑
q=1

(hVq − bVq )

]
+ oP

(
P∑
p=1

(|hUp |+ |bUp |) +
Q∑
q=1

(|hVq |+ |bVq |)

)
.

Proof Using the same technique for proving lemmas 13, 14, 17 and 18, we can derive that

|T3(BU,BV,HU,HV)− T̃3(BU,BV,HU,HV)| = oP

(
P∑
p=1

|bUp |+
Q∑
q=1

|bVq |

)
;

|T4(BU,BV,HU,HV)− T̃4(BU,BV,HU,HV)| = oP

(
P∑
p=1

|bUp |+
Q∑
q=1

|bVq |

)
;

|T̃3(BU,BV,HU,HV)| = oP

(
P∑
p=1

|bUp |+
Q∑
q=1

|bVq |

)
;

|T̃4(BU,BV,HU,HV)| = oP

(
P∑
p=1

|bUp |+
Q∑
q=1

|bVq |

)
.

By Taylor expansion and Lemma 8,

1
n

n∑
i=1

log ĉ\iUV,BU,BV
(u?i ,v?i )−

1
n

n∑
i=1

log cUV(u,v)
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= 1
n

n∑
i=1

log ĉ\iUV,BU,BV
(u?i ,v?i )−

1
n

n∑
i=1

log cUV(ui,vi)
P∏
p=1

A0(ui, bUp )
Q∏
q=1

A0(vi, bVp )

+ 1
n

n∑
i=1

P∑
p=1

[
logA0(ui, bUp )

]
+ 1
n

n∑
i=1

Q∑
q=1

[
logA0(vi, bVq )

]
= 1

n

n∑
i=1

P∑
p=1

[
logA0(ui, bUp )

]
+ 1
n

n∑
i=1

Q∑
q=1

[
logA0(vi, bVq )

]
+T3(BU,BV,HU,HV)−

[1
2 + o(1)

]
T4(BU,BV,HU,HV)

= 1
n

n∑
i=1

P∑
p=1

[
logA0(ui, bUp )

]
+ 1
n

n∑
i=1

Q∑
q=1

[
logA0(vi, bVq )

]
+T̃3(BU,BV,HU,HV)− 1

2 T̃4(BU,BV,HU,HV) + oP

(
P∑
p=1

|bUp |+
Q∑
q=1

|bVq |

)

= −2
∫ ∞

0

tK(t)∫∞
−t K(s)ds

dt

[
P∑
p=1

bUp +
Q∑
q=1

bVq

]
+ oP

(
P∑
p=1

|bUp |+
Q∑
q=1

|bVq |

)
.

Here the last equality follows from Lemma 15. Similarly,

1
n

n∑
i=1

log ĉ\iU,HU
(u?i )−

1
n

n∑
i=1

log cU(u) = −C1

[
P∑
p=1

hUp

]
+ oP

(
P∑
p=1

|hUp |

)
,

and

1
n

n∑
i=1

log ĉ\iV,HV
(v?i )−

1
n

n∑
i=1

log cV(v) = −C1

[
Q∑
q=1

hVq

]
+ oP

(
Q∑
q=1

|hVq |

)
.

Consequently,

Î2(HU,HV,BU,BV)− Î0 =

[
1
n

n∑
i=1

log ĉ\iUV,BU,BV
(u?i ,v?i )−

1
n

n∑
i=1

log cUV(u,v)

]

−

[
1
n

n∑
i=1

log ĉ\iU,HU
(u?i )−

1
n

n∑
i=1

log cU(u)

]
−

[
1
n

n∑
i=1

log ĉ\iV,HV
(v?i )−

1
n

n∑
i=1

log cV(v)

]

= C1

[
P∑
p=1

(hUp − bUp ) +
Q∑
q=1

(hVq − bVq )

]
+ oP

(
P∑
p=1

(|hUp |+ |bUp |) +
Q∑
q=1

(|hVq |+ |bVq |)

)
.

�

Theorem 2 Under general regularity conditions (A.1, A.5 and A.7) on functions K, cU, cV and bandwidth,

(a) if MI <∞ and cUV satisfies regularity condition A.2 , then

Î3(h)− Î0 = −C2

2 h3 − C3

2nhP+Q + oP (h3 + 1
nhP+Q ),

where C2 and C3 are two positive constants given. In particular, C2 = 0 when X and Y are independent;

(b) if MI =∞, and that Y is a function of X and satisfies regularity condition A.3 , then

Î3(h) = −min(P,Q) log h+ oP (log h).

Proof For (a), note that the term n−1/2h logn is always dominated by h3 + 1/(nhP+Q). By Taylor expansion, Lemma 8 ,
Lemma 11 and Lemma 12, we have

Î3(h)− Î0
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= 1
n

n∑
i=1

log
{ 1

n−1
∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )

1
n−1

∑
j 6=i

KP
h2IP

(u?j − u?i ) 1
n−1

∑
j 6=i

KQ

h2IQ
(v?j − v?i )

}
− 1
n

n∑
i=1

log
{

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
cU(ui)AP

0 (ui, h)cV(vi)AQ
0 (vi, h)

}

= 1
n

n∑
i=1

{
log
[ 1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )

]
− log[cUV(ui,vi)AP

0 (ui, h)AQ
0 (vi, h)]

}

− 1
n

n∑
i=1

{
log
[ 1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )
]
− log

[
cU(ui)AP

0 (ui, h)
]}

− 1
n

n∑
i=1

{
log
[ 1
n− 1

∑
j 6=i

KQ

h2IQ
(v?j − v?i )

]
− log

[
cV(vi)AQ

0 (vi, h)
]}

= T1(h) + (−1
2 + o(1))T2(h)

= T̃1(h) + (−1
2 + o(1))T̃2(h).

Then, by Lemma 17 and Lemma 18,

Î3(h)− Î0 = −C2

2 h3 − C3

2nhP+Q + oP (h3 + 1
nhP+Q ) a.s..

with

C2 = lim
h→0

1
h

[∫
[0,1]P +Q

[ P∑
p=1

A2
1(up, h)( ∂cUV

∂up
(u,v))2

cUV(u,v)A2
0(up, h) +

Q∑
q=1

A2
1(vq, h)( ∂cUV

∂vq
(u,v))2

cUV(u,v)A2
0(vq, h)

]
dudv

]
,

and
C3 =

[ ∫ ∞
−∞

K2(s)ds
](P+Q)

.

When X and Y are independent, we have cUV(u,v) ≡ 1, and

∂cUV

∂up
(u,v) = ∂cUV

∂vq
(u,v) = 0 for p = 1, 2, ..., P, q = 1, 2, ..., Q.

Consequently, C2 = 0.
When X and Y are not independent, the upper and lower bounds for C2 are given in Lemma 19.

For (b), we assume Q ≤ P without loss of generality. According to Lemma 6 and the proof of Lemma 7, under Assumptions
A.1, A.5 and A.7,

sup
i

[ 1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )−

1
n− 1

∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

]
= oP (1),

and

sup
u,v

[ 1
n− 1

∑
j 6=i

KP
h2IP

(uj − u)KQ

h2IQ
(Φ(uj)−Φ(u))− E

(
KP
h2IP

(U− u)KQ

h2IQ
(Φ(U)−Φ(u))

)]
= oP (h−Q).

Note

E
[
KP
h2IP

(U− u)KQ

h2IQ

(
Φ(U)−Φ(u)

)]
=

∫
[0,1]P

KP
h2IP

(u1 − u)KQ

h2IQ

(
Φ(u1)−Φ(u)

)
cU(u1)du1

= 1
hQ

∫
(u+hs)∈[0,1]P

KP (s)KQ
(Φ(u + hs)−Φ(u)

h

)
cU(u + hs)ds

= 1
hQ

∫
(u+hs)∈[0,1]P

KP (s)
Q∏
q=1

K
(Φq(u + hs)− Φq(u)

h

)
cU(u + hs)ds

= 1
hQ

[ ∫
RP

KP (s)
Q∏
q=1

K
( P∑
p=1

sp
∂Φq
∂up

(u)
)
cU(u)ds + o(h)

]
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= C(u)h−Q + o(h−Q).

Here, C(u) is bounded away from 0 and infinity for any u since ∂Φq

∂up
(u) is bounded for any p,q and u. Then,

1
n

n∑
i=1

log
{

1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )

}

= 1
n

n∑
i=1

log
{

1
n− 1

∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

}
+ oP (1)

= 1
n

n∑
i=1

log
{

1
n− 1

∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ

(
Φ(uj)−Φ(ui)

)}
+ oP (1)

= 1
n

n∑
i=1

log
{
E

([
KP
h2IP

(U− ui)KQ

h2IQ

(
Φ(U)−Φ(ui)

)]∣∣∣ui)}+ oP (1)

= 1
n

n∑
i=1

log
{
C(ui)h−Q + o(h−Q)

}
+ oP (1)

= −Q log h+ 1
n

n∑
i=1

log{C(ui)}+ oP (1)

= −Q log h+ oP (− log h).

Follows the same analysis, we have, under Assumptions A.1, A.5 and A.7,

1
n

n∑
i=1

log
{

1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )
}

= OP (1),

and
1
n

n∑
i=1

log
{

1
n− 1

∑
j 6=i

KQ

h2IQ
(v?j − v?i )

}
= OP (1).

In conclusion,

Î3(h)

= 1
n

n∑
i=1

{
log
[ 1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )

]}
− 1
n

n∑
i=1

{
log
[ 1
n− 1

∑
j 6=i

KP
h2IP

(u?j − u?i )
]}

− 1
n

n∑
i=1

{
log
[ 1
n− 1

∑
j 6=i

KQ

h2IQ
(v?j − v?i )

]}
= −Q log h+ oP (− log h).

�

Theorem 3 Under general regularity conditions (A.1, A.5 and A.8 ) on functions K, cU, cV and bandwidth,

(a) if MI <∞ and cUV satisfies regularity condition A.2 , then

ĴMI(X,Y)− Î0 = OP (n−3/(P+Q+3)).

(b) if MI =∞, and that Y is a function of X and satisfies regularity condition A.4 , then

ĴMI(X,Y)→∞, a.s..

Proof For (a), note that, under Assumptions A.1, A.5 and A.8,

ĴMI(X,Y)− Î0 = sup
h∈Hn

Î3(h)− Î0

= sup
h∈Hn

[T1(h)− (1
2 + o(1))T2(h)]

= sup
h∈Hn

[T̃1(h)− 1
2 T̃2(h)] + oP (n−

3
P +Q+3 )

Xianli Zeng, Yingcun Xia and Howell Tong 17 of 40



= sup
h∈Hn

[−1
2 T̃2(h)] + oP (n−

3
P +Q+3 )

= sup
h∈Hn

[−1
2 θ̃(h)] + oP (n−

3
P +Q+3 )

= Op(n−
3

P +Q+3 ).

Here, the third equality follows from Lemma 11 and Lemma 12, the fourth from Lemma 17 and the fifth from Lemma 18,
θ̃(h) = C2h

3 + C3
nhP +Q is defined in Lemma 18.

For (b), let Z = log cUV(U,V)
cU(U)cV(V) and ZN = log min[cUV(U,V),N ]

cU(U)cV(V) , N = 1, 2, .... Then E(Z) = MI and

Z1 < Z2 < · · · < ZN → Z.

By the monotone convergence theorem,
lim
N→∞

E(ZN ) = MI.

When MI(X,Y ) =∞, for ∀M , there exists an N1 such that, for ∀N > N1, E(ZN ) > M . And there exist h0 ∈ Hn such
that, with probability 1,

ĴMI(XY) ≥ Î3(h0)

= 1
n

n∑
i=1

log
ĉ
\i
UV,h2IP ,h

2IQ
(u?i ,v?i )

ĉ
\i
U,h2IP

(u?i )ĉ
\i
V,h2IQ

(v?i )

= 1
n

n∑
i=1

log
{ 1

n−1
∑
j 6=i

KP
h2IP

(uj − ui)Kh2IQ
(vj − vi)

1
n−1

∑
j 6=i

KP
h2IP

(uj − ui) 1
n−1

∑
j 6=i

Kh2IQ
(vj − vi)

+ o(1)
}

= 1
n

n∑
i=1

log
{ 1

n−1
∑
j 6=i

KP
h2IP

(uj − ui)Kh2IQ
(vj − vi)

cU(ui)cV(vi)AP (ui, h)AQ(vi, h) + o(1)
}

≥ 1
n

n∑
i=1

log
{

1
cU(ui)cV(vi)

min
[ 1
n−1

∑
j 6=i

KP
h2IP

(uj − ui)Kh2IQ
(vj − vi)

AP (ui, h)AQ(vi, h) , N
]

+ o(1)
}

= 1
n

n∑
i=1

log
{min

[
cUV(ui,vi), N

]
cU(ui)cV(vi)

+ o(1)
}

= E[ZN ] + o(1) > M.

Here, the third equality follows from Lemma 6, the fourth from Lemma 8, the sixth from Lemma 20 and the second last from
the law of large numbers.

Let M →∞, we have
ĴMI →∞ a.s..

�

Theorem A.1 Let tα be the critical value for rejecting the null hypothesis at significance level α, i.e. P (ĴMI ≤ tα|H0) ≤ α.
Suppose that general regularity conditions A.1, A.5 and A.8 on the kernel, copula and bandwidths hold. Suppose further that the
partial derivatives of copula density cUV (u, v) are bounded. Let ρn = Cn−3/5 for some constant C > 0, then, there exists a
constant Cα such that, for 0 < α < 1 and C > Cα,

lim
n→∞

P (ĴMI > tα) = 1.

Proof When P = Q = 1, X and Y are independent, θ and θ̃ in Lemma 17 and Lemma 18 satisfy

θ = 0 and θ̃ = 1
nh2

[∫ ∞
−∞

K2(s)ds
]2

.

Consequently,

Î3(h) = T̃1(h)− (1/2 + o(1))T̃2(h) = − 1
2nh2

[∫ ∞
−∞

K2(s)ds
]2

+ o(h3 + 1
nh2 ) a.s..
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As h ∝ n−1/(P+Q+1) = n−1/5, there exists a C′α such that tα < C′αn
−3/5. Since MI(X,Y ) = Cn−3/5 = o(1) and the partial

derivatives of cUV (u, v) are bounded,

sup
u,v

∣∣∣∣cUV (u, v)− 1
∣∣∣∣ = o(1).

Write g(u, v) = cUV (u, v)− 1. Then,

MI(X,Y ) =
∫ 1

0

∫ 1

0
cUV (u, v) log[cUV (u, v)]dudv

=
∫ 1

0

∫ 1

0
(1 + g(u, v))

[
g(u, v)− 1

2g
2(u, v) + o(g2(u, v))

]
dudv

= 1
2

∫ 1

0

∫ 1

0
g2(u, v)dudv + o(

∫ 1

0

∫ 1

0
g2(u, v)dudv).

This implies that ∫ 1

0

∫ 1

0
g2(u, v)dudv = O(n−

3
5 ).

Consequently, ∫ 1

0

∫ 1

0
cUV (u, v) log2[cUV (u, v)]dudv

=
∫ 1

0

∫ 1

0
(1 + g(u, v))

[
g(u, v)− 1

2g
2(u, v) + o(g2(u, v))

]2

dudv

=
∫ 1

0

∫ 1

0
g2(u, v)dudv + o(

∫ 1

0

∫ 1

0
g2(u, v)dudv)

= O(n−
3
5 ).

Then,
Î0 = Cn−

3
5 + o(n−

4
5 logn) a.s..

Combing this result with Lemma 17 and Lemma 18 we have that

I3(hm) = I3(hm)− Î0 + Î0

= −C1h
3
m −

1
nh2

m

(∫ 1

0
K2(t)dt

)2

+ Cn−
3
5 + o(n−

3
5 ) a.s.

=
[
C − C1c

3
2 − c−2

2

(∫ 1

0
K2(t)dt

)2]
n−

3
5 + o(n−

3
5 ) a.s..

Here,

C1 ≤ (2M2 + 1)
(

4
∫ ∞
−∞

K2(t)dt
∫ ∞

0
tK(t)dt+ 1

)
.

Let

Cα = c32

[
(2M2 + 1)

(
4
∫ ∞
−∞

K2(t)dt
∫ ∞

0
tK(t)dt+ 1

)]
+ c−2

2

(∫ 1

0
K2(t)dt

)2

+ C′α + 1.

When C > Cα,
I3(hm) > C′αn

−1/5 a.s..

As ĴMI(X,Y ) ≥ I3(hm),

lim
n→∞

P (ĴMI(X,Y ) > tα)

≥ lim
n→∞

P (I3(hm) > tα)

≥ lim
n→∞

P (I3(hm) > C′αn
−1/5)

= 1.

�
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J. Proofs of technical lemmas in section F. There are several results in Lemmas 4 to Lemma 10, we only prove the first one in
each of those Lemmas for simplicity. The remainings can be verified similarly.

Proof of Lemma 1. Let Zi, i = 1, 2, ..., n be n independent standard normal variables. Then for |λ| ≤ 1/4,

E[eλ(χ2
n−n)] =

n∏
i=1

E[eλ(Z2
i−1)]

= e−nλ( 1√
2π

∫ ∞
−∞

e−( 1
2−λ)z2

dz)n

= ( e−λ√
1− 2λ

)n

≤ e2nλ2
.

By Chebyshev’s inequality (11), for 0 ≤ t ≤ 1,

P ( 1
n
χ2
n − 1 > t) = P (χ2

n − n > nt)

≤ e−λntE[eλ(χ2
n−n)]

= e2nλ2−λnt

≤ e−
nt2

8 .

Similarly, for 0 ≤ t ≤ 1,
P ( 1
n
χ2
n − 1 < −t) ≤ e−

nt2
8 .

Then, for 0 ≤ t ≤ 1
P (| 1

n
χ2
n − 1| > t) ≤ 2e−

nt2
8 .

�

Proof of Lemma 2. Without loss of generality, we assume i < j. On writingWij = u(j)−u(i),Wij ∼ Beta(j−i, n−j+i+1) =
X

X+Y with X ∼ χ2
2(j−i) and Y ∼ χ2

2(n−j+i+1). By Lemma 1,

P

(∣∣∣u(j) − u(i) −
j − i
n+ 1

∣∣∣ > √j − i(logn)
n

t

)
= P

(∣∣∣ j − i
n+ 1

1
2(j−i)X

1
2(n+1) (X + Y )

− j − i
n+ 1

∣∣∣ > t
√
j − i(logn)

n

)
= P

(∣∣∣ 1
2(j−i)X

1
2(n+1) (X + Y )

− 1
∣∣∣ > t(n+ 1) logn

n
√
j − i

)
≤ P

(
1

1
2(n+1) (X + Y )

>
5(n+ 1)

4n

)
+ P

(∣∣∣ 1
2(j − i)X −

1
2(n+ 1)(X + Y )

∣∣∣ > 4t logn
5
√
j − i

)
≤ P

(
1

1
2(n+1) (X + Y )

>
5
4

)
+ P

(∣∣∣ 1
2(j − i)X − 1

∣∣∣ > 2t logn
5
√
j − i

)
+ P

(∣∣∣ 1
2(n+ 1)(X + Y )− 1

∣∣∣ > 2t logn
5
√
j − i

)
≤ P

(∣∣∣ 1
2(n+ 1)χ

2
2(n+1) − 1

∣∣∣ > 1
5

)
+ P

(∣∣∣ 1
2(j − i)χ

2
2(j−i) − 1

∣∣∣ > 2t logn
5
√
j − i

)
+ P

(∣∣∣ 1
2(n+ 1)χ

2
2(n+1) − 1

∣∣∣ > 2t logn
5
√
j − i

)
≤ 2e−

n+1
100 + 2e−

2(j−i) 4t2(log n)2
25(j−i)
8 + 2e−

2(n+1) 4t2(log n)2
25(j−i)
8

≤ 3e−
t2(log n)2

25 .

�

Proof of Lemma 3. The first result follows directly from Lemma 2.

For the second result, it can be easily verified that, when |u?jp−u?ip| > n−9/10 and |ujp−uip−u?jp +u?ip

∣∣∣ < √|u?
jp
−u?

ip
|(logn)

√
n

,

5
6

√
|u?jp − u?ip| < |

√
|ujp − uip| <

6
5

√
|u?jp − u?ip|.
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Then,

P

(∣∣∣ujp − uip − u?jp + u?ip

∣∣∣ > t
√
|ujp − uip|(logn)

√
n

)
≤ P

(∣∣∣ujp − uip − u?jp + u?ip

∣∣∣ > 5t
√
|u?jp − u?ip|(logn)

6
√
n

)
≤ 3e−

t2(log n)2
36 .

�

Proof of Lemma 4. As cUV(u,v) is bounded, for ∀h ∈ Hn and s, t ∈ [0, 1],

µ(h, s, t) = E
[∣∣∣ 1
hP+1

∂KP

∂up
(uj − s

h
)KQ

h2IQ
(vj − t)

∣∣∣] = O( 1
h

) = O(n
1

P +Q+3 ),

and
σ2(h, s, t) = V ar

[∣∣∣ 1
hP+1

∂KP

∂up
(uj − s

h
)KQ

h2IQ
(vj − t)

∣∣∣] = O( 1
hP+Q+2 ) = O(n

P +Q+2
P +Q+3 ).

As 1
hP +1

∂KP

∂up
( uj−ui

h
)KQ

h2IQ
( vj−vi

h
) < C

hP +Q+1 , by Bernstein’s inequality (12), for ∀ui, vi and h ∈ Hn,

P

(∣∣∣ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣− µ(h,ui,vi)
∣∣∣ > t logn
√
nh

P +Q+2
2

∣∣∣ui,vi)
≤ 2 exp(− t2(logn)2

ChP+Q+2σ2(h,ui,vi) + C′t(logn)n−1/2h−
P +Q

2
)

≤ 2 exp(−C′′t2(logn)2).

Then,

P

(∣∣∣ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣− µ(h,ui,vi)
∣∣∣ > t logn
√
nh

P +Q+2
2

)
= E

[
P

(∣∣∣ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣− µ(h,ui,vi)
∣∣∣ > t logn
√
nh

P +Q+2
2

∣∣∣ui,vi)]
≤ 2 exp(−Ct2(logn)2).

Then,

P

(∣∣∣ sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣− µ(h,ui,vi)
∣∣∣] > t logn

√
nh

P +Q+2
2

)

≤
m∑
s=1

P

(∣∣∣[ 1
(n− 1)hP+1

s

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

hs
)KQ

h2
sIQ

(vj − vi)
∣∣∣− µ(hs,ui,vi)

∣∣∣] > t logn
√
nh

P +Q+2
2

s

)
≤ 2n

P +Q
P +Q+3−ε exp(−Ct2(logn)2),

which implies that∣∣∣ sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣− µ(h,ui,vi)
∣∣∣] = o(n−

1
2(P +Q+3) (logn)) a.s..

Combining with the result that suph∈Hn
µ(h,ui,vi) = O(n

1
P +Q+3 ), we have

sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣− µ(h,ui,vi)
∣∣∣] = O(n

1
P +Q+3 ) + o(n−

1
2(P +Q+3) (logn)) a.s..

�

Proof of Lemma 5.
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∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi

h
)∆uij,p

∣∣∣
=

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

∣∣∣1(|u?jp − u?ip| ≤ n−9/10)1
(
|∆uij,p| ≤

√
|u?jp − u?ip|(logn)

√
n

)
+
∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

∣∣∣1(|u?jp − u?ip| ≤ n−9/10)1
(
|∆uij,p| >

√
|u?jp − u?ip|(logn)

√
n

)
+
∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

∣∣∣1(|u?jp − u?ip| > n−9/10)1
(
|∆uij,p| ≤

√
|ujp − uip|(logn)

√
n

)
+
∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

∣∣∣1(|u?jp − u?ip| > n−9/10)1
(
|∆uij,p| >

√
|ujp − uip|(logn)

√
n

)
= a(n, h) + b(n, h) + c(n, h) + d(n, h).

For b(n, h) and d(n, h),

P ( sup
h∈Hn

b(n, h) > n
− P +Q+2

2(P +Q+3) log(n)) ≤ P (|∆uij,p| >
√
|u?jp − u?ip| log(n)

√
n

)

≤ 3e−
(log n)2

25 ;

and

P ( sup
h∈Hn

d(n, h) > n
− P +Q+2

2(P +Q+3) log(n)) ≤ P (|∆uij,p| >
√
|ujp − uip| log(n)

√
n

)

≤ 3e−
(log n)2

36 .

Hence,
sup
h∈Hn

[ 1
n− 1

∑
j 6=i

b(n, h)
]

= o(n−
P +Q+2

2(P +Q+3) log(n)) a.s.,

and
sup
h∈Hn

[ 1
n− 1

∑
j 6=i

d(n, h)
]

= o(n−
P +Q+2

2(P +Q+3) log(n)) a.s..

For a(n, h) and c(n, h), it follows from Lemma 4 that

sup
h∈Hn

[ 1
n− 1

∑
j 6=i

a(n, h)
]

≤ n−19/20(logn) sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣]
= o(n−

P +Q+2
2(P +Q+3) log(n)) a.s..

sup
h∈Hn

[ 1
n− 1

∑
j 6=i

c(n, h)
]

≤ n−1/2 log(n) sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)

∣∣∣√|uj − ui|]
= O(n−

P +Q+2
2(P +Q+3) log(n)) a.s..

In summary,

sup
h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

∣∣∣] = O(n−
P +Q+2

2(P +Q+3) (logn)2) + o(n−
P +Q+2

2(P +Q+3) log(n)) a.s..

�
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Proof of Lemma 6. With out loss of generality, we assume Q ≤ P , then, according to Lemma 5,

sup
h∈Hn

∣∣∣ 1
(n− 1)

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )−

1
(n− 1)

∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

∣∣∣
≤ sup

h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

P∑
p=1

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆̃uij,p

∣∣∣]
+ sup
h∈Hn

[ 1
(n− 1)hQ+1

∑
j 6=i

Q∑
q=1

∣∣∣KP
h2IQ

(uj − ui)
∂KQ

∂vq
(vj − vi

h
)∆̃vij,q

∣∣∣]
≤ sup

h∈Hn

{
KQ

0
(n− 1)hP+Q+1

[∑
j 6=i

P∑
p=1

∣∣∣∂KP

∂up
(uj − ui

h
)∆̃uij,p

∣∣∣+
∑
j 6=i

Q∑
q=1

∣∣∣KP (uj − ui
h

)∆̃vij,q
∣∣∣]}

= O(n−
P−Q+2

2(P +Q+3) log(n)) + o(n−
P−Q+2

2(P +Q+3) log(n)) a.s.
= o(1) a.s.

Here, ∆̃uij,p = θ̃p∆uij,p, ∆̃vij,q = δ̃q∆vij,q, 1 ≤ p ≤ P , 1 ≤ q ≤ Q with 0 < θ̃p, δ̃q < 1. The second last equality follows from
|∆̃uij,p| < |∆uij,p| and |∆̃vij,q| < |∆vij,q|.

�

Proof of Lemma 7. Under Assumption A.1, A.5 and A.7, for any u,

V ar( 1
n

n∑
j=1

KP
h2IP

(uj − u)) = 1
n
V ar(KP

h2IP
(U− u))

≤ 1
n
E(KP

h2IP
(U− u))2

= 1
nh2P

∫
[0,1]P

(
KP (u1 − u

h
)
)2
cU(u1)du1

= cU(u)
nhP

(∫ ∞
−∞

K2(t)dt
)P

+ o( 1
nhP

).

As KP
h2IP

(uj − u) = O( 1
hP ), by Bernstein’s inequality (12) ,

P
(∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)− E(KP
h2IP

(U− u))
∣∣∣ > (nhP )−

1
2 (logn)t

)
≤ 2 exp

{
− t2(logn)2nh−P

Cnh−P + C′n
1
2 h−

3P
2 t

}
.

Consider the set S =
{

( i1
n+1 ,

i2
n+1 , ...,

iP
n+1 )|, i1, i2, ..., iP = 1, 2, ..., n

}
.

First,

P
(

sup
u∈S

∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)− E(KP
h2IP

(U− u))
∣∣∣ > (nhP )−

1
2 (logn)t

)
≤

∑
u∈S

P
(∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)− E(KP
h2IP

(U− u))
∣∣∣ > (nhP )−

1
2 (logn)t

)
≤ nP exp

{
− t2(logn)2nh−P

Cnh−P + C′n
1
2 h−

3P
2 t

}
= o( 1

n2 ).

Which implies,

sup
u∈S

∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)− E(KP
h2IP

(U− u))
∣∣∣ = o(1) a.s..
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Second, for any u ∈ [0, 1]P , there exists a u0 ∈ S such that d(u,u0) ≤
√
P

2n . As || dK
dt
||sup < K0, we have, for any u ∈ [0, 1]P ,

there exists a u0 ∈ S such that∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)− 1
n

n∑
j=1

KP
h2IP

(uj − u0)
∣∣∣ = O( 1

nhP
) = o(1),

and ∣∣∣E(KP
h2IP

(U− u))− E(KP
h2IP

(U− u0))
∣∣∣ = O( 1

nhP
) = o(1).

Then,

sup
u∈[0,1]P

∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)− E(KP
h2IP

(U− u))
∣∣∣

= sup
u∈S

∣∣∣ 1
n

n∑
j=1

KP
h2IP

(uj − u)− E(KP
h2IP

(U− u))
∣∣∣+ o(1)

= o(1) a.s..

�

Proof of Lemma 8. Note that ∣∣∣ĉ\iU,HU
(u)− cU(u)

P∏
p=1

A0(up, hUp )
∣∣∣

≤
∣∣∣ 1
(n− 1)

∑
j 6=i

KP
HU (u?j − u)− 1

(n− 1)
∑
j 6=i

KP
HU (uj − u)

∣∣∣
+
∣∣∣ 1
(n− 1)

∑
j 6=i

KP
HU (uj − u)− E[KP

HU (U− u)]
∣∣∣

+
∣∣∣E[KP

HU (U− u)]− cU(u)
P∏
p=1

A0(up, hUp )
∣∣∣

= I(u) + II(u) + III(u).

First, by Lemma 7,
sup

u
|II(u, h)| = o(1), a.s..

Second, for ∀u,

E[KP
HU (U− u)] =

∫
[0,1]P

KP
HU (u1 − u)cU(u1)du1

=
∫

(u+H1/2
U s)∈[0,1]P

KP (s)cU(u + H1/2
U s)ds

=
∫

(u+H1/2
U s)∈[0,1]P

KP (s)(cU(u) + o(1))ds

= cU(u)
P∏
p=1

A0(up, hUp ) + o(1),

i.e. supu |III(u)| = o(1).
It remains to prove that supu I(u) = o(1), a.s.. Note that, for ∀u,∣∣∣ĉ\iU,BU

(u)− 1
n− 1

∑
j 6=i

KP
HU (uj − u)

∣∣∣
=

∣∣∣ 1
(n− 1)

∑
j 6=i

KP
h2IP

(u?j − u)− 1
(n− 1)

∑
j 6=i

KP
h2IP

(uj − u)
∣∣∣

=
∣∣∣ 1 + o(1)
(n− 1)hP+1

∑
j 6=i

P∑
p=1

∂KP

∂up
(uj − u

h
)|u?jp − ujp|

∣∣∣
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≤ C

(n− 1)hP+1

∑
j 6=i

P∑
p=1

∣∣∣∂KP

∂up
(uj − u

h
)|u?jp − ujp

∣∣∣.
Using the same argument for proving Lemma 5 and Lemma 7 we can derive that, for ∀p,

sup
u

{ 1
(n− 1)hP+1

∑
j 6=i

∣∣∣∂KP

∂up
(uj − u

h
)
∣∣∣} = O( 1

h
), a.s..

Moreover, by Dvoretzky-Kiefer-Wolfowitz (DKW) inequality (13),

sup
j,p

|u?jp − ujp| = sup
j,p

|FXp,n(xjp)− FXp (xjp)|

= o( logn√
n

), a.s..

Consequently, supu |I(u)| = o(1), which completes the proof. �

Proof of Lemma 9. ∣∣∣∂KP

∂up
(uj − ui

h
)∆uij,p

∣∣∣
=

∣∣∣∂KP

∂up
(uj − ui

h
)∆uij,p

∣∣∣1(|u?jp − u?ip| ≤ n−9/10)1
(
|∆uij,p| ≤

√
|u?jp − u?ip| log(n)

√
n

)
+
∣∣∣∂KP

∂up
(uj − ui

h
)∆uij,p

∣∣∣1(|u?jp − u?ip| ≤ n−9/10)1
(
|∆uij,p| >

√
|u?jp − u?ip| log(n)

√
n

)
+
∣∣∣∂KP

∂up
(uj − ui

h
)∆uij,p

∣∣∣1(|u?jp − u?ip| > n−9/10)1
(
|∆uij,p| ≤

√
|ujp − uip| log(n)

√
n

)
+
∣∣∣∂KP

∂up
(uj − ui

h
)∆uij,p

∣∣∣1(|u?jp − u?ip| > n−9/10)1
(
|∆uij,p| >

√
|ujp − uip| log(n)

√
n

)
= a′(n, h) + b′(n, h) + c′(n, h) + d′(n, h).

Note that

E(a′(n, h)) = O(n−19/20 log(n));

E(b′(n, h)) ≤ P (|∆uij,p| >
√
|u?jp − u?ip| log(n)

√
n

) ≤ 3e−
(log n)2

25 ;

E(c′(n, h)) ≤ O(n−1/2hP+1/2(logn));

E(d′(n, h)) ≤ P (|∆uij,p| >
√
|ujp − uip|(logn)

√
n

) ≤ 3e−
(log n)2

36 .

In summary,

E

∣∣∣∂KP

∂up
(uj − ui

h
)∆uij,p

∣∣∣ = O(n−1/2hP+1/2 log(n)).

�

Proof of Lemma 10. According to Lemma 9, for i = 1, 2,

E

∣∣∣ ∂KP

∂upi
( uj−ui

h
)∆uij,pi

cU(ui)AP
0 (ui, h)

w(uj)
∣∣∣ = O(n−1/2hP+5/2(logn));

and

E

∣∣∣ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj)
∂KP

∂up1
( uj−ui

h
)∆uij,p2

cU(ui)AP
0 (ui, h)

w(uj)
∣∣∣ = O(n−1hP+5(logn)2).

Then,

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up1
( uj−ui

h
)∆uij,p2

cU(ui)AP
0 (ui, h)

w(uj)
]

= O(n−1hP+5(logn)2).

Xianli Zeng, Yingcun Xia and Howell Tong 25 of 40



�

Proof of Lemma 11.

T1(h)− T̃1(h)

= 1
n

n∑
i=1

[ 1
(n−1)

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )− 1

(n−1)
∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)

]

− 1
n

n∑
i=1

[ 1
(n−1)

∑
j 6=i

KP
h2IP

(u?j − u?i )− 1
(n−1)

∑
j 6=i

KP
h2IP

(uj − ui)

cU(ui)AP
0 (ui, h)

]

− 1
n

n∑
i=1

[ 1
(n−1)

∑
j 6=i

KQ

h2IQ
(v?j − v?i )− 1

(n−1)
∑
j 6=i

KQ

h2IQ
(vj − vi)

cV(vi)AQ
0 (vi, h)

]

= 1
n(n− 1)hP+1

n∑
i=1

∑
j 6=i

P∑
p=1

[ ∂KP

∂up
( uj−ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
−

∂KP

∂up
( uj−ui

h
)∆uij,p

cU(ui)AP
0 (ui, h)

]

+ 1
n(n− 1)hQ+1

n∑
i=1

∑
j 6=i

Q∑
q=1

[KP
h2IP

(uj − ui) ∂KQ

∂vq
( vj−vi

h
)∆vij,q

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
−

∂KQ

∂vq
( vj−vi

h
)∆vij,q

cV(vi)AQ
0 (vi, h)

]

+ 1
2n(n− 1)hP+2

n∑
i=1

∑
j 6=i

P∑
p1=1

P∑
p2=1

[ ∂2KP

∂uP1∂uP2
( uj−ui

h
)KQ

h2IQ
(vj − vi)∆u′ij,p1 ∆u′ij,p2

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)

]

+ 1
2n(n− 1)hQ+2

n∑
i=1

∑
j 6=i

Q∑
q1=1

Q∑
q2=1

[KP
h2IP

(uj − ui) ∂2KQ

∂vq1∂vq2
( vj−vi

h
)∆v′ij,q1 ∆v′ij,q2

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)

]

+ 1
n(n− 1)hP+Q+2

n∑
i=1

∑
j 6=i

P∑
p=1

Q∑
q=1

[ ∂KP

∂up
( uj−ui

h
) ∂KQ

∂vq
( vj−vi

h
)∆u′ij,p∆v′ij,q

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)

]

− 1
2n(n− 1)hP+2

[ ∂2KP

∂uP1∂uP2
( uj−ui

h
)∆u′′ij,p1 ∆u′′ij,p2

cU(ui)AP
0 (ui, h)

]
− 1

2n(n− 1)hQ+2

[ ∂2KQ

∂vq1∂vq2
( vj−vi

h
)∆v′′ij,q1 ∆v′′ij,q2

cV(vi)AQ
0 (vi, h)

]
= A(h) +B(h) + C(h) +D(h) + E(h) + F (h).

Here ∆u′ij,p = θ′p∆uij,p, ∆u′′ij,p = θ′′p∆uij,p, ∆v′ij,q = δ′q∆vij,q and ∆v′′ij,q = δ′′q∆vij,q with 1 ≤ p ≤ P , 1 ≤ q ≤ Q and
0 < θ′p, θ

′′
p , δ
′
q, δ
′′
q < 1. According to Lemma 5,

sup
h∈Hn

|C(h) +D(h) + E(h) + F (h)| = o(n−
3

P +Q+3 ) a.s..

As A(h) and B(h) are similar, it remains to prove that

sup
h∈Hn

|A(h)| = oP (n−
3

P +Q+3 ).

Write

G1(u1,u2, ...,un,v1,v2, ...,vn) = 1
n(n− 1)hP+1

n∑
i=1

∑
j 6=i

P∑
p=1

∂KP

∂up
( uj−ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
,

and

G2(u1,u2, ...,un) = 1
n(n− 1)hP+1

n∑
i=1

∑
j 6=i

P∑
p=1

∂KP

∂up
( uj−ui

h
)∆uij,p

cU(ui)AP
0 (ui, h)

.

Let f(v|U = u) be the conditional density of V given U = u. Then, f(v|u) = cUV(u,v)
cU(u) .

E(G1 −G2|u1,u2, ...,un)
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= 1
n(n− 1)hP+1

n∑
i=1

∑
j 6=i

P∑
p=1

∂KP

∂up
( uj−ui

h
)∆uij,p

AP
0 (ui, h)cU(ui)cU(uj)

∫
[0,1]2Q

KQ

h2IQ
(vj − vi)cUV(uj ,vj)

AQ
0 (vi, h)

dvidvj

− 1
n(n− 1)hP+1

n∑
i=1

∑
j 6=i

P∑
p=1

∂KP

∂up
( uj−ui

h
)∆uij,p

cU(ui)AP
0 (ui, h)

= 1
n(n− 1)hP+1

n∑
i=1

∑
j 6=i

P∑
p=1

∂KP

∂up
( uj−ui

h
)∆uij,p

cU(ui)AP
0 (ui, h)

[ Q∑
q=1

∫
[0,1]Q

h
A1(vq, h)
A0(vq, h)

∂cUV

∂vq
(uj ,v)dv +O(h2)

]

= 1
n(n− 1)hP+1

n∑
i=1

∑
j 6=i

P∑
p=1

∂KP

∂up
( uj−ui

h
)∆uij,p

cU(ui)AP
0 (ui, h)

w(uj).

Here, ∀j, |w(uj)| =
[∑Q

q=1

∫
[0,1]Q h

A1(vq,h)
A0(vq,h)

∂cUV
∂vq

(uj ,v)dv +O(h2)
]
≤ Ch2. Then,

E(G1 −G2)

≤ E
[ 1
n(n− 1)hP+1

n∑
i=1

∑
j 6=i

P∑
p=1

∂KP

∂up
( uj−ui

h
)∆uij,p

cU(ui)AP
0 (ui, h)

w(uj)
]

≤ E
[

C

n(n− 1)hP−1

n∑
i=1

∑
j 6=i

P∑
p=1

∣∣∣∂KP

∂up
(uj − ui

h
)
∣∣∣|∆uij,p|]

= O(n−1/2h3/2(logn)).

Note that,

V ar(E(G1 −G2|u1, u2, ..., un))

= 1
n2(n− 1)2h2(P+1)

n∑
i=1

n∑
k=1

∑
j 6=i

∑
l 6=k

P∑
p1=1

P∑
p2=1

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( uj−ui

h
)∆uij,p2

cU(ui)AP
0 (ui, h)

w(uj)
]

= 1
n2(n− 1)2h2(P+1)

∑
1≤i,j,k,l≤n
i6=j 6=k 6=l

P∑
p1=1

P∑
p2=1

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( ul−uk

h
)∆ukl,p2

cU(uk)AP
0 (uk, h)

w(ul)
]

+ 1
n2(n− 1)2h2(P+1)

∑
1≤i,j,k≤n
i6=j 6=k

P∑
p1=1

P∑
p2=1

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up1
( ui−uk

h
)∆uki,p2

cU(uk)AP
0 (uk, h)

w(ui)
]

+ 1
n2(n− 1)2h2(P+1)

∑
1≤i,j,k≤n
i6=j 6=k

P∑
p1=1

P∑
p2=1

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( uk−ui

h
)∆uik,p2

cU(ui)AP
0 (ui, h)

w(uk)
]

+ 1
n2(n− 1)2h2(P+1)

∑
1≤i,j,k≤n
i6=j 6=k

P∑
p1=1

P∑
p2=1

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( uj−uk

h
)∆ukj,p2

cU(uk)AP
0 (uk, h)

w(uj)
]

+ 1
n2(n− 1)2h2(P+1)

∑
1≤i,j,k≤n
i6=j 6=k

P∑
p1=1

P∑
p2=1

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( uk−uj

h
)∆ujk,p2

cU(uj)AP
0 (uj , h)

w(uk)
]

+ 1
n2(n− 1)2h2(P+1)

n∑
i=1

∑
j 6=i

P∑
p1=1

P∑
p2=1

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( uj−ui

h
)∆uij,p2

cU(ui)AP
0 (ui, h)

w(uj)
]

+ 1
n2(n− 1)2h2(P+1)

n∑
i=1

∑
j 6=i

P∑
p1=1

P∑
p2=1

Cov
[ ∂KP

∂up1
( uj−ui

h
)∆uij,p1

cU(ui)AP
0 (ui, h)

w(uj),
∂KP

∂up2
( ui−uj

h
)∆uji,p2

cU(uj)AP
0 (uj , h)

w(ui)
]

= O

(
h3(logn)2

n
+ (logn)2

n3hP−3

)
.
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Here the last equality follows from Lemma 10. Follow a similar tedious calucation as above we can derive that

E(V ar(G1 −G2|u1, u2, ..., un)) = O

(
(logn)2

n2h
+ (logn)2

n3hP+Q+1

)
.

In summary,

V ar(G1 −G2) = E(V ar(G1 −G2|u1, u2, ..., un)) + V ar(E(G1 −G2|u1, u2, ...un))

= O

(
h3(logn)2

n
+ (logn)2

n2h
+ (logn)2

n3hP+Q+1

)
.

When h ∝ n−1/(P+Q+3), E(A(h)) = O(n−1/2h3/2(logn)) = o(n−3/P+Q+3). By Chebyshev’s inequality (11),

P (|A(h)| > n−3/P+Q+3t) = O(n−
P +Q

P +Q+3 (logn)2)).

Then,
P ( sup

h∈Hn

|A(h)| > n−3/P+Q+3t) ≤ n
P +Q

P +Q+3−εO(n−
P +Q

P +Q+3 (logn)2))→ 0.

In other words, suph∈Hn
|A(h)| = oP (n−3/(P+Q+3)). �

Proof of Lemma 12. According to Lemma 5,

sup
h∈Hn

∣∣∣ 1
(n− 1)

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )−

1
(n− 1)

∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

∣∣∣
≤ sup

h∈Hn

[ 1
(n− 1)hP+1

∑
j 6=i

P∑
p=1

∣∣∣∂KP

∂up
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆uij,p

∣∣∣]
+ sup
h∈Hn

[ 1
(n− 1)hQ+1

∑
j 6=i

Q∑
q=1

∣∣∣KP
h2IQ

(uj − ui)
∂KQ

∂vq
(vj − vi

h
)∆vij,q

∣∣∣]
+ sup
h∈Hn

[ 1
2(n− 1)hP+2

∑
j 6=i

P∑
p1=1

P∑
p2=1

∣∣∣ ∂2KP

∂up1∂up2
(uj − ui

h
)KQ

h2IQ
(vj − vi)∆u′ij,p1 ∆u′ij,p2

∣∣∣]
+ sup
h∈Hn

[ 1
2(n− 1)hQ+2

∑
j 6=i

Q∑
q1=1

Q∑
q2=1

∣∣∣KP
h2IP

(uj − ui)
∂2KQ

∂vq1∂vq2
(vj − vi

h
)∆v′ij,q1 ∆v′ij,q2

∣∣∣]
+ sup
h∈Hn

[ 1
(n− 1)hP+Q+2

∑
j 6=i

P∑
p=1

Q∑
q=1

∣∣∣∂KP

∂up
(uj − ui)

∂KQ

∂vq
(vj − vi

h
)∆u′ij,p∆v′ij,q

∣∣∣],
= O

(
n
− P +Q+2

2(P +Q+3) (logn)
)

+ o
(
n
− P +Q+2

2(P +Q+3) (logn)
)

a.s..

Here ∆u′ij,p = θ′p∆uij,pand ∆v′ij,q = δ′q∆vij,q with 1 ≤ p ≤ P , 1 ≤ q ≤ Q and 0 < θ′p, δ
′
q < 1.

It can be shown that

sup
h∈Hn

{
1
n

n∑
i=1

∣∣∣ 1
(n− 1)

∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)− cUV(ui,vi)AP

0 (ui, h)AQ
0 (vi, h)

∣∣∣} = o(n−
3

2(P +Q+3) (logn)) a.s..

Consequently,

sup
h∈Hn

|T2(h)− T̃2(h)|

= sup
h∈Hn

1
n

n∑
i=1

[ 1
(n−1)

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )− 1

(n−1)
∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)

]2

+ sup
h∈Hn

1
n

n∑
i=1

[ 1
(n−1)

∑
j 6=i

KP
h2IP

(u?j − u?i )KQ

h2IQ
(v?j − v?i )− 1

(n−1)
∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)

]

×
[ 1

(n−1)
∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
− 1
]
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= o
(
n
− P +Q+5

2(P +Q+3) (logn)
)

a.s.

= oP

(
n
− 3

P +Q+3

)
.

�

Proof of Lemma 13. Consider (i). For given positive value Q, 1−h
h

> Q when h = o(1).
On the one hand, ∫ 1

0

∣∣∣∣A1(u, h)
A0(u, h)

∣∣∣∣du >

∫ h

0
A1(u, h)du

> h

∫ 1−h
h

−1
tK(t)dt

> W1h.

On the other hand, ∫ 1

0

∣∣∣∣A1(u, h)
A0(u, h)

∣∣∣∣du
< 2

∫ 1

0
|A1(u, h)|du

= 4
∫ 1

2

0
A1(u, h)dx

= 4[
∫ 1

2h

0

∫ 1
2

0
tK(t)dudt+

∫ 1
h

1
2h

∫ 1−th

0
tK(t)dudt+

∫ 0

− 1
2h

∫ 1
2

−th
tK(t)dudt

= 2
∫ 1

2h

0
tK(t)dt+

∫ 1
h

1
2h

4(1− th)tK(t)dt+
∫ 0

− 1
2h

4(1
2 + th)tK(t)dt

= 1 + o(h) + o(h)− 1 + o(h) + 4h
∫ 0

−∞
t2K(t)dt+ o(h)

< (2W2 + 1)h.

(ii) can be verified using the same argument as that for (i).
(iii) holds since

1
2 ≤ |A0(u, h)| =

∣∣∣∣ ∫ 1−u
h

−u
h

K(t)
∣∣∣∣ ≤ 1,

and
0 <

∫ ∞
0

t2K(t) ≤ |A2(u, h)| ≤ 2
∫ ∞
−∞

t2K(t) <∞.

�

Proof of Lemma 14. Note that LP (u)− 1 can be expressed as a polynomial function of L(up, h), p = 1, 2, ..., P . We only
need to prove ∫ 1

0
|LP (up)− 1|dup = O(h), for p = 1, 2, ..., P.

Now, ∫ 1

0
|L(up)− 1|dup =

∫ 1

0

∣∣∣∣ ∫ 1

0

Kh(s− up)
A0(s, h) ds− 1

∣∣∣∣dup
=

∫ 1

0

∣∣∣∣ ∫ 1

0

Kh(s− up)
A0(s, h) ds−

∫ 1

0

Kh(s− up)
A0(up, h) ds

∣∣∣∣dup
=

∫ 1

0

∣∣∣∣ ∫ 1

0
Kh(s− up)

[
1

A0(s, h) −
1

A0(up, h)

]
ds

∣∣∣∣dup
≤ 4

∫ 1

0

∫ 1

0
Kh(s− up)

∣∣∣∣A0(s, h)−A0(up, h)
∣∣∣∣dsdup
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= 4
∫ 1

0

∫ 1−up
h

−up
h

K(t)|A0(up + th, h)−A0(up, h)|dtdup

= 4
∫ 1

0

∫ 1−up
h

−up
h

K(t)
∣∣∣∣tK(−up

h
)− tK(1− up

h
)
∣∣∣∣dtdup +O(h)

≤ 4
∫ 1

0

∫ 1−up
h

−up
h

|tK(t)|dt
∣∣∣∣K(−up

h
)−K(1− up

h
)
∣∣∣∣dup +O(h)

≤ 4C
∫ 1

0

∣∣∣∣K(−up
h

)−K(1− up
h

)
∣∣∣∣dup +O(h)

= 8C
∫ 1

2

0

[
K(up

h
)−K(1− up

h
)
]
dup +O(h)

= 8Ch
∫ 1

2h

0

[
K(t)−K( 1

h
− t)

]
dt+O(h)

= O(h).

�

Proof of Lemma 15. Without loss of generality, we assume b ≥ h. Note that

lim
h→0

E logA0(U, h)
h

= lim
h→0

∫ 1
0 logA0(u, h)du

h

= lim
h→0

∫ 1

0

− 1−u
h2 K( 1−u

h
)− u

h2K(−u
h

)
A0(u, h) du

= lim
h→0

2
∫ 1

0

− u
h2K(u

h
)

A0(u, h) du

= −2
∫ ∞

0

tK(t)∫∞
−t K(s)ds

dt.

Then,

E[logA0(U, h)− logA0(U, b)] = 2(b− h)
∫ ∞

0

tK(t)∫∞
−t K(s)ds

dt.

Similarly, it can be verified that

E[logA0(U, b)− logA0(U, h)]2 = O(|b− h|).

Because 1/2 < A0(u, h) < 2 for any 0 < u < 1 and h > 0, | logA0(U, b)− logA0(U, h) ≤ 2 log 2. Then, by Bernstein’s inequality
(12),

1
n

n∑
i=1

[A0(ui, h)−A0(ui, b)]du = 2(b− h)
∫ ∞

0

tK(t)∫∞
−t K(s)ds

dt+ o(n−
1
2 (|b− h|)

1
2 logn) a.s..

�

Proof of Lemma 16. The proof can be found in 5.3.3 of (14).
�

Proof of Lemma 17. Note that

T̃1(h)

= 1
n(n− 1)

n∑
i=1

∑
j 6=i

[KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
−

KP
h2IP

(uj − ui)
cU(ui)AP

0 (ui, h)
−

KQ

h2IQ
(vj − vi)

cV(vi)AQ
0 (vi, h)

+ 1
]

= 2
n(n− 1)

∑
i<j

{[ KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

2cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
+

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

2cUV(uj ,vj)AP
0 (uj , h)AQ

0 (vj , h)

]
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−
[ KP

h2IP
(uj − ui)

2cU(ui)AP
0 (ui, h)

+
KP
h2IP

(uj − ui)
2cU(uj)AP

0 (uj , h)

]
−
[ KQ

h2IQ
(vj − vi)

2cV(vi)AQ
0 (vi, h)

+
KQ

h2IQ
(vj − vi)

2cV(vj)AQ
0 (vj , h)

]
+ 1

}
= 2

n(n− 1)
∑
i<j

g(ui,vi,uj ,vj , h).

Let
g̃1(u,v) = E[g(u,v,U,V, h)],

and
θ(h) = E[g(U1,V1,U2,V2, h)], ζ1(h) = V ar[g̃1(U,V, h)], ζ2(h) = V ar[g(U1,V1,U2,V2, h)].

We now analyze the above three terms. It can be easily verified that

ζ2(h) = O( 1
hP+Q ).

Write g = Z1 − Z2 − Z3 + 1 with

Z1(ui,vi,uj ,vj , h) = 1
2

[KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
+

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(uj ,vj)AP
0 (uj , h)AQ

0 (vj , h)

]
,

Z2(ui,uj , h) = 1
2

[ KP
h2IP

(uj − ui)
cU(ui)AP

0 (ui, h)
+

KP
h2IP

(uj − ui)
cU(uj)AP

0 (uj , h)

]
,

and

Z3(vi,vj , h) = 1
2

[ KQ

h2IQ
(vj − vi)

cV(vi)AQ
0 (vi, h)

+
KQ

h2IQ
(vj − vi)

cV(vj)AQ
0 (vj , h)

]
.

By Taylor expansion,

E[Z1(u,v,U,V, h)]

=
∫

[0,1]P +Q

1
2KP

h2IP
(x− u)KQ

h2IQ
(y− v)

[
cUV(x,y)

cUV(u,v)AP
0 (u, h)AQ

0 (v, h)
+ 1

AP
0 (x, h)AQ

0 (y, h)

]
dxdy

= 1
2LP (u)LQ(v) + 1

2

∫
[0,1]P +Q

KP
h2IP

(x− u)KQ

h2IQ
(y− v)cUV(x,y)

cUV(u,v)AP
0 (u, h)AQ

0 (v, h)
dxdy

= 1
2LP (u)LQ(v) + 1

2

∫
(u+hs,v+ht)∈[0,1]P +Q

KP (s)KQ(t)cUV(u + hs,v + ht)
cUV(u,v)AP

0 (u, h)AQ
0 (v, h)

dsdt

= 1
2LP (u)LQ(v) + 1

2 + h

2

[ P∑
p=1

∂cUV(u,v)
∂up

A1(up, h)
cUV(u,v)A0(up, h) +

Q∑
q=1

∂cUV(u,v)
∂vq

A1(vq, h)
cUV(u,v)A0(vq, h)

]
+O(h2).

Similarly,

E[Z2(u,U, h)] = 1
2 + 1

2LP (u) + h

2

[ P∑
p=1

∂cU(u)
∂up

A1(up, h)
cUV(u,v)A0(up, h)

]
+O(h2),

E[Z3(v,V, h)] = 1
2 + 1

2LQ(v) + h

2

[ Q∑
q=1

∂cV(v)
∂vq

A1(vq, h)
cUV(u,v)A0(vq, h)

]
+O(h2).

As a result,

g̃1(u,v, h) = E[g(u,v,U,V, h)] = 1
2 [LP (u)− 1][LQ(v)− 1] + hξ(u,v, h) +O(h2),

with ξ(u,v, h) = 1
2

[∑P

p=1

∂cUV(u,v)
∂up

A1(up,h)

cUV(u,v)A0(up,h) +
∑Q

q=1

∂cUV(u,v)
∂vq

A1(vq,h)

cUV(u,v)A0(vq,h) −
∑P

p=1

∂cU(u)
∂up

A1(up,h)

cUV(u,v)A0(up,h) −
∑Q

q=1

∂cV(v)
∂vq

A1(vq,h)

cUV(u,v)A0(vq,h)

]
.

Then,

ζ1(h) = E[g̃2
1(U,V, h)]− {E[g̃2

1(U,V, h)]}2

+
∫

[0,1]P +Q

1
4 [LP (u)− 1]2[LQ(v)− 1]2cUV(u,v)dudv
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=
∫

[0,1]P +Q

h[LP (u)− 1][LQ(v)− 1]ξ(u,v)dudv +O(h2)

≤M2

∫ 1

0

∫ 1

0
|LP (u)− 1||LQ(v)− 1|dudv +O(h2)

= M2

∫
[0,1]P +Q

|LP (u)− 1|du
∫ 1

0
|LQ(v)− 1|dv +O(h2)

= O(h2). [4]

Moreover,

E[Z1(U1,V1,U2,V2, h)]

=
∫

[0,1]2(P +Q)

1
2KP

h2IP
(u2 − u1)KQ

h2IQ
(v2 − v1)

[
cUV(u2,v2)

AP
0 (u1, h)AQ

0 (v1, h)
+ cUV(u1,v1)

AP
0 (u2, h)AQ

0 (v2, h)

]
du1dv1du2dv2

=
∫

[0,1]2(P +Q)

1
2KP

h2IP
(u2 − u1)KQ

h2IQ
(v2 − v1) cUV(u2,v2)

AP
0 (u1, h)AQ

0 (v1, h)
du1dv1du2dv2

=
∫

[0,1]P +Q

1
AP

0 (u1, h)AQ
0 (v1, h)

[∫
[0,1]P +Q

KP
h2IP

(u2 − u1)KQ

h2IQ
(v2 − v1)cUV(u2,v2)du2dv2

]
du1dv1

=
∫

[0,1]P +Q

1
AP

0 (u1, h)AQ
0 (v1, h)

[∫
(u1+hs,v1+ht)∈[0,1]P +Q

KP (s)KQ(t)cUV(u1 + hs,v1 + ht)dsdt
]
du1dv1

= 1 + h

P∑
p=1

∫
[0,1]P +Q

A1(u1p, h)
A0(u1p, h)

∂cUV

∂up
(u1,v1)du1dv1 + h

Q∑
q=1

∫
[0,1]P +Q

A1(v1q, h)
A0(v1q, h)

∂cUV

∂vq
(u1,v1)du1dv1

+h2

2

P∑
p=1

∫
[0,1]P +Q

A2(u1p, h)
A0(u1p, h)

∂2cUV

∂u2
p

(u1,v1)du1dv1 + h2

2

Q∑
q=1

∫
[0,1]P +Q

A2(v1q, h)
A0(v1q, h)

∂2cUV

∂v2
q

(u1,v1)du1dv1

+h2

2

P∑
p1=1

∑
p2 6=p1

∫
[0,1]P +Q

A1(u1p1 , h)A1(u1p2 , h)
A0(u1p1 , h)A0(u1p2 , h)

∂2cUV

∂up1∂up2
(u1,v1)du1dv1

+h2

2

Q∑
q1=1

∑
q2 6=q1

∫
[0,1]P +Q

A1(v1q1 , h)A1(v1q2 , h)
A0(v1q1 , h)A0(v1q2 , h)

∂2cUV

∂vq1∂vq2
(u1,v1)du1dv1

+h2
P∑
p=1

Q∑
q=1

∫
[0,1]P +Q

A1(u1p, h)A1(v1q2 , h)
A0(u1p, h)A0(v1q, h)

∂2cUV

∂up∂vq
(u1,v1)du1dv1

+h3

6

P∑
p=1

∫
[0,1]P +Q

A3(u1p, h)
A0(u1p, h)

∂3cUV

∂u3
p

(u1,v1)du1dv1 + h3

6

Q∑
q=1

∫
[0,1]P +Q

A3(v1q, h)
A0(v1q, h)

∂3cUV

∂v3
q

(u1,v1)du1dv1

+h2

2

P∑
p1=1

∑
p2 6=p1

∫
[0,1]P +Q

A2(u1p1 , h)A1(u1p2 , h)
A0(u1p1 , h)A0(u1p2 , h)

∂3cUV

∂u2
p1∂up2

(u1,v1)du1dv1

+h2

2

Q∑
q1=1

∑
q2 6=q1

∫
[0,1]P +Q

A2(v1q1 , h)A1(v1q2 , h)
A0(v1q1 , h)A0(v1q2 , h)

∂3cUV

∂v2
q1∂vq2

(u1,v1)du1dv1

+h2

6
∑

1≤p1,p2,p3≤P
p1 6=p2 6=p3

∫
[0,1]P +Q

A1(u1p1 , h)A1(u1p2 , h)A1(u1p3 , h)
A0(u1p1 , h)A0(u1p2 , h)A0(u1p3 , h)

∂3cUV

∂up1∂up2∂up3
(u1,v1)du1dv1

+h2

6
∑

1≤q1,q2,q3≤Q
q1 6=q2 6=q3

∫
[0,1]P +Q

A1(v1q1 , h)A1(v1q2 , h)A1(v1q3 , h)
A0(v1q1 , h)A0(v1q2 , h)A0(v1q3 , h)

∂3cUV

∂vq1∂vq2∂vq3
(u1,v1)du1dv1

+h2

2

P∑
p=1

Q∑
q=1

∫
[0,1]P +Q

A2(u1p, h)A1(v1q, h)
A0(u1p, h)A0(v1q, h)

∂3cUV

∂u2
p∂vq

(u1,v1)du1dv1

+h2

2

P∑
p=1

Q∑
q=1

∫
[0,1]P +Q

A1(u1p, h)A2(v1q, h)
A0(u1p, h)A0(v1q, h)

∂3cUV

∂up∂v2
q

(u1,v1)du1dv1
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+h2

2

P∑
p1=1

∑
p2 6=p1

Q∑
q=1

∫
[0,1]P +Q

A1(u1p1 , h)A1(u1p2 , h)A1(v1q, h)
A0(u1p1 , h)A0(u1p2 , h)A0(v1q, h)

∂3cUV

∂up1∂up2∂vq
(u1,v1)du1dv1

+h2

2

P∑
p=1

Q∑
q1=1

∑
q2 6=q1

∫
[0,1]P +Q

A1(u1p, h)A1(v1q1 , h)A1(v1q2 , h)
A0(u1p, h)A0(v1q1 , h)A0(v1q2 , h)

∂3cUV

∂up∂vq1∂vq2
(u1,v1)du1dv1 +O(h4)

= 1 +O(h4).

Let x, y and z denote any three different entries of u or v. Let X, Y and Z be the corresponding entries in U or V. Let
fX be the density function of X with X being either a random vector or a random variable. Then fX = fY = fZ = 1 as
Up, p = 1, ..., P and Vq, q = 1, ..., Q are uniformly distributed. The last equality above follows from the following facts.

(I)
∫

[0,1]P +Q

A1(x, h)
A0(x, h)

∂cUV

∂x
(u,v)dudv =

∫ 1

0

A1(x, h)
A0(x, h)

dfX
dx

(x)dx = 0;

(II)
∫

[0,1]P +Q

A2(x, h)
A0(x, h)

∂cUV

∂x
(u,v)dudv =

∫ 1

0

A2(x, h)
A0(x, h)

d2fX
dx2 (x)dx = 0;

(III)
∫

[0,1]P +Q

A3(x, h)
A0(x, h)

∂cUV

∂x
(u,v)dudv =

∫ 1

0

A3(x, h)
A0(x, h)

d3fX
dx3 (x)dx = 0;

(IV )
∫

[0,1]P +Q

A1(x, h)A1(y, h)
A0(x, h)A0(y, h)

∂2cUV

∂x∂y
(u1,v1)du1dv1 =

∫ 1

0

∫ 1

0

A1(x, h)A1(y, h)
A0(x, h)A0(y, h)

∂fXY
∂x∂y

(x, y)dxdy = O(h2);

(V )
∫

[0,1]P +Q

A2(x, h)A1(y, h)
A0(x, h)A0(y, h)

∂3cUV

∂x2∂y
(u1,v1)du1dv1 =

∫ 1

0

∫ 1

0

A2(x, h)A1(y, h)
A0(x, h)A0(y, h)

∂f3
XY

∂x2∂y
(x, y)dxdy = O(h);

(V I)
∫

[0,1]P +Q

A1(x, h)A1(y, h)A1(z, h)
A0(x, h)A0(y, h)A0(z, h)

∂3cUV

∂x∂y∂z
(u1,v1)du1dv1

=
∫ 1

0

∫ 1

0

∫ 1

0

A1(x, h)A1(y, h)A1(z, h)
A0(x, h)A0(y, h)A0(z, h)

∂f3
XY

∂x∂y∂z
(x, y, z)dxdydz = O(h3).

By similar arguments,
E[Z2(U1,U2, h)] = 1 +O(h4);
E[Z3(V1,V2, h)] = 1 +O(h4).

Then,
θ(h) = O(h4).

Let Un = 2
n(n−1)

∑
i<j

g(ui,vi,uj ,vj , h), Ûn = 2
n

∑n

i=1 g̃1(ui,vi, h) − (n − 1)E(Un) be the projection of E(Un) and Un =

Ûn +Rn. As g̃1(Ui,Vi, h) < M and V ar(g̃1(U,V, h)) = ζ1(h) = O(h2), by Bernstein’s inequality (12),

P [|Ûn − θ(h))| > n
− 3

P +Q+3 t] ≤ 2 exp
{
− t2n

P +Q−3
P +Q+3

Ch2 + C′n
− 3

P +Q+3 t

}
.

and
Ûn − θ(h) = o(n−

1
2 h logn) a.s..

Note that

E[Un − Ûn]2 = 4(n− 2)
n(n− 1)ζ1 + 2

n(n− 1)ζ2 −
4
n
ζ1

= O( 1
n2hP+Q ).

Then, by Chebyshev’s inequality (11),

P [|Rn| > n−3/(P+Q+3)t] ≤ t−2ER2
nn

6/(P+Q+3) = C3t
−2n

− 2P +2Q
P +Q+3 h−(P+Q).

Clearly, h(P+Q)/2Un is also a U-statistics and h(P+Q)/2Ûn is its projection. Then,

E[h
P +Q

2 Un − h
P +Q

2 Ûn]2 = O(n−2).

According to Lemma 16,
Rn = o(n−1h−

P +Q
2 logn) a.s..
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As a result,

T1(h)− θ(h) = Ûn − θ(h) +Rn = o(n−
1
2 h logn+ n−1h−

P +Q
2 logn) a.s.

= o(h3 + 1
nhP+Q ) a.s..

Furthermore,

P [ sup
h∈Hn

|T1(h)− θ(h)| > n
− 3

P +Q+3 t]

≤
m∑
i=1

P [|T1(hi)− θ(hi)| > n
− 3

P +Q+3 t]

≤
m∑
i=1

P [|Ûn(hi)− θ(hi)| >
1
2n
− 3

P +Q+3 t] +
m∑
i=1

P [|Rn(hi)| >
1
2n
− 3

P +Q+3 t]

≤
m∑
i=1

[
2 exp

{
− t2n

P +Q−3
P +Q+3

Ch2 + C′n
− 3

P +Q+3 t

}
+ C′′t−2n

− 2P +2Q
P +Q+3 h−(P+Q)

]
= o(1).

Combining this with the result that suph∈Hn
|θ(h)| = O(supi h4

i ) = O(n−
4

P +Q+3 ), we have,

sup
h∈Hn

|T1(h)| = oP (n−
3

P +Q+3 ).

�

Proof of Lemma 18. We begin with analyzing the term 1
n

∑n

i=1

[∑
j 6=i

KP
h2IP

(uj−ui)KQ

h2IQ
(vj−vi)

cUV(ui,vi)AP
0 (ui,h)AQ

0 (vi,h)
−1
]2

, which can be expressed

in terms of two U-statistics, as we shall show.

1
n

n∑
i=1

[∑
j 6=i

KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
− 1
]2

= 1
n(n− 1)2

n∑
i=1

∑
j 6=i

∑
l 6=i

[KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
− 1
][KP

h2IP
(ul − ui)KQ

h2IQ
(vl − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
− 1
]

= 1
n(n− 1)2

∑
i<j

{[KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
− 1
]2

+
[ KP

h2IP
(ui − uj)KQ

h2IQ
(vi − vj)

cUV(uj ,vj)AP
0 (uj , h)AQ

0 (vj , h)
− 1
]2}

+ 2
n(n− 1)2

∑
i<j<l

{[KP
h2IP

(uj − ui)KQ

h2IQ
(vj − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
− 1
][KP

h2IP
(ul − ui)KQ

h2IQ
(vl − vi)

cUV(ui,vi)AP
0 (ui, h)AQ

0 (vi, h)
− 1
]

+
[ KP

h2IP
(ui − uj)KQ

h2IQ
(vi − vj)

cUV(uj ,vj)AP
0 (uj , h)AQ

0 (vj , h)
− 1
][ KP

h2IP
(ul − uj)KQ

h2IQ
(vl − vj)

cUV(uj ,vj)AP
0 (uj , h)AQ

0 (vj , h)
− 1
]

+
[KP

h2IP
(ui − ul)KQ

h2IQ
(vi − vl)

cUV(ul,vl)AP
0 (ul, h)AQ

0 (vl, h)
− 1
][KP

h2IP
(uj − ul)KQ

h2IQ
(vj − vl)

cUV(ul,vl)AP
0 (ul, h)AQ0 (vl, h)

− 1
]}

= 1
n(n− 1)2

∑
i<j

g1(ui,vi,uj ,vj , h) + 1
n(n− 1)2

∑
i<j<l

g2(ui,vi,uj ,vj ,ul,vl, h)

= 1
2(n− 1)Un,1 + n− 2

3(n− 1)Un,2.

Now, we use the same technique as in Lemma 17 to analyse these two U-statistics. Let

g̃1,1(u,v, h) = E[g1(u,v,U,V, h)]; θ1(h) = E[g1(U1,V1,U2,V2, h)];
ζ1,1(h) = V ar[g̃1,1(U,V, h)]; ζ1,2(h) = V ar[g1(U1,V1,U2,V2, h)];

g̃2,1(u,v, h) = E[g2(u,v,U1,V1,U2,V2, h)]; g̃2,2(u1,v1,u2,v2, h) = E[g2(u1,v1,u2,v2,U,V), h];
θ2(h) = E[g2(U1,V1,U2,V2,U3,V3, h)]; ζ2,1(h) = V ar[g̃2,1(U,V, h)];
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ζ2,2(h) = V ar[g̃2,2(U1,V1,U2,V2, h)]; ζ2,3(h) = V ar[g2(U1,V1,U2,V2,U3,V3, h)].

After some tedious calculations, we have

θ1(h) = 2
hP+Q

[∫ ∞
−∞

K2(t)dt
]P+Q

+O( 1
hP+Q−1 );

θ2(h) = 3h2
∫

[0,1]P +Q

[ P∑
p=1

A2
1(up, h)( ∂cUV

∂up
(u,v))2

cUV(u,v)A2
0(up, h) +

Q∑
q=1

A2
1(vq, h)( ∂cUV

∂vq
(u,v))2

cUV(u,v)A2
0(vq, h)

]
dudv +O(h4).

Moreover,

ζ1,1(h) = O( 1
h2(P+Q) );

ζ1,2(h) = O( 1
h3(P+Q) );

ζ2,1(h) = O(h2);

ζ2,2(h) = O( 1
hP+Q );

ζ2,3(h) = O( 1
h2(P+Q) ).

Write Un,1 = Ûn,1 +Rn,1 and Un,2 = Ûn,2 +Rn,2 with Ûn,1 = 2
n

∑
g̃1,1(ui,vi, h) and Ûn,2 = 3

n

∑
g̃2,1(ui,vi, h). By Bernstein’s

inequality (12) and Lemma 16,

Ûn,1 = 2
hP+Q

[∫ ∞
−∞

K2(t)dt
]P+Q

+O( 1
h(P+Q−1) ) + o(n−

1
2 h−(P+Q) logn) a.s.;

Rn,1 = o(n−1h−
3(P +Q)

2 logn) a.s.;

Ûn,2 = 3C1h
3 +O(h4) + o(n−

1
2 h logn) a.s.;

Rn,2 = o(n−1h−
P +Q

2 logn) a.s..

Consequently,

1
2(n− 1)Un,1 + n− 2

3(n− 1)Un,2 = C1h
3 + 1

nhP+Q

[∫ ∞
−∞

K2(t)dt
]P+Q

+ o(h3 + 1
nhP+Q ) a.s..

When h ∝ n−1/(P+Q+3), by Bernstein’s inequality (12) for U-statistics ((15)),

P
( 1
n
|Un,1 − θ1(h)| > n−3/(P+Q+3)t

)
≤ 4 exp

{
− t2n

3(P +Q+1)
P +Q+3

Ch−4 + C′n
P +Q

P +Q+3 h−4

}
= o(n−

P +Q
P +Q+3 ),

since ζ1,1 = O( 1
h4 ) and ||Un,1||∞ ≤ C/h4.

Moreover, when h ∝ n−1/(P+Q+3), by Bernstein’s inequality (12) and Chebyshev’s inequality (11),

P (|Un,2 − θ2(h)| > n−3/(P+Q+3)t) ≤ 2 exp
{
− t2n

P +Q−3
P +Q+3

C1h2 + C2n
− 3

P +Q+3 t

}
+ C3t

−2n
− 2(P +Q)

P +Q+3 h−(P+Q) = O(n−
P +Q

P +Q+3 ).

Repeating the above procedure we have

1
n

n∑
i=1

[∑
j 6=i

KP
hIP

(uj − ui)

AP
0 (ui, h)

− 1
]2

= o(h3 + 1
nhP+Q ) a.s.;

1
n

n∑
i=1

[∑
j 6=i

KQ
hIQ

(vj − vi)

AQ
0 (vi, h)

− 1
]2

= o(h3 + 1
nhP+Q ) a.s..

When h ∝ n−1/(P+Q+3),

P

(∣∣∣∣ 1n n∑
i=1

[∑
j 6=i

KP
hIP

(uj − ui)

AP
0 (ui, h)

− 1
]2∣∣∣∣ > n

− 3
P +Q+3 t

)
= O(n−

P +Q
P +Q+3 ),
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P

(∣∣∣∣ 1n n∑
i=1

[∑
j 6=i

KQ
hIQ

(vj − vi)

AQ
0 (vi, h)

− 1
]2∣∣∣∣ > n

− 3
P +Q+3 t

)
= O(n−

P +Q
P +Q+3 ),

which implies that

θ̃(h) = 1
2(n− 1)θ1(h) + n− 2

3(n− 1)θ2(h) + o(h3 + 1
nhP+Q )

= C2h
3 + 1

nh(P+Q)

[∫ ∞
−∞

K2(s)ds
](P+Q)

+ o(h3 + 1
nhP+Q );

T2(h) = θ̃(h) + o(h3 + 1
nhP+Q ) a.s.,

and
sup
h∈Hn

|T2(h)− θ̃(h)| = oP (n−
3

P +Q+3 ).

�

Proof of Lemma 19. The result follows directly from Lemma 13. Without loss of generality, we assume

m1 =
∫

[0,1](P +Q−1)

[
∂cUV

∂up
(up,0,v)

]2

du−pdv.

Then,

C1 >
1
h

[∫
[0,1]P +Q

[
A2

1(up, h)( ∂cUV
∂up

(u,v))2

cUV(u,v)A2
0(up, h)

]
dudv

]
>

1
h

[∫
[0,1]P +Q−1

∫ h

0

A2
1(up, h)( ∂cUV

∂up
(u,v))2

cUV(u,v)A2
0(up, h) dupdu−pdv

]
= 1

h

[∫
[0,1]P +Q−1

∫ h

0

A2
1(up, h)( ∂cUV

∂up
(up,0,v) + o(1))2

cUV(u,v)A2
0(up, h) dupdu−pdv

]
= (m1 + o(1))

hM2

[∫ h

0

A2
1(up, h)

A2
0(up, h)dup

]
>

m1W
2
1

M2
− ε.

Additionally,

C1 <
2m2

2
hM1

[∫ 1

0

A2
1(up, h)

A2
0(up, h)dup

]
<

2m2
2(4W2W3 + 1)

M1
.

�

Proof of Lemma 20. Let AM = {(u,v)|cUV(u,v) > 3M} with M > 2. Since cUV(u,v) is absolutely continuous on AcM , by
same argument for proving Lemma 8,

sup
(u,v)∈Ac

M

| 1
n− 1

∑
j 6=i

KP
h2IP

(uj − u)KQ

h2IQ
(vj − v)− cUV(u,v)AP

0 (u, h)AQ
0 (v, h)| → 0. a.s.

To prove the result on AM , we just need to prove that

lim
n→∞

inf
(u,v)∈AM

1
n−1

∑
j 6=i

KP
h2IP

(U− u)KQ

h2IQ
(V− v)

AP
0 (u, h)AQ

0 (v, h)
> M. a.s.

Write cMUV(u,v) = min[cUV(u,v),M ]. By the absolute continuity of c3MUV, for ∀(u1,v1) ∈ AcM and ∀ε > 0, there exist a
δ > 0 such that

sup
d((u,v),(u1,v1))<δ

|c3MUV(u,v)− c3MUV(u1,v1)| < ε
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with d the Euclidean distance. This implies that

inf
d((u,v),AM )<δ)

c3MUV(u,v) > 11M
4 ,

where d((u,v), AM ) = inf
(u1,v1)∈AM

d((u,v), (u1,v1)). On noting that K(t) is integrable on R, for ∀ε > 0, there exists a positive

number N0 such that ∫ N0

−N0

K(t)dt > 1− ε.

Choose N0 such that ∫ min(N0,
1−u

h
)

max(−N0,
−u
h

)
K(t)dt > (3

4 )
1

P +Q

∫ 1−u
h

−u
h

K(t)dt.

Then, for ε small enough,

inf
(u,v)∈AM

EKP
h2IP

(U− u)KQ

h2IQ
(V− v)

AP
0 (u, h)AQ

0 (v, h)

= inf
(u,v)∈AM

∫
(u+hs,v+ht)∈[0,1]P +Q

cUV(u + hs,v + ht)
AP

0 (u, h)AQ
0 (v, h)

KP (s)KQ(t)dsdt

≥ inf
(u,v)∈AM

∫
(u+hs,v+ht)∈[0,1]P +Q

c3MUV(u + hs,v + ht)
AP

0 (u, h)AQ
0 (v, h)

KP (s)KQ(t)dsdt

= inf
(u,v)∈AM

∫
(u+hs,v+ht)∈[0,1]P +Q

(s,t∈[−N0,N0]P +Q)

c3MUV(u + hs,v + ht)
AP

0 (u, h)AQ
0 (v, h)

KP (s)KQ(t)dsdt + Cε

>
11M

4AP
0 (u, h)AQ

0 (v, h)
[
(3
4 )

P
P +Q

∫
u+hs∈[0,1]P

K(s)ds
][

(3
4 )

Q
P +Q

∫
v+ht∈[0,1]Q

K(t)dt
]

+ Cε

> 2M.

Notice that, for any (u,v) ∈ AM ,

V ar
( 1
n

∑
j 6=i

KP
h2IP

(uj − u)KQ

h2IQ
(vj − v)

)
= 1

n
V ar(KP

h2IP
(U− u)KQ

h2IQ
(V− v))

≤ 1
n
E(KP

h2IP
(U− u)KQ

h2IQ
(V− v))2

= 1
nh2P+2Q

∫
[0,1]P

(
KP (u1 − u

h
)KQ(v1 − v

h
)
)2
cUV(u1,v1)du1dv1

≤ KP+Q
0

nhP+QE(KP
h2IP

(U− u)KQ

h2IQ
(V− v)).

Using the same argument in proof of lemma 7, we have

sup
(u,v)∈AM

∣∣∣ 1
n

∑n

j=1 KP
h2IP

(uj − u)KQ

h2IQ
(vj − v)− E

(
KP
h2IP

(U− u)KQ

h2IQ
(V− v)

)√
E(KP

h2IP
(U− u)KQ

h2IQ
(V− v))

∣∣∣ = o(1) a.s..

And thus, for all (u,v) ∈ AM with M > 2,

1
n

n∑
j=1

KP
h2IP

(uj − u)KQ

h2IQ
(vj − v) ≥ 1

2E
(
KP
h2IP

(U− u)KQ

h2IQ
(V− v)

)
a.s..

Consequently,

inf
(u,v)∈AM

1
n

∑n

j=1 KP
h2IP

(uj − u)KQ

h2IQ
(vj − v)

AP
0 (u, h)AQ

0 (v, h)

≥ inf
(u,v)∈AM

1
2E
(
KP
h2IP

(U− u)KQ

h2IQ
(V− v)

)
AP

0 (u, h)AQ
0 (v, h)

a.s.

> M a.s.

�
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Fig. S1. MSEs against sample sizes for different estimation methods of MI based on different models. JMI: Red, mixed KSG: Green, copula-based KSG: Brown.
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Fig. S2. In each pair of panels, the left is the model and data, and the right is the powers of tests with significance level α = 0.05 for models (a7)-(a16) with additive noises,
and models (c1)-c(3),(c10)-(c12) with contaminated noises. For the curves of powers, correspondence between colors and different methods are as follows, red for JMI; green
for HHG; blue for MIC; black for dCor.
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