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Supporting Information Text

In this document, we provide supplementary information, including the estimation procedure, regularity conditions for theorems,
models considered in simulation, simulation results not listed in the paper, details of notation and proofs of all theorems. This
document is organized as follows.

In section A, we list several notations that are used frequently in the main text and this supplementary document.

In section B, we describe the estimation procedure for JMI.

In section C, we state the regularity conditions required for our theoretical results, and provide details for the constants
appearing in the theorems.

In section D, we list all the models we have considered in our simulation study.

In section E, we provide simulation results not shown in the main text.

In section F, we show the extraordinary local power for independence test based on JMI for the case that both X and Y are
univariate random variables.

In section G, we extend the JMI estimator to discrete random vector case.

In section H, we list technical lemmas for proving theoretical results.

In section I, we present proofs for theorems in the main text and this supplementary document.

In section J, we prove all auxiliary lemmas in section H.

A. Useful notations.

Table S1. Notations and their meanings

Notation Meaning
C universal constant (Without ambiguity, we use C' denote all unknown constants)
c’,.c” universal constant (when there are more than one unknown constants)
Ch constant that changes with subscript &
% first order derivative of univariate function f
et second order derivative of univariate function f
aanp first order partial derivatives of P-variate function f with respect to the p-th element,p = 1,2, ..., P
#2;%2 second order partial derivatives of P-variate function f with respect to the p;-th and ps-th elements, p1,p2 = 1,2, ..., P
= (X1, X2,...,Xp)’, a P dimensional random vector
Y = (Y1,Y2,...,Yg)’, a Q dimensional random vector
X; = (zi1, %2, ...,z p)’, sample from X
yi = (yi1,Yi2, .-, ¥i@)’, sample from Y
Fx cumulative distribution function of X
Fx, cumulative distribution function of X,,,p =1,2,..., P
Fx, n empirical cumulative distribution function of X,,,p = 1,2, ..., P
Fy cumulative distribution function of Y’
Fy, cumulative distribution function of Y, ¢ = 1,2, ..., Q
Fy, n empirical cumulative distribution function of Yy, ¢ = 1,2,...,Q
U = (U1,Us,...,Up) = (Fx, (X1), Fx,(X2),...., Fx,.(Xp))’
U* = (U, U3,...,Up) = (Fx, ,n(X1), Fx, n(X2), ..., Fx, n(XpP))’
A% = (V1,V2,...,Vp) = (Fy, (Y1), Fv, (Y2), ..., Fy, (YQ))'
\A =V Ve Vi) = (Fyy n (Y1), Fyg n (Y2), o Fyg n (YQ))'
cu copula density function of random vector (U)(or (X))
cv copula density function of random vector (V)(or (Y))
cuv copula density function of random vector (U, V)(or (X,Y))
u; = (ui1, Uiz, ..., uip) = (Fx, (xi1), Fx,(®i2), ..., Fx, (xip))’
Vi = (vi1, vi2,s -, 0iQ) = (Fy, (Y1), Fy, (Yi2), -, Fyg (¥i@))’
ll; = (uzl,ui*Q, ceey ’U,TP) = (Fxhn(l’il), FX2,n(Zi2), ceey FX,,:,n(frz‘P)),
\2 = Vi1, 0% Vig) = (Fy, n(¥i1), Fyy n(Yi2), - Fyg,n (¥iq))’
Auijp = u]*.p —uj, — ujp + Uip
Avijq | =5, =i, —vjq +vig
u = (%, M ey
4 _sa T eey
h h?’ h?’"7 h
K(u) kernel function for univariate kernel density estimation, a symmetric density function
Kn(u) =5K($)
P
KF (u) = H K (up), kernel function of P-dimensional kernel density estimation
p=1
P
K?(v) = H K (vq), kernel function of Q-dimensional kernel density estimation
g=1
Kh(u) | =H"'?KFH"'/?u)

20f 40 Xianli Zeng, Yingcun Xia and Howell Tong



Table S1. Continued from previous page

Notation Meaning
Bu -dzag(bU , U s ,b%P)
Bv -dmg(bV s Vz ,b%/Q)
Huy =dzag(hU17 %2,..,,h%P)
Hvy =dzag(h%l7h%2 ,,h%q)
Iy k x k identity matrix
1a indicator function of set A
|A| determinant of matrix A
[|£]]sup supremum norm of function f
[It]] Euclidean norm of vector t
é'\-;,HU(“) = ﬁ Z#i KI’_DIU(u; — u), leave-one-out kernel density estimation for cy
éy,Hv (V) = %1 ZH& gv (v} —v), leave-one-out kernel density estimation for cv
5¥V,BU,BV(U7V) =L Zﬁéz B, (ur - u)KgV (v} — v), leave one out kernel density estimation for cuv
j _ 1 c (u Vi)
fo = sz lo gcﬂxncv(vl)
# (uj,v)
I>(Bu,Bv,Hy,H =1 Lo ”" Bu.By
2(Bu,Bv,Hy,Hvy) = og - (“’)Cyu\,("f)
\p *
(uj,vy)
7 n 0215 h21, i
a(h Y L
(R) m T oy (e e VD)
I3(h) =15 _, log = A:;V”zlp n21g <““v’)
" U;ﬂ! (ui)e Vh2lQ(v’)
l1=uw
Ai(u, h) :f,l tK(t)dt, i =0,1,2,...
h
AP (u,h) = ][ Ao(up,h)
p=1
o Q
AS (v, h) = [I Ao (vg, )
_ 1 Kp(s—u)
L(u,h) = fo VWERD) ds
LP (u, h) ::IImeh)
T . zn: L Zm KL, (uj— *)K’L“Q(v*,vp = ZW Kl (0 —ud) -+ Zm K, (Vv .
1 T n q CUV(uﬁ,W)AP(u A (vi,h) cy(u)Al (u;,h) ev(vi)AF (vi,h)
im
Ty (h _iy 1#7 ’L”P(u T )K"zlz(v iV _ ﬁZ#; Kf?lp(“’_“’) = j#i lecg(V]_VJ 1
1(h) T Zl cuv<u, VOAL (u, ) AZ (vi,h) o ()AL (u;, ) ~OAZvm T
im
To(h _ 1 Zn: m Ko, (% *“‘>Kh21 =) . 2 B %ZR Koy, (uj—u)) . 2 B ﬁZ#,K?ﬁQ(V}*"I) 2
2(h) e ch<u4,vl>A AT (v co(u)AT (u;,h) v (VOAZ (Vi h)
im
To(h) _1 z": = J#l Koy, (4 —u)KE, (v, —v)) . 2 ﬁzm Kl (=) . e Z]#l K, (v,—v02
" cuv<u.,vL>AF<u“h>AQ(vq R) co (U)AL (u;,h) v (VAT (v )
im
L& ;#7 o ()= )KQ vi—vi)
T5(Bu,Bv,Hu, Hy) | =3 221 (u, vl)A W.BoAZ(w. By
im
. n o (@ —u)KZ (v, —vi)
T3(Bu,Bv,Hy,Hy) | =1 - .
n | uq,V;)A (unBu)A (vi,By)
i—
n (u*iu*)KQ (vi—vD) o
T4(Buy,Bv,Hy,Hy) | =1 Z J#’ Koy 1
n —t (UV(U V)AL (u; BU)A (vi,Bv)
N LN [ 2 K (i u)KE (v —v) 2
T4(Bu, By, Hu, Hy) | = Zl cov(u,, v1>AP(u“BU)AQ(vZ,Bv) !
im

B. Estimation procedure.

The calculation of JMI involves a maximization problem with respect to common bandwidth h. As the objective function
shows a unimodal shape, the maximization can be easily solved by most existing methods such as the Newton-Raphson method
or grid-search. In our calculation, we consider the latter as it is easy to implement, especially when the permutation test is
carried out, and is more convenient for parallel computation. Let

r)"[n:{Co<h1<hz<~~~<hm<01}7

where co,c1 > 0, and m — oo with n. As suggested by Theorem 2, theoretically ¢y and ¢1 can be proportional to n™
In our calculation, we set m = 50 in Eq. (B) and H, = {hr = %anfl/(PJrQJrg)&, k=1,2,...,50} with 6 being the sample
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standard deviation of n%rl, %H, oy e L 6= /ﬁ. Then, JMI is calculated as

JMI(X,Y) = max Is(h).
hE€Hn
To counteract the negative bias indicated by Theorem 2, we use the average of JMI and the KDE estimator that uses the full
data and the same bandwidth of JMI, to calculate MI in the simulation study of estimation efficiency. We find that the choice
of the kernel function has little impact on the results. In our calculation, we use kernel function

3
KO = sy
and N
K(t) =K (1, ... t) = [ [ K(ty)-

C. Regularity conditions and Constants in Theorems.

C.1. Regularity conditions.

Assumption A.1
(i) cu(u) and cv(v) are smooth on [0,1]7 and [0,1]9, respectively;
(%) cu(u) and cv(v) are bounded away from 0 and infinity on their supports.

Assumption A.2
(i) cuv(u,v) is smooth on [0,1]
(i) cuv(u,v) is bounded away from 0 and infinity on their supports.

P+Q.
J

Assumptions A.1 and A.2 are typically used in studying the consistency rate of mutual information estimators (1, 2).

Assumption A.3
When Q < P, V = (Vi, Va, ..., Vo) = ®(U) = (&1 (U), B2(U), ..., bo(U)), where
(i) ®,(U) is smooth on [0,1]7, ¢ =1,2, ..., Q;
(it) ®4(U) is bounded away from infinity and has bounded partial derivatives on [0,1]7, ¢ =1,2,...,Q.
When Q > P, U = (U, Us, ..., Up) = ®(V) = (®1(V), B2(V), ..., 8p(V)) where
(i) ®,(V) is smooth on [0,1]°, p=1,2, ..., P;
(ii) ®,(V) is bounded away from infinity and has bounded partial derivatives on [0,1]9, p=1,2,..., P.

Assumption A.3 is the condition for theoretical analysis when X and Y are functionally dependent, and thus U and V are
functionally dependent.

Assumption A.4
(i) cuv(u,v) is bounded away from 0;

(ii) for any M > 0, ¢ty (u,v) = min[cuv (u, v), M] is absolutely continuous on [0,1]7T<.

Assumption A.5
2
() Thoire exists a constant {.go such that || K||sup, ||%|\Sup, \ %Hsup < Ko.
(i) f_oo K(t)dt = 1; and f_oo tK(t)dt = 0; 1
(#i) There exists an €1 > 0 such that, ffooo [t|2 €1 |dK (t)] < oo; and ffooo [tPTr K (t)dt) < oo;

(iv) when h = o(1), [~F ti(t)dt = oh).

Assumption A.5 is commonly used in the analysis of consistency for kernel density estimation, for example (3). Many commonly
used kernels, such as the Gaussian kernel and the kernel above, satisfy the assumption.

Assumption A.6
Asn — oo,
(i) max(by,,bv,, hu,, hv,) = 0 forp=1,2,...,P and ¢ =1,2,...,Q;
nbEHQ T pPrQ pPEQ PR
q P

R U % v
(i) min{ Toan? Tosn? Toma? Toma } = oo forp=1,2,..,Pandq=1,2,....Q.

Assumption A.7
Asn — o0,
0
-+ nh
(i) sy — 0
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Assumption A.8 There exists an €2 > 0 such that

1 1
heH, = {cm_ PFQFs = hy < ha < ... < hm = ch‘P+Q+3}

P1Q
with m = O(nPTa+3~2),

Assumptions A.6 to A.8 are conditions on bandwidths to guarantee the consistency of kernel density estimation and our JMI
estimation. They are also commonly assumed for kernel estimation; see for example (4, 5) and (6).

C.2. Constants in Theorem 1 and Theorem 2.

C1 in theorem 1.

o [T tK(®)
01_2/0 Wdt. 1]

Cq and C3 in theorem 2.

P A2(up, h)(28Y (u,v))? QL A2(vg, h)(2UY (u,v))?
@_hml{/wm {Z (1 1) (258 (, ) S (10, ) (252 (1, v) }dudv} )

h—0 cuv(u,v)AZ(up, h) cuv(u,v)AZ(vg, h)

and

Cs = [ /_ Z Kz(s)ds} e 3]

D. Models considered in simulation studies.

D.1. Estimation Efficiency. For estimation efficiency, we consider the same experiments as in (7), which include the following nine
different models:

Model I: Both X and Y are mixtures of continuous and discrete distributions. The continuous part follows the bivariate

019 Oig . For the discrete part, P(X =1,Y =1) =
P(X=-1,Y=-1)=045and P(X =1,Y = —1) = P(X = —1,Y = 1) = 0.05. The two distributions are mixed with
equal probabilities.

normal distribution with mean (0,0) and covariance matrix

Model II: X is uniformly distributed over integers {0, 1,2,3,4} and Y ~ U(X, X + 2).

Model III: X = (X17X27X3,X4,X5), and Y = (Yi,Yg,Yg,YZ;,Ys)/, where (X1,Y1), (XQ,Y'Q), (Xg,Y3), (X4,Y4) and (X5,YE',)
follow the same distribution as in model II.

Model IV: X ~ Ezp(1), the standard exponential random variable; Y ~ Possion(z) given X = z.

Model V: X ~ Ezp(1l), the standard exponential random variable; Y takes the value 0 with probability 0.15, and
Y ~ Possion(z) given X = x with probability 1 — 0.15.

Model VI: X = (X1, X2, ..., X20) and Y = (Y1, Y5, ..., Yao)', where (X1, Y1), (X2, Y2),..., (X20, Y20) follow the same distribu-
tion as in model I.

Model VII: X = (X1,X2,‘..,X20)/ and Y = (YI’Y27...7)/20)/7 where (X1,Y1), (X27Y2)7...7 (Xgo,)/QQ) follow the same
distribution as in model II.

Model VIII: X = (X1,X2,...,X20)/ and Y = (Yl,YQ,...,YQO)/, where (Xl,Yi), (XQ,YQ),..., (XQO,YQO) fOHOW the same
distribution as in model IV.

Model IX: X = (Xl,XQ, ...,Xgo)/ and Y = ()/17Y2, ...,YQO)/7 where (Xl,Yl), (XQ,YQ),..., (Xgo,)/éo) follow the same distribu-
tion as in model V.
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D.2. Statistical power of independence test.

For independence test, we consider 18 different models used in (8-10) with either additive noise or contaminated noise. For
additive noise, the normal noise is additive to Y, with a parameter to control the noise ratio amplitude NR. As for linear
models, we consider both normal noise (symmetric) and standardize chi-square noise . Contaminated noise observations are
randomly generated from [a, b] X [¢, d] with a, b, ¢, d being selected to cover the range of (X,Y’), and we increase the noise level

by increasing the number of contaminated observations. These models are listed bellow.

(al) linear with symmetric additive noise

(a2) linear with asymmetric additive noise

(a3) quadratic with additive noise

(a4) circle with additive noise

(ab) spiral circle with additive noise

(a6) cloud with additive noise

yz%x-l—NRxe;

z~ N(0,1); e~ N(0,1);

x and € are independent;

y=0.05x 4+ NR X ¢
x ~ N(0,1); 6~N2(0,1) —1;

x and € are independent;

y:§$2+NR><e;
z~ N(0,1); €~ N(0,1);

x and € are independent;

z = 10cos(2m0) + NR X ¢;
y = 10sin(270) + NR X &;
0~ U(07 1)y €, ~ N(07 1)7

0, e and £ are independent;

x = 3usin(ur) + NR X €
y = 3ucos(ur) + NR X &;
u~U(0,4); €&~ N(0,1);

u, € and £ are independent;

x =10 X (floor(5U1) + U2) + NR X ¢;
y = 10 x (2floor(2Us) + mod(x,2) + Us) + NR X &;
Ui,Uz,Us,Us ~ U(0,1); €,& ~ N(0,1);
Ui,U2,Usz,Uys, € and £ are independent;

(a7) sine with high frequency

(a8) diamond with additive noise

6 of 40

y =sin[(20 + TNR)mz]; = ~ U(0,1);

x=Uicos(—)+ Uz~ (=)+ NR x ¢

T
4
g) U, Cos(g) + NRx¢&
U, Uz ~U(=1,1); €&~ N(0,1);
Ui1,Us, e and £ are independent;

N

y = —U;sin

—
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(a9) x-para with additive noise
_ (42 + NRxe ifU>13
" | —42® + NR x €; otherwise
z~U(-1,1); U~U(0,1); e~ N(0,1);

z,U and € are independent;

(al0) step function with additive noise

_ {1; if (z+e)z) <z+e< (a:—!—e)(aTn)
0; otherwise

x~U(—4,4); e~ N(0,1);

x and € are independent;

(x + €) (s is the i-th order statistics of (@i + €:)i=1;

(all) 5 dimensional conditional variance

y =1V 0.5x2+ NR X €;
x ~ N(0,I5); e~ N(0,Is);

x and e are independent;

(a12) 5 dimensional logarithm with additive noise
y = log(x®) + NR x e;
x ~ N(0,I5); e~ N(0,I5);

x and e are independent;

(al3) 5 dimensional polynomial with additive noise 1
y = (y1,y2,y3,ya,ys5)
yi = i +4a; + NR x ej, i =1,2
yi=NR xe;, i=23,4,5
x = (21, T2, 23, Ta,75) ~ N(0,15);
e = (e1,ez,€3,€4,65) ~ N(0,I5);

x and e are independent;

(al4) 5 dimensional polynomial with additive noise 2
Y = (Y1,92,Y3,94,Y5)'
yi =3z + 2.5 + NR x e;, i =1,2
yi=NR xe;, 1 =3,4,5
X = (x1, 2,23, 24,25) ~ N(0,15);
e = (e1,e2,e3,e4,e5) ~ N(0,I5);

x and e are independent;

(al15) 20 dimensional multivariate logarithm with additive noise
y= log(XQ) + NR X €;
X ~ ]\/v(O7 120); e~ N(O,Izo);

x and e are independent;

(a16) multivariate linear with additive noise

vy = (y1,92,¥3,Ya,ys5)’
107

j=10i—9
x = (21,22, ...,50)  ~ N(0,Is50);
e=(e1,e2,e3,e1,¢5) ~ N(0,I5);

x and e are independent;
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(c1) linear with contaminated noise

2

sample : yo = gazo; zo ~ U(0,1);

noise : 1 ~ U(—m,67); y1 ~ U(-3,3);
xo, 1 and y; are independent;

(c2) quadratic with contaminated noise
2

sample : yo = 3205 o~ N(0,1);

noise:  x1 ~U(=3,3); y1 ~U(-1,7);
Zo, 1 and y; are independent;

(e3) circle with contaminated noise

sample : o = 10sin(270);
yo = 10cos(2w0); 6 ~ U(0,1);
noise : x1 ~ U(-12,12); y1 ~ U(-12,12);

0,x1 and y; are independent;

(c4) spiral circle with contaminated noise

sample : ¢ = 3usin(ur);

yo = 3ucos(um);

u~ U(0,4);
noise : x1 ~ U(—12,10); y1 ~ U(-12,14);
u,x1 and y; are independent;

(c5) cloud with contaminated noise

sample : zg = 10 X (floor(5U1));
yo = 10 x (2 x floor(2Uz) + mod(z, 2));
Ui, Uz ~U(0,1);
floor(zx) is the maximum integer that does not larger than x
noise: x1 ~ U(=5,45); y1 ~ U(-5,35);
Ui,Usz,z1 and y; are independent;
(c6) sine with contaminated noise
sample : yo = sin(57xo); o ~ N(0,1);
noise: x1 ~U(=3,3); y1 ~U(-1,7);
To,x1 and y; are independent;

(c7) diamond with contaminated noise

sample : zg = Uy cos(—) + Uz sin(%);

=

)
Yo = —U1 sin %

—

) + Uz cos(7);
Ui, U ~U(-1,1); ;
noise : x1 ~ U(—15,15); y1 ~ U(—15,15);
Ui,Usz,z1 and y1 are independent;
(c8) x-para with contaminated noise
sample : yo = {$3;2 U= %
—xj; otherwise
zo ~U(-1,1); U~U(0,1);
noise: x1 ~U(=3,3); y1 ~ U(-0.5,1.5);
To,x1 and y1 are independent;
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(c9) step function with contaminated noise

—_

;o if To(z) <z < To(3n)

sample : yo =
0; otherwise

2o ~ U(—4,4);
To(;) is the i-th order statistics of (zo:)i=1;
noise : x1 ~U(=5,5); y1 ~ U(-0.5,1.5);

zo,r1 and y; are independent;

(c10) multivariate logarithm with contaminated noise
sample : yg = log(xg); xo ~ N(0,I5);
noise : x1 = (o11, T12, T13, T14, T15) ;
y1 = (Y11, Y12, Y13, Y14, Y15)’
g1~ U(=3,3); i=1,2,3,4,5;
yii ~ U(=10,4); i=1,2,3,4,5;

Xp,X1 and y; are independent;

(c11) 5 dimensional polynomial with contaminated noise 1

sample : yo = (yo1, Y02, Y03, Yo4, Yos)’
Yoi = Toi + 4ag;, i=1,2
Yoi :0, i:3,4,5

!
X0 = (Zo1, To2, To3, Toa, Tos) ~ N(0,1Is);

)
)

noise : x1 = (%11, %12, %13, 14, %15) ;
Y1 = (y11,y12,y13,y14,y15)’

z1; ~U(=2,2); i=1,2,3,4,5;
y1i ~ U(—2,18); i=1,2,3,4,5;

Xo,X1 and y; are independent;

(c12) 5 dimensional polynomial with contaminated noise 2
sample : Yo = (Yo1, Yo2, Y03, Yod, Yos)’
Yoi = 3T0i + 2.5x(2)i, 1=1,2
yoi =0, 1 =3,4,5
X0 = (3001,3?0273303,380471’05)/ ~ N(0,1I5);
noise : x1 = (T11, T12, T13, T14, T15) ;
Y1 = (y11,y12,y13,y14,y15)'
21, ~U(—2,2); 1=1,2,3,4,5;
y1i ~ U(—2,18); i=1,2,3,4,5;

X0,%X1 and y; are independent;

E. Simulation results that are not reported in the paper.

E.1. estimation efficiency. Here we plot the averaged MSEs against sample sizes plots for model VI to model IX in the figure
S1 below. Again, due to the excessive computational complexity of other KDE based methods, only JMI, mixed-KSG and

copula-KSG are calculated and plotted.
(Fig S1 is about here)

E.2. Statistical power of independence test. In the main text, we only provide the power curves for (a7)-(al6) with additive noises,
and models (c4)-c(9) with contaminated noises. The plots for the remaining models are presented in figure S2 below.

(Fig S2 is about here)
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F. Local power of independence test.

We only consider the case that X and Y are both univariate continuous random variables to justify the extraordinary
power. The marginal transformations are then taken to be U = Fx(X) and V = Fy(Y), where Fx and Fy are the CDF of X
and Y. Let cuv (u,v) be the copula density function of (U, V)(or X,Y’). By the properties of mutual information, testing the
independence is equivalent to the following test,

Ho: MI=0 versus H.:: MI>D0.

The proposed JMI estimator is a natural test statistic. In statistical inference, the power is usually evaluated by the local
power to investigate the probability of rejecting the null hypothesis under a sequence of local alternatives. We consider the
following local tests for JMI,

Ho: MI=0 versus H.:: MI > pn,

where p,, is a sequence of positive values.

Theorem A.1 Let t, be the critical value for rejecting the null hypothesis at significance level «, i.e. P(J/]\Z[\I < ta|Ho) < a.
Suppose that general reqularity conditions A.1, A.5 and A.8 on the kernel, copula and bandwidths hold. Suppose further that the
partial derivatives of copula density cuv (u,v) are bounded. Let pn = Cn=3/5 for some constant C > 0, then, there exists a
constant Co such that, for 0 < a <1 and C > Ca,

lim P(JMI > t,) = 1.

n— o0

It is interesting to note that the local power of testing the dependence is higher than the usual power of the root-n local
alternative.

G. JMI for discrete random vectors. Suppose X = (X1, X2,..., Xp)' and Y = (Y1, Ys, ..., Yg)’ be two discrete random vectors.
Let X = {s1,s2,...,8x} and Y = {t1, t2..., t1 }be the regions of X and Y, respectively. Px(s) = P(X =s), Py(t) = P(Y =t)
and Pxy(s,t) = P(X =s,Y =t) be the marginal and joint probability mass functions. Let ni = #(xi|x; = si), i =
#(yily: = t1) and ng = #((Xs,y:)|%: = sk, y: = t;) with # represents the number of elements in a set. Denote

. n
Pxv(sk, t;)) = #?
A Nk N ng

Px(Sk) = ? and Py(tl) = ;

Then, under general regularity conditions,

1< n— 1 Z#: h21p Xi)K%IQ (yi —yi)
Iy(h) = = log{ 7 }
nlz:; ﬁZK;—;I (Xﬁ n 1ZK7—L21 yfyz)
J#L Y
K L (n nf)l;Pl%J + Z :ile%Ij?Ip (si — Sk)K%IQ (t; —t1)
_ 1 S log{ (1.3)# (kD) }
- n 1 n; Q
[ [(n kl)hP + Z 1Koty (si — sk )} [(n 1)hQ + E P 1Kh21 (t; —tl)]
1
= 722711@1 log{ "k*l 1 } +0(n_1/2)
k=1 I=1 n—1 n-1
p Sk, _
- ZZPXY Sk, Y1 log{ xy (st Y1) }+o(n ),
k=1 I=1 PX(Sk)PY(yl)

This implies that, when h is small enough, the estimated mutual information remains unchanged and that our method can
achieve the same efficiency as the commonly considered discrete MI estimation:

Pxy (si, y1)
- ZZPXY Sk, Y1 log{Px(sk)Py(yl)}

k=1 l=1

In fact, the JMI is also applicable to mixture random vectors.
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H. Technical lemmas.

Lemma 1 Let x2 be the Chi-squared distribution with degree of freedom n. Then, for 0 <t <1,

Lemma 2 Let u;,i=1,2,...,

1,
P _
(Inxn

nt2
1> t) <2

order statistics. Then, for any 1 <1i,j <n and 0 <t <1, we have

P(’Um —u@) —

j—i

n+1

t/1i —z‘log(n)) .

Lemma 3 Foranyp:1<p< P and0<t <1, we have

Moreover, when |uj, —

Lemma 4 Under Assumptions A.2, A.5 and A.8 ,

8KP Wi o
0 [ G, (K=
1 OK?F uj — Ui\..Q
JF1

t2 (log(n))2
25

ty/|ux —uX |log(n) 2 (log(n))2
P( Ujp — Uip — W)p + Ufp| > R — <3¢ 3
Vn -
up,| > n=9/10,
t\/ |uip — uip|(log(n 2 (log(n))2
P<Ujp_Uip—U§p+u:p > s \/;:l( B ))> < 3e” 50

Lemma 5 Let 1 < p,p1,p2 < P and 1 < q < Q. Then, under Assumptions A.1, A.2, A.5 and A.8,

(II) sup

hEHn

(II1) sup
hEH, L

(IV) sup

heHn

V) sup

h€Hn

(1)

sup
h€Hn

[

aKP 0
ni 1 hp+1 Z‘ aup )Kh21 (V

__Pto+2 __Pto+2
= O(n 2(P+Q+3) log(n)) 4+ o(n 2(P+Q+3) log(n)) a.s.;

217 P X
0“’K uJ )KQ (V‘

(n—1 hPJFQZ’ 8up18up2 h

h21g

= O(n 7 (log(n))?) + o(n” T+ (log(n))?) a.s.;

E)KP u; —u; BKQ Vi —V;

1
(n — 1)hP+a@+2 Z
i

P+Q+2

Oup ( h ) Ovg ( h )

= O(n” THH (log(n))?) + o(n~ 7o+ (log(n)?) a.s.

1

L(n — 1)hPT@+1
Ji#

P—

—u;
‘KP )Auijyp

]

+2
= O(n PG log( ) + o(n_ 2P log(n)) a.s.;

[(n —1) hP+Q+1 Z‘ aup

%) Auijp

}

__P-Q+ __P-Q+
= O(n AP e log(n)) + o(n P log(n)) a.s..

Lemma 6 Under Assumptions A.1, A.5 and A.8,

()

sup
he€Hn

(I1) sup

he€Hn

(IIT) sup

heHn

(uj - uz‘*)Kh2IQ (vi -

1 P
vi)— mthzlp(ua

J#i

ZK/L2IP u; — ul)) =o0(1) a.s;

J#i

ZKh2IQ v

—vi)| =0(1) a.s..

J#i

Xianli Zeng, Yingcun Xia and Howell Tong

Vi)A’uﬂ;j,p

}

Vi) AUij,py At p,

AuijpAvij g

}

i) Ky2q,, (v

n be n IID samples from standard uniform distribution U(0,1). Denote by u(;,i =1,2,...,

} =0(n P+‘13+3) +o(n~ 2PTaTS log(n)) a.s.;

}

n the

1
lujp — uip|] = O0(n2P+e+3) ) + o(n~ PraTs log(n)) a.s..

—v;)| =0(1) a.s;
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Lemma 7 Under Assumptions A.1, A.2, A.5 and A.7,

1
(I sup |— Z KfzIP(uj —u) — E(Klep (U - u))‘ =o(1) a.s..
uefo, 1P 17 <=
II su ‘ K (vij—v E(K© V-—-v ’201 a.s..
. sw Z Por, (Vi = V) = E(Ky (V= )| =o(1)
(I11) sup ‘7 ZK,mP ~ WK (vi = v) = B(Kjep, (U - wK, (V- v))‘ =o(1) a.s..

u,ve(o,1]P+@

Lemma 8 Let U and V be two continuous random vectors with absolutely continuous joint and marginal copula densities
cu,v(u,v), cu(u) and cv(v). Let éSV,BU,Bv (u,v), é}}’HU (u) and éi,z’Hv (v) be the leave-one-out kernel density estimators
with By, By, Hu and Hy defined in Table S1. Under Assumptions A.1, A.2, A.5 and A.6, we have

»
(0 s 1o, () —co(w) [ ] Ao, hus)l 0,
uel0,1
p=1
(I1) sup (&Y g, (V) — ev(v) [ [ Ao(vg, by, )| = 0,
ve0,1]@ a=1
P Q
(I11) SUp |8y py.my (W V) = cov (W) [ ] Ao(up, bu,) [ Ao(va, by, ) = 0.

P
u,ve[0,1]P+@Q — i

Lemma 9 Let 1 < p,p1,p2 < P. Then, under Assumptions A.1, A.2, A.5 and A.7 ,

() B[S | = 0 2 gl
() B G A, T (B A = O o))
(1) | (B Ay, T (B | = 0 g
(V) B| O () g, T () | = O™ 27 (o))

Lemma 10 Let 1 < py,p2 < P. Then, under Assumptions A.1, A.2, A.5, A.7 and that w(w;) = O(h?),i = 1,2, ...,n, we have

OKF ,uj—u; OKP fuj—u;
F oy (T ) At p So— (=) Auijpy )
1 C P1 ), L '}ZO —1, P15 2,
0 o Al ™) sty AR G Ry )] = O (log(n))?)
oK b B OKE su;— k
[ gy (AU g (T ) Ak p,
1) Cov|—= ), =22 ’ } — O(n"'h*"*5(log(n))?);
) o) AT (ui, h) wlus) cu(ur) AL (u, h) i) (n (log(n))")
~ oKP (uj—u¢ )Au oK P (ulfuk )Au
ou, h ©3,P1 B B kl,pa
Irr C p1 y, Do ] — O(n—h2P+5(1 N
() | e AP R W) Tog AT () V] =0 (log(n))?)

Lemma 11 Under Assumptions A.1, A.2, A.5 and A.§8,

sup [Ti(h) — T1(h)| = op(n~ PFeT3),
hEH

Lemma 12 Under Assumptions A.1, A.2, A.5 and A.8

sup [Ta(h) — T (h)| = o,(n”~ PF5).
heHn

Lemma 13 Let QQ be a given positive number,

Q
Wi = /tK(t)dt;

1
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Then, as h — 0,

h 1
. A1 (U, h) A1 (u, h)
(1) Wih < /0 7A0(u7 n) du ; Ao(u, h) du < (2W2 + 1)k
h 2 1 2

o Af(u, h) Af(u,h)

ii W2h</ 17du</ du < (4WoWs + 1)h;
( ) ! 0 Ag(uv h) 0 A(QJ(U, h) ( 2 )

1

AQ(uv h)
(#3) 0< /0 Ao(us h) du < 00

Lemma 14 Suppose LY (u, h) is defined as in Table S1. Then
/ IL” (u,h) — 1|du = O(h), as h — 0.
[0,1]P

Lemma 15 Suppose {u;}i=, are n constitute a random sample of n observations from the standard uniform distribution. If
h,b — 0 as n — oo, then

fZ[mng s, h) — Tog Ao(uus,b)] = 2(b — / f”fiddwo(n 5o — A% log(n)) a
Lemma 16 Let U, = Z h(Xiy, Xiy, ... Xi,,)) be a U-statistics and U,, = Yo B(Un]Xi) — (n—1)E(Uy) be its projection
on X1, X2, ..., Xn. Let

If E(Uy, — Un)? = O(n™2), then
R, = o(n_% log(n)) a.s..
Lemma 17 Under Assumptions A.1, A.5 and A.7,

1
nhPFQ) o8

Ti(h) — 0(h) = o(h® +
where

0(h) = E(T1(h)) = O(h*).
Furthermore, if Assumption A.8 holds, then

sup |Ta(h)| = op(n” PFEF),
hEHn

Lemma 18 Under Assumptions A.1, A.5 and A.7,

1

To(h) = 0(h) + o(h® + —=5) as

where
~ 3 1 > 9 (P+Q)
() = B(Ts() = Ch® + — s [ & (s)ds}

with

1 P A (up, h) (% (0, v))? & AT (vg, h) (%55 (u, v))°
Cy = lim — E E > dudv | .
h=0h | Jio ypra ot cuv(u,v)AZ(up, h cuv(u,v Ao(vq,h)
Furthermore, if Assumption A.8 holds, then

sup [Ta(h) — O(h)| = op(n~ FFEF3).
heH
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Lemma 19 Let Q be a fized positive number. Write Wy = fQ t)dt, Wy = foo ’K t)dt and W3 = fooo tK(t)dt. Let
U_p = (U1, U2, ey Up—1, Upi1y ey UP), Upe = (UL, U, .eey Up—1, C, Upt1, .. 7up), V_g = (1)1,1)2,. o Ug—1,Ugd1s .-, VQ) aNd Vg, =
(’Ulv/UQa"'aULZ*laC?Ul]lea"'7vQ)’ [f

M < cuv(u,v) < M,

2 2
myp = max / [BCUV(UP,O»V)] dU—pdw/ [BCUV (Up,1,V)] du_pdv,
P.q [0,1](P+Q—1) Oup [0,1](P+Q—1) Oup
2 2
/ [ang (uvvq,O)] dUdV—qa/ [a;UV (uaqul)} dudv_q ¢,
[0,1](P+Q—1) Ya [0,1](P+Q—1) Vg

mz = min ¢ sup |:/ [aCUv(up,OaV)]zdu—pdV]a sup [/ [(B‘CUv(uqu,o)}QdUdV—q] )
P,q up>0 [0,1](P+Q—1) du vg>0 [0,1]P+Q—1 Ovg

then the constant Ci in Theorem 2 satisfies,

ma Wi 2m3(4WoWs + 1)
—e< Oy 222 T )
M, TS M,

as h — 0. Here € is any positive value.
Lemma 20 Under Assumptions A.1, A.4 and A.8, for M > 2,
n— 1 Z K}LZIP u; )KSQIQ (V _V)

sup | min
- { AL (w hAG (v, h)

(u,v)

l. Proofs of Theorems.

Theorem 1 Under regularity conditions (A.1, A.5 and A.6) on the kernel function K, the copula density cu, cv and cuv
and bandwidth matrices, we have

= Zlogcuv By.By (W Vi) — = Zlogcuv(u v) ZbUT’ + vaq‘| +op (Z |bu, | + Z by, | ) ,
i=1 i=1
with Cq, = 2 foo KO gy Furthermore,
0 f—t K(s)ds
P Q P Q
[x(Hu, Hy,Bu, Bv) = Io = C1 | (hu, —bu,)+ Y _(hv, —bv,)| + 0, (Z(hm +[bu, )+ > (v, | + |bvq)> :
p=1 q=1 p=1 q=1

Proof Using the same technique for proving lemmas 13, 14, 17 and 18, we can derive that

|T5(Bu, Bv, Hy, Hy) — T5(Bu, Bv,Hy, Hv)| = 0, (Z bu, | + Z b, | )

|T:(Bu, Bv, Hu, Hy) — T4(Bu, Bv, Hu, Hy)| = o,, (Zwupl +Z|bvq )

p=1

|75(Bu, Bv, Hu, Hv))| (Z lbu, | + Z by, | ) ;
P Q
|T4(BUaBV7HU>HV)| = Op <Z|bUp|+Z|bvq|> .

p=1 q=1

By Taylor expansion and Lemma 8,
begc (uj,vi) — lilogcuv(u v)
UV,By,By \Ui» Vi n )
i=1
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P

Q

1 . A\ * K 1 -
o Z log ¢4y By By (W5 Vi) — o Z log cuv (us, v;) H Ao (us, bu,,) H Ao (vi, bv,)

i=1

n

1 P
log Ao (us, bUp

=1

%ZZ [long(ui,bUp)]

=1 p=1

i=1 p=1

n  Q
+ %ZZ [ log Ao (vi, bv,)]

i=1 g=1

n  Q
+ % ZZ I:lOgAO((U’hbvq)}

i=1 ¢q=1

1
+T3(Bu, By, Hu, Hy) - |5 + o(1)| Ta(Bu, By, Hu, Hy)

%ZZ [long(ui,bUp)]

n  Q
+ % ZZ [long(’UubVq)}

q=1

=1 p=1 i=1 ¢=1

P Q
. 1.
+15(Bu,Bv,Hu,Hvy) — §T4(BU,BV7HU7HV) +op (Z lbu, | + Z bvq>

p=1 a=1
= / f Kt dt [ZbUP+vaq

+op <Z|bup| +Z|bvq ) :
Here the last equality follows from Lemma 15. Similarly,

1 n Y ) 1 n
EZlogch ui)—ﬁZloch(u):—Cl
i=1 i=1

[P 7 P
Zhup +0p (ZVLUpl) :

Lp=1 p=1
and
n n Q
LS g el n-L1sy =—Ch h h
EZ 08 Cy/ 11y, Vi)_ﬁz ogev(v) = — Z v, | +op Z| vl | -
i=1 i=1 Lg=1 q=1
Consequently,
I (Hy,Hv,Buy,Bv) 710 [ ZlochVBU By (uj,vy) — fZIOchV u V]

[ Zlogé¥ Hy (
-
Z hu, — bu,)

1 n u . 1 n
uj) Zlog cu(u ] — |fl log ci,’Hv (vi) — - Zlog cv(v)]

i=1 i=1

P Q
+o, <Z<|hu,,| + 1o, )+ Y (v, | + |bvq|>> :

p=1

Q

Z(th —bv,)

q=1

Theorem 2 Under general reqularity conditions (A.1, A.5 and A.7) on functions K, cu, cv and bandwidth,

(a) if MI < oo and cuv satisfies regularity condition A.2 , then
£ £ CQ 3 C 3 1
Ig(h)—[o —h o hP+Q +0p(h hP+Q)7

where Co and Cs are two positive constants given. In particular, Co = 0 when X and Y are independent;

(b) if MI = oo, and that Y is a function of X and satisfies reqularity condition A.3 , then

I3(h) = —min(P, Q) logh + o, (log h).

Proof For (a), note that the term n~Y2hlogn is always dominated by h® + 1/(nhP+Q). By Taylor expansion, Lemma 8 ,
Lemma 11 and Lemma 12, we have

Is(h) — Io
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n L S Ky, (w) —u))KE, (v = v)) .,
3 l Zlog{ n—1 ; h2Ip \ ™7 h2IQ J } B l Z log { ch(uZ,VZ)Ag(uz, h).&A?(V;7 h) }
ne n—1 ZKh2I uJ —uf n 1 th2I Vi — Vf) n CU(ui)Ag(uiah)CV(Vi)A(C)?(Vz’,h)

J =1

iz i#i

_ ii {1 og { Z;K’”‘P KD, (V) - v;)} - 1og[cUV(ui,vi)Aé°(ui,h)A(?(Vi,h)}}
- {1 - gK — )]~ log [m(unAé”(ui,h)}}
- {1 e[ gK (v; = vi)]| ~ log [Cv(Vi)Ag’)(Vz‘:h)”

_ Tl(h)i-i- (-5 + o(l))i'jz(h)

= Ta(h) + (— +o(1)Ta(h).

Then, by Lemma 17 and Lemma 18,

. . Gy Gy 1

[3(}1)—[0——7 2h713+Q—i—0P(h3 hP+Q)as
with P A2 e 2 Q g2 e 2
Ca = 1m 1 [/ [Z Ai(up, h)( a}fg" (u,v)) .S Ai(vg, h)( a‘jq;' (u,v)) :|dudv],
-0 0.1]P+Q cuv(u, v)AZ(up, h) g cuv(u, v)AZ(vg, h)
and

([ wa] "

When X and Y are independent, we have cuv(u,v) =1, and

aCUV( V) = Ocuv

=0 f =12,..,P ¢g=1,2,..,Q.
aup avq (u,V) or p )< y 45 q < 7Q

Consequently, Cy = 0.
When X and Y are not independent, the upper and lower bounds for Cs are given in Lemma 19.

For (b), we assume @ < P without loss of generality. According to Lemma 6 and the proof of Lemma 7, under Assumptions
A.1, A5 and A.7,

* * 1
sup [n 1 ZKh2IP )K%IQ (V —-v;) - n_1 Z K521p (u; — ui)K§21Q (vj— Vz):| =op(1),
! i i
and
sup { D Ky, (W) WK, (B(w) — @(w) - E(K,‘;IP(U WK, (®(U) - cp(u))ﬂ = op(h~9).
JF#i
Note

B[R, (U - WS, (#(0) - 3(w)]

- /%Q / K" (s)K©?
(u+hs)€(0,1)P

1 P Dy(u+ hs) — Dq4(u)
= 15 /u+hs> - K (s) H K( 0 )cU(u + hs)ds

= /[0 o K52IP (uy — U)K§ZIQ (‘I’(U1) — @(u))cu(ul)dul
(

= RPKP<s>ﬁK(f}%ﬁ’j(u))w(u)%%(h)}
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= C(u)h™® +o(h™9).

. P . EXs .
Here, C'(u) is bounded away from 0 and infinity for any u since uz (u) is bounded for any p,q and u. Then,

2}

1 P * *
1 ZKh21p(uj - u:)nglQ (v — Vi)}

E ( [K,I;IP (U - ui)K%IQ (@(U) - q:(ui))}

ui) } +op(1)

n

- ! Y log {C(ui)hQ + o(hQ)} +op(1)

n
i=1

= —Qlogh+ 2 3 log{C(u)} +or(1)
i=1

= —Qlogh+op(—logh).

Follows the same analysis, we have, under Assumptions A.1, A.5 and A.7,

and

In conclusion,

Theorem 3

1 . 1 P * *

J#i

1 n 1 o . .
nZ}’g{n_l 5K 45 - v0) | = 0r(0).

J#

I3(h)

1 - 1 P * * Q * * 1 = 1 P *
g Zl { lOg {m ZKhQIP(uj - ui)KhQIQ(Vj —V; )i| } — g Z { log [m ZKh2IP(uj —

i i=1 J#i
1 = 1 Q * *
5ol St )
1= JF

—Qlogh + op(—logh).

Under general regularity conditions (A.1, A.5 and A.8 ) on functions K, cu, cv and bandwidth,

(a) if MI < oo and cuv satisfies regularity condition A.2 , then

TMI(X,Y) — Ip = Op(n~3/(P+Q+3)

(b) if MI = oo, and that Y is a function of X and satisfies reqularity condition A.4 , then

J/]\/[\I(X,Y) — 00, @.S..

Proof For (a), note that, under Assumptions A.1, A.5 and A.8,

IMI(X,Y)—1o = sup Is(h) — I
heHn
= sup [Ta(h) — (5 +o(1)Ta(h)]
heHn

= sup [Ti(h) = 5Ta(W)] + op(n” T707)
heHn

Xianli Zeng, Yingcun Xia and Howell Tong
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sup [—2T3(h)] + op(n” PFEF)
hEHn 2

sup [~5(h)] + op (n” 7FT)
h€Hn

= Op(n PFETS).

Here, the third equahty follows from Lemma 11 and Lemma 12, the fourth from Lemma 17 and the fifth from Lemma 18,
G(h) Coh? + hP+Q is defined in Lemma 18.

For (b), let Z = log ;29205 and Zy = log “RbyCLON N — 1,2, Then E(Z) = M1 and

W< Dy < < IN—Z.

By the monotone convergence theorem,
lim E(Zy)= MI.
N —o0
When MI(X,Y) = oo, for VM, there exists an Ny such that, for VN > N1, E(Zn) > M. And there exist ho € Hn, such
that, with probability 1,

TMIXY) > Is(ho)
_ 72 UVh21p h21Q(ufaV¢*)
B A}Jl nerp (U] )Aill h?IQ(Vf)
1< n— 1§Kh21 u; — u)Kyep, (v; — vi)
o ZZ_;log{ n- 1ZK’L21 uj —w) iy > Ko, (Vi — vi) +O(1)}
7 i
_ 1anlog{n o 2K (1 “i)K“IQ(Vﬂ'W)w(U}
n & cu(wi)ey (vi) AP (u;, h)AQ(vy, h)
1< 1 Py 1§Kh21 u; — i) Kj2r, (v — vi)
> niz_;log{cu(uz')cv(vl mm[ AP (A ,N}H(l)}
i min |cuv(u;, v
{UV( iy Vi), }
= iZlog{ co(Ww)ev (ve) +o(1)}

= E[Zn]+o(1) > M.

Here, the third equality follows from Lemma 6, the fourth from Lemma 8, the sixth from Lemma 20 and the second last from
the law of large numbers.
Let M — oo, we have

JMT — o0 a.s..
g

Theorem A.1 Let to be the critical value for rejecting the null hypothesis at significance level o, i.e. P(m < to|Ho) < a.
Suppose that general reqularity conditions A.1, A.5 and A.8 on the kernel, copula and bandwidths hold. Suppose further that the
partial derivatives of copula density cuv (u,v) are bounded. Let p, = Cn~3/% for some constant C' > 0, then, there ezists a
constant Co, such that, for 0 < a <1 and C > C,,

lim P(JMI > to) = 1.

n—oo

Proof When P=Q =1, X and Y are independent, § and 6 in Lemma 17 and Lemma 18 satisfy
0o 2
_ ;1 2
0 =0 and 9—nh2|:/_ooK (s)ds} .

To(h) = T (h) — (1/2 + o(1))Tu(h) = 2nh2[/ (s s:| +o(h3+#) as..

Consequently,
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As h o n Y/ PHQHTY — =15 there exists a C?, such that to < Can™%/°. Since MI(X,Y) = Cn~3/5 = o(1) and the partial
derivatives of cyv (u,v) are bounded,

sup
U,V

cuv (u,v) — 1‘ =o0(1).

Write g(u,v) = cuv(u,v) — 1. Then,

MI(X,Y)

//cUV(u,v)1og[cUV(u,v)]dudv

/ / 1+ g(u,v)) [g(u7 v) — %gz(u, v) + o(gQ(u, v)) | dudv
o Jo

e 1o
= 5//92(u,v)dudv—|—o(//gQ(uﬂj)dudv).
o Jo o Jo
1 1
/ / g (u,v)dudv = O(n~
0o Jo

This implies that

il

).

Consequently,
/ / cov (u, v) log2[coy (u, v)] dudw
- // 1+guv>>[g<uv>—1g( ) +o(g ()| dudo
_ /O/g uvdudv—l—o// (u v)dudv)
= O 3).
Then,

N _3 _a
Io =Cn 5 +0o(n 5 logn) a.s..

Combing this result with Lemma 17 and Lemma 18 we have that

Ii(hm) = Is(hm) —Io+ 1o

1 2
—Ch1h3, — % (/ K2(t)dt) +Oont + O(Tf%) a.s.
nhz, o

1 2
|:C —Cic3 — c22(/ KQ(t)dt> :|ni +0(n7%) a.s..
0

Here,
Cr < (2M2+1)<4/ Kz(t)dt/ tK(t)dt+1>.
— o0 0
Let
oo %) 1 2
Co=05 [(2M2 + 1)(4/ K2(t)dt/ tK (t)dt + 1” +c;2</ Kz(t)dt) +Ch + 1.
—o0 0 0
When C > C4,

Is(hm) > C;n71/5 a.s..
As TMI(X,Y) > Is(hm),

lim P(JMI(X,Y) > ta)

n—o0o

im P(Is(hm) > ta)

n—00

lim P(Is(hm) > Chn /%)

n—o0o

= 1.

Y

\Y

O
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J. Proofs of technical lemmas in section F. There are several results in Lemmas 4 to Lemma 10, we only prove the first one in
each of those Lemmas for simplicity. The remainings can be verified similarly.

Proof of Lemma 1. Let Z;,i =1,2,...,n be n independent standard normal variables. Then for |A\| < 1/4,

B = T Bl )
_ e—n/\( 12 / —(5—)\)2 d )n
Tr — 00
_ (ﬁ)"
vV1—2\
< 6271)\2

By Chebyshev’s inequality (11), for 0 <t <1,

1
P(;Xi—l>t) = P(xp—n>nt)
< e*)\ntE[eA(xfﬁn)]
2nA2 —Ant
= e
nt?
S e 8

Similarly, for 0 <t <1,
+2

1
P(Exi—1<—t)§e* 5
Then, for 0 <t <1

¢2

PG — 1> 0 < 2e7%

d
Proof of Lemma 2. Without loss of generality, we assume ¢ < j. On writing Wi; = u¢y —u(), Wij ~ Beta(j—i,n—j+i+1) =
m with X ~ XQ(J 5 and Y ~ X2(n j+it1)- By Lemma 1,
j—1 Vi —i(l
P< U5) — W) — J ! > J Z( Ogn) t)
n+1 n
. . 1 ¥ . . - -
_ P< j—i_ 3G g >t\/J—Z(10gn)>
n—|—12( +1)(X+Y) n+1 n
_1 x
_ P( 2G—0) 1’ S (n+1) )
2(n+1) (X + Y)
1 n+1 1 4tlogn
< P X — (X —|—Y)‘ > >
<2(n+1 (X+Y ) < 2(j —1) 2(n+1) 5vij—i
1 2tlogn 1 2tlogn
< P ‘ —1’>..)+P(’(X+Y—1‘ )
(2(n14_1>(X+Y ) < 2(y 5V — i 2(n+1) 57 —1
1 1 2tlogn 1 2 2tlogn
C ol > 2008 ) (| Ly ) Hloen
= O 2n + 1)X2<"+1> 5) ( )XZ(J D~ ‘ wﬁ) ( 2(n + 1) 2D 5v5 —1
o 2(j— z)iu%((l]% ?))2 _2(n+1)74t25(1jg7:))2
< 2¢ 100 4 2e + 2e
t2(log n)?
S 3e 25
O

Proof of Lemma 3. The first result follows direclly from Lemma 2.
u* —u* |(logn)
Jjp ip

—9/10
vn )

For the second result, it can be easily verified that, when |uj, —uj,| > n <

5 / I 6
6 |’u‘;p - u;p‘ < | ‘ujp - uip' < 5
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* *
and |ujp — wip — Ujp T Uip




Then,

* *
Ujp — Uip = Ujp + Uip

> ty/lugp — uip|(108§")>
vn

g

5ty/|ur, — ur |(logn
< P(ujp—uip—u%—i-ufp > | JPG\/EPK )>
t2(log n)2
S 3e” 36
O
Proof of Lemma 4. As cuv(u,v) is bounded, for Vh € H, and s,t € [0, 1],
1 8KP Q 1 JR
u(h,s,t) = EH hP+1 Qu, ( 7 )Khle( - t)H = O(E) = O(nPTe7s),
and ,
1 90K 1 P4Q+2
o?(h,s,t) = Var[ WP O, ( W )KSZIQ(V. — t)H = o(m) = O(nP+a+3),
As hPl+1 %Iij (B )K%IQ(” ) < %, by Bernstein’s inequality (12), for Yu;,v; and h € Hy,
8KP j — uZ Q tlogn
P(‘ = 1 BT Z‘ 8up Ky, (Vi = vi)| = plh i, vi)| > W u;, vi
logn)?
< 2exp(— ( gn) P1Q )
ChP+R@+252(h u;,v;) + C't(logn)n=1/2h~ 2
< 2exp(—C"t*(logn)?).
Then,
Ui\ .0 tlogn
P(’ hp+1 Z’ 8Up Koy, (Vi = vi)| = p(h, uiy vi) | > W)
8KP U\ ,Q tlogn
= E|P K — Vi) — h'7 iy Vi iy Vi
{ (‘ hP“Z‘ 8up ) h2IQ(V vi)| = plh, ai, vi) | > \/ﬁhp+§+2 u;, v
< 2exp(—Ct*(logn)?).
Then,
8KP Wi\, 0 tlogn
P( hselﬁral [ n—l BPH Z’ 5up )Khle( —vi)| = p(h,w, vy) } > W
- u; tlogn
< ZP(H _ Z’ KD (vi—vi)| — p(he, us v-)} > )
= +1 h21 J v Sy Hy v P+Q+2
s=1 h 8Up @ \/ﬁhs 2
_PtQ
< 2nPFaE “exp(—Ct*(logn)?),
which implies that
8KP u; Q 1
i —vi)| — vl = 3(PTQTE)
hselg)n [ hP-HZ’ 8up )K}LQIQ (vj = vi)| — p(hyus, vi) } o(n (logn)) a.s..
Combining with the result that sup, ¢4, u(h, us, vi) = O(n PraTs ), we have
1 aKP u; —u; Q 1 1
)| — vl = Q (PTQTH)
S [(n - 1)hp+1§ S i K g, (v = vi)| = (i ve) | = 075) + o (logn)) a.s..
VE
]

Proof of Lemma 5.
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KT u Q Vi — Vi
8up ( h )K/—LZI ( ! h )Auijap
oK u . . _ luj, — ui,|(logn)
= Ay ( A )K§2I (vj — vi)Ausjp 1(|ujp - uip‘ <n 9/10)1(|Auijyp| < = \/ﬁp )
OKY u; —u; . . _ [uf, —uj |(log n)
+ EW ( 2 A )K;?QI (Vi — vi)Auig,p 1(|ujp - Uip| <n 9/10)1<|Auij,p| > = \/ﬁp )
P
OK' u P _ V/ |ujp — uip|(logn)
] G (K ey (v = vi) Mt 1 = ] > 101 (8 | < VBT
p
n 8Kp(uj - uL)KQ (v; = vi) A |L(uf, — uly| > n79/10)1<|Au-' > [wjp — Uip‘(logn))
E A h21g i ij,p ip ip ij,p NG

a(n,h) + b(n,h) + c(n, h) + d(n, h).

For b(n,h) and d(n,h),

__P+Q+2
P(sup b(n,h) >n 2PTe+3) log(n)) <
hEH,
<
and
__P+Q+2
P(sup d(n,h) >n 20PFQt3) log(n)) <
heHn
<
Hence,
sup [ b(n,h
heM, LTV — 12 ( )]
J#i
and .
sup [ d(n, h
heM, LTV — 12 ( )]

JF#i
For a(n,h) and c(n, h), it follows from Lemma 4 that

{ L 1Za(n, h)]

P8 > YT~ Gyl loB()
ij,p Jn
_ (log n)?
3e” B
vV lujp — uip|log(n)
P(|Auijp| > NG )
_ (logn)?
3e 36
P4+Q+2

= o(n 2(P+@+3) log(n)) a.s.,

P+Q+2

=o(n 2PFe+3)]og(n)) a.s..

sup
n—
hEHn pry
< —19/20(1 |: ‘ Wi K . . ]
= n ( og n) hsel})-lfn n _ 1 hp+1 Z aup ) h2IQ (V VZ)
__P+Q+2
= o(n 2P+@+3) log(n)) a.s..
sup [ 1 Zc(n,h)]
heH, LN — 14—
J#i
< U2 [ ‘ Wi\ ,Q . — Z}
< log(n )hseg-l?n hP+1Z aup VK oy, (Vi = Vi) Vi — il
__P+Q+2
= O(n 2P+e+3) log(n)) a.s..
In summary,
sup [ Z’ i)KQ (vj — vi)Auyj } = O(n*‘z(%i%f‘s) (logn)?) Jro(n*iz(};tr%fa) log(n)) a.s..
heHn n — 1 hP+1 aup h2Ig 3P
22 of 40 Xianli Zeng, Yingcun Xia and Howell Tong




Proof of Lemma 6. With out loss of generality, we assume ) < P, then, according to Lemma 5,

P * * Q o
ner, ‘WZK}LQIP (uj — u) Ko, (vj = Vi) (n— 1 ZKWIP — ) K (Vi = Vi)
) 7 J#t
u’i Q . Aoy ..
= hsglfn [ (n— 1 YhP+1 ZZ aup )KhZIQ (vj — vi)Augjp ]
Jj#i p=1
8K P —V;
s [ (n— 1 R ZZ ’KhQIQ ) e () Avy }
J#i q=1
P u] -
< o (i [ A B [+ 3
' a7 =1 Jj#i q=1

__P-Q+2 __P-Qi2
= O(n 2@Fe+3 log(n)) + o(n P aTD log(n)) a.s.
= o(1) a.s.

Here, Aulj » = 0, Au;, Py A Avlj,q = 0,A0i54, 1 <p < P,1<q<Q with 0 < 6,,5, < 1. The second last equality follows from

‘AU’Z] pl < |Auij,p| and |Av” al < [Avijql.
O

Proof of Lemma 7. Under Assumption A.1, A.5 and A.7, for any u,

1w 1
Var(ﬁ Z Klep(uj —u)) EVar(Klep(U —u))
j=1

1
EE(K;IP(U —u))?

= C;LJIEE)(/_OO K2(t)dt)P+o(n’11P).

As Klep(uj —u) = O(%) by Bernstein’s inequality (12) ,

IN

P(+ ZKP (W = w) = B(K by, (U= w)| > (nh")~ (logn)t)

2 1 2 —P
< 2exp{ B t*(logn) nllz L
Cnh=—F +C'n2h™ 2t

Consider the set S = {(nij_l, ni-iw"” ni_fl)\,h,iz, wnip =1,2, ,n}
First,
1 1
P(sup = ZKfzIP (uj —u) — E(Klep (U - u))’ > (nh") é(logn)t)
ues 1T _
1 1
< ¥ P(‘; S Koy, (u; — u) — B(Kby, (U - u))‘ > (nh*)~ (logn)t)
ueS Jj=1
2 2, 7P
< npexp{ _ t“(logn) nilL _ }
Cnh=F +C'nzh™ "2t
1
= O(ﬁ)
Which implies,
1 n
sug — Z Klep (uj —u) — E(K,Ijzlp (U—-u))| =o0(1) a.s..
ue .
j=1
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Second, for any u € [0, 1]7, there exists a ug € S such that d(u,uo) g As || 4 ||sup < Ko, we have, for any u € [0,1]",
there exists a ug € S such that

1< 1o 1
‘g D Koy, (u; —u) - -~ > Kiep, (u; —wo)| = O(—5) = o(1),
j=1 j=1
and 1
| By, (U = w) = By, (U = )| = O(-15) = o(1).
Then,
sup }ijb W) = B(K/ar,, (U~ )
wef0,1]F
= sup §:Kmb ~ W) = B(K/ar, (U - w)| +o(1)
= o1) a.s..
Proof of Lemma 8. Note that
P
&, (W) — cu(w) [T Ao(up, v,
p=1
1 P o s 1 P
hnfUEZKH“““‘“‘(nan:Km*W‘“w
Ve
ZKHU —u) - E[Kf, (U — u)]‘

+‘E[KfIU (U - u)] - cu(u) H Ao(up, hu,)

p=1

= I(u)+II(u)+ III(u).

First, by Lemma 7,
sup |[II(u, h)| = o(1), a.s..

Second, for Vu,

E[Kir, (U — u)]

/ KII_)IU (w1 — u)cu(ur)duy
[0,11#

= / K" (s)cu(u + Hy/’s)ds
(utH/?*s)el0,1]P

= / e K" (s)(cu(u) + o(1))ds
(u+H;/ “s)€[0,1]

P

= cu(u) HAO(upvhUp) +o(1),

p=1

i.e. supy, |[I1I(u)| = o(1).
It remains to prove that sup, I(u) = o(1), a.s.. Note that, for Vu,

A\ 1 P
cb&]>fn_1§ijxwfuﬂ
J#i
= (uf —u) — n_IZKhzlpu—u)‘
]752 J#t
1—|—0
= hP+1 ZZ )|ujp wjp|
j#i p=1
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Using the same argument for proving Lemma 5 and Lemma 7 we can derive that, for Vp,

P
C OK? u; —u,, ,
< WZZ‘ 3, ( A Mujp — wjp

Jj#i p=1

0K' u; —u

1
S‘jp{(n— DRPH g‘ o,k
VE

Moreover, by Dvoretzky-Kiefer-Wolfowitz (DKW) inequality (13),

Consequently, sup,, |I(u)

Proof of Lemma 9.

Note that

In summary,

*
sup |uj, — ujp| =

1P

8KP (Uj — u;
Oup h
8KP (Uj — u;
Oup h
8KP (uj — u;
Ouyp h
(’)KP (Uj — Uy
Oup h
8KP (Uj — u;
Oup h

Jr

+

—+

)Auijp
)Auijp
)Auijp
YA p | 1(Jufy — uip| >n

)Augjp

3P
logn
of NG

)

= 0(1), which completes the proof.

1(Jujp —uipl <n

a'(n,h) +b'(n,h) + ' (n,h) +d (n,h).

E(d'(n,h)) =

E('(n,h))

IN

E(d'(n,h))

IA

IN

E(d (n,h))

P
B 0K
Oup

(

u; —u;

O(n~1**log(n));

sup |FXp,n(xjp) — Fx, (z5p)]

)’} =0(;), as.

Vg, — uj,[log(n)
_9/10)1<|AU" |< |u]P u"P' )
17,P1 =
Vn

. . B V|ur —ur | log(n)
Ll = wipl < =101 (8w | > Y N )

_ V |ujp — wip|log(n)
9/10)1(|AU'jp\ < |ujp — wip| )
17, >~ \/ﬁ

\/|us, —ur | log(n _ (log n)2
P(|Auij,p| > ‘ JP pl ( )) < 3e 25 ;
vn

O(rz_l/2hp"'1/2 (logn));

v/ |[wjp — wip|(logn)
P(|Augjp| > - \/ﬁp

)AuUij,p

W =0(n"~

Proof of Lemma 10. According to Lemma 9, for i = 1,2,

and

Then,

aupi

P PP
GE_ (B20) A,

h

Oup, h

CuU (UZ)A(})) (ui ; h)

w(uy)

) < 3e

1/2hP+1/2 log(n))

P TP
OK (B0) A py

) Oup, h

P T
‘ O (B20) A,

Cu(ui)A(I;(ui, h)

oKF
Oup;

(5 Auiip,

CU (ui)A(’]’ (lli7 h)

P PRSP
o () At

h

Cov[

CcuU (ui)Ag(ui, h,)

u;),

= O(n ' 1ogn)?).
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cU(ui)Ag(ui, h)

Ujp — Uip| log(n
1y — il > 1 (| > M 2B

)

_ (logn)?
36 .

= O0(n " 2hF*5/2(logn));

w(wy)| = O(n~"h" T (logn)?).

wlu)|
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Proof of Lemma 11

Ty(h) — T1(h)

P * * Q *
n (nil) ZK}ﬂIp (uj —uj )Khle (vj —vi)
D
" =1

(n 0 ZKh21 (u;

- uz’)ngIQ(Vj - Vi)
cuv(ui, vi)Af (s, h)AoQ (vi, h)
1 zn: [@;K;IP (uj —uj) - ﬁjzﬁthp u; — uz)]
n i cu(u;)Af (ui, h)
1 (n£1)j§iK§21Q vj = Vi) ~ - 1)2 h2IQ — Vi)
n Z:: [ NGRSO }
_ ZZZ [ o (R )KSZIQ( — Vi) Aijp %f:(uj;ui)ﬁuij,p
- on(n-1 hP+1 | cuv(w,vi) AL (W, WAG (Vi k)
Q

; cu(ui)Ag (ui, h) }
Q  vi—v; Q
ot ZZZ h21p uJ ui)aalj ( Jh )Avijxq B agjq ( )A'Ulj,q
nfl T et et et | ey (i, vi) AR (Wi, h)AG (vi, h) ev(vi) AT (vi, )
24 P u;—u;
Z Z XP: ZP: 8u[j31}§u1:2 ( Jh )K§QIQ (VJ VZ)AU‘Z] p1 Au;JEPQ
n—lh?ﬂ cuv (i, vi)AL (ui, h)A (vi, h)

ZIp —u) il
n_lh@2§:§:§:§:[ et

V=V,

i=1 j#i p1=1pa=1

Vi—V;
Ovg, Ovg2 ( h )A’U
i=1 j#i q1=1q2=1

15,91 AU’LJ q2
w;, vi) AP (u;, h)AS (vi, h)
oKF (quuL)dKQ
du,p h
S D » 3

oug (”hv‘)AuwAvuq}
P Qv
i=1 j#i p=1 gq=1 cuv u“vl)A (u“h’)AO (Vlah)
92KP ( U
1 {

B Jup, Oup, h AUy Aui o,
2n(n — 1)hP+2 cu(u))AF (ui, h)

?K® Vji—Vi "
1 avqllguqz (=5 ) Avij, g, Avij g,
2n(n — 1)h@+2 ev(vi)AS (vi, h)
= A(h)+ B(h) + C(h) + D(h) + E(h) + F(h).
Here Auj;, = 0pAuip, Aufs, = 0y Auijyp, Avi;, = 64Avijq and Avfy , = 64 Avijq with 1 < p < P, 1 < ¢ < Q and
0<6,,0) (5/ 84 < 1. According to Lemma 5
sup [C(h) + D(h) + E(h) + F(h)| = o(n™ P¥a%3) a.s
heHn
As A(h) and B(h) are similar, it remains to prove that
sup |A(h)| =op(n~ P+t3;>+3)
heHn
Write
Gi(u1,u2, ..., Un, V1, Vo, ..., Vp) =
and

O (K Ly (v
n,lhm4§Z§Z§289 -

hQI
i=1 j#i p=1

vi)Auij,p
cuv(uy, vi)AL (u;, h)A (vi, )

oK”P
612(1117 uz, ..., un) =

o (P ) Ay,
n,lhm4§:§:§:a” AT R

Let f(v|U = u) be the conditional density of V given U = u. Then

) P (. '
L2 2 ey () AT i )

f(vju) = cuv(u,v)

cy(u)
weey Un)

E(G1 — G’Q‘l.ll,llz7
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oK’

u;—u Q
() Augg, Kiop, (Vi — vi)euv (uy, v5)
- S5 e et e g o,
(n— 1 n(n — 1)hP+1 e Al (ui, h)eu(us)eu (uy) [0,1]2Q A (viy h)
P 9KFP (juj—u; A
aup( )Auijp
e Yy e () AT T )
=1 j#i p=1
P 9KF u;—u1 )A
B 8u,, ( Uij,p )8CUV _ d O(R2
- R ST e[S [ e, v 00)
i=1 j#i p=1
P oKP juj—u; A
B au,,( ) Uij,p ‘
- n_th+1ZZZ (u;, h) widy)-
i=1 j#i p=1
. A vq,h) Oc
Here, Vj, |w(uy)| = [ f[o 1@ A(l) o h; aa‘vj" (uj,v)dv + O(hQ)} < Ch?. Then,
E(G1 — G2)
P 8KP u;—uz )Au;
Bup i5,p ]
< B n_lthZZZ iy )|
i=1 j#i p=1 ’
< E[ n—lhplzzz‘au ) |]
i=1 j#i p=1 P
= O(n '?h*?(ogn)).
Note that,
Var(E(G1 — Galui, uz, ..., un))
P u;—u; P u;—u;
- gf;l( J;L )Auijypl gi{m( ]h )Auij,m

S D3) ) 3) 35 3 W

P
cu(w)Afl (ui, h
i=1 k=1 j#i l#k p1=1pa=1 Z) 0(17)

1 C gqu}j( ZW)A“M&IH
= n2(n — 1)2p2(P+1) Z Z Z OU[ cu(w)AL (ui, h) w(uy),

1<i,5,k,l<n p1=1p2=1

(W), cu(wi)AL (ui, h) w(uj)}

oKP u;—ug
B“Pz( n )Auklwz

cU(uk)AéD(uk, h)

w(ul)}

kA
P P OKY juj—u; A BKP(ui—uk)A )
1 _aupl( h ) Uij,p1 . dup, h Uki,po , :|
+n2(n — 1)2p2(P+1) Z Z Z Cov L cu(u)AL (us, h) Wity cu(uk) AL (ug, h) (i)
1<i,j,k<n p1=1pa=1
i£jF#k
1 r il r gKP (UJ;W )Auij p1 gKP (ukhu )AU k,p2
Upy ! ) Upg ‘
+n2(n7 1)2p2(P+1) Z Z Z Cov_ cu(uw)AL (v, h) w(uy), cu(uw)AL (v, h) w(uk)}
1<4,5,k<n p1=1pa=1 oA 0
ik
P P EBKP(“J'—“%)A . OKP(Uj—“k)A )
1 c dup, n Uij,p1 upy n Ukj,p2 )}
t e 2 2 2 O A ) e AT n ™
1<i,j,k<n p1=1pa=1
ik
P P _okP uj—uq‘,)A B BKP(“k—“j)A )
1 c 5“?1( n Uij,p1 ( ) upy n Ujk,p2 ( ):|
i u
2 (n = 1)2REP D PIEDIDY )AL (s By T e (u)) AL (uy, k) E
1<i,j,k<n p1=1pa=1
i#£jF#k
IKP uj_ui)A B BKP(UJ—W)AU”
9”1)1( n WUig,py \ Oupy n ij,p2 . }
(nfl)QhQ(P‘H) ZZ Z ZCO { o)A () W) AR L W)
i=1 j#i p1=1p2=1
BKP u;—uy A . 6KP u; —uy A .
u ( = ) Uij,p1 u ( n ) Uji,p2
C [ m ), ire w }
n2(n — 1)2h2(P+1) ZZ Z Z ov u;)AF (us, h) e cu(u;)Af (u;,h) wlus)

i=1 j#i p1=1p2=1

0 ( (logn)2> '

nShP73
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Here the last equality follows from Lemma 10. Follow a similar tedious calucation as above we can derive that

logn)? logn)?
E(Var(G1 — Ga|u1, uz, ...,un)) = O (( n2h) + n?()hPHgH :

In summary,

Var(Gi — G2) = EWVar(Gi — G2lui,uz,...,un)) + Var(E(G1 — G2|ui, uz, ...un))
h3(logn)®  (logn)? (logn)?
o < n + n2h + n3pP+e+1 |-

When h o n~VE+CH)  B(A(R)) = O(n"Y2h3/2(logn)) = o(n=3/F+2+3), By Chebyshev’s inequality (11),

_P+Q
P(IA(R)| > =¥/ P+@+3) = O(n™ 7% (log n)?)).
Th
. —3/P+Q+3 £EQ . S i Lo 2
P(sup |A(h)| >n t) < nPFaEs ‘O(n” PFais (logn)?)) — 0.
heHtn
In other words, supj,¢4,, |A(h)| = op(n~3/(PTQR+3)) 0

Proof of Lemma 12. According to Lemma 5,

1 P * Q * 1 P Q
sup ‘WZKh?IP (uj — uf)KhQIQ (Vi —vi)— WZKh?IP (u; — ui)Khle (vj — i)

h€Hn j#i
Wi\ 0
= hseg-lt) [ hp"'l ZZ‘ ou )KhQIQ (v = vi) Atz }
" Jj#i p=1 P
8KQ Vi —V;
+;‘§£’ (n— 1 (n— 1)he+T ZZ ‘Kh2IQ ) 5o (T ) A }
SHn Jj#i q=1 ¢
_ Cw
s [ty D3 [T (MK, (v v b, A, |
h€Hn i pri=1pa=1 P1 Pz
r K v, —v; , ,
+ sup ‘K o (U — ) e (VI Vi A A ]
OK® Vi —V; ’ ’
Jrhselg’n | (n — 1)hP+a+2 hP+Q+2 ZZZ ’ 6up uj - W) Avg ( h ) A AV q }’

Jj#i p=1 g=1
P+Q+2 P+Q+2

= O (n_ 2(P+Q+3) (logn)) +o (n_ 2(P+Q+3) (log n)) a.s..

Here Aug;, = 0,Auij pand Av;
It can be shown that

1
sup § —
heHn, | T

= 0,Avijq with1<p< P, 1<¢g<Qand0<8,,d, <l1.

3,9

Klep (u; — ui)KSQIQ (vj = vi) — cuv(u, VZ)A(})D (us, h)Agg (vi, h) ’} =o(n 2(P+43Q+3) (logn)) a.s..

Consequently,
sup |Tz(h) — Ta(h)|
heHy,
Lo ﬁ;IK52IP (uj — uf)KSQIQ (vi—vi) (n o) ZKhZIP u; —w )K%IQ (Vi — Vi),
VE
= sup —
ner, 1 ; [ cuv(ug, Vz’)AP(uu h)A(?(Vu h) }
n ﬁ;_thp (uj —uj )K%I (vj —vi (n 0 ZKh2I u; — u )K%IQ (vi —vi)
VE)
+ sup —
heH, N ; [ cuv(ui, vi)Ag (ui, h)AoQ(Viv h) }
(n i) ZKhzlp u; — ui)nglQ (vi —vi)
X ) -1
CUV(ui7 v’i)A(l)D(uh h)AO (Vi7 h)
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__P+Q+5
— o(n 2<P+Q+3>(logn)) a.s.

3
= op (n_P+Q+3> .

O
Proof of Lemma 13. Consider (i). For given positive value @, 132 > @ when h = o(1).
On the one hand,
1 h
Al (u, h) /
— Zidu > A1 (u, h)du
/0' AO (’LL, h) 0 ( )
1-h
h
> h/ tK(t)dt
-1
> Wih.
On the other hand,
1
Ay (u7 h)
— < |du
/0 AO(u7 h)
1
< 2/ |A1(u, h)|du
O;
2
= 4/ A1 (u, h)dz
0
> 3 + pl—th 0 1
= 4] / tK (t)dudt Jr/ / tK (t)dudt +/ / tK (t)dudt
0 0 5 Jo — 5 J—th
* 3 0o
= 2/ tK (t)dt +/ 4(1 — th)tK (t)dt +/ A(5 + th)EK (t)dt
0 e —
0
= 1+4o(h)+o(h) —1+o(h)+ 4h/ t*K (t)dt + o(h)
< (2W2 + 1)h
(ii) can be verified using the same argument as that for (i).
(iii) holds since
1w
h
3 < [Aou, )| = ‘/ K@) <1,
%
and - -
0 </ tPK(t) < |Az(u, h)| < 2/ t*K(t) < oco.
0 —o0
O

Proof of Lemma 14. Note that L”(u) — 1 can be expressed as a polynomial function of L(u,,h),p = 1,2, ..., P. We only
need to prove

1
/ |L” (up) — 1|du, = O(h), for p=1,2,..., P.
0

Now,

1 1] g1
— Knls —up) o
/0|L(up) 1|dup, = /0 Aol ) ds — 1|duy

0

/1 VEu(s —up) g [ En(s —up)
0 0 A()(S7 h) 0 Ao(up, h)

— /01 /01 Kn(s — up) {Ao(i,h) - Ao(ip,h)}ds

4/01/01&(8%)
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duy,

duy,

IN

Ao(s,h) — Ao(up, h)|dsduy,




1
= 4// K ()| Ao(up + th, h) — Ao(up, h)|dtdu,
0 —

U2 |dtdu, + O(h)

)| duy + O(h)

IN

=~
c\
—
T

=

=

=

B

IN

B

Q
ﬁ

Proof of Lemma 15. Without loss of generality, we assume b > h. Note that

_ Elog Ao(U, h) [ log Ao(u, h)du
hmi = hm—
h—0 h h—0 h

o [P EECE) — K ()

h—0 J, Ao(u, h)

o )
= %5%2/0 ()
< tK(t)

Then,
tK(t)

fj K(s)ds dt-

Eflog Ag(U, h) —log Ao(U,b)] = 2(b— h)/
Similarly, it can be verified that
Ellog Ao(U,b) — log Ao(U, h)]* = O(|b — h|).

Because 1/2 < Ag(u, h) < 2 for any 0 < w < 1 and h > 0, |log Ao(U, b) —log Ao(U, h) < 2log2. Then, by Bernstein’s inequality
(12),

tK(t)
= Z [Ao(ui, h) — Ao(us, b)]du = 2(b— h / mdt+ o(n~ 3 (|6 — h|)2 logn) a.s..

Proof of Lemma 16. The proof can be found in 5.3.3 of (14).

Proof of Lemma 17. Note that

Tl(h)
ZZ [ e (W — WKy (Vi —vi) Ky (- w) Ky (V= V) +1]
Tl o 1 i=1 j#i cuv u“ VZ ( )AQ (vlv h) cu (ui)Ag))(ulﬁ h) CV(VZ)AOQ (Vz‘, h)
- L Z [ Klep (uj _ ) Q(Vj _ Vi) + Klep(uj - ui)K%IQ (vj - Vi) ]
n(n — 1) i<s 20UV(112’7 Vz)A(I)D(llz, h)A(?(Vi, h) ZCUv(u]’, Vj)AéD (uj, h)AOQ (Vj, h)
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Ko, (15 — w) Kop, (0 — i) K;??IQ (vj —vi) ngIQ (vj —vi) +1
2cu(ui) AL (ui, h)  2cu(u;)Af (v, h) 2ev (Vi) AL (vi,h)  2ev(vi)AS (v, h)

= ng u;, vi,uj, vj, h).

1<

Let
gl(u7 V) = E[g(u7 v, U7 V, h)]7

and
e(h) = E[g(U17V17U27V27h)}7 Cl(h) = Var[gl(UaV7 h)}? CQ(h) = Va’f’[g(U17V1,U27V2,h)]-

We now analyze the above three terms. It can be easily verified that

G(h) = Olrpg)

Write g = Z1 — Z2 — Z3 + 1 with
Koy, (u) — ui)KleQ (vi—vi)  Kpap,(uj— ui)K,%IQ (vj —vi)

1
Z ui,vi,u-,v-,h = — +
' vt 2 [ cov(ui, vi) AL (i, h)AG (vi,h)  cuv(ug,vi) A (u;, h)AF (v;, h)

K, u; —u; K7 u; —u;) |
ZQ(ui,uj7h) = 1 hZIP( }i ) + hZIP( }i ) )
2 [cu(u)Ag (ui, h)  cu(uy)Ag (uy,h) |

and

7 1 Kh21 (vj = vi) K}?ZIQ (Vi = Vi) T
S(thj,h) = 5 . o) : A ) A
lev(Vi)AG (vi,h)  ev(vi)AG (v, h) ]

By Taylor expansion,

E[Zi(u,v,U,V,h)]

cuv(x,y) 1
= —Klop (x—u)K%  (y— V)|: + dxdy
/[01]P+Q 2 "la cuv(u, V)AL (u,h)AG (v,h) Al (x,h)AG (y,h)
1_p Q 1 Kf21p (X - U)K%IQ (y - V)CUV(X7 Y)
= §L (u)L*(v) + 5 = 5 dxdy
[0,1]P+Q cuv(u, V)Ao (u, h)Ao (v,h)
1L o 1 K" (s)K9(t)cuv(u+ hs, v + ht)
= SLTWLW) + 5 - a dsdt
(u+hs,v+ht)e[0,1]1P+Q cuv(u, V)Ao (U, h)Ao (V» h)
P dcyv(u,v) Q Ocuv(w,v)
_ ELP(U)LQ(V) + 1 + E [Z duyp Al(up»h) i Z dvg Al('Uqah):| n O(hz)
2 2 2 — cuv(u,v)Ao(up, h) g cuv(u,v)Ao(vg, h)
Similarly,
P dCU(U)A h
1 1(u;ll7 ) 2
El|Z. = —
[Z2(u, U, 1)) 2 + [Z cuv(u,v)Ag up,h)} +O(R),
Q 65V<V)A h
1 oy 1(vg, h) )
BlZs(v,V,h)] = § + 3L [Z ooy Uq’h)] +0(h?).
As a result,
1
gi(u,v,h) = Elg(u,v,U,V,h)] = 5[LP(U) — LY (v) = 1] + h&(u, v, h) + O(h?),
Bch(u,v)A (u h) OCUV(u,v)A (’U h) BCU(u)A (u h) BCV(V)A (’U h)
. 1 P du, 1\Up; Q dv 1\Yq; P du, 1\tUp; Q dv 1\¥q>
with {(u,v,h) = 3 [szl cuv(ﬁ,v)Ao(uP,h) + Zq:l cuv(u,v)Ag(ug,h) szl cuv(u,v)Ag(up,h)  Lug=1 cuv(ﬂ,v)Ao(vq,h) :
Then,

¢i(h) = E[g (U, V,h)] — {E[3(U, V, h)]}?

+ /[071]P+Q i[LP(u) — 1]2[LQ(V) _ 1]QCUV(U, V)dudv
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= / RILY (u) — 1)[LE(v) — 1]¢(u, v)dudv + O(h*)
0,1]P+Q
/ / IL” (u) — 1||L9(v) — 1|dudv + O(h?)

1
:MQ/ |LP(u)71|du/ IL(v) — 1|dv + O(h%)
[0,1]P+Q 0

= O(h?). [4]
Moreover,

E[zl(Ul,vl,Uz,Vz,h)]

cuv(uz,va) cuv(ui,vi)
= K 2 ( — ul)KQ (V2 — V1) |: + duidvidusdvs
/[0 e 200 "a AL (w1, h)AF(vi,h) AL (uz, h)AF (v, h)

= ~K —u)KY, (va—v cuv(uz, v2) duidvidusdv
/[01]2<p+Q> 2 hZIP( 1) h2IQ( 2 1)Aé’(ul,h)Aég(vhh) B

1 P Q
= K uz —u;)K V2 — Vi) uz, va)duzdvs | duidv
/[0,1]P+Q AT T MO o K (K (2 Vo (v 2} vy
1 / P Q
= K" (s)K™(t)cuv(ui + hs,v1 + ht)dsdt:| duidvy
~/[0,1]P+Q A(I)D(ulv h)A(?(Vlv h) |: (uy+hs,vi+ht)€[0,1]P+Q
P Q
A1 (u1 ) QCUV A1 (’Ul h) OCUV
= 1+h / St A4 (1.117 V1)duldV1 +h 7%7(111, V1)dll1dV1
pz [0,1]P+Q Ao(urp, h) Oup qz (0,1]P+@ Ao(vig, h) Ovug
P
h2 / Az(ulp h) aQCUV / 1)1 ) 8 CuUvVv
+— = u1, vi)duidv +— € uy, vi)duidvi
2 ; [0,1]P+Q AO(ulpvh) au% ( R e Z 0,11P+@Q 'Ultnh) 8Uq ( 1) '
P
h? Ai(uipy, h)Ar(upy, h)  9cuv
+— ui, vi)duid
2 Z: /01]P+Q Ao(uipy, h)Ao(uip,, h) 8umaum( b v)dmdv,
Q
h Al Ulql,h)Al(’thz,h) 82CUV
— duid
2 Z / 1P+Q Ao(v1gr, ) Ao(v1gy, h) Ovg, Ovg, (1, va)dwdvs
1g2
G As (u1p, B) A1 (vigy, h) &3¢
+h2 1\Ulp, 1\V1qz, uv 7 duid
ZZ oyrra Aotng M) Ao(vig, h) Dy, VI
P
h h) aBCUV ’U1 h) achV
— duid — e duid
6 Z/Ol]PJrQ Ao( Ulpvh) dui (01, va)dudvy + [0,1]P+Q AO (vig;h) Ovg (1, vi)dwadvy
h2 Az(ulpl h)Al(U1p2 h) 8BCUV
+7 b b , d d
2 Z Z /[ 0,1]P+Q Ao(ulplah)AO(ulmvh) 8“12918’“172 (UI Vl) e
p1=1pa#p1
h? Az(vigy, h) A1 (V1gy, h) 8Pcuv
+— , duid
2 Z Z [0,1]P+Q AO Ulcnvh)AO(vllIzvh) a7)31811112 (UI V1) e
a1=1q2#q1
h? / Ai(uipy, h) A1 (urpy, h)Ar(uipg, ) dPcuv
+— ) 2 ’ ui, Vi dU1dV1
6 1<p1 P2, p3<P 0,1]P+Q Ao(uapy , h)Ao(1p,, h) Ao (Uips, h) Oup, Oup, Dup, ( )
P1#£P2#DP3
h? A (v1g1, h) A1 (V1g;, ) A1 (v1g3,h)  DPcuv
+— ui, vi)duidv
6 ./ 1P+ Ao (vigy, h)Ao(vigs, h)Ao(vigs, h) avmaquavqs( b vi)dumdv,

1<q1,q2, qs<Q
1792743

2 3
w2 ZZ/ Az (up, h) A1 (vig, h) O cuv (w1, v1)dudvy

2 el g1 /0, 11P+R Ao (u1p, ) Ao(vig, h) Quzdvg

ES%> - OOV () va)dusdy
- 1, Vi)auidvy
2 o1 g=1 /0, 11P+Q Ao(uip, k) Ao(vig, h) Qupdvg
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A (u1p,, h) A1 (Urpy, h)Ar(v1g,h)  8Pcuv
1P+Q Ao (ulpl B h)AO(Ulpz ) h)AO(Uhn h) Oup, Oup, Oy

(a1, v1)duidvy

+

v | =,
NE
Me
=

[0,1

2 P @ 3
+h Z Z / Al(U1p, h)Al(U1q17h)Al(Ulq2, h) 15) cuv (ul,V1)duldV1 + O(h4)
[0,1]P+Q

Ao(uip, h) Ao(vigs, h)Ao(v1gs, k) Oupdug, Ovg,

Let z, y and z denote any three different entries of u or v. Let X, Y and Z be the corresponding entries in U or V. Let
fx be the density function of X with X being either a random vector or a random variable. Then fx = fy = fz =1 as
Up,p=1,...,Pand V,q=1,...,Q are uniformly distributed. The last equality above follows from the following facts.

Al(CIf h) aCUV / A1(.T,h) f
I v)dudv = YX (2Vdx = 0;
(1) /MHQ Ao(z,h) Oz udv = | e e P
AQ(EI? h) QCUV - ! A2($7h) d Ix _
(I1) /[01]P+Q Ao(w.h) Oz dudv—/ Ao(z. 1) do? (z)dz = 0;
Ag(l‘,h) o ! A3($7h) X —
(II1) /[ i To(@.h) 836 (u,v)dudv = Ao(x,h) G (z)dz = 0;
Ai(z, h) A (y, h) O%c / /1 A, h)A1(y, h) Ofxy 2
v v1)duid \y)dzdy = O(h?);
) /[] Ao(e. W) Ao(y. ) Bzpy (VI = Ao(z, h) Aoy, h) dudy »¥)Hrd = Oh)
A2(xa h)Al(y7 h) a 2(1"7 h)Al (y7 h) 8f§(Y _
v /[0,1]P+Q Aole. B)Aoly, ) Dy (" VI I = Ao(z, h) Aoy, ) a2y ¥4 = OR)
({E,h)Al(y, h)A1(Z,h) SSCUV
VI ,vi)duid
v /[]Q Ao, h) Ao(y, h) Ao (=, h) Dadydz 1 VPV
11 g1
A1({lj,h)A1(y,h)A1(Z,h) af?(Y 3
.y, z)dzdydz = O(h”).
/0 /O /0 Ao (2, 1) Aoy, h) Aoz, h) Badyaz Y 2 drdydz = O()
By similar arguments,
E[ZQ(UhUzvh’)} =1+ O(h4)7
E[Z3(V1,Va2,h)] =14 O(h").
Then,
0(h) = O(h*).
Let U, = ﬁ S g(ui, vi,ug, vy, ), Un = 23 gi(ai,vi,h) — (n — 1)E(Uy) be the projection of E(Uy,) and U, =
i<j
Un + R,. As §1(U;, Vi, h) < M and Var(g1 (U, V, h)) = ¢ (h) = O(h?), by Bernstein’s inequality (12),
N _ 3 t%@%%lg
n— n <2exp{ — -
P[|Un = 0(h))| > n~ PFQF3] < 2 3
Ch2 + C'n~ PTaTst
and . X
Un —0(h) = o(n” 2hlogn) a.s..
Note that
e 4(n—2) 4
ElUn —Ual” = n(n —1) Gt n(n —1) G2 nCl
1
= OG-

Then, by Chebyshev’s inequality (11),
P|Rn| > n~3/(PH@+3)y] < 2 RR2 S/ (PHQ+3) _ 042~ ot - (P+Q),
Clearly, R(PHR)/27, is also a U-statistics and AP +9/20, is its projection. Then,
Eh T U, - h 20,2 = Oo(n™2).
According to Lemma 16,

R, =o(n o logn) a.s..
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As a result,

Ti(h) —0(h) =U, —0(h)+ R, = o(n~ 2h10gn+n 'h logn)as
1
f— 3 —_—
= o(h +nhP+Q)as

Furthermore,

Plsup |Ti(h) — 0(h)| > n~ PFaTs¢]

heEHn
< 3 P(Ti(h) — 0(hi)| > n” FEES
< 30 PO = 00h)| > g T+ 3 PlIRa(ho)] > g0 PR
L i=1
i th%glg 2P+42Q
< Z [2 exp { - 3 } +C"t 2 Pras h*(P+Q)}
— Ch? + C'n~ PFQF3¢
= o(1)

Combining this with the result that sup, ¢4, [0(h)| = O(sup; ki) = O(n~ PraTS ), we have,
sup [Ty (h)| = op(n” PFEF).
hEHn
g

KP u, ) K@ P
Z h2IP<uJ u;) h’zIQ(V] vi)

2
Proof of Lemma 18. We begin with analyzing the term :L . [#i 0 AP Al 1] , which can be expressed
cuv (i, Vvi)Ag (Ui, ) AGF (Vi

in terms of two U-statistics, as we shall show.

Z KhZIP u; — )KSZIQ( §— Vi) 2
J#i
— -1
Z |: cov(ui, vi) AP (u;, h)AZ (vi, h) ]

h2Ip (u; — ul)ngl — Vi) h21p u;)K h21 (Vi — Vi)
B ZZZLW () AP(uuthQ vih lH Pl A (vi,h)_l}

cuv uz, Vz

i=1 j#i l#4
B 1 3 Ko, (w) — u)K (v = vi) + Koy, (wi = w)K, (Vi = v)) . ?
n(n —1)2 Py cov(wi, vi)AP (u;, h)AZ (vi, h) cuv(uy,v;)AE (uj, h)AS (v, h)
L 2 Z Kh21 (u; ui)K%IQ( — Vi) h21 -uw)K h21 (vi = vi) 1
n(n —1)? Pt cuv(u, vi)AP (u;, ) AZ (vi, h cuv(us, vi) Ag’(u“h) 9 vy, h)
|:Kh21P( u;)K h21 (Vi = v;) } |:Kh21p( —uy Km (Vi —vj) 1]
cuv(uy, v;)Af (u;, h)A (Vjv h) CUV(uJ’VJ)A(}JD( sh)A (Vj7h)

. [thlp (u; — ul)KSZIQ (vi — 1) 1] [Khzlp (uj —w)K 1o (vi—w1) 1:|
CUV(ulv VZ)A(I)D(ulv h’)Agz (Vlv h) CUV(ulv vl)A(I)D(ula h)A(C)Q(Vl7 h)

1
= Wzgl Uz’Vz»UJaVy,h)er Z 92(ui, vi, ug, vy, w, vi, h)
1<J i<j<l
1 n—2
= Un Un
2n—1) " T 3m o

Now, we use the same technique as in Lemma 17 to analyse these two U-statistics. Let

g1,1(u, v, h
Gia(h
g2,1(u, v, h
02 (h

) = Elg(u,v,U,V,h)]; 01(h) = E[g1(U1,V1,Us, V2, h)];

) = Var[gia(U,V,h)];  G2(h) =Var[g1(Us, V1, Uz, Vo, h)];

) = E[g2(u,v,U1,V1,U2, Vo, h)]; §o22(ui,vi,uz,ve, h) = E[g2(u1, vi,u2,ve, U, V), hl;
) E[g2(U1,V1,U2, V3, Us, V3, h); - C21(h) = Var[g,1 (U, V, h)];
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C272(h) = VaT[gg,Q(Ul,Vl,UQ,VQ,h)]; (2,3(}7,

After some tedious calculations, we have

1

9 [eS) P+Q
01(h) = W[/ K2(t)dt] +O(W);

P AR (up, h) (B2 (0, v))? &L AT (vg, h) (B (u, v))°
Gz(h):3h2/ le Ou Z a l
aP+e L cuv(u, v)Af(up, h cuv(u, v)AZ(vg, h)
Moreover,
1
Ga(h) = O(m);
1
Ci2(h) = O(m);
Coi(h) = O,
1
C2v2(h) = O(hP+Q)§
1
Ca(h) = O(m)-

Write Un’l = Un,1 +Rn,1 and Un,g = Un’g +Rn,2 with UnJ = % Z
inequality (12) and Lemma 16,

S P+Q
~ 2 1 _1._
Unp = hpm{/ KQ(t)dt} + O mrgy) +on 2 h™ " logn) a.s.;

3(P+Q)
Rn1 = o(n 'h™" 2 logn) a.s;
Uno = 3C’1h3+0(h4)+0(n7%hlogn) a.s.;
1, _PtQ
Rn2 = o(n  h” "2 logn) a.s.
Consequently,
oo P+Q
1 n—2 3 1 2 3 1
2(n—1)U71+3(n—1)U’2 C1 +nhP+Q{/oo (t) ] + o JrnhPJfQ)aS

) = Var[g2(U1, V1, Uz, V2, Uz, V3, h)].

dudv + O(h*).

g1a(ui,vi,h) and Un2 = 23§21 (i, vi, h). By Bernstein’s

When h o< n~ Y/ F+2+3) 1y Bernstein’s inequality (12) for U-statistics ((15)),

1 _
P<E|Un’1 —0:1(h)| >n 3/(P+Q+3)t> < 4exp{ -

since (1,1 = O(77) and ||Un 1]|c < C/R*.

Moreover, when h oc n~/F+@+3) by Bernstein’s inequality (12) and Chebyshev’s inequality (11),

, P+Q-3
t’nPFQ+s3

3(P+Q+1)
t n P+Q+3

Ch=4 4 C'pPrats p=4

P(|Up2 — 02(h)| > n~ 3/ Tt < 2exp{ -

Repeating the above procedure we have

S K (i —w)

72 |:J¢z u“h) 1

ZK%Q( j = Vi) -

J#i
*Z { vony

When h o n~ 1/ (FP+Q+3)

Z KhIp u;)

Ci1h?2 + Con~

1 J#i ?
nz|: Af (ui,h) _1]

=1

g
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PrQT3¢

1
=o(h® + thLQ)as7
’ 1
3
=o(h +nhP+Q)

3 __P4+Q
>n P+Q+3t> = O(n~ PFa+3),

}: o(n~ 7).
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ZKhIQ Vi = Vi) 2
e o
[ Ag (vi,h)

_—— __P+Q
>n PTQT3 t) = O0(n~ PFa+3),

which implies that

~ 1 n—2 3 1
0(h) = ———01(h)+ —-==02(h h+ ——
() = gy )+ g0 gy () + ol + )
3 1 <, (P+Q) 3 1 .
= C(C2h +m{/_m[{ (s)ds} + o(h +W)7
- 3 1
T>(h) =0(h) + o(h” + hP+Q) .5,
and
sup [T3(h) — 0(h)| = op(n” FFQ¥3)
heHn
|
Proof of Lemma 19. The result follows directly from Lemma 13. Without loss of generality, we assume
2
m1:/ {acuv(up,o,v)} du_pdv.
[0,1](P+Q@-1) Oup
Then,
o s 1[ AR (up, h)(%52 (u, v))? i
= udv
' h [0,1]P+Q cuv(u, V)A (up, h)
] / Al WGV
= updu_pdv
h{ [0,1]P+Q~1 cuv(u, v) A3 (up, h) ? g
1 m A (up, h) (%2 (up,0, v) + 0(1))?
= = dupdu_pdv
AT e < o
_ mro() [ (" Ayl
N hM> o Ai(up,h) "
N m1W12 _
M
Additionally,
2777,3 ! A%(upa h)
Ci < i, |:/U Ag(up,h)duP
2m3(4WaWs + 1)
M, ’
a

Proof of Lemma 20. Let Ay = {(u, v)|cuv(u,v) > 3M} with M > 2. Since cuv(u,v) is absolutely continuous on A§,, by
same argument for proving Lemma 8§,

( ) A n — 1 E KthP )Kg21 (v; = v) — cuv(u, v)A(I)D(u7 h)AUQ(v, h)] — 0. a.s.
u,v)EAY,
JjF#i

To prove the result on Ajs, we just need to prove that

n— 1 Z KhZI )ngl (V-v)

lim inf iz
n—o00 (u,v)E€A N A(I)D(u, h)AO (v, h)

> M. a.s.

Write ¢ (u,v) = min[cuv(u,v), M]. By the absolute continuity of ¢, for V(ui,v1) € A, and Ve > 0, there exist a

6 > 0 such that
sup |Cff¥,(u,v) - C%A\I/(uh vi)| <e
d((u,v),(u1,v1))<s
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with d the Euclidean distance. This implies that

11M
inf v (u,v) > ——,
s < OV >
where d((u,v), Ap) = ( in)f N d((u,v), (u1,v1)). On noting that K (¢) is integrable on R, for Ve > 0, there exists a positive
ui,vi)€An
number Ny such that
No
K(t)dt >1—e.
—No

Choose Ny such that

u) l1—u

/min(NO, 1;
max(—Nog, _h“

Then, for € small enough,

EKpp (U—-u)KP, (V-v)
inf Q
(u,v)EAN AP (u,h)AZ (v, h)
h ht
= inf / CU‘}’}“* ks ) K (s)K (t)dsds
(u,v)€EA N (u+hs,v+ht)€[0,1]P+Q AO (ll h)AO (V, h)
3M
> inf / CU‘}’D(“ + hs’; ) )P (YK () dsdt
(WVIEAM J (i hs,v+ht)e0,1]P+Q A (u,h)Ag (v, h)
3M h ht
—  inf / | cov(ut A )KP(s)K® (t)dsdt + Ce
(aw)eAn Juthsvint)elo, )P+ Al (u,h)AS (v, h)
(s,t€[—No,NolF+9)
11M _r_ Q.
> [ [ K] [(ya [ K()it] + Ce
4A¢ (u, h)Ag (v, k) 4 u+hse(0,1] 4 v4hte[0,1]Q
> 2M.
Notice that, for any (u,v) € A,
1 1
Var(+ > Kl () — wKiy, (v = v)) = 2 Var(Kfa, (U - wK, (V- v)
J#i
1
< 5E(Kf2lp (U - )Kfle (V-v)’

— 1 p,Uu1 —u Q, V1 —V 2
N nh2P+2Q/[01]P (K ( h JK™( A )) cuv(ur, vi)duidvy

K§+Q

nhf+Q

IN

E(Kp2p,(U—-uw)K2, (V-v)).

h21q

Using the same argument in proof of lemma 7, we have

ZJ 1 Kh21 u; )ngl (vi—v)— E(Kh21 (U~ )K%I (V- V))
sup ‘ =o0(1) a.s
(uv)EAN \/ E(KL, (U—-wKg, (V-v))
And thus, for all (u,v) € Ay with M > 2,
1+ 1
- > K, (uy - WK (v —v) = §E(Kh21 (U—-wKp (V-v)) as
Consequently,
inf %Z; Kh21 (u; )ngl (vi—=V)
in
(uv)eAy AP (u,h)AZ(v,h)
 LE(KDy, (U-wKS, (V)
> inf a.s.
(u,v)EAy AP (u,h)AZ (v, h)
> M a.s.

O
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Fig. S1. MSEs against sample sizes for different estimation methods of Ml based on different models. JMI: Red, mixed KSG: Green, copula-based KSG: Brown.
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Fig. S2. In each pair of panels, the left is the model and data, and the right is the powers of tests with significance level & = 0.05 for models (a7)-(a16) with additive noises,
and models (c1)-c(3),(c10)-(c12) with contaminated noises. For the curves of powers, correspondence between colors and different methods are as follows, red for JMI; green
for HHG; blue for MIC; black for dCor.
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