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Supplementary Note 1: Theoretical description of the phase-controlled FTS 11 

Phase-controlled delay line with a galvanometric scanner 12 

Theoretical description of the phase-controlled delay line is provided as follows. The detailed schematic of the 13 

phase-controlled delay line with a galvanometric scanner is depicted in Supplementary Figure 1a. In this 14 

configuration, the grating equation may be described as: 15 

 
sinߚλ = ߣܰ − sinߙ, sinߚλబ = ଴ߣܰ − sin(1) ,ߙ 

(2) 

where ߚλ and ߚ
λ0 denote the first-order diffraction angles of the light at wavelength of ߣ	and ߣ଴, ߙ incident angle, 16 ܰ groove density of the grating. Here, ߣ଴ denotes the wavelength corresponding to the pivot position of the 17 

scanning mirror in the Fourier plane. Assuming the facet of the scanning mirror is on the Fourier plane at ݐ = 0, an 18 

optical path length difference ܮ୥ሺݐሻ between the beams at the wavelength of ߣ	and ߣ଴ is described as:  19 

ሻݐ୥ሺܮ  = ݈୤൫tanߚλబ − tanߚλ൯ tan߱(3) ,ݐ 

where ݈୤ denotes the focal length of the curved mirror and ߱ the angular frequency of the scanning mirror. When 20 ߚλబ, ஛ߚ ≪ 1 and ߱ݐ ≪  ሻ is described as: 21ݐ୥ሺܮ ,1

 

ሻݐ୥ሺܮ ≈ ݈୤ܰሺߣ଴ − ≈ݐሻ߱ߣ ݈୤ܰܿ ൬ߥ − ߥ଴ߥ଴ߥ ൰߱(4)  ,ݐ 

where ܿ is the speed of light, ߥ and 0ߥ the optical frequency corresponding to ߣ	and ߣ଴. Then, the spectral phase 22 ߶୥ሺߥሻ may be described as: 23 

 

߶୥ሺߥሻ = −2πܿߥ × 4 × ሻݐ୥ሺܮ
≈ −2π4݈୤ܰ߱ߥ଴ ሺߥ − =	ݐ଴ሻߥ −2πܿ୥ሺߥ −  ,ݐ଴ሻߥ

(5) 

where ܿ୥ = ସ௟౜ேఠఔబ  is the down conversion factor. Since the light is reflected off the scanning mirror twice in the 24 

delay line, the total optical path length difference is ܮ୥ሺݐሻ multiplied by 4. The group delay ߬୥ may be described 25 

as: 26 



 ߬g = − 12π ߲߶gሺߥሻ߲ߥ = ܿg(6) .ݐ 

 27 

Phase-controlled FTS with a galvanometric scanner 28 

We denote complex electric fields of an input and two outputs of the Michelson interferometer as ܧሺݐሻ, ܧୱୡୟ୬ሺݐሻ 29 

and ܧ୰ୣ୤ሺݐሻ, and their Fourier-transformed fields as ܧሺߥሻ, ܧୱୡୟ୬ሺߥሻ and ܧ୰ୣ୤ሺߥሻ, respectively. In the frequency 30 

domain, ܧ୰ୣ୤ሺߥሻ and ܧୱୡୟ୬ሺߥሻ may be described by adding the spectral phase to ܧሺߥሻ as: 31 

ሻߥrefሺܧ  =  ሻ, (7)߬ߥሻexpሺ−i2πߥሺܧ

 
ሻߥscanሺܧ = ሻexpߥሺܧ ቂi ቄ−2π߬ߥ + ߶gሺߥሻቅቃ= ߬ߥሻexpൣ−i2π൛ߥሺܧ + ሺߥ −  ଴ሻ߬୥ൟ൧, (8)ߥ

where ߬ denotes a delay added by the reference and scan arm of the interferometer, and ߬୥ the group delay added 32 

by the delay line in the scan arm. By inverse-Fourier-transforming ܧ୰ୣ୤ሺߥሻ and ܧୱୡୟ୬ሺߥሻ, the complex electric 33 

fields ܧ୰ୣ୤ሺݐሻ and ܧୱୡୟ୬ሺݐሻ are described as: 34 

 

ሻݐrefሺܧ = ℱ−1ሼܧrefሺߥሻሽ= න ݐሺߥሻexpሼi2πߥሺܧ − ߬ሻሽ݀ߥஶ
ିஶ 	= ݐሺܧ − ߬ሻ, (9) 

 

ሻݐscanሺܧ = ℱ−1ሼܧscanሺߥሻሽ= exp൫i2πߥ଴߬୥൯ න ݐ൫ߥሻexp൛i2πߥሺܧ − ߬ − ߬୥൯ൟ݀ߥ∞

ି∞ 	= exp൫i2πߥ଴߬୥൯ܧ൫ݐ − ߬ − ߬୥൯. 
(10) 

Integrated intensity of the combined electric fields of ܧ୰ୣ୤ሺݐሻ and ܧୱୡୟ୬ሺݐሻ detected by a photodetector can be 35 

written as: 36 

 

൫߬୥൯ܫ = න|ܧ୰ୣ୤ሺݐሻ + ஶݐሻ|ଶ݀ݐୱୡୟ୬ሺܧ
ିஶ= නหܧሺݐሻ + exp൫i2πߥ଴߬୥൯ܧ൫ݐ − ߬୥൯หଶ݀ݐஶ
ିஶ . (11) 

Here, ݐ − ߬  is replaced by ݐ  for simplicity of the equation. The AC component of ܫ൫߬୥൯ , namely the 37 

interferogram ܵ൫߬୥൯, is described as:  38 

 ܵ൫߬୥൯ = exp൫i2πߥ଴߬୥൯ න ݐ൫ܧሻݐሺ∗ܧ − ߬୥൯݀ݐ +∞

ି∞ ܿ. ܿ.. (12) 

Finally, Fourier-transforming the interferogram gives the spectrum:  39 

 

ℱ൛ܵ൫߬୥൯ൟ = න ܵ൫߬୥൯exp൫−i2π߬ߥ୥൯݀߬୥ஶ
ିஶ= න exp൛−i2πሺߥ − ൫߬୥൯݀߬୥ஶݏ଴ሻ߬୥ൟߥ
ିஶ + ܿ. ܿ.	= ߥሺܤ − ଴ሻߥ + ܿ. ܿ.. 

(13) 



Here, ݏ൫߬୥൯ = ׬ ݐ൫ܧሻݐሺ∗ܧ − ߬୥൯݀ݐஶିஶ  and ܤሺߥሻ = ℱ൛ݏ൫߬୥൯ൟ. As shown above, the spectrum is shifted by ߥ଴, which 40 

is experimentally demonstrated by changing the pivot position of the scanning mirror in the Fourier plane.  41 

 42 

Phase-controlled FTS with a polygonal scanner 43 

Unlike a galvanometric scanner, a polygonal scanner does not have the pivot in the Fourier plane (Supplementary 44 

Figure 1b). Therefore, the delay line based on the polygonal scanner is described in a different manner. In this 45 

configuration, the optical path length difference ܮ୮ሺݐሻ added by the delay line may be described as: 46 

 

ሻݐ୮ሺܮ ≈ ൜݈୤ܰሺߣ଴ − ሻߣ − ܴ tan߱2ݐ ൠ tan߱ݐ
≈ ݈୤ܰܿ ൬ߥ − ߥ଴ߥ଴ߥ ൰߱ݐ − ܴ߱ଶݐଶ2 , (14) 

where ܴ denotes the inner radius of the polygonal scanner that equals to the distance between the pivot and the 47 

mirror facets. The added spectral phase ߶୮ሺߥሻ may be described as: 48 

 

߶୮ሺߥሻ = −2πܿߥ × 4 ×  ሻݐ୮ሺܮ
≈ −2π4݈୤ܰ߱ߥ଴ ሺߥ − ݐ଴ሻߥ + 2π2ܴ߱ଶܿߥ 	ଶݐ
= −2π ቊቆ4݈୤ܰ߱ߥ଴ − 2ܴ߱ଶܿ ቇݐ ߥ − 4݈୤ܰ߱ቋ 	ݐ
= −2πቆ4݈୤ܰ߱ߥ଴ − 2ܴ߱ଶܿ ߥቇ൮ݐ − ଴1ߥ − ଴2݈ܿ୤ܰߥܴ߱ ൲ݐ =	ݐ −2πܿ୮൫ߥ −  ,ݐ଴′൯ߥ

(15) 

where ܿ୮ = ቀସ௟౜ேఠఔబ − ଶோఠమ௖ ቁݐ  denotes the down conversion factor and ߥ଴ᇱ = ఔబଵିೃഘഌబమ೎೗౜ಿ௧  the optical frequency 49 

corresponding to the intersection point of the scanner’s facet on the Fourier plane. Note that the above expressions 50 

become identical to those with the galvanometric scanner shown in the previous section with ܴ = 0. The group 51 

delay ߬୮ may be described as: 52 

 ߬p = − 12π ߲߶pሺߥሻ߲ߥ = ܿp(16) .ݐ 

In the frequency domain, ܧୱୡୟ୬ሺߥሻ may be described as: 53 

ሻߥscanሺܧ  = ߥሻexp൛−i2π൫ߥሺܧ −  0′൯߬pൟ, (17)ߥ

Here, we omit ߬ for simplicity of the equation. Then, ܧୱୡୟ୬ሺݐሻ is written as: 54 

 
ሻݐscanሺܧ = exp൫i2π0′߬ߥp൯ න ݐ൫ߥሻexp൛i2πߥሺܧ − ߬p൯ൟ݀ߥ∞

−∞= exp൫i2πߥ଴′߬୮൯ܧ൫ݐ − ߬୮൯. 
(18) 

Therefore, the interferogram ܵ൫߬୮൯ is written as: 55 



 ܵ൫߬୮൯ = න ݐ൫ܧሻݐሺ∗ܧ − ߬୮൯exp൫i2πߥ଴′߬୮൯݀ݐ +ஶ
ିஶ ܿ. ܿ.. (19) 

Since ߬୮ and ߥ଴ᇱ  are temporally nonlinear variables, phase correction is necessary to retrieve the spectrum. 56 

 57 

 58 
Supplementary Figure 1| Detailed schematic of the phase-controlled delay line. a, Schematic of the 59 

phase-controlled delay line with a galvanometric scanner. b, Schematic of the phase-controlled delay line with a 60 

polygonal scanner. 61 

 62 

 63 

 64 

 65 



Supplementary Note 2: Trade-off relation among the scan rate, spectral bandwidth and resolution 66 

Phase-controlled FTS with a galvanometric scanner 67 

A trade-off relation among the scan rate, spectral bandwidth and resolution of the phase-controlled FTS with a 68 

galvanometric scanner can be derived as follows. A down-converted radio frequency ݂ሺߥሻ may be described as:  69 

 ݂ሺߥሻ = 4݈୤ܰ߱ߥ଴ ሺߥ − ଴ሻߥ = ܿ୥ሺߥ −  ଴ሻ, (20)ߥ

where ܿ୥ denotes the down conversion factor, ߥ଴ the optical frequency corresponding to the pivot position of the 70 

scanning mirror in the Fourier plane. All the spectral elements ݂ሺߥሻ of the measured light must be within the 71 

Nyquist range of the system to avoid the aliasing effect:  72 

 0 ≤ ݂ሺߥሻ < ୱ݂2, (21) 

where ୱ݂ is a sampling rate of the system, which can be determined by either an optical or electrical sampling rate, 73 

namely the repetition rate of the pulsed laser or the clock rate of the digitizer, respectively. For fully utilizing the 74 

Nyquist range, we set ߥ଴	at the edge of the measured optical spectrum. Thus, the trade-off relation may be 75 

described with an optical bandwidth of the spectrum ∆ߥ as: 76 

 ܿ୥∆ߥ < ୱ݂2. (22) 

The spectral resolution ߥߜ determined by the maximum group delay ߬୥,୫ୟ୶ is described as:   77 

ߥߜ  = 1߬୥,୫ୟ୶ = ୱ݂ୡୟ୬ܿ୥ , (23) 

where ୱ݂ୡୟ୬ denotes the scan rate. Finally, the trade-off relation among the scan rate, spectral bandwidth and 78 

resolution can be described as:  79 

 ݂scan∆ߥ ߥߜ1 < ݂s2 . (24) 

 80 

Phase-controlled FTS with a polygonal scanner 81 

When using a polygonal scanner as a scanning mirror, the above expressions are modified as follows. The 82 

down-converted radio frequency of the spectrum may be described as: 83 

 ݂ሺߥሻ = 4݈୤ܰ߱ߥ଴ ሺߥ − ଴ሻߥ − 2ܴ߱ଶܿ  (25) .ݐߥ

All the spectral elements ݂ሺߥሻ must be in the Nyquist range of the system for avoiding the aliasing effect: 84 

 0 ≤ 4݈୤ܰ߱ߥ଴ ሺߥ − ଴ሻߥ − 2ܴ߱ଶܿ ݐߥ < ୱ݂2. (26) 

This configuration allows us to use a part of the measurement time in order to avoid the aliasing effect. To consider 85 

the duty cycle ܦ, we introduce ݐstart and ݐend (− ଵ௙౩ౙ౗౤ < ,ୱ୲ୟ୰୲ݐ ୬ୢୣݐ ≤ 0) for expressing the start and end time of 86 

the single interferogram, respectively. The duty cycle may be written as: 87 

ܦ  = ሺୣݐ୬ୢ − ୱ୲ୟ୰୲ሻݐ ୱ݂ୡୟ୬. (27) 



Assuming the spectrum spanning from ߥ଴ to ߥ଴ + Δߥ mapped on the Fourier plane, ݐstart and ୣݐ୬ୢ must satisfy 88 

the following inequalities: 89 

ୱ୲ୟ୰୲ݐ  > ܿ2ܴ߱ଶ 1ሺߥ଴ +Δߥሻ ൬4݈୤ܰ߱ߥ଴ ߥ∆ − ୱ݂2൰, (28) 

୬ୢୣݐ  ≤ 0. (29) 

Note that since the frequency of each spectral element decreases in time, the highest available frequency 
௙౩ଶ  90 

determines the start time ݐstart, while the lowest frequency zero the end time ୣݐ୬ୢ. Here, we consider a case where 91 ୣݐ୬ୢ = 0 so that we have the longest duty cycle. Supplementary Inequality 28 can be described as: 92 

 ܿ୮ሺݐୱ୲ୟ୰୲ሻ∆ߥ + 2ܴ߱ଶܿ ଴ߥ ୱ݂ୡୟ୬ܦ < ୱ݂2. (30) 

where ܿpሺݐstartሻ = 4݈fܰ߱0ߥ − 2ܴ߱2ܿ  which is an inverse of the group delay during the 93 ,ߥߜ start. The spectral resolutionݐ

time between	ݐୱ୲ୟ୰୲ and ୣݐ୬ୢ, may be written as: 94 

 

ߥߜ = 1ܿ୮ሺୣݐ୬ୢሻୣݐ୬ୢ − ܿ୮ሺݐୱ୲ୟ୰୲ሻݐୱ୲ୟ୰୲ = ୱ݂ୡୟ୬ܿ୮ሺݐୱ୲ୟ୰୲ሻ(31) .ܦ 

Finally, the trade-off relation is described as: 95 

 
		 ୱ݂ୡୟ୬ܦ ߥ∆ ߥߜ1 + 8πଶܴߥ଴ ୱ݂ୡୟ୬ܿܲଶ ܦ < ୱ݂2. (32) 

Here we express the angular frequency of the scanner as ߱ = ଶ஠௙౩ౙ౗౤௉ , where ܲ denotes the number of facets of the 96 

scanner. This trade-off relation clearly shows that the nonlinear phase delay broadens the down-converted RF 97 

spectrum, leading to slight reduction of the efficiency on the trade-off relation. Note that Supplementary Inequality 98 

32 equals to Supplementary Inequality 24 with ܦ = 1 and ܴ = 0. 99 

 100 

While the Supplementary Inequality 28 gives a constraint on ݐୱ୲ୟ୰୲  caused by the sampling frequency, the 101 

geometry of the polygonal scanner also gives another constraint on ݐୱ୲ୟ୰୲. Since the corners of the polygonal mirror 102 

interrupt the scan for one end of the spectrum earlier than for the other end, it gives an additional constraint as: 103 

 
startݐ ≤ − πܲ + tanି1 ൜݈ܿfܴܰ ൬ 0ߥ1 − 0ߥ1 +Δߥ൰ൠ߱≈ − π2π s݂can + ݈ܿfܴܰܲ2π s݂can ൬ 0ߥ1 − 0ߥ1 +Δߥ൰. (33) 

In this case, the duty cycle can be described as: 104 

ܦ  ≤ 12 − ݈ܲܿ୤ܰ2πܴ ൬ ଴ߥ1 − ଴ߥ1 +Δߥ൰. (34) 

 105 



Supplementary Note 3: Signal-to-noise ratio. 106 

We evaluate the SNR of single spectra measured by the PC-FTS under the experimental condition of the 107 

measurement shown in Fig. 5. Dominant noises are categorized as the detector noise, shot noise and relative 108 

intensity noise (RIN) of the light source1. In our experiment, an average power irradiated onto the balanced detector 109 

is 15 µW for each photodiode, which is limited by the detector nonlinearity. From the noise equivalent power 110 

(NEP) of our balanced detector (ca. 4.7 pW	Hzିభమ), the SNR dominated by the detector noise is estimated to be 82, 111 
while that of the shot noise to be 130. From the measured RIN of our mode-locked laser (-143 dB Hz-1), the SNR 112 

dominated by the RIN is estimated to be 255. Therefore, the SNR of our measurement shown in Fig.5 is dominated 113 

by the detector noise, and using a detector with a lower NEP could increase the SNR. The overall SNR including all 114 

the noises is evaluated to be 66, which is in good agreement with the experimentally measured value of 54. Let us 115 

now consider the case using the SLD instead of the mode-locked laser. In this case, relatively larger RIN would 116 

dominate the SNR. The measured RIN of our SLD is -124 dB Hz-1, that leads to the SNR of 29 under the 117 

experimental condition of the measurement shown in Fig. 5. In addition, the SLD used in our experiment generates 118 

a strong ripple noise due to the multiple reflections on the chip surfaces. However, the ripple noise is not a 119 

fundamental noise associated to the PC-FTS, which can be eliminated with a proper surface treatment of the chip. 120 

 121 

 122 

Supplementary Note 4: Spectrum of the fibre laser 123 

The spectrum of the fibre laser used for the measurements of Fig. 4 and 5 is shown in Supplementary Figure 2. The 124 

spectrum is measured by an optical spectrum analyzer at a spectral resolution of 0.1 nm that corresponds to 12 – 13 125 

GHz.  126 

 127 

Supplementary Figure 2| Spectrum of the fibre laser.  128 

 129 

 130 
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