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Supplementary Note 1: Experimental geometry

A sketch of the scattering geometry is givetSupplementary Figurla. Supplemental
Figure1lb shows he corresponding mapping between the incident angdemomentum trans
along the chain rectior (x-axis, in O K-edge RKS, as well a the polarization dependence
RIXS scattering intensity, related excitations within the Lower Hubbard nd (LHB), which
involve plaquett-connecting oxygen sit.
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Supplementary Figure 1. A schematic of the experimental geometry. Panela shows the cattering
geometry CuQ, plaquetts of thelD chain lie in the scattering pla The incidence ang, 6, is varied during
the experiment to @nge the projection of the momentum transfer ¢ the chaindirection €), whereashe
scattering angleyy = 130° is kept constaniPanelb shows th momentum transferred along the cls, g, as
function ol & (magent solid ling — as well a the polarization dependen of the scattering intens (blue
solid line’ related tdntra-LHB RIXS excitation of in-chain oxyges.



Supplementary Note 2: RIXS spectra in the full Brillouin zone

Due to the relative low energy of x-ray photonsdifor the excitations at the oxygen K-
edge, the technique can only access about halheffitst Brillouin zone (BZ). One can,
however, measure out to the Brillouin zone bounddrgther elemental edges such as the Cu
L, sedge. Similarly, we can also compute the RIXS spethroughout the entire BZ. By
examining the magnetic excitations throughout théZ, we can gain further insight into their
identities. Supplementary Figure 2 compares thesared and calculated RIXS spectra over the
available momentum-transfer range: K-edge data (Supplementary Figure),2theory
(Supplementary Figureb?, Cu Ls-edge data (Supplementary Figur®.2ne can see that the
calculated weight of the dispersing branch agreslswith the continuum observed at the Cy
edge (primarily due to two-spinon excitations) tmuthe zone boundary.
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Supplementary Figure 2. RIXS spectra plotted over the full first Brillouin zone. a The experimental
spectra at the ®&-edge shown in the momentum range accessible texperimentb The calculated RIXS
spectra at X-edge over the entire'BZ. ¢ the experimental data at Cy-edge. The dotted and dashed lines
overlaid over the data shows the boundaries fotwiiee and four-spinon continuua.



Supplementary Note 3: L ow-energy excitations and background in O K- and Cu Lz-edge
line spectra at the r-point

Supplementary Figure 3 shows zoom int¢&KCand CulLs-edge line spectra measured at
q = 0. The data are normalized to acquisition time. [Bweenergy excitations below 1 eV can
be clearly seen in the K-edge spectrum. They are well separated fddraxcitations and there
is little background in the region 1.2 — 1.6 eV.clntrast, the Clz-edge spectrum has a high
background in the low-energy region, which extefrdsn the very strongld-excitations (see
Fig. 1 and Supplementary Reference 1) all the wayndto the elastic peak. This makes it much
more difficult to study excitations of weak spetw@ight at the CuLs-edge, such as four-spinon
excitations. The statistics of the presente-@dge data is better, due to the four times longer
acquisition time. The combined energy resolutionhaef OK-edge data is factor 1.8 better (see
Methods section).
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Supplementary Figure 3: The RIXS line spectra measured at the O K- and Cu Lz-edges close to the I'-
point (g = 0). The OK-edge (CuLs-edge) spectrum is represented by the blue (magtnéa The Cul;
spectrum has been offset in the vertical by 0. Xclarity.



Supplementary Note 4: Boundaries of the two- and four -spinon continua

The dispersion of a single spinon is giverw(k) = "7] |sin(ka)| and the boundaries of

the two-spinon continuum is given by a simple cdation of ws(k) with itself. Similarly, the
convolution of four single spinon dispersions wilbduce the four-spinon continuum. The upper

and lower boundaries of the two-spinon continuum given by w3y, = m/|sin(qa/2)| and
1

Wy = 1T7’|sin(qa)|. Similarly, the upper and lower boundary of tharfgpinon continuum are

: 1/2 .
given by wj =+2nJ [1 + cos ("Z—a)] and wli(q) = "7]|sin(qa)|, respectively. These
expressions are derived in Supplementary Refer2raned are determined purely by kinematic

constraints. The boundaries of the two- and foumesp continua are plotted in Supplementary
Figure 4.
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Supplementary Figure 4: The phase space of the two- and four-spinon continuum. The boundaries are

derived from the dispersion relationship of norefatting spinons. Panalshows the two-spinon continuum
while paneb shows the boundaries of the four-spinon continuum.




Supplementary Note 5: I ncidence ener gy dependence

Supplementary Figure 5 shows how the various magmcitations depend on the
incident photon energy in our model. The multi-gpirexcitations that are prominentgat= 0
are very sensitive to the incident energies contptiréhe dispersing two-spinon excitations, and
the multi-spinon excitations have the largest gpéeteight forw;, in the range of 0.3 eV to
0.6 eV. This sensitivity to the incident photon myyeindicates that the multi-spinon excitations
found outside of the two-spinon continuum are meiféectively reached via particular
intermediate states.
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Supplementary Figure 5: RIXS spectra dependence on the incidence energy. Panelsa throughf show the
RIXS spectra evaluated at various incident enesgy@icated in XAS spectra shown in the inset afgba.

Supplementary References

1. J. Schlappa, K. Wohlfeld, K. J. Zhou, M. Mourigdl. W. Haverkort, V. N. Strocov,
L. Hozoi, C. Monney, S. Nishimoto, S. Singh, A. Relevschi, J.-S. Caux, L. Patthey, H. M.
Rgnnow, J. van den Brink, and T. Schmitt, Spintorkeparation in the quasi-one-
dimensional Mott insulator S2u0;. Nature 485, 82 - 85 (2012).

2. J.-S. Caux & Hagemans, The four-spinon dynamicatsire factor of the Heisenberg chain.
Journal of Satistical Mechanics: Theory and Experiment, P12013 (2006).



