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I. EVERY UNBOUNDED OEE PROCESS IN THE GENERAL SENSE CON-
TAINS AN UNBOUNDED OEE PROCESS IN THE STRONG SENSE

As introduced in section IIIB, a dynamical system whose description at time step t is
oy is the result of a process which history is recorded by ¥(t) = {o1,...,0:}. This is the
collection of the description of our dynamical system at each and every time step until .
Note that ¥(¢) C X(t 4+ 1) for every t. Also, note that a given evolutionary history might
contain partial evolutionary histories. Imagine, for example, that we fail to record every
other instantaneous description. This is likely in empirical setups: we might be able to
record a system only once a minute, or once a day.

More rigorously, take a sorted, infinite subset of the natural numbers T' = {t, t5,t3,...} C
N. Note that each ¢, is an integer and that not necessarily all integers appear in 7', but that
this set itself can be labeled by an index 7 which runs over all the natural numbers. At each
7, the finite set T, = {t1,...,t.} C T selects a subset ¥'(7) = {o0y,,...,0, } of the original
history at time ¢, thisis: 3'(7) C X(¢,). Also, ¥'(7) C ¥'(7+1). We say that the succession
of 3/(7) for all 7 € N is a partial history of the process under research. We also say that the

original history (given by the succession of all ¥(¢) for all ¢ € N) contains this partial history.

With these definitions it is possible to prove that every unbounded OEE process in the
general sense must contain an unbounded OEE process in the strong sense (as illustrated
in figure S1). Let us suppose, indeed, that our X(t) obeys equations (6) and (7) of the
main text. At the same time, let us also assume that, among all partial histories of this
process, there is not a single one that obeys equation (9) of the main text — this is, that
our unbounded OEE process in the general sense does not contain any open-ended partial
history in the strong sense. This second assumption will bring us to a contradiction.

The fact that there is not any partial history obeying equation (9) of the main text means
that, for whichever partial history that we choose, there is always a finite value p such that
K(oy,) > K(oy,) for all 7 > p. This implies that the description of our system reaches a
maximum K+ at some time m < ¢, with KT = K(0,,), and that every description of the
system afterwards has at most complexity K. The complexity of the process history at

this time normalized by the number of steps is some finite number:

(K(¥(m))) = ———= <00 . (1)
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FIG. S1: OEE in the general versus the strong sense. a) The description of a system
over time changes, not necessarily yielding systems of monotonously growing complexity. b)The
evolutionary history of a system at a given time (3(t)) consists of the collection of all previous
description of the system up to time ¢. c¢) If we deal with OEE in the general sense, the complexity
(properly normalized) of the history of a system increases monotonously over time. As we prove
in the text, if such a system complies with all axioms for general OEE, it must contain an OEE

sub-process in the strong sense, marked with red circles in panel a).

Let us now study the case in which as much complexity as possible is added after this
time step. Note that K(oys,,) is at most K. To add as much complexity as possible to
the process history, we would need to append incompressible bit strings. The number of
incompressible strings of length Kt is finite, but we can still add them in a patternless
fashion, also making sure correlations are not introduced with the history prior to time m.

Even if we manage to do so, the complexity of the process history (normalized by the number



of time steps) at any time ¢ > m is bounded by:

m(K(X(m))) + (t—m)K™*
t

K(S(t>m)) < (2)

For large enough times, K(X(t > m)) — KT asymptotically. By axiom 1 (Open-
Endedness), this process would be a bounded open-ended one if K™ > (K (X(m))). This is:
bounded open ended processes in the general sense do not necessarily contain an open-ended
process in the strong sense. But the upper limit K to the complexity of the process history
implies that our process cannot obey axiom 2 (Unboundedness), which is a contradiction
because we started out by assuming that our process is unbounded and open-ended in the
general sense. Hence, every unbounded open-ended process in the general sense must contain
at least a partial history which is open-ended in the strong sense.

We could proceed similarly to prove that at least one partial history must exist that is
unbounded in the strong sense. If not, all partial histories must have a finite N € N such
that there is not any ¢ such that K (o;) > N. All of these bounds are finite, so there must be
a maximum K = max{N;}, where N; is the bound of the i-th partial history of the original
process (which is a countable set). We can try to build the most complex such history and
come to the conclusion that, at most, K(X(t)) — Kt as t — co. But, again, we departed
from the hypothesis that our process is unbounded open-ended, so this is a contradiction
because K sets an upper bound in complexity of the process history normalized by number
of time steps. Hence every unbounded open-ended process in the general sense must contain

an unbounded open-ended process in the strong sense.

II. CONDITIONS FOR THE EMERGENCE OF ORDER IN THE PROBABILITY
DISTRIBUTION

Throughout the text we emphasised that the probability distribution is ordered. It is
therefore crucial that such ordering is maintained. Here we state the conditions under
which the emerging probability distribution is ordered.

The solution that satisfies the postulates of OEE given by equations (13—15) of the main

text assumes the existence of some sequence 6o, ..., 0,, ... of positive real numbers by which:

(Vk <n) ppi1(k) = Oniapn(k);
1fk:n+17 pn+1(k>:1_9n+1 . (3)
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This implies a successive process of rescaling of the probabilities, as long as the system grows

in size. So, one has:

pa(1) = 0505 .. 60, =[] bx

k<n

(2 = (1-0) ]

2<k<n

pa(i) = (1=06) []

i<k<n

pn(n) = 1 -0,

We observe that we can establish a recurrence relation between probabilities:

pn(l) = H O,

1<k<n

pn(k) = akpn(k_l) )

with a; defined as:

0 = (1—6%)
(1= 60p1)0k
If a;, = 1, then (Vk < n) po(k) = %, and H(X,,) = logn. It is easy to see that
k—1 1
Qk:Té(ngn)pn(ls):ﬁ ,

and, consistently, 1 — 0, = % Now let us suppose that the function 1 — 6 is dominated by

%, i.e., 1 — 6, decays faster than % Then,

1—0,) k-1 k-1
(1_0k_1)< A and 6, > 3 ,
SO
(1—06)
VE<n) aqp=-——">—<1
(Vk<n) a (1= 6_1)0k

The immediate consequence of the above result is that:

pn(1) > pa(2) > ... > pu(n) . (4)

We observe that if H(X,) < logn then 6 # k—;l We impose that the solution taken is the
one giving

kE—1
1>4 _—
> U > i ,

such that equation (4) is satisfied.



III. MINIMISATION OF CONDITIONAL ENTROPY THROUGH THE K-L DI-
VERGENCE

In this section we will prove that the solution provided by the minimisation of the K-L
divergence converges to the absolute minimum of H (X, ]|X,) in an OEE statistical system.
This implies that, even we cannot prove that this is the absolute solution, we can prove that
it is arbitrarily close to it.

Let us have the following relation between successive probability distributions:

pn—l—l(k) = Qn—i—lpn(k) Vk <n

Pnyi(n+1) = 1—0,41 (5)

which is the solution of the minimisation of the K-L divergence as shown in section IVA of

the main text. This leads to an amount of noise:
H(Xn1|Xn) = H(Ons1) (6)
being H(#,) the entropy of a Bernoulli process having parameter 6,,, i.e:
H(0,) = —0,log, — (1 —46,)log(1—6,)

Let min H(X,11|H(X,)) < H(0,) be the absolute minimum of H(X,1|X,) under the
conditions of OEE described in equations (13-15) of the main text. We will show that
(Ve > 0) 3M for which, for any N > M:

|min H(X,+1|H(X,)) — HOn)| < €

Indeed, let us suppose that our system is open-ended. This implies that 1 > 6, > (n—1)/n
—see section II of this supplementary material. So, knowing that, by definition H(6,) =
H(1 —0,) we have that for any ¢ > 0 IM such that, for any n > M, 1 — 0, < €. This
implies that, for any € > 0, 3M such that, for any n > M:

H(0,) <e

Since H(X,11) > H(X,) by the postulates of OEE, then min H(X,1|H(X,)) > 0. In
addition, we have proven that H(6,) < e. Therefore, by assuming min H(X,+1|H (X)) <



H(6,,) we demonstrated that, taking the ¢ above defined: (Ve > 0) 3M for which, for any
n > M:
lmin H(X,1|H(X,)) — H(0,)| <€

Therefore, H(6,,) converges asymptotically to the absolute minimum.

IV. DERIVATION OF ZIPF’S LAW FROM ENTROPY CONSTRAINTS

Assume that the unboundedness condition is given as follows: there exists a unique

i € (0,1) such that (Ve > 0)(IN) : (¥n > N):

%—u‘<e : (7)

Now we want to find the asymptotic behavior of p,, n — oo under the above justified
conditions given by equation (7) of this supplementary material and (16) of the main text.

The key feature is that the following quotient:

pu(k +7)
pn(k) ’

does not depend on n. Therefore, along the evolutionary process, as soon as

(Vk+3j <n) f(kk+j)= (8)

Pn(k),pu(k+75) >0

f(k,k + j) remains invariant.

Now suppose that we have p/, ~ i~7. The explicit form of its (normalized) entropy is:

H(sz)_ 1 (le%—l—logZV) ) 9)

logn  logn y =

where Z,, is the normalization constant. From the above expression, we find that, if (V6 >

0, n > m)(3N) such that:

m 1+46

then (3C' < co € RT) such that (Vn)(H(X,) < C), leading to
H(Xy)

lim =0 ,
n—oo logn




which contradicts the assumptions of the problem, depicted by equation (7). Therefore,

during the growth process,

NS

with ¢ arbitrarily small, provided that n can increase unboundedly. Furthermore, we observe

that, if (Vo > 0, n > m)(3N) such that

N\ ()
(Vm > N) f(m,m+1)> (m——i—l) ,

then, from equation (9), one finds that:

H(X
lim —( n)

=1
n—oo logn

I

again in contradiction to equation (7), except in the extreme, pathological case where p = 1,

which has been ruled out by assumption. Accordingly,

Fmm+1) < (mlﬂ)(l_&) . (11)

Combining equation (10) and (11), we have shown that the asymptotic solution is bounded

by the following chain of inequalities:

(1+9) (1-4)
m m
e 1 e
(m+1> < f(m,m+ )<(m+1>

The crucial step is that, if p € (0, 1), using the fact that equation (9) defines a continuous,

smooth function in terms of v, one can conclude that for n — oo,
0—0
This implies, in turn, that, for n > 1:
m
mm-+1)~x —— |
f ) m—+1

and, from the definition of f provided in equation (8), we conclude that:

pn(k> X

| =

leading us to Zipf’s law as the unique asymptotic solution.



V. DIVERGENCE OF THE NORMALIZATION CONSTANT

Given the expression of p,(1) obtained above:

2<k<n
We observe that we can rewrite the probability distribution p,, in the following form:

1 1-0, 1—0;
C, C, 0,0,

following the above series, it is not difficult to see that, (Vi)(1 < i < n):

pali) = =2 T 00

C,
o<k

Now we connected the parameters related to the increase of the entropy during the evolu-
tionary path and the normalisation constant of the distribution. This normalisation constant
will be the key of our argument. Indeed, thanks to the properties of the Riemann ¢ function

it is known that, if (3¢ > 0) : (Im) : (Vk > m)

(pn]gf(—;)l)) _ <kf_1>_(l+€) |

(i.e. the probability distribution p,, is dominated by the probability distribution g, (i) o
i~'7¢), then (3N € N) : (N > (), being

Cyw = lim C,

This means that,

1
(Vn) pn(1) > o >0

o0

However, in the case of p, not being dominated by any ¢, (i) oc i~ things go differently,
since

lim C,, = o0
n—oo

The direct consequence for the above consideration is that (Ve > 0)(3M) such that, if
n > M, then

pa(l) <€
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The presence of an upper bound in the Shannon entropy is directly related to the divergence
or convergence of C,,. If the probability distribution is not dominated by ¢, (i) oc i~(+) for
any € > 0, then the entropy, as well as C),, diverges. On the contrary, if p, is dominated by
¢n(i) o< 17079 for any € > 0 the entropy converges and so does C,,. In formal terms:

(hm C, = oo) & <lim H(X,) = oo) . (13)

n—oo n—o0

Zipf’s law is thus at the twilight zone between bounded and unbounded complexity. Ac-
cordingly, for an OEE system under conditions described by equations (13-15), thanks to
the bound on mutual information between an arbitrary past state m and the current one n

given by equation (21) of the main text, one concludes that:

lim I(X,, : X,,) < lim %H(Xm) =0 ,

n—oo n—o0 n

in words, that all past information is lost.
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