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Abstract
This supplementary materials contain the additional details of the paper “A new insight
into underlying disease mechanism through semi-parametric latent differential network model”
authored by Yong He, Jiadong JI, Xinsheng Zhang and Fuzhong Xue. Web Appendix A presents
the technical conditions and theoretical results for the proposed estimators. Web Appendix B
contains the proofs of the theorems in Web Appendix A.

Web Appendix A: Theoretical analysis

In Web Appendix A we will present theoretical analysis of the estimators 3, AB and AM
separately. We investigate the properties of the proposed estimators by considering the convergence
rates of A — Ay, AB— AOB and AM — Ag/l, including estimation error bounds and support recovery.
Before we present the theoretical results, we first present some notations which are useful in the
following sections. In this paper, notations |- | and || - || are used to denote element-wise norms and
matrix norms respectively. For any vector p = (u1, ..., pg) € R, let p_; denote the (d—1)x 1 vector

. . d d d
by removing the i-th entry from p. |plo = Yo q I(pi # 0), |l = D0 wals e = /Do 17

and |p|oo = max; |p;|. Let A = [a;5] € Rixd, |A|1 = maxlgjgdzgzl laijl, |Alse = Irzye];xlaij]

and |A|; = Zle Z?:1 laij|. We use Amin(A) and Apax(A) to denote the smallest and largest
eigenvalues of A respectively. Vec(A) denotes the d? x 1 vector obtained by stacking the columns
of A. For a set H, we use |H| to denote the cardinality of H. For two sequences of real numbers
{a,} and {b,}, we write a,, = O(b,,) if there exists a constant C' such that |a,| < C|b,| holds for all
n, write a, = o(by,) if lim, o an /b, = 0, and write a,, < b, if there exist constants ¢ and C such
that ¢ < a, /b, < C for all n.

1 Theoretical properties for Gaussian copula model

First we introduce some basic conditions which are required to obtain the theoretical result for A.
Condition (C1) requires the difference matrix to have essentially constant sparsity. This is reason-
able in gene expression data analysis as it is expected that the underlying genetic networks share
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many common edges and do not differ much between two conditions. Condition (C2) requires that
the covariates can not be too highly correlated, which is closely related to the mutual incoherence
property introduce by Donoho and Huo (2001).

(C1) The true difference matrix Ag has s < p nonzero entries in its upper triangular part, and
|Ap|1 < M, where M does not depend on p.

(C2) With s defined in Condition (C1), the constants oj,, = max;zj |E§§€| and o), =
max;zg ‘EﬁJ satisfy o = 4maX(JI)§ax7 Jiax) < Jrﬁin(2s)_l7 where O-riin = Qminjvk(L 1+ Z}%Eﬁ)

Under these conditions, an additional thresholding step on the estimator A with a careful
chosen threshold leads to more accurate recovery of the differential network. Define the thresholded
estimator

Ar, = {0l (1856 > )}
Let A, = [SJTZ] and define the function
sgn(t) =I(t>0)—I(t<0)4+0-I(t=0).

Denote by M(Ar,) = {sgn(d;;) : j = 1,...,p;k = 1,...,p} and M(Ao) = {sgn(é?k) cj =
1,...,p;k = 1,...,p} the vectors of the signs of the entries of the estimated and true difference
matrices, respectively. The following theorem establishes that A, can recover not only the support
of Ay but also the signs of its nonzero entries as long as those entries are sufficiently large.

Theorem 1.1. Assume that conditions (C1) and (C2) hold. If min(nx,ny) > logp,

2 P 1
mz ey [P
Opin Opin — (25 = 1)o min(nx,ny)

and minj,k:ag?k;éo |5?k\ > 27,,, then M(A,,) = M(Aq) with probability at least 1 — p~*, where C is

a sufficiently large constant independent of (p,nx,ny) and of. | o are defined in condition (C2).

min’
In the context of genetic networks, Theorem 1.1 guarantees that 3% can identify genes whose
conditional dependencies change in magnitude as well as the directions of those changes between
two conditions under certain regularity conditions. The 7, is tuning parameter which is set to be
10~% in the simulation and data analysis.
The following theorem establishes the convergence rate of A - Ay in the Frobenius norm.

Theorem 1.2. Suppose that conditions (C1) and (C2) hold. If min(nx,ny) > logp,

1
A, =C ‘&’
min(nx, ny)
then P
~ 2v/5s o,
A—A < ——<1+ mun A
H OHF B gin { O-Iflin - (28 - 1)0} "

with probability at least 1—2p~—2, where C'is a sufficiently large constant independent of (p, nx, ny)
P. o are defined in condition (C2).

and o, ; ,



The following theorem establishes the elementwise ¢, norm bound of the estimation error,
which is critical in the proof of Theorem 1.1 and 1.2.

Theorem 1.3. Suppose that conditions (C1) and (C2) hold. If min(nx,ny) > logp,

Ny = Oy 18P
min(nx, ny)

~ 9 P
‘A_AOOOSP{].+ ~ O min })\n

P cin— (2s—1)o

then

with probability at least 1—2p~2, where C is a sufficiently large constant independent of (p, nx, ny)
and of

min’

o are defined in condition (C2).

The same parametric convergence rate for differential network under Gaussian assumption was
established by Zhao et al. (2014). This shows that the estimator A for Gaussian copula model
achieves the optimal parametric rate \/ log p/min(nx,ny) in terms of difference matrix estimation.

The extra modeling flexibility and robustness come at almost no cost of statistical efficiency. Thus
this new estimator can be used as a safe replacement of Gaussian estimators even when the data
are truly Gaussian. This is one main contribution of the current paper.

2 Theoretical properties for latent Gaussian copula model for bi-
nary data

First we introduce some basic conditions which is required to obtain the theoretical results for
binary data. Conditions (B1) and (B2) are similar conditions to conditions (C1) and (C2) in
the last section. Conditions (B3) and (B4) are mainly adopted for technical considerations and
impose little restriction in practice. Specifically, Condition (B3) rules out the singular case that
there exist variables which are perfectly collinear. Condition (B4) is used to control the variation
of F~Y(7;Aj, Ay) with respect to (73 A, Ag).

. . B . . . .
)
(B1) The true difference matrix Ag has s < p nonzero entries in its upper triangular part, and
AB|; < M, where M does not depend on p.
0

2

(B2) With s defined in Condition (B1), the constants o, = max; ]Zjlk] and o7, =

mMax;4, \E?k\ satisfy 0 = 4max (o, 02ax) < obi (25)71, where of, = 2min; (1,1 + E%jZ}k).

(B3) There exist a constant ¢ such that max{ZJl.k, E?k} <1l—dforany 1<j#k<p.

(B4) There exists a constant M > 0 such that max{]Ajl-], \A?\} < M for any 1 < j < p.

Under these conditions, an additional thresholding step on the estimator AB with a careful
chosen threshold leads to more accurate recovery of the differential network. Define the thresholded
estimator

ATBn = {S?kf(@sﬂ > Tp) }



A By L s L — Ci

Denote by M(AB ) = {sen(0z”) :j =1,....p;k =1,...,p} and M(AP) = {sgn(é?}f) 1] =

1,...,p;k = 1,...,p} the vectors of the signs of the entries of the estimated and true difference

matrices, respectively. The following theorem establishes that ATBn can recover not only the support
of AOB but also the signs of its nonzero entries as long as those entries are sufficiently large.

Theorem 2.1. Assume that conditions (B1)—(B4) hold. If min(ni,ns) > logp,

2 b 1
S PO N P T
Orin orin— (25 =1)o min(ny, ng)

and min; ;. 5080 |6?,]§’| > 27, then M(AB) = M(AE) with probability at least 1 — p~1, where C
sl j n
P

min’

is a sufficiently large constant independent of (p,n1,n2) and o, . , o are defined in condition (B2).

In the context of genetic networks, Theorem 2.1 guarantees that ATBH can identify genes whose
conditional dependencies change in magnitude as well as the directions of those changes between
two conditions under certain regularity conditions even if we only see the binary data 0/1. The 7,
is a tuning parameter which is set to be 10~% in the simulation and data analysis.

The following theorem establishes the convergence rate of AB — AOB in the Frobenius norm.

Theorem 2.2. Suppose that conditions (B1)—(B4) hold. If min(ny,ns) > logp,

A= O = logp :
min(ni,ne)

~ 2/5s ol
AB . AB < 1 min )\n
| ollr <75 { TP —(25—1)0}

min min

then

with probability at least 1 —p~!, where C is a sufficiently large constant independent of (p,n1,n2)
P. .o are defined in condition (B2).

and oy,

The following theorem establishes the elementwise ¢, norm bound of the estimation error,
which is critical in the proof of Theorem 2.2 and 2.3.

Theorem 2.3. Suppose that conditions (B1)—(B4) hold. If min(ny,ns) > logp,

logp
min(nl, 712) ’

An =

then

AP — AD| <2{1+ Tun }/\
oo = n
rﬁin rﬁin —(2s—1)o
with probability at least 1 — p~!, where C is a sufficiently large constant independent of (p,n1,ns2)
P. .o are defined in condition (C2).

and oy,
Theorem 2.1 — Theorem 2.3 establish that the proposed differential network estimator AB
achieves the same rate of convergence for both matrix estimation and graph recovery, as if the

latent Gaussian copula random variable X were observed.



3 Theoretical properties for latent Gaussian copula model for
mixed data

First we introduce some basic conditions which is required to obtain the theoretical results for
mixed data. Conditions (M1) and (M2) are similar to conditions (C1) and (C2) in Section 1.
Conditions (M3) and (M4) are similar to conditions (B1) and (B2) in Section 2.

(M1) The true difference matrix Ag/l has s < p nonzero entries in its upper triangular part,
and |A34|1 < M, where M does not depend on p.

M2) With s defined in Condition (M1), the constants ol = max;. |3} | and o2, =
max 7 Ik max

(2s)71, where ol = 2min; (1,1 + Z%E}k).

max;4, \E?k\ satisfy o = 4max(al, ., 02,.) <oF in

max? — Y'min

(M3) There exist a constant d such that maX{Zjl.k, E?k} <l-—¢forany 1 <j#k<p;.

(M4) There exists a constant M > 0 such that max{|A}|, |AJ2|} < M for any 1 < j < py.

Under these conditions, an additional thresholding step on the estimator AM with a careful
chosen threshold leads to more accurate recovery of the differential network. Define the thresholded
estimator

AY = (MI(|03%] > )}

Denote by M(AM) = {sgn((S]T.ZB) cj=1,...,p;k=1,...,p} and M(A}) = {sgn(ég}ﬁ\/l) i) =
1,...,p;k = 1,...,p} the vectors of the signs of the entries of the estimated and true difference
matrices, respectively. The following theorem establishes that A% can recover not only the support
of AM but also the signs of its nonzero entries as long as those entries are sufficiently large.

Theorem 3.1. Assume that conditions (M1)—(M4) hold. If min(ni,ng) > logp,

2 ol | logp
> 1 min C oL
n = Ufﬁn { * inin — (25 — 1)0} min(nqy, ng)

and minj7k:5?}1:1¢0 ](59};/[\ > 27, then M(&X{) = M(AY) with probability at least 1 — p~!, where C
o are defined in condition (M2).

is a sufficiently large constant independent of (p,ni,ne2) and ok

min?
The following theorem establishes the convergence rate of AM Ag/[ in the Frobenius norm.

Theorem 3.2. Suppose that conditions (M1)—(M4) hold. If min(n;,ng) > logp,

logp
An = —_—,
min(ni,ng)
then ,
~ 2v/5s o
AM _ AM) <« 2V 77 0y min A
” 0 ||F N Iﬁin { - O'gin - (28 - 1)0} "
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with probability at least 1 —p~!, where C is a sufficiently large constant independent of (p, ny,ns)

and of. o are defined in condition (M2).

min’

The following theorem establishes the elementwise £, norm bound of the estimation error,
which is critical in the proof of Theorem 3.1 and 3.2.

Theorem 3.3. Suppose that conditions (M1)—(M4) hold. If min(ny,ne) > logp,

N, = Oy 18P
min(nq, ng)

P
IAM — AN, < 2y Fmin A
~ ol P (2s—1)o

then

min min
with probability at least 1 —p~!, where C is a sufficiently large constant independent of (p,ny,ns)

and of. o are defined in condition (M2).

min’

Theorem 3.1 — Theorem 3.3 establish that the proposed differential network estimator AM
achieves the same parametric rate of convergence for both matrix estimation and graph recovery.

Remark 3.4. Compared to the separate and joint approaches to estimating differential networks
Cai et al. (2011); Guo et al. (2011) which require sparsity on each X7!, the proposed direction
estimation methods for different types of data only require the sparsity of the difference matrix
Ay. Thus the theoretical results in Theorem 1.1-3.3 can still hold in the presence of hub nodes.

Web Appendix B: Proofs of Main Theorems

Before we give the detailed proofs of main theorems in Web Appendix A, we first present some
useful lemmas. Lemma 3.5 is established in Zhao et al. (2014).

Lemma 3.5. Let & = XY ® Z¥X. Label the entries of TTXT as E?k'jk (1 <j <k <p;
1<j<k<p). Then we have

D 2 ARSI A VLMD %A D 403 ML W B8
R R MR AR LS J=5.0 7_é f
Dipgi = By j=K.j=k

Lemma 3.6. With probability at least 1 — 2/p?, we have

~ log p ~ Y log p
X X Y
sup | S E~’<C’ , sup|S; E-‘<C 3.1
Jk " " nx Jk Tk 7" ny (3.1)

where 3’\;,(?, 5?; are defined in Equation (2.1) in the main paper and C' is a constant independent of
(nx,ny,p).



Proof. We prove the result for :S’\])}; The result for §]’7€ can be obtained in a similar way. By
definition,

Denote by TX = [7'. | and T = [Tk 1. By Taylor expansion, we have
Sk — T = 5 cos(GEEE — ).
where &, € |min{7:} ko ch} max{7: e T ]k}] Denote by TX = (1], then we have
SX _»X = gcos(gf){) o (CZA“X — TX),
where o denotes the matrix element-wise multiplication, which implies that
@X—zﬁmggﬁX—Tﬂm
By Hoeffding inequality, we have that

P (|75 = 7kl > 1) < 2exp(—nxf?/4)

Therefore,
P (|TX —TX| > t) < 2p% exp(—nxt?/4).

By letting t = 4+/log p/ny, the above inequality implies that with probability 1 — 2p~2,

log p

TX —T%|, <C
nx

Thus with probability at least 1 — 2p~2,

~ ~ 1
|SX—EX|OOSE|TX—TX|00§01 ng’
2 nx
where C1 = 7/2C. This concludes Lemma 3.6. O]
Lemma 3.7. Suppose that conditions (B3) and (B4) hold. With probability at least 1 —1/p, we
have
~1 logp p log p
su R.—ﬂ( C sup |R. —z] C : 3.2
j,lg ‘ ik 7k n1 i ]g 7k no ( )

where R]k,R . are defined in Equation (2.5) and (2.6) in the main paper and C is a constant
independent of (ny,ng, p).

~1 ~2
Proof. We prove the result for Rj;. The result for R;;, can be obtained in a similar way. By the
argument in Fan et al. (2017), we have that for any ¢ > 0,

2 2
o1 1 2 it nit°m

M2n1
4p? —
e (5 )
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where Lj, Ly are two positive constants independent of (ni,p). Thus let ¢t = C 10% with a
sufficiently large constant C', we have
ol 1 log p
sup |[R;;. — X ‘ <C .
I ik ik n1
O

Lemma 3.8. Fan et al. (2017) Suppose that conditions (M3) and (M4) hold. With probability
greater than 1 — 1/p, we have that

logp
ng ’

logp
ni

sup "/T\jlk - E ‘ <C , sup lek - E?k‘ <C (3.3)
3k Jk

where T | T2 7. are defined in Equation (2.8), (2.9) and (2.10) in the main paper and C'is a constant
independent of (n1,ng2,p).

Proof of Theorem 1.3

Let the entries of Ay be denoted by (5;-)k and define the p(p + 1)/2 x 1 vector 8y = (5?k)1§j§k§p‘
Define 3 = B @ %X, Label the entries of T'XT as X5, 4 (1 </ <K <p;1<j<k<p
). Let § = §¥ ® §Y, 5 = Vee(§¥ — §Y), s = Vec(EX — %) and w = 6 — 6y. The bound on
|A — Ag|so = |w]s is obtained by following the similar argument as in Zhao et al. (2014).

Denote the ath component of I'" £T'w by (I'' £T'w),, the (a, b)th entry of I'" XTI by XL, and
the bth component of w by wy. Denote by o= = maXqp |E£b\. Then we have that

max

(I‘TEI"LU Z > abWh = Egawa + Z Egbwlh
b#a

which further implies that

|Stawal < [TTETw]oo + Sy Y ). (3.4)
b#a

The diagonal terms XL, can be labeled as Erk > where j may equal to k. By Lemma 3.5, we
have that Zrk gk = of.  with of, define in condition (C2). The off-diagonal terms X%, a # b,

min’ min

can be relabelled as Elﬂ,k/jk with 7/ # j or k' # k. By Lemma 3.5, we have that E?k,’jk <

4max(oX, o). ) =0, with 02X, , oY defined as in condition condition (C2). By these facts and

max?’ ¥ max max’ max

together with condition (C2), Equation (3.4) becomes

oo < —=— <\1“T21“w| + Uﬁ“huh) (3:5)
B £in 2s .
Let 69 = (fo1,...,00a)" and Qo = {1 <i < d: fp; # 0}, where d = p(p + 1)/2. For any d x 1
vector @ = (a1,...,aq) ", let aq, be the vector with component ag,; = 0 for j # Qo and ag,; = a;
for 7 € Q.



First we will show that 6y is the in the feasible set in Equation (2.12) in the main paper with
high probability. By Lemma 3.6, we have that both |S* — XX|, and |S¥ — Y|, are less than
C (log p/ min(nx, ny))l/2 with probability at least 1 — 2p~2. Thus

ITTST0) — T3] < [T (S — Z)T|os + T (83— 8)|oo
< P70l S — oo |T11[B0]1
T o (18% = =¥ + 87 = TV
< 4AM|S — B|o + 4C (log p/ min(nx, ny )/

where ||T'||; = 2 by the definition of I" and |6p|1 < M. By the definition of the Kronecker product,
each entry of 3 can be written as El),(lEY

mims SO

1SS mm = Zi S|

= |20 (S = Ehm) + (53 = S0 Z 0 + (57 = Z3) (S — )
< |15+ [}l + € Qogp/ min(nx, ny))*| € (log p/ min(nx, ny))"/?
< [2+ C]C (log p/ min(nx, ny))"/?

< ¢4 (log p/ min(nx, ny))"?,

since min(nx,ny) > logp. Then @y is feasible with probability at least 1—2p~2if \,, = C (log p/ min(nx, ny))l/2
with a sufficiently large constant C.

Next we will give an bound on |w/|;. By the definition of 6 in Equation (2.12) in the main paper,
we have 6|1 > |0]1, which implies that 1600, |1 — (]5@0]1 + \5@8\1) > 0. By triangle inequality,
1600, — 5@0]1 > |§Q8|1, or in other words, |wqs|1 < |wg,l1. Therefore, we have |w|; < 2|wg,[1 <
251/2|wg, |2. To bound |wg, |2, we have that for any s-sparse vector ¢,

e'TTSTe| > Sl.ck — D Ehicacs

aata
a a#b

> ohinlels = Y lcach|
a#b

> O—IJIjlin’c’% - U(S - 1)|C|%,
which implies that

lwh, T ETw| > |wd, T ETwg,| — [w, T ETwg|

P N
> (ohin — (s = 1)o) [wgyl5 — > Shwgeawess
a,b
> (ohin — (s = 1)) lwg, |5 — olwgy|ilwas|:
P
> (Umln - (5 - 1)0) |1UQO‘% - 0-|on’%
P
> (Umin - (28 - 1)0) ”wQO‘%.



Together with |w50I‘TEI‘w| < Jwg, 1T T ET w0 < 52 |wg,|2|T TETw)| s, this implies that

25T T 3T
|lwly < 231/2]11;@0\2 < PS| oo ;
Omin — (28 - 1)0
so Equation (3.5) becomes
1 O'P~ T
W < 1+ LS I 3Tw|w.
| ’OO B gin { Uiin - (28 - 1)0} | |0°

By the feasibility of 8y, we have
ITTSTw|e = |T'ST60 — T s
<|TTSTO —T 78| + T (8 = 2)T6|o + T T (5 - 8)|so
< A+ T ool = Zlec|T1 160l
T oo (187 = =¥ +18¥ = =7 )
< A+ C (logp/ min(nx, nY))1/2 = 2\,.

Thus

~ 2 oP.
A—-A = < 1 LELE A
| 0loo = [w]oe < P { * P —(25—1)0} "

min min

and this concludes Theorem 1.3.

Proof of Theorem 1.1
Let ngZ be the (j, k)th entry of Am. Then we have
P (M(&Tn) - M(AO)) — P(ANBNC),

where events A, B, C' are respectively

A=< max |(5JT.Z\:O , B= min 5JT.Z>O , C=<{ max (5JT-Z<O )
j,k:é?k:O j,k:&?k>0 j,k:&?k<0

Suppose 5% > 0, By Theorem 1.3, we have

Sk = 60 — (05, — Gjk) > 2T — T,

with probability tending to 1. Thus SJTZ = Ajk > 0. Next suppose 5?k < 0, then
Sk = 69 — (05 — Ojk) < —27n + Tn,

J

with probability tending to 1. Thus ;5\;]2 = Ajk < 0. Finally, for 5]Qk =0, ]@k\ = \S\Jk - (5?k] < 1, with
probability tending to 1, thus 6;; =0.

10



3.1 Proof of Theorem 1.2

In the proof of Theorem 1.3, we obtain a result that |wgs|1 < [wg,|1. Cai et al. (2010) showed that
lwla < 2lwg,ug+|2, where Q* is the set of indices corresponding to the s/4 largest components of
wqg. Then |wlz < 2(1.255)"/2|w| s, and combing this with Theorem 1.3 concludes the the result.

Proof of other Theorems

For the binary data and mixed data, theoretical analysis can be conducted by the similar way as
for the continuous data case due to the critical results established in Lemma 3.7 and Lemma 3.8.
For saving space, we omit the proofs here.
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