Solutions to: A primer on the use of probability generating functions in
infectious disease modeling

Joel C. Miller

1 Introduction

Exercise 1.1 Ezxcept for the Poisson distribution handled in Example 1.1, derive the PGFs shown in
Table 1 directly from the definition f(x) =, riz’.
For the negative binomial, it may be useful to use the binomial series:
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using n = —7 and § = —pzx.
Solution 1.1
a. Uniform: p(A\) =1, so the PGF is simply 0+ 0+ ---+ 12X + 0+ 0+ --- = 2.

b. Binomial: We have r; = (7)p'q"~". So
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by the binomial theorem.

c. Geometric: We have r; = ¢'p. So
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by the sum of a geometric series.

d. Negative binomial: We have r; = (Hf*l)qui. So

?

Exercise 1.2 Consider the binomial distribution with n trials, each having success probability p = A\/n.
Using Table 1, show that the PGF for the binomial distribution converges to the PGF for the Poisson




| distribution in the limit n — oo, if \ is fized.

Solution 1.2 We have (px + q)™ where p=A/n and ¢ =1 — p. Taking n to be large gives
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2 Discrete-time spread of a simple disease: early time
Exercise 2.1 Monotonicity of a4

a. By considering the biological interpretation of oy, explain why the sequence of inequalities 0 = ag <
a; < --- <1 should hold. That is, explain why cg = 0, why the a; form a monotonically increasing
sequence, and why all of them are at most 1.

b. Show that oy therefore converges to some non-negative limit o that is at most 1 and that o = p(a).

c. Use Property A.9 to show that if 1(0) # 0 there exists a unique a < 1 solving o = p(a) if and only if
Ro= /(1) > 1.

d. Assuming u(0) # 0, use Property A.9 to show that if Ry > 1 then ay converges to the unique o < 1
solving oo = p(a), and otherwise ay converges to 1.

Solution 2.1

a. In generation 0 there is an infected individual. So the disease is not extinct. Thus oy = 0. If the
outbreak is extinct at genmeration g, it remains extinct at later generations. So og < og—1. The
eventual extinction probability is at most 1.

b. Any sequence of numbers that is increasing and bounded from above must have a limit that is at most
that bound. So it converges to some limit o. Since p(ay) = agy1, we conclude that p(ag) must
converge to the same limit. Thus since p is continuous, p(a) = a.

c. The assumptions of Property A.9 hold, with Ro playing the role of f'(1). The property states that if
Ro <1 the only solution is o = 1, while if Ry > 1 there is exactly one other solution in (0,1).

d. The second part of Property A.9 states that for Ro > 1, the solution must converge to this unique
a < 1. If Ry <1, the above observations show that it must converge to a solution to o = p(a), and
the only possible choice is o = 1.

| Exercise 2.2 Use Theorem 2.2 to prove Theorem 2.1.

Solution 2.2 We only need the first two parts of Theorem 2.2. We have o = limg_, 00 g = im0 pt(arg).
Because p is continuous we have limg_, o0 p(ag) = p(limg_,o0 o) = p(a).
So a = p(a).

Exercise 2.3 Show that if 4(0) = 0, then limy .o, ag = 0. By referring to the biological interpretation of
1(0) =0, explain this result.

Solution 2.3 Let p(0) = 0 and consider the smallest g > 0 such that g1 # 0 (if it exists). Then
g1 = plag) = p(0) = 0. So no such g exists.

Biologically, 11(0) = 0 means that every individual has at least one offspring. Thus if we start with one
individual, we can never end up with zero.

| Exercise 2.4 Find all PGFs p(y) with Ro <1 and p(0) = 0. Why were these excluded from Theorem 2.2%



Solution 2.4 If u(y) = Y oy piz’ is a PGF and pu(0) = 0, then po = 0 and p(y) = Y ooy piz’ so Ro =
W) =32 ipi. Thisis > Y .2, pi = 1, with equality only if p; = 0 for i > 1. Thus the only such function
is p(y) = y.

This corresponds to each individual having exactly one offspring. So starting with one infection, at each
generation there will remain exactly one infection, and there is no chance for extinction. All other cases
with Ro < 1 have a nonzero chance of having zero offspring, and thus extinction is possible (and in fact
inevitable).

Exercise 2.5 Larger initial conditions
Assume that disease is introduced with m infections rather than just 1, or that it is not observed by
surveillance until m infections are present. Assume that the offspring distribution PGF is u(y).

a. If m is known, find the extinction probability.

b. If m is unknown but its distribution has PGF h(y), find the extinction probability.
Solution 2.5 Let a be the extinction probability from one individual.

a. The extinction probability given m initial infections is a™™.

b. Let h(z) =), gma™. The probability of extinction is ), gmna™ = h(a).

Exercise 2.6 Extinction probability
Consider a disease in which pg = 0.1, p; = 0.2, ps = 0.65, and p3s = 0.05 with a single introduced
infection.

a. Numerically approzimate the probability of extinction within 0, 1, 2, 3, 4, or 5 generations up to five
significant digits (assuming an infinite population).

b. Numerically approzimate the probability of eventual extinction up to five significant digits (assuming
an infinite population).

c. A surveillance program is being introduced, and detection will lead to a response. But it will not be
soon enough to affect the transmissions from generations 0 and 1. From then on pg = 0.3, p; =04,
p2 = 0.3, and ps = 0. Numerically approrimate the new probability of eventual extinction after an
introduction in an unbounded population [be careful that you do the function composition in the right
order — review Properties A.1 and A.8].

Solution 2.6 Define pu1(y) = >, piy* = 0.1+ 0.2y + 0.65y% + 0.05y3.

a. The extinction probability after 0 generations is ag = 0 and for g > 0, the extinction probability after
g generations is ag = p1(ag—1). So by iteratively applying 1 to 0 we get

ap =

ag = pp(ag) =0.1

as = p1(aq) = 0.12655
ag = p(ag) ~ 0.13582
ay = py(ag) ~ 0.13928
as = p1(ay) =~ 0.14060

b. Repeatedly applying 1 to the result quickly yields convergence to o =~ 0.14143.

c. Let ua(y) = 0.3+ 0.4y +0.3y>. Assuming that there are still infected individuals when the intervention
is introduced. For each of them, the probability that all offspring die out is limg_, o M[Qg] (0) ~ 0.9688.

The distribution of the number infected when the intervention is introduced is p1(p1(y)). So the
probability of extinction is p(11(0.9688)) ~ 0.9185.



Exercise 2.7 We look at two inductive derivations of ®,(y) = pl9(y). They are similar, but when adapted
to the continuous-time dynamics we study later, they lead to two different models. We take as given that
®,_1(y) gives the distribution of the number of infections caused after g—1 generations starting from a single
case. One argument is based on discussing the results of outcomes attributable to the infectious individuals
of generation g — 1 in the next generation. The other is based on the outcomes indirectly attributable to the
infectious individuals of generation 1 through their descendants after another g — 1 generations.

a. Explain why Property A.8 shows that ®,(y) = 41 (u(y)).
b. (without reference to a) Explain why Property A.8 shows that ®4(y) = p(Pg—1(y)).

Solution 2.7  a. The PGF for the number infected in generation g—1 is ®4_1(y). Each of the individuals
who are infected in generation g — 1 make some sort of contribution (possibly 0) to generation g. The
PGF for this contribution is p(y). Thus by Property A.8, the PGF for the combination of steps from
generation 0 to g — 1 and from g — 1 to g is given by ®4_1(u(y)).

b. The PGF for the number infected in generation 1 is u(y). If we trace the contributions of these
individuals to generation g, we find that the distribution is the same as for the contribution of a
generation 0 individual to generation g —1. So by Property A.8, the PGF for the combination of steps
from generation 0 to 1 and from 1 to g is (Py—1(y)).

| Exercise 2.8 Use Theorem 2.3 to prove the first part of Theorem 2.2.

Solution 2.8 The probability that there are no infections at generation g is given by ®4(0) (The expansion
eliminates all terms except the coefficient of y°).
Simply observing ®4(0) = pl91(0) finishes the proof.

| Exercise 2.9 How does Corollary 2.1 change if we start with k infections?

Solution 2.9 The first part is simply multiplied by k.
For (I)4, the numerator is multiplied by k. The denominator is the probability that the disease persists

to generation g. This becomes 1 — a’;. This is because to be extinct, all k introductions must independently

go extinct, which occurs with probabiz'lity a’;.

Exercise 2.10 Assume the PGF of the offspring size distribution is pu(y) = (1+y +y?)/3.
a. What offspring size distribution yields this PGF?

b. Find the PGF Qg4(z) for the number of completed infections at 0, 1, 2, 3, and 4 generations [it may
be helpful to use a symbolic math program once g > 2.].

c. Check that for these cases, once g > r, the coefficient of 2" does not change.
Solution 2.10
a. Fach individual causes 0, 1, or 2 transmissions with equal probability.

b. (i) We have Qo(z) =1 [there are no completed infections at generation 0].
(ii) We have Q1(2) = zu(1) = z [which means that there is a single completed infection at generation
1/.
(i1i) We have

Q(z) = zp(1(2))
= zu(z)
2+ 22+ 28




(iv) We have

Qs(z) = 2u(Qa(2))
Zl =+ QQ(Z) + 92(2)2

3
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(v) and finally

Qu(2) = 2p(Q3(2))
1+ Q3(2) + Q3(2)+
3

729z + 24322 + 1622% + 1622* + 2162° + 1052° + 15427

- (
2187
+1212% 4+ 7927 4+ 52210 4 372 + 2227 + 102" + 421 + 219)

—Z+22+
39

c. e Forr =0, we see that from Q(2) onwards, the coefficient of 2° is 0.

o Forr =1, we see that from Qa(z) onwards, the coefficient of z is 1/3

e Forr =2, we see that from Q3(z) onwards, the coefficient of 2% is 1/9.
| Exercise 2.11 By setting y = 1, use Theorem 2.5 to prove Theorem 2.4.

Solution 2.11 We expect that 114(1,2) = Q(z). This can be checked by noting that for given r, the sum

i mir(g)1'2" s 27 30 min(g) = 27wy (g).
So Theorem 2.5 states that I1,(1, z) = zu(I1,_1(1, 2)) which becomes Qy(z) = zp(Qg—1(2)).

Exercise 2.12 Redo example 2.10 if 7 is a real number, rather than an integer. It may be useful to use
the T—function, which satisfies T'(x + 1) = al'(x) for any x and T'(n + 1) = n! for integer n.

Solution 2.12 The key observation is that 7j(7j +1)--- (7§ +j—2)/(j —1)! becomes T'(7j +j —1)/T'(7j —
1)(j — 1)!. Thus we replace (”;F_JJQ) in the expression to yield
1T
JTGI -G = 1)

Exercise 2.13 FEzcept for the negative binomial case done in example 2.10, derive the probabilities in
Table 6.

i

a. For the Poisson distribution, use Property A.2.
b. For the Uniform distribution, use Property A.2.
c. For the Binomial distribution, use the binomial theorem: (a+b)° = Y7 (5)a’b"".

d. For the Geometric distribution, follow example 2.10 (noting that p and q interchange roles).

Solution 2.13 For each we need to find the coefficient of =1 in [u(y))? and then divide it by j.




a. [u(y)) = W=V The coefficient of y? =1 is

j—1
(j—ll)' (iu) | N

j—1 y=0

Taking 1/j times this yields ()‘j]),#e’”.

b. Note that for this to make sense X must be a non-negative integer. We have [u(y)? = y™. The first
case we consider is j =1, X\ =0. Then we have [u(y))) = 1. Taking zero derivatives, setting y =0,
and dividing by (j — 1)!'=1 and j =1 yields 1.

Now consider A > 1. Then \j > j — 1. So after taking j — 1 derivatives, we still have a factor of vy,
which when we set y =0 yields 0.

Now consider A =0, but j > 1. We have [u(y)) = 1. Taking j — 1 > 1 derivatives yields 0.

c. We have [u(y))? = (¢ + py)’™. By the binomial theorem, the coefficient of y’ = is (jjfl)qj”*jﬂpj’l.
Taking 1/j times this yields the result

d. We have [u(y)) = (p/(1 —qy))’. Following the same steps as in the negative binomial distribution,
but taking 7 = 1 and interchanging p and q, we end up with %(zjj:f)quj_l.

Exercise 2.14 To help model continuous-time epidemics, section 3 will use a modified version of p, which
in some contexts will be written as [i(y,z). To help motivate the use of two variables, we reconsider the
discrete case. We think of a recovery as an infected individual disappearing and giving birth to a recovered
individual and a collection of infected individuals. Look back at the discrete-time calculation of 1y and I1,.
Define a two-variable version of p as pu(y, z) = 2y, m:y" = zu(y).

a. What is the biological interpretation of u(y, z) = zu(y) ?

b. Rewrite the recursive relations for Q4 using p(y, z) rather than pu(y).

c. Reuwrite the recursive relations for I, using p(y, z) rather than u(y).
The choice to use u(y, z) versus u(y) is purely a matter of convenience.
Solution 2.14

a. After a generation, an individual contributes p(y) new infections and 1 new recovery. This is captured

by p(y, z) = zpu(y)-
b. Q4(2) = n(Qg—1(2), 2).
c. Hg(% z) = :L"(Hg—l(yv z), 2).

Exercise 2.15 Consider Example 2.11. Assume that a third outbreak is observed with 4 infections. Cal-
culate the probability of ©1 and ©2 given the data starting

a. with the assumption that P(©1) = P(0©3) = 0.5 and X consists of the three observations j =7, j =8,
and j = 4.

b. with the assumption that P(0©1) = 0.6546 and P(Oz) = 0.3454 and X consists only of the single
observation j = 4.

c. Compare the results and explain why they should have the relation they do.



Solution 2.15

a. There are now three observations j =7, j =8, and j = 4. Adapting the result in the example, we
have

FO) = Y log((7j+j—2)!) —log(j!) — log((#j — 1)!) + #jlog g + (j — 1)logp | +1log0.5.
j=7,8,4

We find f(©1) ~ —11.3978 and f(©3) ~ —12.0858. So f(©1) = 0 and f(©,) = —0.688. Then
9(01) =1 and g(02) = 0.5026. We finally have

P(61]X) =0.6655,  P(02]X) = 0.3345

b. The difference appears at the beginning:
f(©1) = (log((74 + 4 — 2)!) — log(4!) — log((#4 — 1)!) + 74logq + (4 — 1) log p) + log 0.6546
and
f(©2) = (log((74 + 4 — 2)!) — log(4!) — log((#4 — 1)!) + Fdlogq + (4 — 1) logp) + log 0.3454 .

Plugging in for #, we get f(©1) = —3.326 and f(©3) = —4.014. Once we find f we find that it takes
the same value as in the previous part, and so the results follow.

c. If we update our beliefs with all of our observations, we should get the same final outcome. This should
depend on whether we do it all at once, or sequentially (or even what order we do it sequentially).

Exercise 2.16 Assume that we know a priori that the offspring distribution for a disease has a negative
binomial distribution with p = 0.02. Assume that our a priori knowledge of 7 is that it is an integer
uniformly distributed between 1 and 80 inclusive. Given observed outbreaks of sizes 1, 4, 5, 6, and 10:

a. For each 7, calculate P(7|X) where X is the observed outbreak sizes. Plot the result.

b. Find the probability that Ro = /(1) is greater than 1.

Solution 2.16 The PGF is (1&)?(?%) . We start off with P(©) = 1/80 for all integers from 1 to 80.

Given 7 and p = 0.02, the probability of observing a particular size j is %(ijfZ)O.%MO.Olj_l.

a. So P(X|©) means the probability of observing sizes 1, 4, 5, 6, and 10 in five outbreaks given the value
7. For simplicity, we note that 1-4-5-6-10=1200 and 1 +4 45+ 6+ 10 = 26 This is

) ) 1\ (47 + 2\ (57 + 3\ (67 + 4\ /107 + 8
P(1’4,576’ 10|72) _ m0.9826ro'0226—5 <7’ 0 >< 7"; >( TI )( 7'; >< T9+ )
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b. By summing the probabilities over all ¥ for which Ro > 1, we find the probability that Rg > 1 is 0.181

3 Continuous-time spread of a simple disease

Exercise 3.1 Extinction Probability
Let 8 and 7y be given with ji(y) = (By* +7)/(B + 7).

a. Analytically find solutions to y = fi(y).
b. Assume 8 < . Find all solutions in [0, 1].

c. Assume B > ~y. Find all solutions in [0, 1].
Solution 3.1

a. y(B+v)=PBy*+7 so
By’ —(B+7y+v=0

_BHyEV(B+7)*—48y
Y= 23
The radical becomes /3% — 2By +~v%2 = (8 — 7). So

By E(B—)
y="—"%5

By the quadratic formula

={1,~/8}

b. If 8 <, then only 1 is in the interval.

c. If v > B then both are in the interval.

Exercise 3.2 Consistency with discrete-time formulation.

Although we have argued that a transmission in the continuous-time disease transmission case can be
treated as if a single infected individual has two infected offspring and then disappears, this is not what
actually happens. In this exercise we look at the true offspring distribution of an infected individual before
recovery, and we show that the ultimate predictions of the two versions are equivalent.

Consider a disease in which individuals transmit at rate 5 and recover at rate y. Let p; be the probability
an infected individual will cause exactly i new infections before recovering.

a. Explain why po =v/(8+ 7).
b. Ezplain why p; = B'v/(B + )L, So p; form a geometric distribution.




c. Show that u(y) = Y, piy® can be expressed as p(y) = v/(B + v — By). [This definition of u without
the hat corresponds to the discrete-time definition]

d. Show that the solutions to y = u(y) are the same as the solutions to y = u(y) = (By* +7)/(B + 7).
So the extinction probability can be calculated either way. (You do not have to find the solutions to
do this, you can simply show that the two equations are equivalent).

Solution 3.2

a. The event is either a recovery or a transmission, and the rates are v and 3. So the probability of
recovery is the rate of recovery divided by the total rate.

b. While the individual is susceptible, the probability that the next event is a transmission is 8/(8 + 7).
So the probability that the first i events are transmissions is 3°/(B+7)*. The probability that the next
event is a recovery is /(B + 7). The product of these is the probability that the first i events are
transmissions and the next event is a recovery.

c. Let r = B/(B+7). Then p; = (1 —r)r'. Then >, p;y’ is a geometric series: (1 —1)> . (ry)’ =
(1=7)/(1 —ry). Multiplying by 1 = (8+7)/(B+ ) gives the result.

d. The solutions to y = u(y) are the solutions to y(8 + v — By) = 7. The solutions to y = [i(y) =
(By* +7)/(B+7) are the solutions to y(8+v) = By? +~. By moving By? to the other side of either
equation we see that the equations are equivalent.

Exercise 3.3 Relation with R
Take u(y) = /(B +~ — By) as given in exercise 3.2 and ji = (By> +7)/(B + 7).

a. Show that /(1) # /(1) in general.

b. Show that when Ro = /(1) =1, then p/(1) = /(1) = 1. So both are still threshold parameters.
Solution 3.3

a. p'(y) = vB/(B+v— By)? so w'(1) = vB/v* = B/y. Similarly [i'(y) = 2vy/(B + ), so /(1) =
27v/(B+ 7). These are generally unequal.

b. When Rg =1, we have § =+. So /(1) =~/y =1 and i/ (1) = 2v/(y+~) = 1. So the two are equal.

Exercise 3.4 Revisiting eventual extinction probability.
We revisit the results of exercise 3.1 using Eq. (17) (without solving it).

a. By substituting for ji(a), show that & = (1 — a)(y — Ba).

We have o(0) = 0. Taking this initial condition and expression for &, show that
b.a—1last—o0if <7 (ie., Rg <1) and
c.a—=y/Bast— oo if > (i.e, Ro>1).

d. Set up (but do not solve) a partial fraction integration that would give a(t) analytically.
Solution 3.4

a. We have

2

:ﬂaer'yfoz
=(1—a)(y—Ba)

Starting from «(0) = 0, we see that &(0) = v > 0. So a will increase and approach the smallest positive



equilibrium value. The two equilibria are at « =1 and o = /3.
b. If B < ~, then the smaller equilibrium is o = 1.
c. If B >, then the smaller equilibrium is a = v/f3.

d. We have q
. _

(1= a)(y - fe)

So using separation of variables, we have

/wda=/ldt

Using partial fractions this becomes

A B
= 1
/1fa+’y—6ada / dt

where A and B are chosen such that the sum in the integrand has a numerator of 1. Once A and B
are found, both sides can be integrated analytically.

Exercise 3.5 This exercise is intended to help with understanding the backward Kolmogorov equations.

Let ¢;(t) denote the probability of having i active infections at time t given that at time 0 there was a
single infection [p1(0) = 1]. We have ¢o(t) = a(t). We extend the derivation of Eq. (16) to ¢1. Assume
odo(to) and ¢1(ty) are known.

a. Following the derivation of Eq. (16), approzimate ¢o(At), ¢1(At), and ¢po(At) for small At.

b. From biological grounds explain why if there are 0 infections at time At then there are also 0 infections
at time tg + At.

c. If there is 1 infection at time At, what is the probability of 1 infection at time tog+ At?
d. If there are 2 infections at time At, what is the probability of 1 infection at time to + At?
e. Write ¢1(to + At) in terms of ¢o(to), ¢1(to0), ¢1(At), and Pa(At).

f. Using the definition of the derivative, find an expression for ¢ in terms of ¢ (t) and ¢o(t).
Solution 3.5

a. We have
do(Al) = yAt + o(At)
01(At) =1 — (B + v)At + o(At)
P2(At) = BAt + o(At)

b. If the disease is extinct at time At, then it remains extinct.

c. This equals the probability of having 1 infection at time to if there is one infection at time 0. So it is

28 gf)l (to)

d. One of the infections has to have its descendants go extinct within ty units of time, and the other
must have 1 descendant after to units of time. So this is ¢o(to)d1(to) + ¢1(to)Po(to) = 2¢0(to)p1(to)

e. So [using the additional fact that the probability of 8 or more infections at time At is 0(At)]

P1(to + At) = ¢1(At)d1(to) + 2¢2(At)do(to) 1 (to) + 0(At)

10



f. So
o1(t + At) — ¢y (t)

(bl (t) - Alir—rio At
_ iy ©1BD01L(E) + 202(A) g0 (1)1 (1) + O(AL) — (1)
- At—0 At
_ iy LT (B )AYS(F) + 28At00 ()61 (1) + 0(At) — 61(2)
At—0 At
_ i B DA + 204860(1)61 (1) + o(AY),
At—0 At

= —(B+7)¢1(t) + 2B (t)p1(t)

Exercise 3.6 In this exercise we derive the PGF version of the forward Kolmogorov equations by directly
calculating the rate of change of the probabilities of the states. Define ¢;(t) to be the probability that there
are j active infections at time t.

We have the forward Kolmogorov equations:

6; =B = Dj1 +7( +Dj — (B+7)id;
a. Ezplain each term on the right hand side of the equation for (;Sj
b. By expanding ®(y,t) = 2 > b9, arrive at Equation (18).
Solution 3.6

a. If there are j infected individuals, then a new transmission will result in j + 1 total infections and
occurs at total rate Bj. This appears as a loss to ¢; at rate jB¢;, but a gain at rate (j —1)Bdj—1 from
the smaller state. Similarly a recovery will result in j — 1 total infections and occurs at total rate 7yj.
No other possibilities are considered in our model. This appears as a loss at rate jyp; and a gain at
rate (j 4+ 1)7¢j41.

b. We convert this into an equation for the PGF:

0 0 )
5‘1’(% t) = % ; ¢;(t)y’

=> i)y’
J

=BG —V)dj1¢’ + G + Vi’ — (B+1)idsy’
J

=B W ) by Y b — (B ) v b
j v —v) g, 951y vy 5 41y o j ¥y 0

0
_ 2 _ _ il
=[By"—y) +v (B+v)yay<1>(y,t)

— (84 ) [ily) 9] %ww

Exercise 3.7 In this exercise we follow [3, 6] and derive the PGF version of the backward Kolmogorov
equations by directly calculating the rate of change of the probabilities of the states. Define ¢y;(t) to be the
probability of i infections at time t given that there were k infections at time 0. Although we assume that
at time 0 there is a single infection, we will need to derive the equations for arbitrary k.

a. Fxplain why

Gri(t + At) = ¢pi(t) — k(B + 7) ki () At + k(Bdry1)i(t) + vPr—1)i(t)) + 0(At)

11



for small At.
b. By using the definition of the derivative éki = lima¢—0 M, find gf);ﬂ-

Define ®(y,tlk) = >, driy* to be the PGF for the number of active infections assuming that there are k
initial infections.

c. Show that .
O(y,t[1) = =(B+7)2(y, t[1) + BL(y, t[2) +1P(y,t[0)
d. Explain why ®(y,t|k) = ®(y,t|1)*.
e. Complete the derivation of Equation (19).
Solution 3.7
a. If At is very small then to leading order either 0 or 1 event occurs in the first At units of time

e The probability of 0 events if we start with k infections is 1 — k(8 + v)At + o(At). In this case
the probability of © infections at time t + At is the same as the probability of i infections at time
t given the initial condition.

e The probability of 1 event occurring and it being an infection is kBAt + o(At). In this the
probability of i infections at time t + At is the same as the probability of i infections at time t if
we start with k + 1 infections, ¢41yi-

e The probability of 1 event occurring and it being a recovery is kyAt + o(At). Following the
previous case, this corresponds to starting with k — 1 infections, ¢(—1y;-

Adding these together gives the result.

b.
Ori = —Kk(B + V)i + kB rr1yi + EvD—1)i
c.
by, 1[1) = Z b1y’
= Z (B+b1y’ + Boiy’ +vd0iy’
*(B +7)®(y, 1) + 5(y, t[2) + v®(y,t|0)
d. This follows from k applications of Property A.6.

e. So we use ®(y,t2) = ®(y,t|1)? and ®(y,t|0) =1 to give

by, t]1) = —(B+7)2(y. t[1) + S(y, 1[1)* +

B BO(y, t1)* +~
=(B+7) S T D(y, 1)

= (B+ )@y, 1)) — D(y, 1))
Replacing ®(y,t|1) with ®(y,t) completes the derivation.

Exercise 3.8 Define ®(y,t|k) to be the PGF for the probability of having i infections at time t given k
infections at time 0.

a. Ezplain why ®(y,t|k) = [®(y,t)]*.
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b. Show that if we substitute ®(y,t|k) = [®(y,t)]* in place of ®(y,t) in Eq. (18) the equation remains
true with the initial condition y*.

c. Show that if we substitute ®(y,t|k) = [®(y,t)]* in place of ®(y,t) in equation (19) we do not get a
true equation.

So Eq. (18) applies regardless of the initial condition, but Eq. (19) is only true for the specific initial
condition of one infection.

Solution 3.8
a. This follows from k applications of Property A.6.
b. On the left hand side, the substitution yields

0 k _ k—lg

and on the right hand side we get
0 0
(B +7)ay) — y}afy‘b(% 1) = k®(y,t)* (B +)[ly) — y]afy‘b(y? t)

The k®(y,t)*~! term on each side cancel, and we have a correct equation.
c. On the left hand side the substitution yields

9 k_ k19

as before, but on the right hand side we get

B+ @y, )*) — By, )] = BO(y, ) +~ — (B+7)2(y, 1)

There is no common term we can cancel to get back to the original equation.

Exercise 3.9 Let ®(y,t|k) be the PGF for the number of infections assuming there are initially k infections.
Derive the backward Kolmogorov equation for ®(y,t|k). Note that some of the ®s in the derivation above
would correspond to ®(y,t|1) and some of them to ®(y,t|k).

Solution 3.9 We have
y7t|k Z¢kzy
—Z k(B +7)bki + kBbxr1)i + kYbh-1)] ¥’

= —k(ﬁ +7)®(y tlk) + kBR(y. t|k + 1) + ky®(y, t|k — 1)
Exercise 3.10 Comparison of the formulations

a. Using Eq. (18) derive an equation for & where a(t) = ®(0,t). What, if any, additional information
would you need to solve this numerically?

b. Using Eq. (19), derive Equation (17) for & where a(t) = ®(0,t). What, if any, additional information
would you need to solve this numerically?

Solution 3.10
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a. We know that «(0) = 0. Substituting into Equation (18)
. . 0
a(t) = (B +7)i(0) - 05 (0, 1)

= 7%@(0, t)
=7¢1(t)
We would also need to know the probability of having one infection at any given time.
b. Again, we know that «(0) = 0. Substituting into Equation (19) yields
a = (B+7)[i(a) —a
We would not need any additional information to solve this

Exercise 3.11 Full solution

a. Show that Eq. (19) can be written

%q)(y,t) = (v~ BO(y.£)(1 — 2(y,1))

b. Using partial fractions, set up an integral which you could use to solve for ®(y,t) analytically (you do
not need to do all the algebra to solve it).

Solution 3.11

a. If we substitute for i, we get

2
g@(y,t) =(B+) (W - @(y,t)>

ot
=Bl®(y. ) +v— (B+7)(y.1)
and

(v = By, 1))(1 — D(y, 1)) =7 — v2(y, t) — BB(y,t) + B[D(y, 1))
= Bl@(y,)]* — (B+7)2(y,t) +

So these are equal.

b. We have

1
/ T ) [ o) A / at

We write the first integrand as (7_5@(%”1)(1_@(%75)) = ﬂ{_ﬁg(%t) + 1_@52%15) and must solve for A and
B. Then this is integrable.

| Exercise 3.12 Argue from their definitions that ®(y,t) = I(y, z,t)|,=1.

Solution 3.12 We have ®(y,t) = >, ¢i(t)y" where ¢;(t) is the probability of i infections at time t. Simi-
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larly
H<ya Z, t)lz:l - Z Wi,ryizr
@7 Y1
= Z Z 71.7:7Tyi17‘
= Z <yz Z 7Ti,7">
% T

and because Y, m; . = ¢, the result follows.
| Exercise 3.13 Derive Theorem 3.3 from Theorem 3.4.

Solution 3.13 Note that ®(y,t) =(y,1,t). Setting z = 1 into the equation for II yields the equation for
.

| Exercise 3.14 Derive Theorem 3.5 from Theorem 3.4.

Solution 3.14 Note that for z < 1, Qu(z) = limy_,o0 (0, 2,t) and for z =1 it is 1.
As t — oo, we must have %Pi(O,z,t) = 0 since the system approaches a disease-free state and thus all
coefficients converge to a constant. For this to hold, Equation (22) yields

lim 4110, 2, ), 2) = tli)m I1(0, 2, t)

t—o0
Substituting with Qs completes the result.

Exercise 3.15 Equivalence of continuous and discrete final size distributions.
Show by direct substitution that if Quo(2) = [(4(Qoo(2),2) then Qoo(2) = zp(Qoo(2)) where p(y) =
v/ (B +~ — By) is the PGF for the offspring distribution found in Ezercise 3.2.

Solution 3.15 We take

So
(B+7)Q0(2) = B0 (2)]* + 72
Qoo (2)[B +7 — Qo0 (2)] = 72

Qo (2) ”Z

B+~ A2

Exercise 3.16 We revisit the derivations of the usual mass action SIR ODFEs. Following Example 3.3,
a. Derive [S] in terms of [SI].
b. Derive [I] in terms of [SI] and [I].

c. Using [S]+ [I] + [R] = N, derive [R].
Solution 3.16
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a. We have

[S] = %%E(w,w) o
- %%E(m,y,t) v
2 (5(92N zy) a%a%a(x,y,t) +y(1 - y)(%E(:r,g/,ﬂ) o
_ —%%%E(%yﬁ n W;;;ya(x,y,t) + (1 - y)%a%E(m,y,t) et
_ _%8%8%5(1, 1,1)
_ _%[51}
b. We have
(1] = %%E(ﬂc,y,ﬂ .

_ a% (5(92]\7 zy) 8%6%5(95, y,t) +y(1 - y)gyﬂ%y’t)) .

= gyt + P S~ o)+ ) )|

_ %8%8%5(1, 1t) - 78%:(1, 1,t)

= Zis11 11

4 Large-time dynamics

Exercise 4.1 Ancestor distribution for homogeneous well-mized population.

Consider an SIR disease in a well-mized population having N individuals and a given Rgy. Let v be a
randomly chosen individual from the directed graph created by placing edges from each mode to all those
nodes they would transmit to if infected.

a. Show that if the average number of offspring is Rq, then so is the average number of infectors.

b. If there are exactly RoN edges in the directed graph and each recipient is chosen uniformly at random
from the population (independent of any previous choice), argue that the number of transmissions v
receives has a binomial distribution with RoN trials and probability Ro/N. (technically we must allow
edges from v tov)

c. Argue that if Rg remains fired as N — oo, then the number of transmissions v receives is Poisson
distributed with mean Rg.

Solution 4.1

a. From Graph Theory, the average in-degree must equal the average out-degree.
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Alternately we can note that the average number of edges coming out of a node is the total number of
edges divided by N, so the total number of edges is expected to be RoN. Then the average number of
edges in is also the total number divided by N, that is, Rg.

b. Individual v receives a given transmission with probability 1/N. There are RoN edges, each of which
could reach v with probability 1/N. So this defines a binomial distribution.

c. As N increases, the probability a particular edge goes to v is 1/N, while the number of edges is RoN .
This defines a Poisson distribution with mean Rg.

Exercise 4.2 Ezxplain why for large N the probability v is still susceptible at generation g if she was initially
susceptible is x(S(g — 1)/N).

Solution 4.2 Consider the directed graph created by placing an edge from a node to each node it would
infect if given the opportunity. v is susceptible at generation g iff v was initially susceptible, and no ancestor
of v was infected by generation g — 1.

The probability a randomly chosen ancestor was susceptible at generation g — 1 is S(g — 1)/N. If p; is
the probability of having © ancestors, then the probability of being susceptible at generation g is

S (2e)

but this is just x(S(g —1)/N).
| Exercise 4.3 Use Theorem 4.2 to derive a result like Theorem 4.1, but with nonzero p.

Solution 4.3 We have lim,_,o, S(g) = limy 0o (1 — p)Nx(S(g — 1)/N) or S(co) = (1 — p)Nx(S(c0)/N).
Substituting r(c0) = (N — S(00)/N) yields

r(00) =1—(1—p)x(1 —r(c0))

Exercise 4.4 Final size relations
Consider the continuous time SIR dynamics as given in System (35)

a. Assume k =1 for all individuals, and write down the corresponding equations for S, I, R, and 0.

b. At large time I — 0, so S(c0) = N — R(00). But also S(co) = S(0)1(0(c0)). By writing 0(co) in
terms of R(00), derive a recurrence relation for r(co) = R(c0)/N in terms of r(co) and Ry = 8/7.

c. Comment on the relation between your result and Theorem 4.1

Solution 4.4

a. YP(x) is simply x and (K) = 1. We have

S=N(1-p)b
IzN(l—(l—p)Q—i—;an)
R:f%lnﬂ

. Bl

b= -0

b. Ezponentiating the equation for R yields

6(c0) = exp(—pBR(c0)/YN)
= exp(—Ror(c0))
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So we have 6(c0) in terms of r(00). Now

r(oco) =1— S(c0)/N
— 1 N(1— p)6(s0)/N
=1-(1-p)f(c0)
=1—(1—p)e Ror(>)

c. This generalizes the result of Theorem 4.1 for arbitrary p.
Exercise 4.5 Other relations

a. Using the equations from FEzercise 4.4, derwe the peak prevalence relation, an expression for the
mazimum value of I. [at the mazimum I =0, so we start by finding 6 so that S+ R =10.]

b. Similarly, find the peak incidence relation, an expression for the mazimum rate al which infections
occur, —S.

Solution 4.5

a. IfS+R=0, then
YN 1.

N1-pb—L2d=
(1—p)o 3 90 0
Factoring out NO and taking Ro = B/, we are left
1
1—p)—— =0
(=0 =725
So .
g—
Ro(1—p)

Then peak prevalence is

1 1 1 1 1
N 1—+ln>:N(1——lnR 1- )
( Ro  Ro  Ro(l—p) Ro R MRl =)

b. At peak incidence —S takes a mazimum. That is, —0 is a mazimum. So we need %IG = 0. That 1is,

o d 5 0
0dt<0 (1—p)é +R01n0>

. .0 1 .
=0—-(1—-p)200 + — InO + —0
(1-p) JrROn+R0

Factoring out 6 yields

Inf 1
=1-21-pf+— + —
0 ( p)JrROJrR0

So
1+ (nd+1)/Ro

2(1=p)

This needs to be solved numerically. Then plugging this result for  in —S = —(1=p)BN (1 —(1-p)o+ %0 In 9) 0
yields the peak incidence.

9:

Exercise 4.6 Alternate derivation of s,.
If the rate of transmissions to w is f1k, /N (K), then the expected number of transmissions u has received
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is By fg I(7)dr/N (K) and this is Poisson distributed.

a. Let f,(x) be the PGF for the number of transmissions u has received. Find an expression for f,(x)
in terms of the integral fg I(7)dr.

b. Ezxplain why f,(0) is the probability u is still susceptible.
c. Find f,(0).

Solution 4.6
a. f is the PGF for the Poisson distribution

fulz) = exp (ﬁnum(as — 1))

b. The probability of still be susceptible is the probability of having received 0 transmissions, which in
turn is the coefficient of x° in the series expansion of f,(x). This is found by setting x = 0.

c. fu(0)=-exp (—Bﬁu fo}\iiz)dT)

Exercise 4.7 Alternate derivation of Theorem 4.3 in the homogeneous case.
The usual homogeneous SIR equations are

S =—BIS/N
I =pBIS/N —~I
R= I

We will derive system (35) for fixzed k = 1 from this system through the use of an integrating factor. Set
§ = =B Jo I(1)dr/N

a. Show that § = —BI0/N and so /0 = —R/N~.
b. Using the equation for S add BIS/N to both sides and then divide by (the factor 1/0 is an integrating
factor). Show that the expression on the left hand side is %5/9 and so

d
55/0=0.

c. Solve for R in terms of 6.
d. Solve for S in terms of 6.
e. Solve for I in terms of @ using S+ 1+ R= N.
This equivalence was found in [35] and [20].
Solution 4.7
a. By direct observation
6= —ﬁIT(’f)e—ﬁ JoImar/N — _gro/N
and dividing by 0 and susbtituting R = vI gives

0/0 = —BR/N~
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b. The operations yield _
S/0+ BIS/NO =0

So

do, S i

&S/e =5 — S0/
= —BIS/NO — SBIO/N6>
=0

c. Since R = %9/0 we have R = R(0) + % Iné
d. Since £5/0 =0, we have S = S(0)6.
e. SoI=N—5(0)0 — R(0) — 72 In6.

Exercise 4.8 Alternate derivation of Theorem 4.3.

Consider now a population having many subgroups of susceptibles denoted by k with the group k receiving
transmissions at rate SrI/N per individual. Once infected, each individual transmits with rate 8 (K) and
recovers with rate . These assumptions lead to

. 1
SH = —ﬁfimsﬁ

. I
I=—~I — Sk
4By ZK: K
R= vl
Following Ezercise 4.7, set 0 = e=BJo I(r) dr/N
integrating factor.

and derive system (35) from these equations by use of an

Solution 4.8 We write

. I
Sk + fr—-—=5,=0
(K)
and multiply by 1/6%. Then
a5 _
dt o=

and
S, (t) = S,.(0)6"
We assume that ¢(x) = >, P(k)z". where P(k) = N,/N. Starting with a fraction 1 — p randomly
infected yields our expression for S =73, Sk(t).
Since R = ~I and 6 = —BI0/N, we can substitute to find R= —yNO/0B. This can be integrated to find

R in terms of 6.
Then simply set I = N — S — R to complete the calculation.

5 Multitype populations

Exercise 5.1 Consider a vector-borne disease for which each infected individual infects a Poisson-distributed
number of vectors, with mean \. Each infected vector causes i infections with probability p; = ©*(1 — ) for
some w € [0,1]. This scenario corresponds to human infection lasting for a fized time with some constant
transmission rate to vectors, and each vector having probability ™ of living to bite again after each bite and
transmitting with probability 1 if biting.
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a. Let agy and agjz be the probability that an outbreak would go extinct in g generations starting with an

infected human or vector respectively. Find the vector-valued function ¥(&) = (¢¥1(%),12(F)). That
is, what are the PGFs 11 (x1,22) and v¥o(x1,x2)?

b. Set A =3 and m = 0.5. Find the probability of an epidemic if one infected human is introduced or if
one infected vector is introduced.

c. For the same values, find the probability of an epidemic if one infected vector is introduced.

d. Find ¥2(11(0,),0). How should we interpret the terms of its Taylor Series expansion?
Solution 5.1

a. o Yy(xy,m2) = eMez—1) (independent of x1)

o Yo(1,22) = 11_;7;1 (independent of x2)

b. ﬁ(f) = (e?’(“’l), ﬁ) Starting with & = (0,0), and iterating until convergence we have T =

(0.2868,0.5837). So the epidemic probability is 0.7132 starting from a human and 0.4163 starting
from a vector.

Exercise 5.2 Starting from the equations
: S,
S; = _ﬁi Z BijL;
j
. S,
Ii = —vili + N, zj:ﬂijfj
Ry =1
use integrating factors to derive System (37).

Solution 5.2

a. We have
. S,
Si = A zj:ﬁiﬂj

: > Bijl;

d .
&Sie& =0

Si = Si(O)e_fi

where '52 = Zj ﬁ”Ij/Nl
It is straightforward to add RZ =~vI; and I, = N; — S; — R;.
Exercise 5.3 Assume the population is grouped into subgroups of size N; with N = ) . N; and the i-th
subgroup has a parameter k; representing their rate of contact with others. Take
KilN;
220 Nekie

to be the transmission rate from type i individuals to a single type j individual, and assume all infected
individuals recover with the same rate .

Define 6 = e B(E5 5 [0 1 (M) an)/ Zmi Ny g define the PGF ¢(z) = >, Nial. Let S =3,8;, I=

Bji
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Zi'[i) and R = ZRZ

a. Fxplain what assumptions this model makes about interactions between individuals in group © and j.

b. Show that
S=Ny()
I=N-S-R
R:'yl
0 = ,59M
Zj #j Nj
with 6(0) = 1.

25 RiSi iRl
2N XD RN

c. Ezplain why %]:j& =1-
J

255 09(0)
d. Show that SN = o)

e. Show that % gj :jf,j = —(7/,8)%, and solve for % in terms of 8 assuming R; =0 for all j.

f. Thus conclude that
0%¢'(0)

0=—-p0+p5 ()

—0yInf

Solution 5.3

a. People in group i interact with others at rate k;, and they choose their partners at random at each
time from the entire population with probability proportional to the partner’s interaction rate.

b. This can be derived directly from an integrating factor or by simply substituting in and checking that
the ODFEs are satisfied.

c. If we move the S and R terms to the right hand side, the numerator becomes 3, k;(I; + S; + R;) =
Zj Hij .

d. We have S; = Njﬁf So

— . pRj
Iiij—/ije 7

d
=650

Thus summing the terms in the numerator gives 6¢'(0). The denominator can be foundsimilarly.

e. If we substitute vI; for Rj and compare with the 0 equation the ODE is shown. Then integrating both
sides gives »; kjR;/ > kiNj = (v/B8)In6.

f. We simply substitute the results of d and e into c. Then substitute this into the 6 equation from b.
A Important properties of PGFs

Exercise A.1 Prove Property A.2 [write out the sum and show that the derivatives eliminate any r, for
m < n, the leading coefficient of the result is nlr,,, and the later terms are all zero].
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Solution A.1 We first find

:Zm(m—l)n-(m—n—kl)rmzm*”

o if m < n, one of the terms in the product m(m —1)---(m —n+ 1) is zero.
e ifm=n then m(m—1)---(m—n-+1) becomes n!, and ™™™ is simply 1.
m—n

e if m > n, then there is a nonzero factor in front and a factor of x

When we evaluate this derivative at x = 0, the terms which are already zero remain zero, the m = n term
remains unchanged, and the other terms all have 0 raised to a positive power so they become zero.

Thus we are left r,.

Exercise A.2 Verification of Equation (38):
In this exercise we show that the formula in Equation (38) yields r,. Assume that the integral is

performed on a circle of radius R <1 about the origin.

2mwiu
a. Write f(z) =), rm2z™ and rewrite 0 % du as a sum

1 2miu 1
f( € ) du § rm/ Rm7n62(mfn)7r7,u du
0

Rne2n‘n’iu

b. Show that for m = n the integral in the summation on the right hand side is 1.
c. Show that for m # n, the integral in the summation on the right hand side is 0.
d. Thus conclude that the integral on the left hand side must yield ry,.

Solution A.2
a. Substituting we have

f(R627r1u Z Tm Re?ﬂ’zu)m

Rne2n‘n’zu RneZnTrzu

— Z rm/ Rm—ne2(m—n)7riu du
m 0

du

0

b. Form =n, both R™~" and e*(™~")7% become 1. Thus we have fol 1du = 1.
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c. For m # n, the integral becomes
1 _ 1 ,
/ Rm—neQ(m—n)ﬂ'zu du = Rm—n/ e2(m,—n)7'r1u du
0 0

1
_ Rm—n/ e2(m—n)7r1u du
0
- 1 2m—n)mil __2(m—n)mi0
— Rm n (6 m—n)m —e m—n)me )
2(m — n)mi
1

- Rm_nQ(m - n)m'(l -b

=0

2NTi

where in the last step we use the fact that e =cos2N7 +isin2N7w =1 for any integer N.

d. So the integral fol f(RePT) du becomes

Rne2nmiu

1 271
Re2mu
/ %du:wown+-~-+0rn—1+17"n+07“n+1+"'
0

:’,’n

Exercise A.3 Let f(z) =e* = 1+2+22/2423/6+ 2% /24 + 25 /120+---. Write a program that estimates

ro, T1, - .., Ts using Equation (39) with R = 1. Report the values to four significant figures for
a M=2
b. M =4
c. M=5
d M=10
e. M =20.

f. How fast is convergence for different r, ¢

Solution A.3 The script integral_ezercise.py which is given as a supplementary file perfoms these
calculations.

a. M =2:

ro ~ 1.543
r1 ~ 1.175
ro ~ 1.543
rg ~ 1.175
rq ~ 1.543
rs ~ 1.175
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ro ~ 1.042
r1 ~ 1.008
ro &~ 0.5013
rg == 0.1669
rq ~ 1.042
rs ~ 1.008

ro ~ 1.008
r1 =~ 1.001
ro == 0.5002
r3 ~ 0.1667
rq ~ 0.04167
r5 ~ 1.008

d. M =10:

ro =~ 1.000

r1 ~ 1.000

ro 22 0.500

rg =~ 0.1667
r4 = 0.04167
r5 ~= 0.008333

e. M = 20:

ro =~ 1.000

r1 ~ 1.000

ro &~ 0.5000
r3 ~ 0.1667
ry = 0.04167
r5 ~ 0.008333

f. Convergence is quite fast, and predicts r,, quite well once M > n.

Exercise A.4 The derivation in example A.1 was based on looking at what happened after a single flip
and then looking g — 1 flips into the future in the inductive step. Derive oy = f(ag—1) by instead looking
g — 1 flips into the future and then considering one additional step. [the distinction between this argument
and the previous one becomes useful in the continuous-time case where we use the ‘backward’ or ‘forward’
Kolmogorov equations.]

Solution A.4 As in the example, we take oy to be the probability of failure within the first g flips, with
ag=0and oy =1—p = f(0).

If the first flip does not come up as “failure”, then the probability that failure occurs within the following
g — 1 flips is (by definition) ag—1. So the probability of failure within the first g flips is the probability of
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failure in the first flip plus the probability of success time ag—1. That is:

ag = (1—p)+pag_1= flag-1)
Exercise A.5 Consider a fair siz-sided die with numbers 0, 1, ..., 5, rather than the usual 1, ..., 6. We

roll the die once. Then we look at the result, and roll that many copies (if zero, we stop), then we look at
the sum of the result and repeat. Define

f(z)

Cl4z+4ad % z#1
6 1 rz=1

Define ay to be the probability the process stops after g iterations (with cy =0 and oy =1/6).

a. Find an expression for ay, the probability that by the g’th iteration the process has stopped, in terms

of f(=).
b. Rephrase this question in terms of the extinction probability for an infectious disease.

Solution A.5

a. The probability of dying out after g iterations is the sum over all i of the probability that the first roll
is an © and the process dies out after g — 1 iterations. By thinking of each die that rolls an i as having
i “offspring” we can assign each individual a collection of descendants. The process goes extinct after
g iterations if all the dice in the second roll have no offspring after g — 1 iterations.

=0

b. This is equivalent to a disease for which each individual causes 0, 1, 2, 3, 4, or 5 new infections with
equal probability. So the extinction probability for such a disease is f19(0).

Exercise A.6 Note that if we interchange p and q in the PGF of the negative binomial distribution in
Table 1, it is simply the PGF of the geometric distibution raised to the power . A number chosen from the
negative binomial can be defined as the number of successful trials (each with success probability p) before
the 7th failure.

Using this and Property A.8, derive the PGF of the megative binomial.

Solution A.6 We re-express the negative binomial by interchanging what we count as a failure and success.
We seek the number of failures that occur before the Tth success. We say a success occurs with probability
p and failure with probability ¢ =1 — p (which satisfy p=4q, §=p).

The result for the geometric distribution says that the number of failures between each success has PGF
p/(1 — gx). We need the sum of # of these. So by Property A.8, we have that the negative binomial has
PGF [p/(1 — gx)]". Replacing p by q and G by p completes the result.

Exercise A.7 Sicherman dice [18, 17].
To motivate this exercise consider two tetrahedral dice, numbered 1,2,3,4. When we roll them we get
sums from 2 to 8, each with its own probability, which we can infer from this table:

[[ofysiicli+)
2345
34|56
Rl 4|5 |67
Il 56|78

However another pair of tetrahedral dice, labelled 1,2,2,3 and 1,3,3,5 yields the same sums with the same
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probabilities:

o | || v f[¢]
~ | o] o] w ||
~ | oo w ||
w|o|o| el

E2 | LT T | T

We now try to find a similar pair for 6-sided dice. First consider a pair of standard 6-sided dice.
a. Show that the PGF of each die is f(x) = (v + 2% + 2® + 2% + 2° + 2) /6.

b. Fill in the tables showing the possible sums from rolling two dice (fill in each square with the sum of
the two entries) and multiplication for two polynomials (fill in each square with the product of the two

entries):
e oo | o]
0 .
O =
(-] a3
3 at
x?
z°

c. Explain the similarity.
d. Show that each step of the following factorization is correct:

(42 +a2? + 2% 4 2t + aP)
B 6
r(1+x+2%)(1+ 23)
6
r(1+x+22)1+2)(1 — 2+ 2?)
e .

f(x)

This cannot be factored further, and indeed it can be shown that a property similar to prime numbers holds.
Namely, any factorization of f(x)f(x) as hy(x)ha(x) has the property that each of hy and hs can be factored
into some powers of these “prime” polynomials times a constant.

We seek two new siz-sided dice (each different) such that the sum of a roll of the two dice has the same
probabilities as the normal dice. The two dice have positive integer values on them (so no fair adding a
constant ¢ to everything on one die and subtracting ¢ on the other). Let hi(x) and ha(x) be their PGFs.

e. Ezplain why we must have hy(z)ha(z) = [f(x)]?.

f. If the dice have numbers aq,...,as and by,...,bg, show that their PGFs are of the form hy(z) =
>, 2% /6 and ho(z) = Y, 2% /6 where all a; and b; are positive integers.

g. Given the properties we want for the dice, find h1(0) and ho(0).
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h. Given the properties we want for the dice, find hy(1) and ha(1).

i. Using the values at x = 0 and x = 1, explain why hy(x) = (1 + 2z + 22)(1 + 2)(1 — = + 2%)?/6 and
ho(z) =x(1+z+22)(1+2)(1 — 2+ 22)27°/6 where b is 0, 1, or 2.

j- The case b =1 gives the normal dice. Conside b=0 (b= 2 gives the same final result). Find hq(z).
ha(z) = ¢ (z + 2® + 2 4 25 + 2% + 28)

k. Create the table for the two dice corresponding to hi(x) and ho(x) and verify that the sums occur with

[ O O

the same frequency as a mormal pair:

Solution A.7
a. Because each i in 1,2,...,6 has probability 1/6, we have f(x) = Z?Zl(l/G)xi.

[1]2]s]a]5 0]
1234567 wl | a? |2 |2t ] a® | af | a2t
23[4|5|6|7]8 22 || 23 | 2t | 2® | 2% | 27 | 2B

b. 34|56 7|89 | I B I N B B
410516171 819110 | B O P IR I R I T4
5167|181 9 10|11 2 26 | 27 | 28 | 20 | 210 | g1
6 7]8[9]10]11]12 26 27 | a8 | 29 | 210 | L1 | g2

c. Multiplication of two powers of x results in addition of the exponents.
d. We have
r(1+z+22)1+2%) =2(l+ 2+ 22 + 23 + 2% 4+ 2°)
=z+a? 423 +2* + a5 +a"
and
A+2)l—z+2t)=1-o+a’+2—a>+23
=1+2°
e. Since the PGF of the sum of the two dice is equal to the product of the PGF's of the two dice, we must
have hy(z)ha(z) = [f(2)]?.
f. For each die, the probabilities of the sides are 1/6. So they take the form Y, 2% /6 and >, 2% /6.
g. Because each a; and b; is positive Y, 0% /6 and >, 0% /6 are both 0.

h. Y, 1%/6=1and ) ;1% /6 =1.
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i. Because h1(0) = ha(0) = 0, both of them must have a factor of x. Because hi(1) = ha(1) = 1 and
the demominators are 6, the numerators when © = 1 must be 6. So there must be a factor of 2 and
3 in the numerator. This requires that each has a single factor of (1 + x + %) and (1 + z). Because
1 — a2 +2%is 1 when x = 1, they could have a factor of (1 —x + 22)?>7° forb=0, 1, or 2.

j- Taking b =0 we have

hi(z) = z(1 —|—a:+x2)(1 +1x)/6
(1 + 22 + 222 + 23)
6
422+ 22+ 2% + 2% + 2t
6

The calculation for ho(x) is not asked for in the question, but it is

ho(z) = hy(2)(1 — 2 + 2?)(1 — x + 27)
=h(x)1 -z +2?—2z+2?—23+2% - 2%+ 2%
x + 222 + 223 + 2t

= 5 (1 — 2z + 322 — 223 + %)

(:1: — 222 4+ 323 — 224 + 2

=

+ 222 — 423 + 62* — 42 + 225
+ 223 — 42t + 62° — 425 + 227
+ ot —22°% +32° — 227 + ms)

1
zé(x+x3+x4+m5+x6+x8)

ltf2f2][3][3]4)
112 3|3 | 4] 4 5
314| 5 5 6 | 6 7
k. 451! 6 6 7 7 8 | The sums all occur with the same frequency as a normal pair.
516|778 81|09
617811819910
81910 | 10 | 11 | 11 | 12

If we didn’t calculate ho(x) in the previous part, we could have inferred the values from knowing what
the first die was and what values would be needed to match the normal pair.

Exercise A.8 Farly-time outbreak dynamics

a. Consider normal dice. The PGF is f(x) = (v + 2%+ 23+ 2+ 25 +125)/6. Consider the process where
we roll a die, take the result i, and then roll i other dice and look at their sum. What is the PGF of
the resulting sum in terms of f?

b. If an infected individual causes anywhere from 1 to 6 infections, all with equal probability, find the
PGF for the number of infections in generation 2 if there is one infection in generation 0. [you can
express the result in terms of f]

c. And in generation g (assuming depletion of susceptibles is unimportant)?
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Solution A.8

a. By Property A.8, the PGF is f(f(x)).

b.

C.

This is equivalent to the dice-rolling example. It is f(f(x)).

More generally for generation g, we have fl9(z).

Exercise A.9 Understanding cobweb diagrams

From figure 10 the origin of the term “cobweb” may be unclear. Because of properties of PGFs, the
more interesting behavior does not occur for our applications. Here we investigate cobweb diagrams in more
detail for non-PGF functions. Since we use f(x) to denote a PGF, in this exercise we use z(x) for an
arbitrary function.

a.

b.

Consider the line z(z) = 2(1 — x)/3. Starting with xo = 0, show how the first few iterations of
x; = z(x;—1) can be found using a cobweb diagram (do not explicitly calculate the values).

Now consider the line z(x) = 2(1 — x). The solution to z(x) = x is x = 2/3. Starting from an initial
xo close to (but not quite equal to) 2/3, do several iterations of the cobweb diagram graphically.

Repeat this with the lines z(x) = 1/4 4+ x/2 starting at zo = 0 and z(x) = —1 + 3x starting close to
where © = z(x).

What is different when the slope is positive or negative?

Can you predict what condition on the slope’s magnitude leads to convergence to or divergence from
the solution to x = z(x) when z is a line?

So far we have considered lines z(x). Now assume z(z) is nonlinear and consider the behavior of cobweb
diagrams close to a point where x = z(x).

f. Use Taylor Series to arque that (except for degenerate cases where 2’ is 1 at the intercept) it is only

the slope at the intercept that determines the behavior sufficiently close to the intercept.

Solution A.9

a.

For z(z) = 2(1—x)/3 with xy = 0, the cobweb diagram spirals in towards 0.4, the solution to x = z(x).

10

0.2

L L L
0.0 02 0.1 0.6 08 Lo
T

. For z(z) = 2(1 — z) with o = 0.664, the cobweb diagram spirals away from 2/3, the solution to
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C.

.5
00 02 04 06 08 L0 12
T

For z(x) = 1/4+ x/2, the cobweb diagram steps in to x = 1/2, the solution x = z(x).

0.0
0

0 L
' f

200

—400

For z(x) = —1+4-3z, the cobweb diagram steps away from x = 1/2, the solution x = z(z). =

—600

1000

~1200
— 1635062526050 66500 50

T

When the slope is positive, each successive value is on the same side of the intercept. When it is
negative the values alternate.

If we take x* to be the solution x* = z(x*), then when |z'(z*)| > 1 the values diverge from x*, while
when |2/ (z*)| < 1 they converge.

Sufficiently close to the intersection where x* = z(x*), we can locally treat z(x) as a line. If 2’ (x*) is 1
at this intersection, this line lies on top of z(x) = = and the correction to the line makes a difference.
For all other values the nonlinear terms can be neglected.

Exercise A.10 Structure of fized points of f(x).
Consider a PGF f(z) = >, riz*, and assume 1o > 0.

a.

b.

Show that f(1) =1 and £(0) > 0.
Show that f(x) is convex (that is f"(x) > 0) for x > 0. [hint r; > 0 for all i]

Thus argue that if f'(1) < 1, then x = f(x) has only one solution to x = f(x) in [0,1], namely
f(1) = 1. It may help to draw pictures of f(x) and the function y = x for x in [0,1].

Ezplain why if there is a point xo # 1 where f(xo) = xg and f(x) > = for x in some region (xg, 1)
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e.

then 0 < f'(z9) < 1.

Thus show that if f'(1) > 1 then there are exactly two solutions to x = f(x) in [0,1], one of which is
rz=1.

Solution A.10

a.

b.

f(1) =3, m1" =3, r; = 1 because the r; form a probability distribution and f(0) =, 7,0 = ro > 0.

f"(z) =>,i(i — 1)ryx'=2. Because r; > 0 and x > 0 this sum is > 0. [the inequality is strict if any

(3

r; >0 fori>2].

Note first that f(1) = 1. If /(1) <1, then for all z in 0 < x < 1, we have f'(1) < 1. So because the
line y = x has a larger slope, it lies strictly below f(x) for all x in [0,1). [a more rigorous argument
can be made using the mean value theorem: assume some g in [0,1) has f(xg) = xg. Then by the
mean value theorem there is an & € (xo, 1) where f'(Z) is equal to the slope of the line connecting the
points (xo, f(xo)) and (1, f(1)). This line is y = x, and has slope 1, so f'(&) = 1. No such I exists,
so the assumption that such an xq exists must be false.]

['(xo) > 0 because f'(zo) = >, ir;z*™ and unless ro = 1, this is strictly positive. If 1o = 1, then
f(x) =1 and no such zg exists. To show f'(xo) < 1, note that for f(z) to be less than x for x > xo,
but equal to x for x = xq, it must have smaller slope than that of y = x [a more rigorous proof uses
the mean value theorem to show that there is an & € (xg, 1) with slope < 1 and so since f"(x) > 0,
we have f'(xzo) < f'(&) < 1.].

Again we start with the observation that f(1) = 1. Because f'(x) > 1 at x = 1, there must be a
region (Z,1) such that if x € (&,1) then f(x) < x as it has greater slope than the line y = x [again,
a more rigorous proof would use the mean-value theorem, and the fact that f'(z) is continuous at 1].
However, for the curve f(x) to reach f(0) >0 at x = 0, it must somewhere cross the line [rigorously,
we can use the intermediate value theorem applied to the function f(x) — x with the point x = 0 and
some © = x1 € (mg,1)]. At the point xy where f(x) crosses y = x, our previous result shows that
f(x0) < 1. So for x € (0,z9) we have f'(x) <1 as well. Thus f(x) cannot cross y = x at any other
point in (0,29) [again, the mean value theorem does this more rigorously: if it did cross again, then
we could prove some I € (0, ) where f/(&) =1].

Exercise A.11 Alternate derivation of Equation (40)
An alternate way to derive Equation (40) is through directly calculating ;.

a.

b.

Explain why 75 = =Y, Amiri + >, Am (it —m 4+ 1)1 1.

Taking f(x,t) = >, at, derive Equation (40).

Solution A.11

a.

We simply look at the rate r; is decreasing due to events that move the system out of state i plus
the rate it increases due to events that move the system into state i. The total rate moving out is
Y Amiri. The total rate in is Y, Ay (i —m + 1)1 pmy1.
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— Z (— Z Amir; + Z Am (i —m + 1)ri_m+1> x
[ m m
—— Z Z Amir;x’ + Z Z Am (i —m + l)n,mﬂxi
— —Aerl:p + Z A Z 1 —m+ 1)ri_m+1xi
= —Aaser, =l Z Amz™ Z i—m A4 D)™
= —Aa:% ; rixt + ; )\mxm% ; it ™l

—Ax(,%f(m, t)+ Zm: )\mxm(,%f(m, t)

b 0
= —Aw—f(2,1) + Ah(z) 5 f(,1)

0]

—f(z,t

(@)

Exercise A.12 In many cases interactions between two individuals of the same type are important. These

may occur with rate i(i — 1) or i® depending on the specific details. Assume we have only a single type of
individual with PGF f(z,t) = >, ri(t)z".

= A(h(z) — )

a. If a collection of events to replace two individuals with m individuals occur with rate Bni(i — 1),

find how write a PDE for f. Your final result should contain aa—;f(x,t). Use B = > Bm and
g(x) =3, Bma™/B. Follow the derivation of Equation (40).

b. If instead the events replace two individuals with m individuals and occur with rate 8,42, find how to
incorpomte them into a PDE for f. Your final result should contain 2 (:v 5.1 (2, t)) or equivalently

oz
az (z,t) +xazzf(x t).
Solution A.12

a. Let 8,,i(i — 1) denote the rate at which the system goes from a state with i individuals to i — 2 +m
individuals (that is, two indiwviduals are replaced by m). Then

fx,t + At) Zrl > (Bl — 1) At)z 2 4 (1 = Bmili— 1)At> x
= Zrix + Z B (A) (2™ — 2%) Zmz(z — 1)z % + o(At)

= f(z,t) + BAt[g(x) — 7] Z rii(i — 1)2" 2 + o(At)

+ o(At)

2

= f(x.t) + BAtlg(x) — 2’| 5

[z, t) + o(At)

Plugging this into
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yields
2

9] 9, O
S F (1) = Blg(e) — 22 ()
b. The proof is almost the same as the previous case: Let B,,3° denote the rate at which the system goes

from a state with i individuals to i — 2 + m individuals (that is, two individuals are replaced by m).
Then

+ o(At)

Flat+ At) = ri(t) | Y (Bmi®At)x "2 4 <1 -3 5m¢2At> 't
:Zn—quﬁm(At)(x Zn 2272 + o(At)

= f(z,t) + BAt[g(z) — 2? Zrz2 =2 4 o(At)
= f(z,t) + BAtg(z) — xQ]l%xaﬁf(:r, t) + o(At)

Plugging this into

5 @) = lim At

yields
D ttot) =)~ 1L L0 D pa)
8t x, gl’ X a{I;xa Z‘,

Exercise A.13 Consider a chemical system that begins with some initial amount of chemical A. Let i
denote the number of molecules of species A. A molecule of A spontaneously degrades into a molecule of
B, with rate & per molecule. Let j denote the number of molecules of species B. Species B reacts with A at
rate nij to produce new molecules of species B. The reactions are denoted

A— B
A+B+— 2B

Letr; ;(t) denote the probability of i molecules of A and j molecules of B at timet. Let f(x,y,t) = r; j(t)z'y’
be the PGF. Find the Forward Kolmogorov Equation for f(x,y,t).

Solution A.13

(0008) = €~y = Do o t) + 0oy~ Day 2 flap.

<§(y - x)a% +n(y* - xy)ai;y) f(z,y,t)

Exercise A.14 In this exercise we generalize Property A.12 for the case where there are two types of
individuals A and B with counts i and j.

Assume events occur spontaneously with rate A, i to remove an individual of type A and replace it with
m of type A and n of type B, or they occur spontaneously with rate (, nj to remove an individual of type
B and replace it with m of type A and n of type B.

Set A=3"  Amn and 3 =3 Cnn- Let f1o(z,y,t) denote the outcome beginning with one indi-
vidual of type A and fo1(x,y,t) denote the outcome beginning with one individual of type B.

7]
ot

a. Write f1,0(x,y, At) and fo1(z,y, At) interms of h(z,y) =32, Amnx™y" /A and g(z,y) = >, Cmn@™y" /3.

b. Use Property A.8, write f1,0(x, At+t) and fo1(z, At +1t) in terms of f1,0 and fo1 evaluated att and
At. The answer should resemble Equation (42).

c. Derive expressions for %fLo(a:,y,t) and %fo,l(x, y,t).
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| d. Use this to derive Equation (22).
Solution A.14

a.
frolz,y, At) = Zr” <1ZzAmnAt+Zz)\mn:c ) + o(At)
—w(l—ZAmnAt—I—Z)\mnx ”>+O(At)
=1z —x(At) Z/\mn—i-Z)\mnac y" + o(At)
+ (At)A[h(ac7 y) — x| + o(A¥)
Similarly
foa(z,y, At) =y + (At)3[g(z,y) — y] + o(At)
b. We find
Jro(x,y, At +1t) = fi1o(fr0(2,9,1), fo1(z,y,1), At)
and

f071($,y,At +t) = fO,l(fl,O(x7yvt)7fO,l('Tayvt)aAt)
c. We now have

fl 0(1‘ yaAt—i_t) fLO(xvyat)

0 .
afl,()(mv:%t) = lim

At—0 At
Y Jro(fro(@ y,t), for(z,y,t), At) — fio(z,y,t)
= 11im
At—0 At
_ hrn fl,O(x,yvt) + (At)A[h(fl,O(xayat), fO,l(xa y,t)) - fl,O(xay,t)} + O(At) - fl,()(xa yat)
N At
o(At)

= Alh(fro(z,y,1), for(z,y,1) — frolz, y,t)] + Al;ltr—r>10
= A[h(fLo(l‘, Y, t)7 fO,l([E’ Y, t)) - fl,O(x’ Y, t)}

At

Similarly 5
afo,l(fl?; Y, t) = 3[9(]017()(337 Y, t)> fO,l(xa Y, t))]

d. To derive Equation (22), we take infected individuals to be type A and recovered individuals to be type
B. We replace x with y, and y with Z. We will drop the tildes later.

The events that can happen are that a single infected individual can be replaced by 2 infected individuals
(with rate 8 per infected individual) or by 1 recovered individual (with rate v per infected individual).
So A= (B+7), and h(§,2) = (BY? +~v2)/(B + ). There are no events that can happen to recovered
individuals, so 3 =0 and g could be anything.

So

Bfro@, 2,t)* +vfo1(7, 2, t)
B+

0
afl,O(gvéat) = (ﬁ +7>

0 oo
Efog(yv%t) =0

- fl,()(g»éat)
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Since fo1(9, 2,t) is constant and initially it is simply Z, we conclude that it is always Z. Thus we get

0 i 5.1)? )
afl,o(z},é,t) = (B+7) 5f1,o(yﬁit7) NN

- fl,O(?% 2at)

Bf1.0(§,2,t)>+7%

Then replacing fi,0 byll, § byy and Z by z and replacing =

the result.

by ((Il(y, z,t), z) completes

B Proof of Theorems 2.7 and 3.6

Exercise B.1 If we do not think of an infected individual as disappearing and being replaced by two infected
individuals when a transmission happens, but rather, we count up all of the transmissions the individual
causes, we get a geometric distribution with ¢ = B/(8+ ). The details are in Ezercise 3.2. Use this along
with Theorem 2.7 and Table 6 (which was derived in exercise 2.13) to give a different proof of Theorem 3.6.

Solution B.1 The offspring distribution is geometric with ¢ = 8/(8 + ).
The result in Table 6 predicts j infections with probability

1(2j2>< v >J< 8 )Hl NI pi—1 <2j2)
i\i-1)\B+v) \ B+~ S iBHFI\i—-1
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