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Supplemental Data 

Supplemental Figures 

Figure S1. Empirical power of mixed model based SMMAT-B (B), SMMAT-S (S), SMMAT-O 

(O), SMMAT-E (E) and GLMM-MiST (M) in the presence of large genetic effects. The total 

sample size was 2,000, and all genetic variants were causal, with effects in the same direction. (A) 

Power at the significance level of 2.5 × 10-6 for continuous traits in linear mixed models. (B) Power 

at the significance level of 2.5 × 10-6 for binary traits in logistic mixed models. (C) P value 

comparison of SMMAT-E and GLMM-MiST for continuous traits in linear mixed models. (D) P 

value comparison of SMMAT-E and GLMM-MiST for binary traits in logistic mixed models.

 



 

Figure S2. Quantile-quantile plots of SMMAT-B, SMMAT-S, SMMAT-O and SMMAT-E in the 

analysis of 10,000 samples in the presence of both population-level and familial random effects, 

under the null hypothesis of no genetic association. (A) Continuous traits in linear mixed models 

with GRM random effects and no ancestry PC adjustment. (B) Binary traits in logistic mixed 

models with GRM random effects and no ancestry PC adjustment. (C) Continuous traits in linear 

mixed models with GRM random effects and 10 ancestry PCs. (D) Binary traits in logistic mixed 

models with GRM random effects and 10 ancestry PCs. (E) Continuous traits in linear mixed 

models with GRM and population random effects, but no ancestry PC adjustment. (F) Binary traits 

in logistic mixed models with GRM and population random effects, but no ancestry PC adjustment. 



 

 



 

Figure S3. Empirical power of linear mixed model based SMMAT-B (B), SMMAT-S (S), 

SMMAT-O (O) and SMMAT-E (E) in continuous trait analysis of 5,000 samples, using three 

models: GRM random effects with no ancestry PC adjustment (1 RE no PC), GRM random effects 

with 10 ancestry PCs as fixed effects (1 RE 10 PC), GRM and population random effects with no 

ancestry PC adjustment (2 RE no PC). (A) 10% causal variants with 100% negative effects. (B) 

10% causal variants with 80% negative effects. (C) 10% causal variants with 50% negative effects. 

(D) 20% causal variants with 100% negative effects. (E) 20% causal variants with 80% negative 

effects. (F) 20% causal variants with 50% negative effects. (G) 50% causal variants with 100% 

negative effects. (H) 50% causal variants with 80% negative effects. (I) 50% causal variants with 

50% negative effects. Effect sizes were simulated using the same parameter in each row, but 

different across rows. 



 

 

 

 

 

 

 



 

Figure S4. Empirical power of logistic mixed model based SMMAT-B (B), SMMAT-S (S), 

SMMAT-O (O) and SMMAT-E (E) in binary trait analysis of 5,000 samples, using three models: 

GRM random effects with no ancestry PC adjustment (1 RE no PC), GRM random effects with 10 

ancestry PCs as fixed effects (1 RE 10 PC), GRM and population random effects with no ancestry 

PC adjustment (2 RE no PC). (A) 10% causal variants with 100% negative effects. (B) 10% causal 

variants with 80% negative effects. (C) 10% causal variants with 50% negative effects. (D) 20% 

causal variants with 100% negative effects. (E) 20% causal variants with 80% negative effects. (F) 

20% causal variants with 50% negative effects. (G) 50% causal variants with 100% negative 

effects. (H) 50% causal variants with 80% negative effects. (I) 50% causal variants with 50% 

negative effects. Effect sizes were simulated using the same parameter in each row, but different 

across rows. 



 

 

 

 

 

 

 



 

Figure S5. P value comparison of TOPMed fibrinogen level SMMAT analysis results using 

heteroscedastic linear mixed models with and without adjusting for 10 ancestry PCs as fixed 

effects, using rare variants with MAF < 5% in non-overlapping 4 kb sliding windows on 

chromosome 4 (n = 23,763). (A) SMMAT-B. (B) SMMAT-S. (C) SMMAT-O. (D) SMMAT-E. 

 

 



 

Figure S6. TOPMed fibrinogen level SMMAT analysis results using a heteroscedastic linear mixed 

model on rare variants with MAF < 5% in non-overlapping 1 kb sliding windows on chromosome 

4 (n = 23,763). (A) Quantile-quantile plot. (B) P values on the log scale versus physical positions 

of the windows on chromosome 4 (build hg38). 

 

 

 

 

 

 

 

 

 

 

 



 

Figure S7. TOPMed fibrinogen level SMMAT analysis results using a heteroscedastic linear mixed 

model on rare variants with MAF < 5% in non-overlapping 10 kb sliding windows on chromosome 

4 (n = 23,763). (A) Quantile-quantile plot. (B) P values on the log scale versus physical positions 

of the windows on chromosome 4 (build hg38). 

 

 

 

 

 

 

 

 

 

 

 



 

Figure S8. TOPMed fibrinogen level SMMAT analysis results using a heteroscedastic linear mixed 

model on rare variants with MAF < 5% in non-overlapping 40 kb sliding windows on chromosome 

4 (n = 23,763). (A) Quantile-quantile plot. (B) P values on the log scale versus physical positions 

of the windows on chromosome 4 (build hg38). 

 



 

Supplemental Tables 

Table S1. TOPMed fibrinogen level SMMAT p values covering two known association variants 

rs6054 (hg38 position 154,568,456) and rs201909029 (hg 38 position 154,567,636) in gene FGB 

on chromosome 4, using a heteroscedastic linear mixed model on rare variants with MAF < 5% (n 

= 23,763). Physical positions of each window are on build hg38. 

Window (kb) Length 

No. of 

variants SMMAT-B SMMAT-S SMMAT-O SMMAT-E 

154,567-154,568a 1 kb 78 0.097 0.0047 0.0076 0.0086 

154,568-154,569b 1 kb 86 8.1 × 10-5 1.7 × 10-18 1.0 × 10-17 2.7 × 10-19 

154,566-154,570 4 kb 309 1.6 × 10-8 9.7 × 10-17 3.3 × 10-16 3.1 × 10-17 

154,560-154,570 10 kb 846 0.0011 1.7 × 10-14 1.4 × 10-13 4.3 × 10-16 

154,560-154,600 40 kb 3,399 3.4 × 10-7 9.2 × 10-10 1.0 × 10-9 3.2 × 10-18 

a This window covers rs201909029, which has 33 minor allele counts in our TOPMed samples.  

b This window covers rs6054, which has 179 minor allele counts in our TOPMed samples. 

 

 

 



 

Supplemental Methods: Additional Simulation Studies 

Impact of Large Genetic Effects on SMMAT-E Power 

The efficient hybrid test SMMAT-E is developed based on the assumption that the mean of genetic 

effects 𝛽0 is not large. To investigate the impact of large genetic effects on SMMAT-E power, we 

performed additional simulation studies in which all variants in a test unit are causal, with the 

effects in the same direction. This simulation setting is in favor of SMMAT-B. We used the same 

genotype data as that in the single-cohort type I error simulations and evaluated the empirical 

power of SMMAT-B, SMMAT-S, SMMAT-O, SMMAT-E, and GLMM-MiST that combines the 

p value of SMMAT-B (Equation 2 in Methods) and the p value of SMMAT-S (Equation 3 in 

Methods) using Fisher’s method. All tests were performed using weights equal to a beta 

distribution density function with parameters 1 and 25 on the MAF of each variant. 

 

For continuous traits, we simulated the phenotype 𝑦𝑖𝑗 for individual 𝑗 in family 𝑖 from 

𝑦𝑖𝑗 = 𝛼1𝑍𝑖 + 𝛽0𝑇𝑖𝑗 + 𝑏𝑖𝑗 + 𝜖𝑖𝑗, 

where 𝛼1 = 1, the population indicator 𝑍𝑖 = 1 if family 𝑖 was from Population 1, and 𝑍𝑖 = 0 if 

from Population 2, the genetic effect 𝛽0 = 0.15. The burden score 𝑇𝑖𝑗 of individual 𝑗 in family 𝑖 

was the weighted sum of causal variant genotypes (with weights equal to a beta distribution density 

function with parameters 1 and 25 on the MAF of each variant), normalized to have mean 0 and 

variance 1. The familial random effects 𝑏𝑖𝑗 were simulated using Equation 5 in Methods, and the 

random error 𝜖𝑖𝑗 ~ 𝑁(0, 1). In this parameter setting, the burden score 𝑇𝑖𝑗 explains 1.3% of the 

total phenotypic variance. We randomly sampled 35% individuals from Population 1, and 65% 

individuals from Population 2. 

 



 

For binary traits, we simulated the phenotype 𝑦𝑖𝑗 for individual 𝑗 in family 𝑖 from 

log (
𝑃(𝑦𝑖𝑗 = 1)

1 − 𝑃(𝑦𝑖𝑗 = 1)
) = 𝛼0 + 𝛽0𝑇𝑖𝑗 + 𝑏𝑖𝑗 , 

where 𝛼0 was chosen such that the disease prevalence was 0.01 in all populations, the genetic 

effect 𝛽0 = 0.3. The burden score 𝑇𝑖𝑗 of individual 𝑗 in family 𝑖 was calculated in the same way as 

for continuous traits, and the familial random effects 𝑏𝑖𝑗 were simulated using Equation 5 in 

Methods. We randomly sampled 35% individuals (with 25% cases and 10% controls out of the 

total sample size) from Population 1, and 65% individuals (with 25% cases and 40% controls out 

of the total sample size) from Population 2 to form a hypothetical study with balanced cases and 

controls in combined populations. 

 

We used the sample size of 2,000 for both continuous and binary traits, since the simulated genetic 

effect was large. We repeated 1,000 simulation replicates, and compared the empirical power at 

the significance level of 2.5 × 10-6, as well as the p values from SMMAT-E and GLMM-MiST 

(Figure S1). 

 

Impact of Multiple Random Effects 

One advantage of the SMMAT framework is that it can flexibly use multiple random effects to 

model between-subject correlation from different sources in the model. We considered two sources 

of genetic relatedness in our simulation, one from population structure and one from family 

membership. The population membership matrix has 400 population blocks corresponding to the 

20 × 20 grid in Figure 1A, with elements equal to 1 if two individuals are from the same population 

grid, 0 otherwise. We included a population-level random intercept with mean 0 and variance 1, 

which is the same for individuals from the same population grid, in the true models for both 



 

continuous and binary traits. We also included the familial random effects from Equation 5 in 

Methods. 

 

We evaluated the performance of three analytical strategies in the presence of sample correlation 

due to both population-level and familial random effects: 1) including  a single random effects 

term with the covariance matrix proportional to the GRM, without adjusting for ancestry PCs; 2) 

including a single random effects term with the covariance matrix proportional to the GRM, and 

adjusting for the first 10 ancestry PCs as fixed effects; and 3) including two random effects terms, 

one with the covariance matrix proportional to the GRM, and the other with the covariance matrix 

proportional to the block-diagonal population membership matrix, without adjusting for ancestry 

PCs. We evaluated the type I error rate and power as described in Methods. 
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