A. Appendix A: Algorithm for reference-based multiple imputation

For a continuous outcome, the generic algorithm of Carpenter et al. (2013) can be sum-
marized in full as follows:

(a)

Separately for each treatment arm take all the observed data, and assuming MAR,
fit a multivariate normal (MVN) distribution with an unstructured mean (i.e. a
separate mean for each of the baseline and post-randomisation observation times)
and variance covariance matrix using a Bayesian approach with an improper prior
for the mean and an uninformative Jeffreys prior for the covariance matrix.

Draw a mean vector and covariance matrix from the posterior distribution for
each treatment arm. Specifically we use the Markov-Chain Monte Carlo (MCMC)
method to draw from the appropriate Bayesian posterior, with a sufficient burn-
in and update the chain sufficiently in-between to ensure subsequent draws are
independent. The sampler is initiated using the Expectation-Maximization (EM)
algorithm.

Use the draws in step 2 to form the joint distribution of each deviating individual’s
observed and missing outcome data as required. This can be done under a range
of assumptions, in order to explore the robustness of inference about treatment
effects. The options presented in Carpenter et al. (2013) that each translate to a
relevant assumption are described in Table 1.

Construct the conditional distribution of missing (post-deviation) given observed
outcome data for each individual who deviated, using their joint distribution formed



in step 3. Sample their missing post-deviation data from this conditional distribu-
tions to create a completed data set.
(e) Repeat steps 2-4 K times, resulting in K imputed data sets.

We now describe how step 3 works under ‘jump to reference’. This leads to a brief
presentation of the approach for the other options. Suppose there are two arms, active
(indexed below by a) and reference (indexed below by r). In step 2, denote the current
draw from the posterior for the 14 J reference arm means and variance-covariance matrix
by pir0, ... pir,7, and X,.. Use the subscript a for the corresponding draws from the other
arm in question (which will depend on the arm chosen as reference for the analysis at
hand).

Under ‘jump to reference’, suppose patient 7 is not randomised to the reference arm
and their last observation, prior to deviating, is at time d;, d; € (1,...,J —1). The joint
distribution of their observed and post-withdrawal outcomes is multivariate normal with
mean
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that is post-deviation they ‘jump to reference’.

We construct the new covariance matrix for these observations as follows. Denote
the covariance matrices from the reference arm (without deviation) and the other arm
in question (without deviation), partitioned at time d; according to the pre- and post-
deviation measurements, by:
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Reference X, = [ A A
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] and other arm: X, = [ An A }

We want the new covariance matrix, X say, to match that from the active arm for the
pre-deviation measurements, and the reference arm for the conditional components for
the post-deviation given the pre-deviation measurements. This also guarantees positive
definiteness of the new matrix, since X, and 3, are positive definite. That is, we want

Y11 X2
Y= ,
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subject to the constraints
Y1 = Aqy,
Y2 = RuRy,
S90 — 2912 ' 215 = Rys — Ry R Raa.
The solution is:

Y11= Aq,

Yo = Ry R Aq,

Y92 = Ryo — RytR7 (R11 — A1))R'Ria.

Under ‘jump to reference’ we have now specified the joint distribution for a patient’s
pre- and post-deviation outcomes, when deviation is at time d;. This is what we require



for step 4. For ‘copy increments in reference’ we use the same 3 as for ‘jump to reference’
but now

Hi = {Ma’o’ e ’Maﬂdi_h /’Lavdﬂ ,"La,di + (/’LT,dri-l - /‘LT,di)J
T
Ma,di + (,LLT‘,dq—l-Q - Mr’di), .. } .

For ‘last mean carried forward’, 3 equals the covariance matrix from the randomisation
arm. The important change is the way we put together . Thus, for patient 7 in arm a
under ‘last mean carried forward’,

Bi = (a5 Ba,di—15 Rads> Padss - - - --')T§ 3 =3,

Finally for ‘copy reference’ the mean and covariance both come from the reference (typ-
ically, but not necessarily, control) arm, irrespective of deviation time. A SAS macro
implementing this approach can be downloaded from,

www.missingdata.org.uk (Roger, 2012) and Stata software from
https://ideas.repec.org/c/boc/bocode/s457983.html (Cro, 2015; Cro et al., 2016).

B. Appendix B: Proofs

B.1.  Proof of Proposition 1

Here we outline the argument for Proposition 1. Consider the baseline (time 1) and J—1
follow-up setting where Y, ; ; denotes the continuous outcome measure for patient ¢ in
arm z (z = a indicates active arm allocation and z = r reference arm allocation) at time
jfori=1,...,nand j=1,..,J. ng; patients deviate at time j in a monotone fashion,
for j > 1 such that ng = Z}'Izz ng . Interest lies in the unadjusted mean treatment
group difference at time J. Conditioning on ng4; for j > 1, the expected value of the
treatment estimate at time J when the post-deviation data can be observed is,

no ndv]
—Ha,J T+ Z —Hdj,J | — M-
n B n

J:

The variance of this estimate is calculated using the usual sample variance formula as,
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where i 5 = 33200 Yeig, Yauo = 57 2ico Yaus and Yaja; = 5= ieq Ya,i for

j=2,...,J. When expanding this expression and letting (n — 1) — n this has expected
value,
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where Ag; = pa,g — Hdj,J, Ddpq = Mdp,J — Hdg,J» Mdj,J is the mean proposed under
the controlled scenario at time J, for patients who deviate at time j and pgq, ; and



[td,q,7 are the means proposed under the controlled scenario at time J, for patients who
deviate at times p and ¢ for p = 2,...,J and ¢ = 2, ..., J. For the J-method of MI where
imputed values at final time J are edited by (J + 1 — j)d, for patients who deviate at
time j, we replace Agj = pa g — ptajg = (J+1—74)d and Agp g = tdp,g — MdgJ =
(J+1—-p)d—(J+1—q)d.

B.2.  Proof of Theorem 1

Let D and O define the sets of indices for the patients who do and do not deviate
in the active arm respectively. Further let DJ denote the set of indices for deviating
patients who deviate at time j, so that the total number of deviating patients in the
active arm ng = 231:2 ng ;. The follow-up outcome data at the final time point for the

reference patients are contained in the vector Y, ; = (Y,1,7,..Y, ])T. The final visit
outcome data for the observed non-deviating active patients are contained in the vector
Ya,J,o = {Ya,i,ﬁi € O}T

We suppose that each deviating patient has two potential outcomes at time J: the
one that would occur if they remain on active treatment post-deviation (primary on-
treatment data model, indexed below with the subscript p) and the other that would
occur under the controlled sensitivity scenario data model (indexed below with the sub-
script g). The potentially observable primary on-treatment data for the ng deviating
patients at time J are contained in the vector Y, j p4 and the alternative outcome data
under the sensitivity scenario in the vector Y, ;g5 4. Define
Y =(Y,7,Y0s0, Yaiprd Ya, J7S’d)T as the collection of observed and potentially ob-
servable outcome data at time J, which has dimensions [(n + n, + 2n4) X 1].

For each deviating patient we can only observe one of the potential outcomes, either
primary on-treatment or under the sensitivity scenario. Consider two
[(n 4+ no + 2ng) X (n + ny + 2ng4)] matrices, Dp and Dg of 0’s and 1’s such that DpY
gives the [(n 4+ n, + 2ng) X 1] on-treatment (primary) data and DgY
gives the [(n 4+ n, + 2ng) X 1] sensitivity scenario data at time J.

Let a be a [(n 4+ n, + 2ng) x 1] vector such that aTDpY returns the primary on-
treatment treatment estimate and aTDgY returns the sensitivity scenario treatment
estimate. When the deviating patients experience primary on-treatment behaviour post-
deviation and are fully observed the expectation of the variance of the primary on-
treatment estimand can be expressed as,

E [V } —E[V (a™DpY)] =E[aTDp V (Y)DEa] = a"DpEDpa.  (7)
Under the conditions of Proposition 1 and using Corollary 1 and 2, the variance estimator
for the sensitivity estimand where post-deviation data are fully observed can be expressed
as,

E |:‘/vfull, sensitivity] = aTDPED%‘a + O(n_Z). (8)

We now suppose that post-deviation data are unobserved, i.e. the potentially observ-
able primary on-treatment and sensitivity scenario entries in Y are missing for the ny
active patients. We alternatively multiply impute these outcomes, using primary on-
treatment (MAR) imputation and imputation under the sensitivity scenario. This gives



K ‘complete’ data samples Yy, of size [(n + n, + 2ng4) x 1]. For this we need appro-
priate imputation distributions for each missing data pattern under each scenario, with
suitable posteriors for the included parameters.

Under our primary on-treatment assumption (MAR), the imputation model for pa-
tients deviating at time j, for each j > 1 is formed from the regression of Y, j, on P, ;
where P, ; is the design matrix for the imputation model, which contains the values
of the 1,...,j — 1 outcomes and covariates included in the imputation model (excluding
treatment) for the n, observed active patients, along with a vector of 1’s to include
an intercept in the model. This is appropriate since we are not imputing any interim
missing outcomes here. We only consider monotone missing data patterns. We are in-
terested in the treatment effect at time J. As described by Carpenter and Kenward
(2013, p. 77-78), under MAR, each of the regressions will be validly estimated from
those observed in the data set. The parameter estimates for the primary on-treatment
(MAR) imputation model for the ng; patients missing outcomes j to J for each j > 1
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are found as B,,imary; = (PaojPa0j)  PaojYaoe with assumed known covariance
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matrix Viprimary,j = (Pz’o’jPa,o’j)_lU]
We assume the large sample posterior for the parameter estimates for the primary

on-treatment imputation model, denoted B,,;pary. j» is normal and centered on the ML

estimator (3 with covariance matrix Vi imary,;- That is,

primary,j

ﬂprimary,j ’Ya,J,O ~ N(/Bprimary,j; Vprimary,j)‘

The primary on-treatment imputation model for active patient ¢ deviating at time j, for
each j > 1 and imputation k can therefore be expressed as,

Yok

YCL,J:O = Pavdvjvi [ﬁprimary,j + bprimav"y,j,k] + €k for i € {Dj}7

where, bprimaryjk ~ N(0,Vaoj) €ijr ~ N(0,0’?) and P, q;; contains the values of
the 1,...,7 — 1 outcomes and covariates included in the imputation model (excluding
treatment, plus a 1 for the intercept) for each deviating active patient 7, who deviates
at time j.

For sensitivity analysis we conduct imputation under the proposed sensitivity scenario
and assume the large sample posterior for the imputation parameters for the ng ; patients

missing outcomes j to J for each j > 1, B is normal and centered on the ML

sensitivity,j

estimator By, sitivity,; With known covariance matrix Vensitivity,j, that is for each j > 1,

ﬁsensitivity,j |Ysensitivity,J ~ N(ﬁsensitiuityJ; Vsensitivity,j ) )

where Y sensitivity,s consists of the relevant observed outcome data under the particular
sensitivity scenario setting of interest. The imputation model used in the sensitivity
analysis for active patient ¢ deviating following time j, for each j > 1 and imputation k
can therefore be expressed as,

v

Yoi gk

Ysensitivity,] = Pa,d,j,i [ﬂsensitivityJ + bsensitivity,j,k + €i,j5,k for i € {Dj},



where, byensitivity,jk ~ N(0, Viensitivity,j) and e; jr ~ N (0,0]2-). Under the assumption
of equal variance-covariance matrix of baseline and follow-up by treatment arm we con-
sequently assume the same variance for the residuals in the primary and sensitivity
imputation models for patients deviating at the same time j, for each j > 1.

We are interested in imputation inference for, 4 ZkK ,aTDpYj or + ZkK ,aTDgY,.
Letting the number of imputations, K — oo, the variance of our MI treatment esti-
mate as estimated by Rubin’s rules is, Vi =W, + B or V, =

primary MI, sensitivity

Wmm,v,w + me,m,w where under the conditions required in the proposition,
E [Wprimw} =F [% Zle aTDpZAJkDga} — aTDpED%‘a and,
B [Werin| = B[ I, a™DsSiDEa] - a™DpEDEa+ 0(n2).

Under primary (on-treatment) imputation,

I, primary primary
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When imputation is conducted under the sensitivity scenario,
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where bgensitivity,j = K k 1 Bsensitivity,j,x- Which has expectation,
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The information-anchored variance can be expressed as,

E [B]
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Since F [Wp,,i,wy] =F [Vﬁ,m primary} and using (7) and (8) that is,
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If Rubin’s rules are information-anchoring and preserve the information loss in the pri-
mary analysis under MAR then the following holds,

E [Bm}

E [mensmvicy] +B [Bsensitivity:| ~ aTDPEDga"i‘O(niQ)""E [Bprixilary]+ N
E |:Wprimary:|
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That is,
aTDpEDFa+ O(n ) + E | B | a'DpEDpa+O0(n”?)
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After simplification and rearrangement this becomes,

BBy o).
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Which is,
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This gives the required result in the longitudinal trial setting with monotone miss-
ingness in the active treatment arm with K = oo. In practice K # oo, however
the information-anchoring approximation results will still hold for finite K. For fi-
nite K the variance of our MI treatment estimate as estimated by Rubm s rules is,
VMI, primary — anmary (1 + ) Bprlmary or VMI sensitivity — Wsensltlvlty (1 + ) Bsensltlvlty We
will therefore have addltlonal terms in the difference between Rubin’s variance estimator
and the ideal information-anchored variance, but these will also be very small. They
will be the same order of the terms already presented multiplied by K !, hence in-
deed smaller. Thus following the reasons discussed in the main text the approximation
remains with finite K.

We note that when we relax the equal variance by trial arm assumption, we can no
longer assume the variance of the residuals in the primary de jure imputation model
for patients with missingness pattern j matches the variance of the residuals in the
sensitivity de facto imputation model for patients with missingness pattern j, for each
missing data pattern j.

In this setting we denote the variance of the residuals in the primary on-treatment
imputation model for patients missing outcomes j,...,J as 012)7 j and in the sensitivity

imputation model as ng’ j for 5 > 1. Then the information-anchoring performance of
Rubin’s MI variance estimator is driven by,

E [Bm]

+
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J
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0~ Z W(%,j J : J + Pa,d,j (memary,] Vsensitivity,j) Pz:,d,j [O(TL 2)} .




The additional components in the difference between Rubin’s variance and the ideal
information-anchored variance are driven by the degree of difference in the variance
structure of the data by trial arm for each missingness pattern. Since the variance
structure is not likely to differ too markedly by trial arm for each missingness pattern,
and these extra components are each multiplied by 7r§’ j /14 j, the overall impact will in
practice be relatively small.



