Supplemental materials for: Leveraging summary statistics to make inferences about
complex phenotypes in large biobanks

Supplement 1:
Slope proof:

Background/notation:

y1=Ppx+ @

Yn = .an+ &n
Ve =C1Y1 + Y, + -+ Cp¥n

yc: Bex + a

Proof by mathematical induction for 3

Formula:
Foranyn € N,

Pe=c1f1+Cfr+ -+ cpfn
Base casen = 2,ifn = 2:

PI‘OVE 3 = ClBl + Czﬁz

i=1(xi =i — )
2?:1(751' - f)z

Yici(xi —xX)(C1y1i — €1Y1)

3:

Yici(xi — X)) (c2y2i — €©2¥2)

b= G - 27 O e 5
Ye=Y11tY2
5 Yi=1(x; = X)((c1y1; + c2Y21) — (€1 Y1 + €272))
B (Clyl + CZyZ) = : 122’;1():_23?)2 — .
_ Limia(i — D Qu — Y1) + (6 — D) (2 — ¥2))
ie, (o —x)?

By rearranging the y terms and constants, which is equivalent to ¢, 8; + ¢,f3,

Inductive hypothesis:



Assume that B, (c1y; + Vo + =+ Vi) = 11 + 25 + -+ cx B foreach k < n

We WlSh tO ShOW that BC(T + Ck+1yk+1) = BC(Clyl + C2y2 + + Ckyk + Ck+1yk+1) Where
T=cyi+ ey, ++ i

By base case:

Be(T + chr1Yir1) ) = Pr + Crs1Prra
By induction hypothesis:

B(T + Yis1) = 1By + C2f2 + -+ + i + Crr1Pr+1 ™



Supplement 2:
Intercept proof:
Proof by Mathematical induction for @
Formula:
Foranyn € N,
A. = 101+ c 0y + -+ cpay
Base casen = 2, if n = 2:
Want to show: @, = c,a@; + c,a,
a=y— fpx
Ye = C1Y1 T G2
@ = 3_’1_,319Z a, = 372_329Z
Already shown above that 3. = ¢, 8, + ¢,/3, so:
Gc = (171 + 252) — (c1p1 + ¢2B2)%
= Y — GbiX+ Y — CofoX
By rearranging the terms, this is equivalentto c;&, + c,@,

Induction hypothesis: Assume
&C(Clyl + CYy» + -+ Ck)’k) = Clﬁl + CzC/fz + -+ Ck&k where T = C1Y1 + Yy, + -+
CkYk

Induction step:

Want to show @& (T + ¢xi1Yi+1) = Gc(c1y1 + Y2 + -+ Vi + Coy1Yir1) where T =
C1Y1 + Y2+ + Yk

By base case:

Ac(T + Cr41Yk+1) = Qr + Ay

By assumption:

Ac(T + Ckp1Yr+1) = 1@ + A + -+ @y + Crp1Apyr ®



Supplement 3:

Standard Error proof for the linear combination of two phenotypes:

We wish to show that

ﬂ$ﬁ=JQ%H&V+Q“H@V+nEAqquhJﬂ—QQ&&)

var(x)

Where y. = c;y1 + ;2 and ¥, = fex; + .
We begin with the formula for standard error.

Z‘;}=1(YCj _ycj)z
SE(Iéc) N n-2

[T — )2

We can substitute ClYlj + CZij for yC] and (Clﬁl + Czﬁz)xj + (Cldl + Czdz) for }’}C'

SE(B.) = 21 ((eryrj + €2y2)) — ((c1By + Czﬁz)xj + (€181 +¢,8,)))?
) = M= DYy — B

We now substitute §;; for f;x; + @;.

. Z?=1((C1y1j —aP1j) + (€2y2) — €292)))2
SE(ﬁc) - \/ (Tl _ 2) Z?Zl(xj — J2)2

SE(B,) = 12 Z;}=1(J’1j —$1;)% + 2¢4c; Z;'l=1(y1j =)z —P25) + 6222521(3/2,- —¥2j)?
< (n—2) X7, (x — x)?

) (i~ 9ij)?
We can substitute SE(f;)? for : 220y~ 94)

n—2) 3], (x;=%)%

2¢16 Z;‘l=1(3’1j - ylj)()’zj - 3721‘)
(n—2) X%, (x — x)?

SE(B,) = JQZSE(BOZ +¢22SE(B,)% +

2¢162 X1 (V1Y) — Y1925 — Y2i91j + $1j925)
(n-2) Z?=1(xi —x)?

SE(B,) = \/QZSE(/?QZ +¢2%SE(B2)? +



Next, ;; is replaced by f;x; + @;.

SE(B.) = J GISERLY? + e SE(Ry)? + a2 Yy T (Bzxj(: f@)}?’f(ilxi ;)fl) By @) + 8
J=137]

R R R 2010, X (V1Y) — BaXjyij — QoY1) — B1Xjyaj — @1y + BiBaxi® + @afyx; + @1 fox; + @@
SE(ﬁC) _ cleE(ﬁ1)2+CZZSE(ﬁ2)2+ 162 Lj 1(}’11}’21 b i V1j 2V1j b1 V2] 1Y2j 2/?1,32 'j 2P1 'j 162 'j 183)
(n—2)Xa(x — )

We now substitute ¥; — §;% for &; and rearrange the terms.

SE(B.)

_ \jCIZSE(ﬁl)Z T 62SE(R,)? + 2¢16 2}1=1(}’1jy2j - szjYU - 02— ﬁzf)yu - Elxjyzj - (371(7:51297));7211 :Eflfz;; + 2 — ﬁzf)ﬁlxj + O - Blf).ézxj + 01 — Br%) (V2 — B2%))
j=1

e et B Nz o 2enrd g L 2€1€2 <Z7=1(y1j—i1)(y2j—iz) s (g =002 =), Ly =00 V), Z}-Ll(x,-—f)Z)
SE(B,) \/ci SE(B1)? + ¢,%SE(B,) t—— SaCy — %) B1 (g — 07 B2 STGy — 1 + 12 Zi?zl(xj — %2
This simplifies to

SE(B,) = \/012515(1?1)2 + ¢;%SE(B,)? +E<M - B1p, ) L

n—2\ var(x)



Supplement 4:

Standard Error proof for the linear combination of m phenotypes:

We want to show that

. var(x)
i=1

m
. . ~ A 2 m—1ym ¢, * ¢ *x cov(y,,
SE(c1fy + Cofot... +CwBy) = < E CiZSE(,Bi)Z) + — =1 Lr=q+1 Cq * Cr Y ¥r) _<

We have already shown that this formula holds for w = 2, and we wish to show that it holds for all values of w. We will prove this using mathematical induction.

First we assume that our formula is true. We want to show that the following is true:

w+1 2 w ij_l Co o % COV(y y ) w o w+tl

SE(c1Bs + Cobote.. +CuBu + Cur1Purr) = EcﬂSE(ﬂi)Z + gmiormae 4t T’ - E E CqBacrBr
- n—2 var(x) 4
t= q=1r=q

We will let y; = ¢;y1 + ¢,y +... +cw¥y and vy = Brx + @r. By what we have already shown, we know that B = ¢; 1 + c,f5+... +cy Buw and @7 = ;@ + @, +... +cy&,,. Thus, by
using what we have already shown to be true for w = 2, we know that

Cr * Cyy1 * COV(YT, Yw1)
var(x)

A o - o 2 N A
SECerfr + Cusaun) = J erSEBr? + GunnSEBu1)? + — = coBrcwsabus )

We can now substitute for £ and yy.

SE(CTBT + Cw+1ﬁw+1)

2

w—-1
Cr * Cyy1 * COV(YT, Ywi1)
var(x)

w
5 2 [ WYY i1 cq*Cr* cov(Yg,
(Z CiZSE(ﬁi)Z)+n_2 gt el 47 Oayr) _

var(x)

w
PO N 2
cqﬁqcrﬂr> + G SEGus)? +—
+1

- CTﬁTCw+1Bw+1)
q=1r=q

i=1
SE(CTBT + Cw+1ﬁAw+1)

w w-1l w
. . 2 [((BWZEeW q e cr x cov(Yg, ¥r)) + cov(ciYit . HCw Vs Cur1Ywet) . . A .
= (ZciZSE(ﬁm)+cw+1ZSE(ﬁw+1)2+n_2< e — pRw B (DT b )= (@it ) B

var(x
i=1 ( ) q=1r=q+1




We invoke the rule that states that cov(a + b, ¢) = cov(a,c) + cov(b, c) to proceed to the next step.

SE(CTﬁT + Cw+1ﬁw+1)

w+1 _ w-1l w
5 2 ( 3:11 Zy=q+1 Cq * Cp * Cov(yq'yr)) T 01 * Cyyq * COV(yD yw+1)+' o Cy * gy * cov(yw, yw+1)
= | D, e?SEB)? |+ —= -

var(x) Z Cqﬁqcrﬁr _(C1B1Cw+1[§w+1+
i=1 q=1r=q+1
w+1 w w+1
N N . 2 a1 Lrdia Cq * Cr * COV(Yq, Yr) 5
SE(crBr + Cws1Buri) = ZciZSE(ﬁoun_ 71— LD ooy
i=1 q=1r=q+1
Therefore, we have shown that
w+1 w w+1
. . . . . 2 o1 Ly a1 Cq * Cp % cov(Yq, ¥y) 5
SE(Cufy + oot + Cunabuan) = | Y G2SER? )+ e TS e DD cbeci || m
- n—2 var(x)
=

q=1r=q+1

e +Cwﬁwcw+1ﬁw+1)



Supplement 5:

This table shows the results from selected SNP’s of the slope from the omega index model, the slope from the omega index residual model, and
the slope using our slope formula

SNP Omega Index slope  Omega index residual ~ Our slope estimate
model slope
rs2341541 0.128 0.129 0.129
rs33916140 0.130 0.131 0.131
rs10202153 0.146 0.149 0.149
rs7301020 0.206 0.208 0.208
rs7304591 0.202 0.204 0.204
rs10497426 0.177 0.181 0.181
rs1319458 0.129 0.131 0.131
rs651134 0.324 0.332 0.332
rs988550 0.126 0.127 0.127
rs8099359 0.146 0.149 0.149

Supplement 6:

This table shows the results from selected SNP’s for the omega index model standard error, the omega index residual model standard error, the
standard error calculated using the formula presented in this paper, the standard error using the formula and estimating the covariance of the
phenotypes, the standard error using the formula and estimating the covariance of the phenotypes and the variance of the genotype, and the Hardy-
Weinberg Equilibrium of the given SNP.

Standard
Omega3 error
Index Standard  estimating
Omega3 Residual error covariance Hardy-
Index model Standard  estimating ofy’sand  Weinberg
standard Standard  error using covariance variance of Equilibrium
SNP error error formula of y’s genotype P-value
rs2341541 0.0291 0.0295 0.0295 0.0297 0.0297 0.806354
rs33916140  0.0292 0.0296 0.0296 0.0297 0.0297 0.762948
rs10202153  0.0347 0.0352 0.0352 0.0354 0.0356 0.059301

rs7301020 0.0484 0.0490 0.0490 0.0493 0.0489 0.029949



rs7304591 0.0485 0.0492 0.0493 0.0496 0.0493 0.092214

rs10497426 0.0359 0.0363 0.0364 0.0366 0.0370 0.00237
rs1319458 0.0287 0.0291 0.0291 0.0292 0.0293 0.225632
rs651134 0.0729 0.0739 0.0739 0.0743 0.0746 0.190229
rs988550 0.0286 0.0290 0.0290 0.0292 0.0293 0.185446

rs8099359 0.0340 0.0344 0.0344 0.0346 0.0347 0.277974

Supplement 7:

This shows the results from selected SNP’s of the omega index model p-value, the omega index residual model p-value, the p-value estimate using
the standard error formula and the estimated covariance of the phenotypes, and the p-value estimate with the estimated covariance of phenotypes
and estimated variance of genotype.

P-value estimate
for estimated
Omega3 index P-value estimate  covariance of y’s

Omega3 index residual model for estimated and variance of
SNP p-value p-value covariance of y’s  genotype
rs2341541 1.17E-05 1.29E-05 1.44E-05 1.42E-05
rs33916140 8.55E-06 9.32E-06 1.04E-05 1.02E-05
rs10202153 2.76E-05 2.27E-05 2.52E-05 2.82E-05
rs7301020 2.08E-05 2.32E-05 2.57E-05 2.26E-05
rs7304591 3.22E-05 3.67E-05 4.05E-05 3.68E-05
rs10497426 8.34E-07 7.37E-07 8.46E-07 1.08E-06
rs1319458 6.80E-06 7.10E-06 7.96E-06 8.63E-06
rs651134 9.49E-06 7.60E-06 8.52E-06 9.29E-06
rs988550 1.13E-05 1.30E-05 1.45E-05 1.58E-05

rs8099359 1.89E-05 1.54E-05 1.71E-05 1.83E-05




