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S1. Comparison with random cylinder model

As a control experiment, we compare results obtained from VAN modeling with the random cylinder model
using the same distribution of vessel sizes as the VANSs. The histogram of a total of 9871 vessel segments
from six VANSs is shown as in Fig. Sla. In the random cylinder model as described in the methods section,
the vessel sizes are drawn from this distribution and the value of 8 is obtained for both the BOLD and
contrast agent (CA) range of Ay as shown in Fig. S1b, averaged over 20 random configurations. To further
explore the relation between g and Ay concentration, we shown in Fig. S1c that at a fixed field strength
B, = 1.5 T, B decreases continuously with increasing Ay concentration. This further confirms that it is the

product B, - Ay that determines the behavior of £.

Note that the values of S obtained in Fig. S1b are not exactly the same as that in Fig 2. and Fig. 5 using
VAN modeling with the real mouse vasculature. This is due to the fact that the random cylinder model
ignores many features such as the bifurcations and vessel curvatures that exists in real networks. A real
network also has some unique structures such as large pial vessels which are not necessarily captured in a
simplified random cylinder model. However, the overall behavior of § decreases with increasing B, and

Ay concentration stays the same in both simulation methods.
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Supporting Information Figure S1. (a) The distribution of vessel sizes from the six networks of mouse
vasculature measured in vivo. (b) g obtained from the random cylinder model with the vessel size
distribution in (a) for both BOLD (2 x 107 to 12 x 10~7) and CA range (1 x 10~ ¢ t0 10 x 107°) of
Ay concentration. (c) The value of £ as a function of Ay concentration in Sl units.

S2. Oxygen distribution within a network

The oxygen distribution within the microvascular network is obtained by solving the oxygen advection-
diffusion equations (1,2), and more detailed information of integrating this method in VAN modeling can
be found in a previous report (3). To see the oxygen distribution within the network, the oxygen
concentration in different vessel branching orders is plotted in Fig. S2b. The branching order is obtained
by tracking along the vasculature starting from the pial artery and vein indicated in Fig. S2a. Vessels in
branching order 7 and 8 are mostly capillaries. Ay concentration and vessel diameters are shown in Fig. S2

c and d respectively. We see that Ay concentration and vessel diameters are correlated and the vessels that



contain the highest Ay concentration are the large veins. Thus 8 calculated with the deoxyhemoglobin
weighted Ay distribution is closer to the large vessel limit of § = 1 compared to that obtained with a

uniform Ay distribution.
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Supporting Information Figure S2. (a) The vasculature (blue: veins; red: arteries; green:capillaries)
with starting pial artery and vein (branching order = 0) indicated in the figure. (b) Distribution of
S0, computed in the model as a function of branching orders staring from the pial artery and vein.
(c) Ay concentration in different branching orders. (d) The corresponding vessel diameter in
different branchina orders.

S3. Choosing the time step in Monte-Carlo simulations

Most of the time steps used in this paper is dt = 0.2 ms. However, when the values of B, and Ay are
large, the typical phase accumulated within a time step yByAy dt can be larger than 27. This raises a
question of a smaller dt might be required at ultra-high magnetic field strength and large Ay.

To see the effect of dt on the value of 8, we have calculated the value of g with different dt=0.1 ms for
the BOLD Ay range (2 X 1077 to 12 x 10~7) and CA range (1 X 107° to 10 x 107°) as shown in
Supporting Information Figure S3. We see that at B, = 9.4, 14 T and CA range, there are noticeable
differences between the values obtained at dt = 0.1 ms and dt = 0.2 ms. Further calculations are carried
out at dt = 0.05,0.02,0.01 ms. The results obtained at dt = 0.02,0.01 ms agree, thus, dt = 0.01 ms is



chosen for the values of beta in Figure 5 at B, = 9.4,14 T, while in other cases, dt = 0.2 ms is
sufficient. The overall behavior of 8 decreasing with B, and Ay stays the same.

Ax:(2-12) x 107 Ax:(1-10) x10°°

1.4 AT 1.1 T
dt=0.1 ms %
A dt=02ms 1+
13t . A A
G
A 09 f .
Q1271 1 Q
dt=0.1 ms
08 r A dt=02ms C
| | O dt=0.05ms f
1.1 A 0.7 + dt=0.02 ms
A 8 dt=0.01 ms A
L A
1 0.6
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
B _(T) B_(T)

Supporting Information Figure S3. The value of 8 obtained for a mouse vascular for different dt values in the
Monte-Carlo simulations for (a) the BOLD range of Ay range (2 x 1077 to 12 x 10~7) and (b) contrast agent
range of Ax (1 X 107°t0 10 x 107°).
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