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Intracellular model of the germinal center reaction

Earlier work by some of the authors produced a quantitative kinetic model of the germinal Center (GC) that explained B cell
differentiation into plasma cells (PCs)!. The model uses ordinary differential equations to capture the interplay of a small
module of three antagonistic transcription factors:

e BCLG6: is considered a master regulator of the GC reaction. It is expressed in most GC B cells>* and necessary for
the GC formation>>-°. Among its regulatory functions, BCL6 represses DNA damage repairs>’-8, which would hinder
somatic hypermutation (SHM) and transcriptionally represses BLIMP17-%-11

e BLIMP1: is considered a master regulator of the PC phenotype’. Highly expressed in PCs 7-1%13 it induces plasmablast-

like features in centrocyte (CC) cells'® and is required for PCs to form'#. Furthermore, it transcriptionally downregulates
BCL6’.

e IRF4: upregulates BLIMP1 and has therefore been theorized to effect PC differentiation’.

In addition, the original model included two signaling pathways, B cell receptor (BCR) and CD40, that transduce external
signals respectively delivered by follicular dendritic cells (FDCs) and helper T cells. Namely, FDCs expose antigen that binds
to the BCRs on B cells and initiates a signaling cascade that results in the inhibition of BCL6 and the induction of IRF4. Helper
T cells expose CD40L, a ligand present on the surface of helper T cells, that binds to the CD40 receptor and leads to B cell
activation. Dynamical analysis of the model revealed the existence of two stable steady states representing CCs — high BCL6,
low IRF4 and low BLIMP1 — and PCs — low BCL6, high IRF4 and high BLIMP1.

According to the original model, BCR stimulation inhibits BCL6, while CD40 induces IRF4. However, more recent findings
support the idea that BCR stimulation, which depends on antigen uptake, may also induce IRF4 '>-'6. Hence, our current model
reflects this newer understanding:
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where p, b and r stand for the protein levels of BLIMP1, BCL6 and IRF4 respectively; the u’s represent the basal production
rate of each protein; the A°s stand for the degradation rates; o represents induced transcription rate; and k are the dissociation
constants, i.e. the ligand concentration that produces half of the maximum induced transcription rate. The model implicitly
assumes that the protein levels are proportional to mRNA levels. ber and cd40 denote the respectively intensity of signaling
through the BCR and CD40 pathways. As BCLG6 represses some of the genes associated with both signaling cascades, the
following phenomenological forms are assumed:
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where o and cd are constants and we assume that the intensity of BCR signaling increases linearly with the amount of acquired
antigen'>-1© is linear.

Mathematical analysis reveals that, after an initial phase of BCR-induced BCL6 degradation and once the regime kj, > b
has been reached, the system dynamics is controlled by the dimensionless parameter 3, defined as:
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B measures the ratio between all sources contributing to IRF4 induction versus sources contributing to IRF4 degradation, and

its numerical value defines regions of bistability, where steady states corresponding to GC B cells and differentiated B cells can
|

coexist .

Equation S7 provides the mathematical basis to model B cell differentiation in our updated model. If we further assume
that the amount of signaling delivered through the CD40 receptor is constant for cells that bind > 30 min!7, CD40 can be
considered a constant in Eq. S7. This amounts to assume that all cells that have received T cell help have received the same
amount of CD40 signalling. Under this assumption, all parameters in Eq. S7 are fixed except for the amount of acquired
antigen, and hence, § depends linearly on the amount of antigen. Following recent literature that has demonstrated that PCs
have significantly higher antigen affinity than memory B cells (MBCs)'% '3, we assume that a CC can leave the GC once it
has received T cell help, and the value of 8 at that time determines whether it becomes a PC or MBC. We can use Eq. S7 and
experimental data'® to find the threshold on B, antigen_threshold, above which a cell differentiate as a PC (Table 1, main text).
Hence, in our model, cells that leave the GC with antigen > antigen_threshold become PCs, otherwise, they differentiate as
MBCs.

Possible extensions to the intracellular model

The intracellular model described by Eqs. S1-S3 is a minimal model of the B cell differentiation based on 3 master regulators
of the GC, BCL6, BLIMP1 and IRF4, according to a previously published model'. However, we have also considered possible
extensions of this model that include additional factors with relevant roles for the differentiation of B cells. For instance,
BACH2 has been reported to co-bind with BCL6 to repress BLIMP transcription®”, and furthermore, it is highly expressed in
the GC B cells prone to enter the memory B cell pool'®. In view of the relevance of BACH2, we studied two extended models
that explicitly account for its dynamics. In Extended Model I, BACH2 co-binds with BCL6 to repress BLIMP12°. Furthermore,
BACH2 is indirectly repressed by BLIMPI through the mediation of PAX5?!, which is not included in the model. Hence,
Extended Model I can be formulated as:
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where a, U, 0, and A, stand respectively for the levels, basal transcription, repression by BLIMP1 and degradation of BACH?2.
Extended Model I is simulated in Figure S1.

In parallel, we also consider Extended Model II, where in addition to the interactions included in Extended Model I, BACH2
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Figure S1. Simulation of Extended Model I. This extended model explicitly includes BACH2, which promotes BLIMP1
transcriptional repression and is highly expressed in the CCs prone to the memory B cell pool. As evident in the figure, BACH2
closely mimics BCL6 expression levels without significantly modifying the pre- and post-signaling steady states of BCL6,
BLIMP1 and IRF4. Hence, this model recapitulates experimental evidence without adding new information.
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This model is simulated in figure S2.

All intracellular models are simulated with parameters described in Table S1. As evident in Figures S1 and S2, stimulation
via BCR and CD40 signaling induces a switch in the expression levels of all 4 transcription factors corresponding to a
differentiation into a PC. However, because BACH2 mirrors both the expression level and the transcriptional activity of BCL6
in both Extended Models, there is no information gain with respect to the minimal model presented in Eqs. S1-S3.
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Figure S2. Simulation of Extended Model II. In addition to the interactions described in Extended Model I, BCL6
upregulates BACH2. Similarly to the previous extended model, this model recapitulates experimental evidence without adding

additional information.

Parameter Minimal Model Extended Modell Extended Model II
Up 11076 11076 11076
Up 2 1 1

Wy 0.1 0.1 0.1
Ua - 0.5 0.5
o 9 9 9

oy 10 10 10
o, 2.6 2.6 2.6
o, - 4 2

Vk 1 1 1

VA 1 1 1

Table S1. Parameters used in the intracellular model simulations in Figures S1 and S2. The parameters for the minimal
model were taken from Martinez et al.'. To avoid simply doubling the transcriptional silencing of BLIMP1, we reduced the

transcription basal rate of BCL6 and BACH?2 in the extended models. According to our simulations, no parameter choice for
BACH?2 could induce qualitative changes in the model dynamics.
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Return time derivation

The simplest and most common model of protein production and degradation is given by:

dx

y7ie a—xxb,
where x is the protein concentration, a is the rate of protein production, and b is the protein degradation. Assuming that both a
and b are constant, the steady state is given by 7.

In this model, the protein levels approach their homeostatic value asymptotically and, therefore, the return time to steady
state takes a theoretical infinite amount of time. Therefore, return time is commonly defined as a return to a window between
90% and 110% of the steady state. The return time from an arbitrary state xq to the nearest edge of the window around the
steady state, X fiuq, can be computed as:

. 1*1 a—bxxy
= — (0] —_— .
b & a—b*Xfinal

We used the above equation to compute the return time to steady state for BCL6 following an asymmetric cell division.
We consider the most extreme situation, in which a daughter centroblast (CB) has been left with no BCL6 after a division, i.e.
xo = 0, and has to return to xf;,q; = 0.9 * 7. We also consider the symmetric scenario, i.e. a daughter CB has inherited half the
available amount of BCL6, i.e. xg = %, and has to return to Xy = 1.1 %. In both cases, the return time can be estimated to
be:

1
treturn = 5 xlog(10).

b has been estimated to be ~ 4-6 hours for BCL6?%, leading to:

trelum == 046]’1 .

Estimation of the time from a CB division to B cell differentiation

We can estimate this time using the rates from the fitted model parameters and by noticing that the expected time until a reaction
fires is T ~ (rate)~!. Hence:

I'migration

CCapoptotic )
CCupoptotic +TC T cell encounter, [CCTC])

Tdiferentiation = E7(CB
+ Ex(
+ E;([CCT(] Zeiveton, ¢C 4 TC)
+ E(CC =% pC)
= 7.6%h + 0.52h + 0.83h + 0.45h = 9.4%h.
The parameters found in the literature lead to an even larger differentiation time:

Tditferentiation = 5.88h + 14.28h + 0.50h + 0.74h = 21.40h.

While some of these parameters may be inaccurate, the estimated time to differentiation is ~ 20 (47 for the literature parameters)
times larger than the relaxation time.

Derivation of parameters from the literature

Each of the ten model parameters is estimated from evidence gathered from the literature.
® I'givision: Even though the CB division rate has been studied extensively, there is no consensus about its value. Victora
and colleagues ? reviewed several papers>*~>’ that placed the cell cycle time between 6 and 12 hours. Meyer et al.”®

assumed a cell division frequency of nine hours. We take an intermediate value from these estimations and assume a
centroblast divides every ~ 9h.
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The Gillespie algorithm assumes constant reaction rates, i.e. a reaction fires with the same probability at any time. Hence,
the time between two subsequent events follows an exponential distribution (this distribution models events that occur
continuously and independently at a constant average rate) with rate parameter A = Igjvision:

Pgivision = A *exp (—l *x) .
The mean waiting time between two CB divisions can be estimated as the mean value of the above distribution:

< 1
< UWivision >=/ Axxsexp(—A*xx)dx = 7= 9h,
0

from where rgjyision, the probability per unit time that a CB divides, can be estimated to be éh_l.

Pmutation: The mutation frequency during SHM has been estimated as ﬁ per base pair?®. The variable region, which

is the DNA region that defines the shape of the BCR, measures around 500 base pairs®. From that, we can calculate the
probability of at least one mutation occurring as:

_ _ 1 _ o 1 500 __
PNy > 0) = 1= P(Nyug = 0) = 1 = (1= 5555)™ =039

The above probability does not take into consideration synonymous mutations or mutations that do not change the
structure of the BCR significantly, and hence, should be interpreted as an upper bound for the rate of mutations that

impact antigen affinity. Meyer-Hermann and colleagues?® assumed a frequency of 50%, but subsequently tried a larger

range of possible parameters in'”.

Fmigration: Victora et al. reported that within four hours, half of the CBs in the dark zone have migrated to the light
zone®* . Inserting these values into the cumulative distribution of an exponential distribution yields:

1 —exp(—A *4h) =0.5
= A = Imigration = 0.17h" 1.

Fapoptosis: 1he average time for CC to die through apoptosis has been reported to be E(Tpoptosis) = 10 h?8. This yields
Tapoptosis = 0.1h~ 1.

TFDC encounter: 1ne FDC encounter rate can be derived as follows:
IFDR encounter = NFDC * (VeC + VEDC) * Acffect/ Vol -

The rate of encounter is the volume swept by a CC per unit time multiplied by the average density of FDCs in the GC.
More specifically, the effective volume swept by a CC (in relation to the also moving FDCs) is (vee + VEDC) * Aeffects
where Aggrect 18 the effective area covered by a CC. The density of CCs can be estimated as Ngpc /Volgc. The parameters
for the above equations can be taken from?®:

Ngpc = 10,

vepc =0,
vee = Spum/min,

4
Volgc = FHI (220 % um)?,
Acffect = 314.um2 )

where the effective area, Agfreci, has been derived using an average lymphocyte diameter of 10 um?', leading to an area
7% 102 wm?. This leads to TEpe encounter = 0.021h 71

I'T cell encounter: The T cell encounter rate is computed analogously to TEpC encounter- We use vpc = 10.8 wm/min?® and
Ntc = 10728 This results in T el encounter = 0.067 h™ 1.

Tactivation: Since the model of T cell help was taken from Meyer-Hermann and colleagues'’, we also take a CC-TC
binding time of 30 min from this reference, leading to Tactivation = 2 h ™.
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® Tyt Meyer-Hermann et al. modeled cell exit as a chemotaxis process!”. Using their parameter values”®, we can

compute eyt as follows:

220
toxic = 2€ = ——H _ 44min,
vee  Sum/min
1
= Teyit = ﬂmirr‘ =1.36h"".

® T'pecirculation: Victora et al. found that around 30% of centroblasts return to the dark zone after selection in the light
zone>", which can be formulated as:

P(trecirculation < texit) =1- exp(—/'L *texit) =03,
using the previously computed teyj;, We get A = Irecirculation = 049 h™ 1.

o antigen_threshold: The antigen threshold to differentiate into a PC is a novel concept introduced in this paper, and
therefore, there is no experimental data available to compute it. In this paper, we optimize this value using time series
data of the ratio of MBCs to PCs produced by the GC, kindly provided by Weisel et al.'”.

Gillespie algorithm with continuous particle properties

We present here a two-steps algorithm to perform stochastic simulations based on the Gillespie algorithm, while simultaneously
keeping track of individual particle properties. As described in the main text, our approach does not need discretization, and
hence, does not result in loss of accuracy.

Let us assume a system with the states A, B, where each particle in state A or B has an individual property i. To use a
traditional Gillespie algorithm, such properties would need to be discretized into species Ag, Ay, ...A, and By, By, ...B,. As a
toy example, let us assume that the system has the following reaction channels:

2 ri(ini2) 52
A7 —— Bilconsts (S18)
B: 2 A;, (S19)

where
. FES?)

r (i) = —————

(i, 22) i1 *in + consty

rp = consty ,

and i is increased by consts after ry.
The system can be simulated in two steps:

1. Individual properties are ignored. The reaction rate of each reaction channel is replaced by an upper bound 7% ;,,4x, Which
can either be the highest reaction rate for particles currently in the simulation or a static upper bound. In our example,
since r1 gy is bounded by 1, we take rq ;0 = 1. Regarding r», since this rate is independent of i, its upper boundary is
simply consty. This results in a simplified system, as follows:

I'l, max

A - B2

B consty A.

Next, the simplified system is simulated using the classical Gillespie algorithm3?. This entails calculating the propensities
p from the reaction rates and the numbers of particles N:

Ny*(Na—1)
Plmax = * I1,max
2
P2 =Ngxnr
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and drawing a reaction channel k and a time 7:

k
k:min( i>Uzp>
k i;p 0

log(Uy)

Yp '

where U? are uniform random numbers in the ranges [a, b).

2. The system’s time may already be advanced by 7, but the individual properties i must be accounted for before changing
the species’ counts. To do that, we first draw individual properties i from a particle list in the form of:

A: {ila i27 i37 ey iNA}
B: {i], 2,103, ..., iNB}.

Each i in the list represents the individual properties of exactly one particle in state A or B. Next, for each reactant in the
drawn reaction k, we select one i from the respective list with a uniform probability. For instance, for k = 1, we would
draw two i’s from list A, as reaction 1 requires two particles A to interact. In this case, attention should be paid not to
draw the same particle twice. Let us call the drawn i’s i), and i,. The true propensity of reaction 1 can be computed as:

NA*(NA—I) im*in
* .
2 i * I, + consty

Pl true = (520)

We compare this propensity to pi ,qx by constructing an acceptance probability:

Pk true

P, acceptance — .
Pk,max

We draw a new random random Uol, and proceed with the reaction only if:

1
UO < Pacceptance )

otherwise, the reaction is rejected and the cell counts are not changed. Notice that the decision on whether the reaction
takes places or not is done by using the true propensity given by Eq. S20, and hence, each reaction with each possible
combination of individual particles happens with their exact true probability.

If the reaction is accepted, the reaction counts are changed and the particle lists are modified according to the reaction.
In our example with kK = 1, we would remove i,, and i, from list A and append i,, + const3 and i, + const3 to list B,
according to Eq. S18.

An alternative formulation of the reaction propensities where the rejected reactions are made explicit is:

A2 1y (i, i2) B2

1 1+consts
n
B, — A,

Trejection

[N

with a propensity for the rejected reactions given by:

i*j
Prejection = Z Z (rl,max - 7) .

AL e i* j+ const
Since all 3 reactions are accounted for in the calculation of 7, this is equivalent to adding an empty reaction channel where no

particle count gets updated, and hence, whose outcome does not influence the system’s evolution. The Gillespie algorithm is
agnostic to such independent reactions, since all reactions preserve their reaction rate when adding more reaction channels.
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Deterministic analysis

Since a stochastic stability analysis can only be performed locally, we also perform a deterministic stability analysis to gain
insight about the effect of parameter changes on the model behavior. For the sake of a stability analysis, two reactions can be
neglected in the deterministic model:

e The substitution reaction:
[CCITC] + CC2,apopt0tic + M CCl,apototic + [CCZTC] )

since this reaction only swaps individual particles in the same population, and hence, does not affect the population
dynamics.

e The FDC — CC encounter reaction:

IFDC encounter

CCapoptotic E— CCapoptotic .
Similarly, this reaction might increase the amount of antigen in a CC, but does not change the population dynamics.

This leads to the following deterministic system:

dCB

g = Tdiv CB — Fmigr * CB + Frecire * CCapop )
% = T'migr * CB — Tapop * CCapop — 1TC enc * T'C* CCpop 522)
% = P1C ene % TC % CCapop — [CCTC) # ey (S23)
ddg = [CCTC] * ryet — CC * (Fexit + Trecirc) - -

In addition, solutions to this system of ODEs must satisfy the algebraic constraint TC + [CCTC] = TCo1= const., which states
that the number of TC cells remains constant through our simulation. The deterministic steady state can be found by setting the
time evolution of Eqs. S21-S24 to zero. We require the resulting steady states to be non-negative using the constraints:

V rates > 0
V steady states > 0.

This leads to the following parameter bounds for systems with physical, nonzero steady states:

T'migr > Idiv
I, Texi Idi
1> (1+‘W>*(1+ex“) *(1_d‘"> )
TC enc * TCootal Trecirc Imigr
We also performed a Jacobian stability analysis®®. The analysis of the Jacobian matrix results in a quartic characteristic
polynomial, which symbolic solvers such as Mathematica®* are unable to solve in a closed form. We also used the Routh-
Hurwitz stability criterion®®, which can identify necessary and sufficient conditions for stability in a linearized, time-invariant
system. However, the resulting stability criteria were either redundant with the constraints we already found, or they did not

resolve analytically. We therefore rely on the numerical stochastic stability analysis described in the main paper to determine
the bounds of the stable regime.
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Supplementary figures
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Figure S3. Performance comparison between the novel algorithm and the traditional Gillespie. The novel algorithm
offers machine precision using the same amount of time as a traditional simulation with only ten discrete bins. On the left, the
number of particles is set to 50, and we investigate the running time of both algorithms for increasingly larger numbers of
discretization bins in the traditional Gillespie algorithm. On the right, we explore the increase in running times as the number
of particles increases. To ensure a fair comparison, we set the traditional Gillespie to 10 discretization bins. Both algorithms
perform similarly, meaning that the novel algorithm maintains the same complexity as the traditional Gillespie algorithm, and
the larger memory footprint had no negative impact on performance. The simulated system is described in the SI

section ’Gillespie algorithm with continuous particle properties’.
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Figure S4. Simulations of the GC output and affinity maturation using unmodified literature parameters. The
simulations were performed using the parameters derived from experimental bounds (literature parameters) without any
additional adjustment. The parameters found in the literature before the manual adjustments. As evident from the simulations,
all cell populations quickly go to zero, and hence we conclude that this set of parameters does not result in a stable GC. The
shaded areas depict the standard error (SE)
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Figure S5. Simulations of the GC output and affinity maturation using modified literature parameters. The stabilized
literature parameters in the Figure 2 of the main paper did not exhibit affinity maturation. In this simulation, we increased

I'T cell encounter threefold. The resulting simulation displays a higher TC occupation rate of up to 80%. Consequently, the system
also exhibits affinity maturation and a switch from MBC to PC production. The shaded areas depict the standard error (SE)
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