Supplement to “Mediation Analysis for Count and Zero-Inflated Count
Data Without Sequential Ignorability and Its Application in Dental
Studies”

Zijian Guo

Department of Statistics, University of Pennsylvania Wharton School, Philadelphia, PA 19104, USA
E-mail: zijguo@wharton.upenn.edu

Dylan S. Small

Department of Statistics, University of Pennsylvania Wharton School, Philadelphia, PA 19104, USA
E-mail: dsmall@wharton.upenn.edu

Stuart A. Gansky

Division of Oral Epidemiology & Dental Public Health, University of California, San Francisco, CA 94143,
USA

E-mail: Stuart.Gansky@ucsf.edu
Jing Cheng

Division of Oral Epidemiology & Dental Public Health, University of California, San Francisco, CA 94143,
USA

E-mail: jing.cheng@ucsf.edu

Summary. This web-based supplementary materials contain three sections. Section 1 presents the
technical proofs and discuss the partial verification of Exclusive Restriction assumption; Section 2
presents the discussion on consistency of 2SRI; Section 3 presents the estimating equations for two
conditional independent mediators and for the model with interaction between the treatment and the

mediator; Section 4 presents extended simulation studies.

1. Proofs and extended discussions

1.1.  Proof of natural effect ratio
We first establish the results for the natural effect rate ratio. When the mediator is continuous and
M(z*) = ag+az* + axx+ajyxz* + a,u+v with v independent of z* and x, we have the conditional

expectation of the potential outcome Y (z, M (z*)),

Ey (Y (z, M(z%)) |x,u)

=exp (Bo + B2z + Bm (a0 + a2 + axx + ajyxz™ + au + v) + Bxx + Byu) .
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By integrating with respect to v, we have

EprenixauBy (Y (2, M(2%)) [x,u) = exp (log E(exp(v)))

x exp (Bo + B + B22 + Bmazz™ + Bmarvxz™ + (Bx + Bmax) X + (Bu + Bmay) u) .
The natural direct effect rate ratio can be expressed as

E (Y (z, Mz) |x,u)

E(Y (5 M7 ) )~ 0P B2 20

and the natural indirect effect rate ratio is

E (Y (2, M?)|x,u)
E(Y (2, M*") |x,u)

= eXp (Bmaz (Z - Z*) + BmaIVX(Z - Z*)) :

In the following, we derive the natural direct ratio for binary mediator.

E (Y (2, M*) |x,u)
E(Y (z*, M*") |x,u)
_ PM(") =1xu)E(y(z, M(z") =1) [x,u) + P (M(z") = 0)x,u) E (y (2, M(2") = 0) [x,u)

P
P (M(2*) = 1x,u)E (y (2%, M(2*) = 1) [x,u) + P (M(2*) = 0]x,u) E (y (%, M(z*) = 0) |, u)
exp (8:2) (P (M(2") = 1\X7U) exp(Bm) + P (M(2") = Ofx, u)) exp (Bo + Bxx + Buw)
~oxp (B.2%) (P (M (2%) = L], w) exp(Byn) + P (M(2%) = Ofx, u)) exp (Bo + Box + Buv)

=exp (B.(z — 2%)).

The proof of the natural indirect ratio for binary mediator is as follows.

E (Y (2, M?) [x,u)
E (Y (2, M*") |x,u)
_ P(M(z) =1|x,u)E(y (2, M (2

=1)|x,u) + P (M(z) =0, u) E(y (z, M(z) = 0) |x, u)
1) |x,u) + P (M(z*) = 0]x,u) E (y (z*, M (2*) = 0) [x,u)

z) = 0|x,u)) exp (Bo + B.2" + Bxx + ﬂu )

z*) = 0|x,u)) exp (Bo + B.2* + Bxx + Buu)

P(M(z*) =1x,u) E(y
_ (P (M(Z) = 1‘X7 u) exp(fm) +

(P (M(z*) = 1|x,u) exp(Bm) +
_ P(M(z) = 1x,u) exp(By) + P (M(z) = O|x,u)

P (M(z*) = 1|x,u) exp(fBm) + P (M (2*) = 0x,u)’

~— | —

(
M(

1.2. Proof of the estimating equations

In the following, we derive the estimation equations that we propose in the main paper,

Y
E (eXp(BO + B2 + Bmm + BXX) - 1>

= (E< Y —1|zxmu>>
exp(fBo + B.2 + Bmm + fxX) e
( E (y|z,x,m, u) B 1)
exp(fo + B2z + Bmm + BxX)

—E (exp(But) — 1) = 0.
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and
Y
" <<exp Bo + B2z + Bmm + BxX) 1> X XZ>
= Yy
= <E <6XP ﬁo + 6.2 + Bmm + PxX) —1]z,x,m, u> xz> .
= E (y|z,x,m,u) B
=E <<6Xp ﬁo + BZZ + Bmm + BXX) 1) XZ)

E ((exp(Buu) — 1) xz) =0,

where the last equation follows from the randomness of treatment and the assumption that P(u|x)

has the same distribution across different x. We also have the following estimating equations,

Y
E <(3Xp(ﬁ’l7’L) - EXP(BO + BZZ =+ ﬁxX)>

® ot 2+ Benle )

E (ylz,x, m,u)

(= (et
(ot

—exp(Bo + B2 + Bxx))

exp(Bmm)

=E ((e ( ) - 1) exp(ﬁﬂ + B2 + /Bxx)) =0,

where the last equation follows from the randomness of treatment and the assumption that P(u|x)

has the same distribution across different x. The proofs of other estimating equations are similar.

1.3. Testing the Exclusion Restriction assumption in the real data analysis

The Exclusion Restriction assumption states that the interaction Z x X!V affects the outcome only
through its effect on the mediator M, conditional on X and Z. The Exclusion Restriction assumption
cannot be formally tested. In the following, we will provide a partial test for this assumption. The
direct effect of the treatment Z on the outcome Y can be actually through the pathway of some other

intermediate variable, M. Such pathway can be visualized as
Z—-M-—=Y (9)

For example, in the dental data, Z is the motivational interviewing and M can be the kid’s dental
visit and diet behavior other than the mediator of interest; in the flood data, Z is the flood and M
can be the mother’s health other than the mediator of interest. If the instrument Z x X!V affects
M, conditioning on Z, X, then the instrument Z x X!V can affect Y through the mediator M, which
violates the Exclusion Restriction assumption. Therefore, conditioning on Z and X, we can assess if
Z x XV predicts M to evaluate if the Exclusion Restriction assumption of the instrument Z x XV
is potentially violated. Even if Z x XIV does not significantly affect M, we could not conclude that
the Exclusion Restriction assumption is verified. However, we are more confident in the plausibility

of the Exclusion Restriction assumption for that it is not violated through the intermediate variable
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Fig. 1: Causal pathway of testing the Exclusion Restriction assumption

M. As illustrated in Figure 1, we test whether the dotted arrow exists.
Let h denote the link function for E (M** | X = x) and define

y=h(E(M*|X=x))-h(E(M|X=x)). (10)
Formally, we test the following null hypothesis
Hy : ~is a function which does not depend on z x x'V. (11)

When M is continuous and the link function A is identity function with

E(MZ* | X:X) =+ .2t X+ vz X XY

and hence

E(M*™ - M*|X=x)=v (2 —2)x'".

In this case, we are testing

Ho Vv = 0. (12)
When M is binary and the link function h is logit function with

logit (E (MZ* | X = x)) = vy 4 V2" 4 X + vy z X XY

and hence

logit (E (M** | X =x)) —logit (E (M* | X =x)) = vjv (2% — 2) xtV.

In this case, we also test

Hy : vy = 0. (13)

1.4.  Proof of Proposition 2

It suffices to verify the following regularity conditions and then an application of Theorem 1 in Qin

and Lawless(1994) leads to Proposition 2. E (g (w,6y) g7 (w, 6p)) is positive definite and the rank of



Supplementary material 5

E (%) is the same as the dimension of § and HBZ%E;;’TQ)

function G (w) in the neighborhood ||6 — 6p||2 < 1 of the true value 6.

’ can be bounded by some integrable

By the expression of g(w,#), g(w,0) and 99wb) are continuous in a compact neighborhood
00
6 — Ooll2 < 1 of the true value 6y. Hence ||g (w,0)||* and 99 0)11, are bounded in this com-
00

pact neighborhood ||6 — 6|2 < 1. 8;%5;2;9) is continuous in # in a neighborhood ||# — |2 < 1 of the

true value 6.

2. Consistency of 2SRl estimator

To see how 2SRI works, we can decompose U into two parts U = 7R + J, where R denotes the
population residual from the first stage, ¢ is the population residual and E (6|R) = 0. Then for

continuous and count outcomes, we respectively have:

E(Y(Z M)|X,R) = /50+5ZZ+@,LM+6XX+@JR+BUMP (612, M,X, R) (14)

Bo +ﬁzz+ﬁmM+ﬂxX+Bu7R+/ﬂu5dP (6|12, M, X, R).
]E(Y(ZvMNXvR) = /exp (ﬁ(]+ﬁzZ+BmM+ﬂxXJFﬂu7R+ﬁu5)dP(5|ZvM7X7R) (15)

— exp (Bo + B2 + BruM + BX + BurR) / exp (Bu0) dP (3|12, M, X, R) .

Continuous mediators For a continuous mediator, we consider a linear model:

M=ao+a,Z +axX+anZx XV +a,U+V, (16)

where V' is random error and U is the unmeasured confounder with (V, U) following bivariate normal
distribution and is independent of (X, Z, Z x X!V). 2SRI fits a linear model for M on Z, X, Z x X!V,
and the probability limit o of first stage estimator is equal to the underlying truth, that is, o = oy,

where j =0, z,x, IV. Then the residual is

R=M— (ag+a:Z +oaxX +apyZ x XV) = a,U + V.

Since (a,U + V,U) is independent of (X, Z, Z x X!V, then 6, as the population level residual of
regressing U on R = o, U + V, is independent of (X, Z, Z x X!V). Since ¢ is independent of R and
M is linear combination of (X, Z, Z x x! V) and R, then § is independent of R and M, and it is easy
to see that the 2SRI estimator is consistent for continuous outcomes with a continuous mediator. For
count outcomes, because ¢ is independent of other variables, [ exp (8,0)dP (6|1Z, M, X, R) in (15) is
a constant. Therefore, the 2SRI estimator is also consistent for count outcomes when the mediator

is continuous.
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Binary mediators For a binary mediator, we consider a logit model:

(17)

M|X,Z,U ~ Ber < exp(ag + a2 + axX + ayv Z x XV + o, U) > ,

1+exp(ag+ a,Z + axX + ajyZ x X1V + a,U)

2SRI fits a logit model for M on Z,X,Z x X!V and the probability limit o of the first stage
estimators is not equal to the underlying truth «;, for j = 0, z,x,IV. Then the population residual
is

exp (af + afZ + a3 X + a5 Z x XV

R—= M— .
1+exp(af+ajZ+ asX +a5Z x XIV)

Now [ exp (840) dP (§|Z, M, X, R) is generally not a constant but a function depending on Z, M, X, R,

so the 2SRI estimate will typically be biased when both the mediator and outcome models are nonliear.

2.1. The consistency of the 25RI estimator when the first stage is linear

Consider the following outcome model
E(Y(Z M)|X,U) = exp (Bo + B:2Z + PmM + BxX + BuU) (18)
and the mediator model,
M=ay+a,.Z+axX+arwZx X+ (,U+V), (19)

where o, U +V is the error and U is the unmeasured confounder with (a,, U +V, U) following bivariate
normal distribution and is independent of (X, Z, Z x X). Let a* denote the probability limit of the
logistic regression estimator m ~ z +x +z x x and o} = a; for j = 0,z,2,IV. In the first stage, the

population residual R is defined as
R=M—(awy+aZ+axX+anwZxX)=a,U+V,

and decompose U into two parts

U=7R+Y,

where ¢ is the population residual of the OLS U ~ R and § is independent of R. Since
E(Y(Z, M)|X,R,6) = exp (Bo + B:Z + BmM + BxX + BuTR + Buf) ,

we have

E(Y(Z,M)|X, R)
:/exp (Bo + B2Z + PmM + BxX + BuTR + Bud)dP (6|1 Z, M, X, R), (20)

=exp (Bo + B:Z + PmM + BxX + BuTR) /exp (Bud)dP (0|Z, M, X, R) .
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Since (a,U + V,U) is independent of (X, Z,Z x X), ¢ is independent of (X, Z, Z x X). Since 9 is
independent of R and M is linear combination of (X, Z, Z x X) and R, ¢ is independent of R and M
and hence [ exp (8,0)dP (6|Z, M, X, R) is a constant and the 2SRI estimator is consistent. We just
show that if we know the error R. Since R is unknown, we need to estimate R by R which is the
residual of the first stage regression m ~ z + x + z x x. Under the identification assumption and the

regularity conditions, the 2SRI estimator is consistent even when R is replaced by R in the second

stage. More detailed and rigorous discussion is referred to section 12.4.1 in Wooldridge(2010).

2.2. The consistency of the 25RI estimator when the second stage is linear

Consider the first stage model

exp(ag+ a.Z + axX + ajv Z x X+ o, U)
M|X, Z,U ~ B 21
X2, er<1—i—exp(oz0—|—azZ+axX+oz1VZ><X—|—auU) ’ (21)
and the following second stage model
Y(Z,M) = Bo+ BZ + BnM + BxX + (U + V), (22)

where U +V is the error and U is the unmeasured confounder with («, U +V, U) following bivariate
normal distribution and is independent of (X, Z, Z x X). When the second stage model is linear, then
the 2SPS and 2SRI estimators are same. The validity of the instrumental variables will guarantee
that the 2SPS and 2SRI estimators are consistent. However, to contrast the argument with the case
where the second stage model is Poisson, Negative Binomial and Neyman Type A distribution, we
show in the following that the 2SRI estimator is consistent if R is known. When we estimate R by
a consistent estimator R, the 2SRI estimator is still consistent but the proof is omitted here. Let o*
denote the probability limit of the logistic regression estimator m ~ z + x + z X x. In the first stage,
the residual R is defined as

exp (o + aiZ + o X + ajy Z x X)
1+ exp (ag +aiZ +ai X +aj, 2 X X) ’

and decompose U into two parts

U=7R+J
where § is the population residue of the OLS U ~ R and E (§|R) = 0.

Since

E(Y(Z,M)|X,R,0) = Bo + B:Z + BmM + BxX + BuTR + 40,
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we have

E(Y(Z, M)|X,R) = / (Bo+ B-Z + BiM + BxX + BuTR + B40) dP (6| Z, M, X, R),
— (Bo + BoZ + B M + X + BurR) + / (B0) dP (32, M. X, R),
(23)
=(Bo + B:Z + BinM + BxX + BuTR) + BLE (E (0|R) |Z, M, X, R),

=80 + B2 + BmM + B X + BuTR,

hence the 2SRI estimator is consistent.

3. Estimating equations

In this section, we consider two extensions, where the model is involved with two endogenous medi-
ators (m1, mg) and the model is involved with the interaction term between the treatment z and the

mediator m.

3.1.  Multiple mediators

We consider the mediators (mq,ms), where my and ms are independent conditioning on z,x,u and
construct the estimating equations in the case of two conditional independent mediators. The outcome

model can be written as

HE (Y (z,m1,ma)|z, m1,ma, x,u)} = Bo + B2 + Bm,ima + Bmama + Bxx + Byu. (24)

We assume there exist two valid IVs z x x1 and z X 5. We will focus on the harder case, binary
mediator in this section. With the log link function, the model (24) represents Poisson, Negative

Binomial and Neyman Type A distribution,
Y|:E, 2, M, U ~ Poisson (exp (/80 + /Bzz + Bmlml + ﬁmng + 5&01131 + Ba:ng + Buu)) )
Y’ﬂ?, Z,m,u ~ NegBin (eXP (50 + Bzz + ,Bmlml + Bm2m2 + ,6951931 + /Bx2332 + /Buu)) .
N
Y=y
k=1
where

N|x,z,m,u ~ Poisson (exp (Yo + V22 + Ym, M1 + Ym,M2 + Vo, T1 + Yap, T2 + Yut)) ;

Yg| T, z,m,u ~ Poisson (exp (Ao + A2z + A, m1 + Amyma + Mg, 1 + Mg, T2 + Ayu)) .



Supplementary material 9

The binary mediators m; and my are independent generated as

exp (g + a2 + gz, X1 + QT + Oy, 221 + gy, 2T + Q)
mi|x, z,u ~ Ber

1+ exp (ap + @z + Qg T1 + Qg T2 + gy, 221 + Ay, 2T2 + Q)

exp (10 + T2z + Tp, X1 + To, T2 + TrV, 221 + T1v, 222 + TyU)
ma|x, z,u ~ Ber .

1+ exp (10 + T2z + To, X1 + To, X2 + Trv, 221 + T1v, 222 + TyU)

We can establish the following estimating equations,

hi(w,0) = ( ’ N 1) ;
exp(Bo + 22 + Bmymi + By ma + fo, 21 + o, w2)

ha(w,0) = exp(Bo + B2z + Bm,m1 —l—yﬁmﬂm + Bo, 1 + Buy2) 1> -

h3(w,0) = exp(Bo + B2z + Bm,m1 +y5m2m2 + Bou 1 + Buy2) 1> .

hy(w,0) = exp(Bo + B2z + Bm,m1 +y5m2m2 + Be, w1 + Br,T2) 1> .

hs(w,0) = exp(Bo + B2z + Bm,mu1 +y5m2m2 + Beyw1 + Buywa) 1) -

he(w,0) = exp(Bo + ﬁzz + B, —I—yﬂmﬂnz + Boy @1 + PBaa2) 1> .

exp 5m1m1 + 5m2m2) - exp(ﬁo + 8.2 4 Bg,x1 + Bml‘z)

(e
(
(
(e
(o
h7(w,0) = (
(e
(o
(e
(o
(e

)
hs(w,0) = oD ﬂmlml T Bma) exp(Bo + B2 + Br, 21 + 5x2$2)>
ho(w,0) = oD 5m1m1 ) exp(Bo + Bez + B, 21 + 5z2$2)> T1;
hio(w,0) = p— 5m1m1 ) exp(Bo + Bez + Bu, 21 + 5x2952)> T2;
hi(w,0) = oxp ﬁmlml T Bma) exp(Bo + B2z + Bz, 71 + 5x2902)> ZE1;
hia(w,0) = oxp 5m1m1 F Boma) exp(Bo + B2z + Bz, 1 + 5;);256‘2)) Z2.
(25)
3.2. Model with interaction between treatment and mediator
We consider the outcome model with the interaction term zm,
9H{E (Y (z,m)|z,m,x,u)} = Bo + B2z + Bmm + Bomzm + BxX + [yuu. (26)

We assume there exist two valid IVs z x z1 and z X 5. We will focus on the harder case, binary

mediator in this section. With the log link function, the model (26) represents Poisson, Negative
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Binomial and Neyman Type A distribution,

Y|z, z,m,u ~ Poisson (exp (Bo + B2z + Bmm + Bemzm + By, 1 + Bu,x2 + Buu)),
Y|z, z,m,u~ NegBin (exp (Bo + 8.2 + B + Bamzm + Bo, 1 + Ba, 72 + Bunt)) -
N
Y=y
k=1
where

N|z,z,m,u ~ Poisson (exp (Yo + V22 + YmM + Yamzm + Yo, 1 + Ya, T2 + Yut)) ;

Y|z, z,m,u ~ Poisson (exp (Ao + A2z + Apmm + Agmzm + Ay, 1 + Mg, @2 + Ayu)) .

The binary mediators m; and ms are independent generated as

exp (o + a2 + iz, X1 + Qg T + Oy, 221 + Ay, 2T2 + Q)
m|x,z,u ~ Ber ,

1+exp(ap + azz + g, x1 + ag, o + apy, 221 + oy, 229 + ayu)

We can establish the following estimating equations,

hi(w,0) = < 2 a 1) ;
exp(Bo + B2z + Bmm + Bamzm + Bo, @1 + P, 2)

ha(w,0) = exp(fo +Bzz+ﬁmm+%zmzm+5zl$l + Bau2) 1> -

ha(w,0) = exp(Bo + B2z + Bmm + %zmzm + Bu,w1 + Bayw2) 1> o

ha(w,6) = exp(Bo + B2z + Bnm + %zmzm + Bay w1 + Braz) 1> "

hs(w,6) = exp(Bo + B2 + Bmm + /sz'mzm + B, w1 + Bua2) 1> o

he(w,0) = exp (o +Bzz+ﬁmm+/y82mzm+ﬁx1xl + Boya2) 1> o

exp Bmm + ﬁzmz ) - exp(/BO + /BZZ + B$12U1 —+ szxQ)

hs(w,0) = —exp(Bo + B2z + Bo, 21 + Br,t2)

€xXp Bmm + Bzmz )
h9(w70) =

—exp(Bo + B2z + Pu, 1 + Loy ®2) | T1;

exp Bmm + Bamzm )
th(wa 9) =

—exp(Bo + B2z + Pu, 1 + Loy ®2) | X2;

hll(u), 9) = - eXp(ﬁo + B22 + Bz, w1 + Bﬁﬁsz) RI1;

exp( Bmm + Bzmzm)

hia(w,0) = —exp(Bo + B2z + Br, 21 + Bay®2) | 222

(e
(e
(e
(
(
hr(w,0) = <
(e
(e
(e
(
(o

\/\_/\_/\/\/\/

exp(fmm —|— Bamzm)
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Direct Indirect

EL 2SRI Reg EL 2SRI Reg

Out n Med. Med. Med. Med. Med. Med.
(MAD) (MAD) (MAD) (MAD) (MAD) (MAD)

Poi 500 0.484 0.478 0.388 0.527 0.592 0.971
(0.169) (0.198) (0.117) (0.868) (0.671) (0.115)

Poi 1000 0.506 0.483 0.385 0.466 0.598 0.965
(0.131) (0.148) (0.079) (0.611) (0.514) (0.078)

Poi 5000 0.506 0.502 0.389 0.494 0.548 0.962
(0.050) (0.064) (0.036) (0.265) (0.253) (0.035)

NB 500 0.497 0.485 0.415 0.525 0.569 0.952
(0.213) (0.187) (0.126) (1.019) (0.685) (0.132)

NB 1000 0.491 0.494 0.413 0.491 0.524 0.951
(0.153)  (0.122) (0.081) (0.773) (0.510) (0.089)

NB 5000 0.499 0.493 0.414 0.542 0.541 0.955
(0.064) (0.058) (0.038) (0.309) (0.235) (0.042)

NTA 500 0.526 0.342 0.367 0.285 1.029 1.003
(0.336) (0.813) (0.260) (1.817) (2.262) (0.236)

NTA 1000 0.512 0.337 0.358 0.463 1.112 1.010
(0.280) (0.616) (0.197) (1.451) (1.643) (0.181)

NTA 5000 0.506 0.425 0.368 0.477 0.809 0.995
(0.145)  (0.407) (0.092) (0.651) (1.147) (0.091)

Table 1: EL estimate (with Multi-starting values) and 2SRI estimate for the direct effect parame-
ter (8;) and the indirect effect parameter (f5,,) with two instrumental variables. The median (out
of parenthesis) and the MAD (inside parenthesis) are reported. EL denotes the Empirical Likeli-
hood estimate, 2SRI denotes the 2SRI estimates and Reg denotes the ordinary (Poisson or Negative
Binomial) regression estimate. n stands for sample size; Out stands for the outcome distribution,
Poi stands for Poisson distribution, NB stands for Negative Binomial outcome distribution and NTA

11

stands for Neyman Type A distribution outcome. The simulation time is 1000 and the true coefficients
are (0.5. The size of negative binomial model is 3.

4. Extended simulation studies

In this section, we discuss the extended simulation results.

4.1. Single Mediator with Two Instrumental Variables

The results are summarized in Table 1.

4.2. More simulation results for Continuous Mediator

The results are summarized in Table 2.

4.3. Simulation results for sensitivity analysis

The results are summarized in Table 3.
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4.4. A larger proportion of zeros for Poisson and Negative Binomial

We simulate the Poisson and Negative Binomial outcome model with a larger proportion of zero.

ylx, z,m,u ~ Poisson (exp (—0.5 4 0.5z 4+ 0.5m + 0.5z 4+ u)) . (28)

ylx, z,m,u ~ NegBin (exp (—0.5 4+ 0.5z + 0.5m + 0.5z + u)) . (29)

The proportion of zeros for poisson increases from 20% to 50% and for Negative Binomial from 25%

to 55%. The results are summarized in Table 4.

4.5. Robust to the outcome distribution

It is necessary to know the outcome model for 2SRI second stage regression, which is another challenge
for applying 2SRI to real data analysis. In Table 5, we generate the data by Negative Binomial
Outcome model while fitting the second stage with Poisson Outcome. Table 5 shows that the proposed
estimating equation approach consistently estimates the treatment and mediation effects while 2SRI
estimates have a large bias, which illustrates that our method does not rely on the distribution of

outcome model.

4.6. Comparison of Two Estimating Equation Methods

The results are summarized in Table 6.

4.7. Comparison of 2SPS and 2SRI

The results are summarized in Table 7 and Table 8.

References
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Direct Indirect
EL 2SRI Reg EL 2SRI Reg
Out  Str. n Med. Med. Med. Med. Med. Med.

(MAD) (MAD) (MAD) (MAD) (MAD) (MAD)
Poi S 500 0498 0519 0146 0502 0478  0.771
(0.151)  (0.212) (0.143) (0.136) (0.190) (0.079)

Poi S 1000 0505 0515 0153  0.494 0492  0.772
(0.107)  (0.154) (0.107) (0.093) (0.140) (0.056)
Poi S 5000 0499 0507 0146  0.500 0497  0.778
(0.047)  (0.083) (0.050) (0.043) (0.067) (0.031)
Poi W 500 0498 0506  0.235 0498  0.488  0.803
(0.191)  (0.249) (0.131) (0.243) (0.328)  (0.064)
Poi W 1000 0498 0495 0230 0503  0.495  0.803
(0.130)  (0.192) (0.093) (0.170) (0.242) (0.051)
Poi W 5000 0498 0506  0.232 0497  0.494  0.800
(0.060)  (0.090) (0.044) (0.079) (0.118) (0.027)
NB S 500 0501 0504 0261 0501 0499  0.822
(0.168) (0.166) (0.135) (0.151) (0.142) (0.052)
NB S 1000 0493 0493 0249 0505 0500  0.820
(0.122)  (0.110) (0.094) (0.105) (0.096) (0.039)
NB S 5000 0.500 0501 0258  0.502 0496  0.821
(0.053)  (0.053) (0.040) (0.048) (0.044) (0.016)
NB W 500 0508 0508 028 0510 0492  0.863
(0.221)  (0.214) (0.131) (0.310) (0.304) (0.060)
NB W 1000 0491 0494 0276 0514 0503  0.865
(0.156)  (0.145) (0.096) (0.208) (0.195) (0.042)
NB W 5000 0500 0499 0275 0500  0.495  0.863
(0.067)  (0.063) (0.041) (0.093) (0.091) (0.017)
NTA S 500 0509 0535 -0.086 0482  0.481  0.786
(0.464) (0.572) (0.330) (0.421) (0.345) (0.139)
NTA S 1000 0495 0550 -0.100 0510  0.495  0.786
(0.343)  (0.514) (0.254) (0.315) (0.311) (0.113)
NTA S 5000 0489 0532 -0.124 0503  0.490  0.785
(0.154)  (0.315) (0.172) (0.138) (0.168) (0.069)
NTA W 500 0521 0508 0.104 0473  0.481  0.808
(0.556)  (0.707) (0.268) (0.748) (0.690) (0.124)
NTA W 1000 0493 0531  0.090 0511 0472  0.803
(0.417)  (0.544) (0.195) (0.572) (0.513) (0.095)
NTA W 5000 0517 0521  0.091 0484  0.491  0.804

(0.225) (0.341) (0.118) (0.280) (0.313) (0.060)

Table 2: Continuous Mediator: EL estimate (with Multi-starting values),2SRI estimate and Regres-
sion estimate without IV (Reg) for the direct effect parameter (5,) and the indirect effect parameter
(Bm) with one instrumental variable.
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Direct Indirect
EL 2SRI Reg EL 2SRI Reg
Out 0 n Med. Med. Med. Med. Med. Med.

(MAD) (MAD) (MAD) (MAD) (MAD) (MAD)
Poi 75=+0.1 1000 0507 0501 0415 0495 0559  0.954
(0.099) (0.119) (0.079) (0.512) (0.494) (0.075)
Poi n=-01 1000 0501 0496 0412 0477 0566  0.952
(0.090) (0.105) (0.079) ( 0.510) (0.495) (0.080)
Poi n=-+05 1000  0.492 0494 0419 0525 0558  0.950
(0.104) (0.113) (0.081) (0.560) (0.532) (0.081)
Poi n=-05 1000 0498 0501 0417 0512 0570  0.952
(0.093) (0.112) (0.082) (0.478) (0.485) (0.077)
Poi n=-+1.0 1000 0488 0495 0412 0552 0564  0.952
(0.110) (0.108) (0.080) (0.615) (0.480) (0.080)
Poi n=-10 1000 0504 0492 0417 0490 0560  0.950
(0.092) (0.115) (0.081) (0.524) (0.531) (0.084)
NegB 7 =+0.1 1000  0.488 0500  0.446 0541 0564  0.949
(0.119)  (0.121) (0.091) (0.574) (0.521)  (0.096)
NegB n=-01 1000 0492 0496 0440 0494 0511  0.944
(0.113)  (0.114) (0.088) (0.612) (0.535) (0.091)
NegB =405 1000 0494 0500 0442 0510 0504  0.943
(0.117)  (0.113) (0.088)  (0.609) (0.515) (0.098)
NegB 7 =-05 1000 0502 0504 0449 0487 0514  0.939
(0.116)  (0.117) (0.085)  (0.643) (0.561)  (0.096)
NegB n=+1.0 1000 0488  0.500 0448 0562 0517  0.947
(0.133)  (0.120) (0.094) (0.749) (0.558) (0.098)
NegB n=-1.0 1000 0494 0501 0445 0511 0528  0.941
(0.116) (0.119) (0.090) (0.643) (0.548) (0.101)
NTA 71 =0.05 1000 0486 0415 0362 0505  0.843  0.991

n2 = 0.05 (0.234)  (0.389) (0.177) (1.313) (1.363) (0.161)
NTA 7, =005 5000 0503 0457 0368 0497  0.684  0.984
12 = 0.05 (0.117)  (0.249) (0.081) (0.684) (0.746) (0.072)
NTA 7, =0.10 1000 0495 0459 0370 0489  0.619  0.983
12 = 0.10 (0.225) (0.429) (0.183) (1.295) (1.374) (0.165)
NTA 7, =0.10 5000  0.502  0.468  0.366  0.493  0.665  0.983
12 = 0.10 (0.123)  (0.235) (0.091)  (0.701) (0.700) (0.073)
NTA 7 =025 1000 0482 0422 0370 0616 0832  0.987
2 = 0.25 (0.270)  (0.428) (0.172) (1.450) (1.447) (0.151)
NTA 7, =025 5000 0491 0470 0378 0571  0.653  0.979
12 = 0.25 (0.136)  (0.236) (0.091) (0.743) (0.791) (0.074)

Table 3: Sensitivity Analysis: EL estimate (with Multi-starting values),2SRI estimate and Regression
estimate without IV (Reg) for the direct effect parameter (3,) and the indirect effect parameter (5,,)
with one instrumental variable. Poisson with strong IV and NTA with weak IV.
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Direct Indirect
EL 2SRI EL 2SRI
Out  Str. n Med. MAD Med MAD Med. MAD Med MAD
Poi S 500 0.489 (0.188) 0.489 (0.185) 0.492 (1.009) 0.566 (0.830)
Poi S 1000 0.494 (0.132) 0.494 (0.126) 0.500 (0.692) 0.540 (0.597)
Poi S 5000 0.501 (0.062) 0.504 (0.062) 0.501 (0.328) 0.537 (0.270)
Poi W 500 0.487 (0.205) 0.485 (0.234) 0.642 (1.397) 0.686 (1.403)
Poi W 1000 0.495 (0.170) 0.488 (0.162) 0.514 (1.145) 0.650 (1.010)
Poi W 5000 0.500 (0.081) 0.497 (0.077) 0.487 (0.553) 0.547 (0.478)
NB S 500 0.497 (0.200) 0.519 (0.187) 0.503 (1.116) 0.521 (0.841)
NB S 1000 0.487 (0.151) 0.493 (0.142) 0.530 (0.780) 0.579 (0.635)
NB S 5000 0.500 (0.066) 0.504 (0.059) 0.495 (0.363) 0.519 (0.277)
NB W 500 0.477 (0.229) 0.480 (0.251) 0.539 (1.579) 0.595 (1.427)
NB W 1000 0.485 (0.165) 0.489 (0.180) 0.470 (1.200) 0.535 (1.054)
NB W 5000 0.491 (0.089) 0.498 (0.081) 0.547 (0.604) 0.538 (0.487)
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Table 4: EL estimate (with Multi-starting values) and 2SRI estimate for the direct effect parameter
(B2) and the indirect effect parameter (f3,,) with one instrumental variable. We report the median
and the MAD of the estimates. The column indexed with EL denotes the corresponding Empirical
Likelihood estimate while the column indexed with 2S denotes the corresponding 2SRI estimates.
The column indexed with n stands for sample size; the column indexed with Dis. represents the
conditional distribution of the outcome, where Poi stands for Poisson distribution, N B stands for
Negative Binomial outcome distribution and NT A stands for Neyman Type A distribution outcome.
The column indexed with Str. represents the strength of instrumental variables, where S stands for
stronger IV (setting 1) while W stands for relatively weaker IV (setting 2). The simulation time is
1000 and the true coefficients are 0.5. The size of negative binomial model is 3.

Direct Indirect
EL 2SRI EL 2SRI
Out Str n Med MAD Med. MAD Med. MAD Med MAD
NB S 500 0.487 (0.163) 0.491 (0.181) 0.539 (0.939) 0.574 (0.940)
NB S 1000 0.493 (0.112) 0.494 (0.127) 0.491 (0.655) 0.532 (0.630)
NB S 5000 0.500 (0.049) 0.498 (0.059) 0.492 (0.257) 0.548 (0.284)
NB W 500 0.481 (0.177) 0.494 (0.225) 0.585 (1.224) 0.545 (1.485)
NB W 1000 0.484 (0.146) 0.487 (0.177) 0.560 (1.003) 0.594 (1.131)
NB W 5000 0.500 (0.064) 0.496 (0.073) 0.490 (0.445) 0.564 (0.476)

Table 5: Fit the second stage with a wrong model. The outcome follows Negative Binomial outcome
while we fit the second stage model with Poisson outcome. We report the median and MAD of the
estimates. The sample size n is 500,1000 or 5000.

EE-EL1 EE-EL2 2SRI Reg EE-EL1 EE-EL2 2SRI  Reg
Poisson with Sample size 5000
Median 0.501 0.499 0.499 0.416 0.497 0.508 0.544 0.950
MAD 0.042 0.040 0.047 0.037 0.231 0.213 0.241 0.031
NB with Sample size 5000
Median 0.497 0.496 0.500 0.445 0.498 0.516 0.514 0.942
MAD 0.049 0.046  0.050 0.038 0.274 0.253 0.233 0.041
NTA with Sample size 5000 (1000 simulation)

Median 0.496 0.495 0.462 0.375 0.521 0.545 0.678 0.981
MAD 0.116 0.110 0.245 0.088 0.683 0.510 0.787 0.074

Table 6: Two EL estimators (EE-EL1 and EE-EL2),2SRI estimate and Regression estimate with-

out IV (Reg) for the direct effect parameter (/3,) and the indirect effect parameter (f,,) with one

instrumental variable.
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Direct Indirect
2SRI 2SPS 2SRI 2SPS
Outcome IV n Med. Med. Med. Med.
(MAD) (MAD) (MAD) (MAD)
Poi S 500 0.487 0.478 0.609 0.463
(0.149) (0.151) (0.660) (0.694)

Poi S 1000 0492 0484 0570  0.458
(0.099)  (0.100)  (0.500)  (0.498)
Poi S 5000 0500 0493 0552  0.431
(0.047)  (0.047) (0.229) (0.226)
Poi W 500 0483 0490  0.692  0.528
(0.181)  (0.181) (1.146) (1.138)
Poi W 1000 0495 0501 0582  0.425
(0.137)  (0.141) (0.897) (0.888)
Poi W 5000 0497 0509 0539  0.362
(0.064)  (0.066) (0.395)  (0.404)
NB S 500 0500 0500  0.543  0.460
(0.161) (0.160) (0.735) (0.771)
NB S 1000 0496 0489 0570  0.488
(0.105)  (0.109) (0.504)  (0.506)
NB S 5000 0503 0494  0.499  0.432
(0.051)  (0.053) (0.236) (0.239)
NB W 500 0496 0513 0423  0.355
(0.197) (0.211) (1.256) (1.228)
NB W 1000 0489 0493 0591  0.443
(0.130)  (0.134) (0.840) (0.849)
NB W 5000 0492 0505 0551  0.438
(0.059)  (0.059) (0.378)  (0.391)
NTA S 500 0393  0.394  0.786  0.619
(0.501)  (0.497) (1.789) (1.817)
NTA S 1000 0413 0404 0812  0.641
(0.398) (0.413) (1.308) (1.355)
NTA S 5000 0465 0455  0.653  0.500
(0.260) (0.261) (0.821)  (0.800)
NTA W 500 0411 0390  1.028  0.918
(0.599) (0.614) (3.045) (3.314)
NTA W 1000 0422 0421  0.899  0.793
(0.495) (0.504) (2.338) (2.377)
NTA W 5000 0442 0431  0.834  0.687

(0.292) (0.298) (1.349) (1.371)

Table 7: Count outcome and binary mediator: Comparison of 2SPS estimate and 2SRI estimate
for the direct effect parameter (3,) and the indirect effect parameter (3,,) with one instrumental
variable.
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Direct Indirect

2SRI 2SPS 2SRI 2SPS

Outcome IV n Med. Med. Med. Med.
(MAD) (MAD) (MAD) (MAD)

Poi S 500 0.508 0.523 0.496 0.477
(0.207)  (0.272) (0.171)  (0.243)

Poi S 1000 0.515 0.533 0.497 0.476
(0.157)  (0.202) (0.131)  (0.168)

Poi S 5000 0.507 0.516 0.498 0.493
(0.086) (0.113) (0.070)  (0.095)

Poi W 500 0.511 0.509 0.497 0.469
(0.249) (0.314) (0.321) (0.377)

Poi W 1000 0.521 0.532 0.484 0.479
(0.185) (0.233) (0.238) (0.300 )

Poi W 5000 0.500 0.500 0.501 0.501
(0.088) (0.118) (0.115)  (0.154)

NB S 500 0.505 0.493 0.497 0.498
(0.166)  (0.196) (0.143)  (0.163)

NB S 1000 0.503 0.496 0.496 0.508
(0.115)  (0.132) (0.105) (0.112)

NB S 5000 0.499 0.499 0.498 0.500
(0.056)  (0.062) (0.043)  (0.052)

NB W 500 0.505 0.515 0.469 0.493
(0.224)  (0.262) (0.273)  (0.324)

NB W 1000 0.496 0.499 0.508 0.505
(0.146) (0.163) (0.188)  (0.235)

NB W 5000 0.499 0.503 0.496 0.504
(0.067)  (0.079)  (0.090)  (0.103)

NTA S 500 0.535 0.654 0.475 0.405
(0.540) (0.771) (0.340)  (0.480)

NTA S 1000 0.558 0.640 0.479 0.445
(0.459) (0.707) (0.284) (0.411)

NTA S 5000 0.546 0.609 0.480 0.453
(0.341)  (0.401) (0.175)  (0.226)

NTA W 500 0.550 0.584 0.463 0.475
(0.669) (0.881) (0.641) (0.835)

NTA W 1000 0.513 0.599 0.495 0.410
(0.553)  (0.800) (0.516)  (0.761)

NTA W 5000 0.484 0.547 0.518 0.466
(0.348) (0.482) (0.308) (0.448)
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Count outcome and normal mediator: Comparison of 2SPS estimate and 2SRI estimate
for the direct effect parameter (3,) and the indirect effect parameter (3,,) with one instrumental



