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Appendix A Normalizing constant of the
exponential mixture prior distribution

Let us consider a prior distribution from the exponential family of the form
f(2]0) = h(z) exp(0T(z) — A()). (1)

Assuming that the approximate posterior ¢(z|6;_1) has the same form as the prior
distribution (which arises naturally in the VB scheme we are using), we are interested in
deriving

20.8;-1.00) = [ 1(2l6,-1)" (al60)' "z
= /exp (w <0j_1T(Z) —+ IOg h(Z) — A(aj_l))+
(1—w) (00T(Z) +log h(z) — A(Oo))>dz

- /h(z) exp <w (Gj_lT(z) - A(ej_1)>+

(1 —w) (00T(z) — A(Ho))> (2)

X exp <A (’U}ijl + (1 — w)Bo) - A (ij,l + (1 - ’LU)G()))dZ

= /h(z) exp ((ijl + (1 —w)0o)T(z) — A(w;_1 + (1 — w)00)>dz

=1
x exp(—wA(0;-1) — (1 —w)A() + A (w1 + (1 — w)6o))
= exp(—wA(Hj,l) — (1 — ’LU)A(G()) + A (w0j,1 + (1 — w)@o))

This result simplifies when combined with the numerator of Eq

h(z) exp ((ij_l + (1 —w)8)T(z) — wA0,;-1) — (1 — w)A(00)>

PlzlBi1, 0010 = WA 8, ) — (1~ w) A(80) + A(wB; s + (1— w)8y))

= h(z) exp ((wej_1 + (1 —w)8)T(z) — A(wb;_ + (1 — w)00)>

(3)
which has the form of a distribution from the exponential family where the natural
parameters of the two parts of the mixture are weighted according to w and 1 — w.

If we are to find an analytical form to the lower bound
L(q(z,w)) = Eq(z,w) [log p(x,2, w) — log q(z, w)], we also need to compute the expected
log-partition function given the approximate posterior ¢(z, w):
—Eq(z,w) [A (w01 + (1 —w)8O)]. This expectation has usually not a closed-form
expression, but it can be approximated efficiently if we consider its second order Taylor
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expansion. Indeed,

A (waj,l + (1 —w)fy) =A (w00j71 +(1- wo)ao)
+ VwOA (w00j71 + (1 - ’wo)eo) (’U.) — ’LUQ)

Vi A (wo8j—1 + (1 — wo)8)

* 2

(w —wp)? + O(|wo — w|?).

(4)
If we replace wy by the expected value of w under the approximate posterior
wo = Eq(w) [w] = @, and given that Ey, [(w — w)] = 0, the expected value of the
log-partition function can be approximated with

Eg(w) [A (w81 + (1 — w)8o)] ~ A(W8;_1 + (1 — @)8bo)
1 . _
+ 5vfﬁA (WO;_1 + (1 — ©)8o) Vary[w]  (5)

with w = Eq(w) [w] .
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