
Appendix A: Tortuosity traits 

Let γ"⃗  be a ℝ% curve: γ(𝑡)""""""""⃗ = *𝑥(𝑡)𝑦(𝑡)-, where 𝑡 is a parameter defined on a segment 𝑡 ∈ [𝑎, 𝑏].  

Then the curve’s arc and chord lengths are  

ℒ𝒜(γ) = ∫ 8γ′(𝑡)"""""""""⃗ 8 𝑑𝑡;
< , and ℒ𝒞(γ) = 8γ(𝑎)""""""""⃗ − γ(𝑏)""""""""⃗ 8, respectively, and γ′(𝑡)"""""""""⃗ = *𝑥′(𝑡)𝑦′(𝑡)-. 

The ratio of the curve’s arc and chord lengths: 

𝑇@ = ℒ𝒜(γ) ℒ𝒞(γ)⁄  

The curvature of the curve γ"⃗  is κ(𝑡) = CD(E)FDD(E)GCDD(E)FD(E)

8HD(E)""""""""""⃗ 8
I .  

The total curvature over the whole segment and total squared curvature, respectively: 

𝑇% = ∫ κ(𝑡)𝑑𝑡;
< ,    𝑇J = ∫ κ%(𝑡)𝑑𝑡;

< . 

The total curvature and total squared curvature are normalized by the curve’s arc length: 

𝑇K = ∫ κ(𝑡)𝑑𝑡;
< ℒ𝒜(γ)L ,    𝑇M = ∫ κ%(𝑡)𝑑𝑡;

< ℒ𝒜(γ)L . 

The same measures are normalized by the curve’s chord lengths: 

𝑇N = ∫ κ(𝑡)𝑑𝑡;
< ℒ𝒞(γ)L ,    𝑇O = ∫ κ%(𝑡)𝑑𝑡;

< ℒ𝒞(γ)L . 

NB: The given set of measures was computed for the given curves at the set of points defined by given 
resolution of the vessel branch. The skeleton for the vessel map as computed by the segmentation 
algorithm might turn out noisy. A smoothing approximation of the branch contour with an interpolated 
set of contour coordinates was implemented. Thus, each tortuosity trait (𝑇@	through	𝑇O) was computed 
for sampled and smoothed coordinates.  

Another feature weights smoothed (interpolated) value against sampled value for the curve’s arc: 

𝑇ratio = ℒ𝒜(γinterp) ℒ𝒜(γsamp)⁄  

 

Appendix B: Fractal traits  

Per-scale vectors: box size (𝑠 = [1024	512…1]), resolution ( 𝑟 = 1 𝑠⁄ ), normalized resolution (	𝑥 =
𝑟 𝑟@⁄ ), box counts (𝑐), and FD trait vector (𝑦 = log 𝑐 log 𝑥⁄ ). Vectors have dimension of 8, but normalized 
resolution in the first scale is 1, and the FD trait in the first scale is not defined and never used.  

 


