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A. SUPPLEMENTARY MATERIAL
A-1.  Auxiliary lemmas
We first prove a few technical lemmas. For completeness, we repeat the statement of Lemma 1 here.

LEMMA Al. Under Assumption 2,

o o 4Coy ., . . .
|cor(vy ¢ jErks Vs g kv k)| < CTO{I sinh (20,7 k)| + | sinh(20;.1,x) sinh (20, 1 1) |}, (Al)
4C, . . .
|cor (V) 4 xEres Urpr kEr k)| < C—*O{| sinh(20; ¢ 1)| + | sinh(20, ¢ k) sinh(26,. v )|}, (A2)
C . .
ot sensctaeri < 25 o S ). @
a=r’t/ b=r't’

forr # 1" and t # t', where Cy = 2 cosh?(C,) and

C; = max[4sinh(2C,,)(Co — 1) + 2(Cy — 1)*{sinh(2C,,) + 2Cy}, 10(Cy — 1)?].

Proof. We show that the correlation between vy, &,k and vy, &,k for t # ¢’ is bounded as in (A2).
The derivations of (A1) and (A3) can be done similarly. Without loss of generality, let £ = 1.

Recall the residual €,; = X, — f(X_TGn_,,,l) satisfies E(e,1 | X_,) =0 and E(&:%1 | X_,) =
f.(X,rﬂr,,r,l). By definition, E(v;, 16,1) =0 and E{(vﬁ,tylsr,lf} = E{(uﬁ’t,1)2f(X,r9r_,,T71)} =
F. ¢ 1/4. Therefore var(vy, €,,1) is bounded from above by the fact that |v7, ;| <1, |f(u)] <1 and
bounded from below by Assumption 2. It suffices to show that cov(vy, 1€.,1,; 4 1€7,1) is bounded. To
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2 T. T. CA1, H. LI, J. MA AND Y. XIA

this end, we introduce several simplified notation: 0,.; 1 = @,0, 41 =b,0, 41 = ¢, and for | € {r,¢,¢'},

A= ) 05X
Jig#{rt.t'}
Let 0, 41 ={6,,1:j #r,t} denote the (p — 2)-dimensional subvector. The following facts are fre-
quently used:
: sinh(u) 1
u) = ———, u) = ——5—.
F(w) cosh(u) fw) cosh? (u)

By the conditional distribution of X given X, ;;, the score vector vy, ; can be rewritten as

wo, Xt BUE )X+ D)2 Xy}
. 2 E{f(Xorbr—r1) | X_(ry}
_ X+l fla+ X_ (O —t1)cosh(a+ X_gr30r —¢1) exp(X_(r 130t 1 1)
2 Dot f(6a + X_ry0r,—1,1) cosh(da + X_(; 10, —11) exp(0X_ (1101, —r1)
X exp(—X¢ X_g, 10, 1) cosh(a Xy + X_g 30, 11)
Y s €XP(0X (43 0s 1) cosh(—ba + Xy 30r _¢1)
Let D,.;(X¢ ) denote the denominator of vy, ; and D, (X;) the denominator of vy ,, ;. We also need the
conditional distribution

(A4)

eXp{Xr (aXt + bXy + Ar) + X (CXt/ + At) + Xt/At/}
Dr,t,t’ ’

pr (XT‘aXta Xt' | X*{T,t,t'}) = (AS)

where

Dy = > exp{ X, (aX; + bXy + Ay) + Xy (cXp + Ay) + Xy Ap ).
X, X, X e{—-1,1}3
By (A4), (A5) and the definition

: exp{—X,(aX; + A, + bXy)}
=X, — f(X_,0,_,.1) =X, )
erl P 1) cosh(aX; + A, + bXy)

one can calculate

1 Z X,X, exp(—cX; Xy )2 cosh(aX; + A, + bXy)

B, 08162, | X_grpn) =
( 1Tl ’1‘ {rt.t }) Dyt.v D, +(X)Dypr (Xy)

With a bit algebraic exercise, we obtain

20 ¢ v e D, (—1) + e D, (1)
Dr,t/(l)Dr,t’(*l) Dr,t,t’Dr,t(l)Dr,t(*l) ’
where I';. ; v+ = sinh(—2c¢){cosh(2A,) + cosh(2a) cosh(2b)} + cosh(2a) sinh(2a) sinh(2b). The second

term on the right-hand side of (A6) is equal to E(|vy; 1€r1| | X_ (41,11} ), which is finite because [vy, ;| <
1and |, 1] < 2. Because D,/ (+1) > 2,

E(U:,t,lvg,t',lsz,l ‘ X*{nt,t’}) = (A6)

o o 2
‘E(’Ur,t,lvr,t’,lgr,l ‘ X*{T,t,t'})’ S‘Fr,t,t’

Therefore by Jensen’s inequality and Assumption 2,
|COV(U$¢,157'717Ug,t/,lg"',l” = |E(U$,t,1vf,t',152,1)| < E{|E(U$,t,1vf,t/,15$,1 | X—{r,t,t'})\}
< Cy| sinh(2¢)| + | sinh(2a) sinh(2b)| cosh(2C,,)
< Co{|sinh(260; 4 1)| + | sinh(26;.+.1) sinh(26, 4+ 1)|}.
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Because var(v, ¢ 1651) = E{(v;”t,ler,l)Q} =F,;1/4and F, ;1 > ¢* for all (r, t) by Assumption 2,

4C; . . .
|cor(vpt,16r1, Vr 1716 1)| < C—*O{| sinh(26; 4 .1)| + | sinh(26, ;1) 81nh(29r,t/71)|}.
This completes the proof of (A2). U

LEMMA A2. Under Assumptions 1 and 2, we have uniformly for all 1 < r <t < p that ér,m defined
in (7) and similarly defined 0, o are nearly unbiased. Moreover, forany 1 <r <t < p,

|ént,k - ér,t,kl = Op{(nk logp)_l/Q} (k=1,2). (A7)

Proof. We first show that ér tk (k= 1,2) are nearly unbiased. Without loss of generality, let &k = 1.
~ ()

r,1°

Applying local Taylor expansion to f (u,. (Z) 1) around @
ten as

the data generating model in (6) can be rewrit-

XD — f@l) + F@)X D0,y = F@)X D0, 1 + Re; + 249, (A8)

where Re; is the remainder term from the Taylor expansion and is of order o,{(n; logp)~'/?} un-
der the conditions in (15) and (16). Thus (A8) is an approximately linear model where the response is
xO - f ( ) +f ( )X (Z)QT _r,1 and the predictors are f ( ) (i) . Applying the projection-based
bias correction procedure for linear model (Zhang & Zhang, 2014) one immediately obtains (7). Let
Apq = 9r,7r,1 Or, 1 and let h;y = )Ar 1. To show that 6, +,1 in (7) is nearly unbiased, we plug
(A8) in (7) and obtain an equivalent deﬁnmon

J _0 + O L 2ty th 153)1 + REM1 + REM,
rt, 1 — Urtl -1 ni ( ) £/~ ’L) X Z) —1 i A(l) X(l)
Zz 10rt1 (. 1) Zz 1 rtl (ur,l) t
=041+ Lo + Lo, (A9)
where the two remainder terms are,
IR0 o) LS~ (1,0 5q
REM, =~ > v Rei= Z”w 1l Dhgy = - Z/O Vi1 f (U = 2hiy )by dz,
i=1 i=1

ny

1 D oA i
REM, =~ S ool Fa) XY, A

i=1

Since E(vft)lsﬂ) = 0, the bias of f,.; 1 is approximately L5.

In the low-dimensional setting where rank(X) = p < nj, one can choose v, ;1 = XtJ- as the projec-
tion of X onto the orthogonal complement of the column space of X_,. ;3 to ensure REMs = 0. Since
RFEM; is negligible, the resulting estimator énm in (A9) is nearly unbiased under Assumption 1. How-
ever, in the high-dimensional regime where p > n, X;- is no longer a valid choice of the score vector
as rank(X) < p, and the condition Upg1 L X —{rt) forces v, 4,1 to be zero. On the other hand, the full
strength of v, ; 1 L X_ ¢, 4y is not necessary to ensure that the term RE M is also negligible. In fact, the
score vector in (8) is sufficient to guarantee that émyl is nearly unbiased.
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4 T. T. CA1, H. LI, J. MA AND Y. XIA

To show (A7), by definition of 6, ; ; in (A9),

A ~ _121 1 ’I’tle’l(")l 121 1 rtleg‘)l
97’,2&,1 - ar,t,l 1 (i) G )
Z’L 1 rtl (U )X T’t’1/2
(2)
- Zz 1 7Zt 1€ q _ 71 Zz 1 7lt € Z)1 REM1 + REM,
Fri1/2 Fri/2 - 27, 1 rt 1 ( !’ ))Xt( K
(#) (iii)

=a1 +as +as.
To bound \ér 01— ~T ¢1], it suffices to bound |ag| (k = 1,2, 3) separately. To this end, we first bound
Fad) ~ Ful ’) and o), — ol |
Let by = , t}A{T —ty,1 and let by o = (_?T t}A{t,—r},l- Under Assumption 1, we can show
via Holder’s inequailty that

max {h(;), |h@yals byl = o{(logp)~'}, (A10)
and
nT Z Ful) (W) 1 + 0y o+ A%, 1) = o (n1logp) ™2}, (A1)

i=1

Using the fact that for any h > 0,

exp(—2h) f(z) < f(x + h) < exp(2h) f(x), (A12)
we have
) = Fa)] < [explhe]) = 11F(u}) = of (logp) '}. (A13)
In the meanwhile,
izrf?_‘_)fm |”§121 - vffol = izlll}_’ft_)fm Q(X(_i%m}, ér,—r,l, én 1) - Q(X(_?r,t}yer,—r,ly Or,—t,1)

< max - fexp(lh) il + [ ol + [Agpal) = 1 = of(logp) '}, (Al4)

where the inequality follows from Lemma 1 of an unpublished 2016 technical report from Zhao Ren.
Consequently, by (A13), (A14) and Lemma 3 of an unpublished 2016 technical report from Zhao Ren,

ni

1 P 1 1 < ) (i
e f@EDXT =GPl <] i e Tl X
i=1 =1
1 & (i T i
+ - D) - felrx”
i=1
LS~ @0,y x@® _ L
el X" - ZF,
+ nlg r,t,1 ( r,1) t 2 ,t,1
<o{(logp)~'}. (A15)

By definition of the score vector, E(v(lz ;’55 )) =0 and E{(v,(fzfgff)l)Q} = F,.+1/4. Therefore by Ho-
effding’s inequality, there exists Co > 0 such that for any £ > 0,

Qe

(logp/m)”?} <o@pY).
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Similarly there exists C's > 0 such that
ni
ST

Hence we have [ny ' S0 Tzz 1€£z)1| = Op{(logp/n1)"/?}, and

> Oy Ing/nl)l/Q} <O(p™%).

.. (@) i 1 _
la1| = Op{(log p/n1)"/?} Zv HXH — 5P| = op{(m logp) /2y,

For term a9, recall that F}.; 1 > ¢* > 0 by Assumption 2 and vffz 1 v,(fz is independent from 55?

1 = o el] yields os

)
1

)

applying Hoeffding’s inequality directly to bounded random variables (v
1 <~ @ i),00 (i
> (i —ve
ny et t,1)5,

2

F = 0,{(n1logp)~1/?}.
r,t,1

lag| =

Finally, we bound a3. Because its denominator is of constant order by (A15), it suffices to bound the
numerators REM; and RE M, separately. To bound RE M, by (A14), (All), and equation (68) in an
unpublished 2016 technical report from Zhao Ren,

1 ny
=" =08 Fal ) gy
ni

=1

n1

C
<iZ(Vl()1|+|h()2|+|A{7t}1\) Fal)|hey .| 1o

=1
= op{(n1logp)~'/?}.

Thus by Lemma 3 of an unpublished 2016 technical report from Zhao Ren,

Zvﬁt)’l h(z)
< op{(n1logp) ™%} + (Ing/n1)1/2”Ar,1H1 = op{(n1logp)~'/?}.

For RE M, by equations (A10), (A11) and (A12) and the fact that |UM 1 <1, 115

|REM>| < op{(n1logp)~"/?} +

|REM ‘ = 7 t 1f Z, No— Z/ Uy, t 1 f f)l — zh{i})h{i}dz
n/l .. :
o Z/ rt 11 Uz +hgy) — f(uig + zhgiy) thiydz
Z 8 1 F i) exp(2hp) — 1) |hiy
< 3 WL | = op s ogp) 2}
i=1
It follows immediately that |az| = o0, {(n; logp)~'/2}. 120

In summary, we have shown that

10p11 — Ore1] = 0p{(n1logp) =172}

LEMMA A3. Under Assumptions 1 and 2,

— e 1 —
1<r£12§<<p\srtk sre gkl =o0p{(logp)™'} (k=1,2). (A16)
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Proof. We only prove (A16) for k = 1. By definition,

71 . . . -t
- {4 z@s;l)zf(asf;)} |
=1

It is easy to check that 4nj ' S (v(i) 2 f (@ 1)1) is bounded. We first look at the difference

Following the proof of Lemma A2, one can show that

LS, 0 y2 2 (ulie)2
- (s r <7 T
2o Flien) - 1P| <] Z{ D2} ()|
ni
| S0P (i) = Fan))
=1
| S0 Funn) - 2B
n e rt,1 r,1 4 rt,1
=by + bz + b3,

where b; = o, {(logp)~},b2 = 0, {(logp) ™'} and b3 = O, {(log p/nx)"/?} = 0,{(logp)~*}. Thus

ni

LS @ )2 ) -

n t,
Lz

1

1| = 0p{(logp) .

10 The result in (A16) follows immediately because the denominator of §,; ; is bounded below by a con-
stant. O

LEMMA A4. Under the conditions of Theorem 1, there exists some constant C > 0 such that for any
e>0

0 N _ 2
pr{ max Ortd = Oris = Oris & brio) > x2} < CIA|{1 = ®(z)} + O(p~°),

(rit)eA Srt1/M1 + Spi2/Mo

uniformly for 0 < x < (8logp)*/? and A C {(r,t): 1 <r <t < p}.

135 Proof. Let

(4),0 _(4)
ng 20,416, 1
Dyt = ”’ 1=1,...,m),
mhE T Foi1 ( v
980 (8)
Zr,t,i:—% (i:n1+1,...,n1+n2).
r,t,2

Then

~ ~ +
rt,1 — Urt,2 — Urtl r,t,2 o Zl 1 " 7,6, :“1 " gt 7
(6 0 Orin 40,00 (™ 2,02 2 Z

- . ,
Srt1/T0 + Spp2/N2 ST 72 n3s. 1/ 4 naseo

i=1 r,t,%

(A17)
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It is easy to check that ny ' >0, Z%, i = (n2/n1)?sp1 and ny 'S, Z?%, ;= Sry,2. In particular,

since Zf’t_’i are bounded for all ¢, we apply Hoeffding’s inequality to obtain

n
L)

1« n2 o
pr { sz,t,i - n%sr,t,l > C(logp/ni)t? p < p=2¢,
1

1 ni+ng )
pr {n Y Zli—sria> C(logp/nz)l/z} <p .
2

1=14n1

Thus the second term on the right-hand side of (A17) can be treated as a constant, up to a small deviation
in the order of (logp/ny)'/2. It suffices to check the large deviation bound of the term

(™ Zrai)?

S 2R
Since Z,;; (i=1,...,n1 + ng) are all bounded and thus have finite (2 + ¢)th moment (0 < § < 1),
we can apply the self-normalized large deviation theorem for independent random variables in Jing et al.
(2003) to obtain

ni+ng 2
i Zr 7
max r{%m;) 2x2} < C{1 - ()},
lsr<t<p > it Z5i
uniformly for 0 < z < (8logp)'/2. O

LEMMA AS. Let Wr,t = (ém,l — ér,t,Z)(Sr,t,l/nl + smg/ng)*l/Q. Under the conditions of Theo-
rem 3, for any € > 0,

1 yena LWedl = 7) = pr((Woa| = )}
/0 pr[ qG(7) o "
i e
wp pr |2 IWed 2 D) —prWrd 2Ol (A19)
0<r<b, 20G(7)

where b, = {41logp — 2log(logp)}'/? and v, = (3 logp)~1/2

with ¢, = loglogloglog p.
Proof. We only show (A18) as the proof of (A19) follows similarly. To this end, define
Dy ={(r,t): 1<t <pre A}, Hoo=HoNDy, Ho2=HoNDg,

where A; () is defined in Assumption 3. By Assumption 3, we have |Hq;| = o(p'*?) for 0 < v < 1. By
(12) and the condition that gy > c1p?,

B |Z(r,t)€H01{I(|Wr,t| >7)— Pl"(|wr,t| > 1)} < pITG(7)

= O(p~ ). A20
00 S Tpem o) (A20)

To evaluate (A18) over the set Ho2, we split Hpo into several subsets as done in Cai & Liu (2016).
The criterion for such a split is based on the function Corrg(r,t,1,m), which is defined such that for
ke{l,2},r#tl#mandrt,l,me{l,... p}

4(c*)71Co{|sinh (20,1 k)| + | sinh(20,.; ) sinh(20; 4 x|}, t=m,
Corry(r,t,l,m) = < 4(c*) L Co{| sinh(20; m & )| + | Sinh (260, 1 1) sinh (20, )|}, 7 =1,
(c*)_lcl{z:a:m,l ‘ Sinh(Qe’ﬂ%k)'}{Za:m,l ‘ Sinh(29t7a7k)|}’ r 75 lvt 75 m.
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By Lemma 1, Corry (1, t,1,m) and Corry(r, t,1, m) together approximately quantify the dependence be-
tween W, ;. For some large constant C' > 0, define the following events

Hax = {(r,t,1,m) : (r,t) € Hoz, (I, m) € Hoz, Corry (r,t,1,m) < C(logp) 2%},
H4X = {(7’ t7l7m) ¢ HBX : (Tv t) € HOQ) (lvm) € HOQ,Corrl(?",t,l,m) < C{O5 + (10gp)727§}},
s Hsx = {(r,t,l,m) & Hax UHyx : (r,t) € Hoz, (I,m) € Hoz}-

The events Hsy, Hqy, Hsy are defined similarly. Let Hs = Hsx N Hsy, Hs = Hsx U Hsy, and Hy =
Hax UHay \Hs.

By Assumption 3, one can easily enumerate the different scenarios in Hs, H4 and Hs. Let Gy =

(Vrtim, Ervtim) be a graph, where V., = {r,t,1,m} is the set of vertices and E,.,, is the set of edges.

170 There is an edge between a # b € {r,t,1,m} if and only if |sinh(6, 4 )| > (logp)~2¢. If the number

of distinct vertices in V.4, is 3, then we call G4, a three-vertex graph (3-G); similarly if there are 4

distinct vertices in V.4, then G4, is a four-vertex graph (4-G). Therefore the different scenarios in H,4

consist of:
Slmllarly, the different scenarios in Hs can be listed as:

i g@ @@3%’@ |
ONORONO ()

®0 ©0O O ® O 0
©® © ®

What remains goes into the set #5: either (r,t) = (I,m) or

oac)

As aresult, one can show that 14| = O(p*T27) and [Hs| = O(p? +p1+37)
Let frim(r) = pr(|Wye| > 7,|[Wi| = 7) = pr([Wis| > 7)pr([Wim| > 7). Then

— —~ 2
|Z(r,t)€’}-[02{‘[<|W, ) = pr(|[Wes| = 1)} _ Z(r,t)eym Z(l,m)e’}{02 frtim(T)
q0G(7) 3G (7) '

@@:ﬁ

175

E

(A21)
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By Lemma 4 in the supplementary materials of Cai & Liu (2016),

< CA,, (A22)

Z("',t,l,m) EHs3 frtlm (T)
45G>(7)

where A,, < (logp) 1772 for some 5 > 0. Further, we also have for = 0.5,

Z(r,t,l,m)é?ﬂ; frtlm(T) C(T + 1)2/(1+77)*2 (A23)
@G3(7) — P2 G(r) 2/ ()

Littmens fram D)) ¢ C (A24)
2G2(7) T pPG(r)  pPIG(r)

By the tail bound of standard normal random variable, G(7) > G(b,) = (277()12,)’1/ % exp(—b2/2) for 0 <
7 < by. Thus by Assumption 3, the following holds:

b 2/(14¢)—2
Pl C(r +1)¥/0+0) C C
1+~ o
/0 {p + A, + P {G(7) 00 + G0 + G0 dr = o(vp). (A25)
Combining (A20), (A21), (A22), (A23), (A24) and (A25), we prove (A18). O

A-2.  Proof of Theorem 1
Proof. Recall the test statistic is

(ér,t,l - ér,t,2)2

M,,= max W2 = max - ! ) (A26)

1<r<t<p ’ 1<r<t<p sr,t71/n1 + Sr,t72/n2
Define

— — O i1 — 0yrp0)>

M,,= max W7 = max Ot = brr.2) :
1<r<t<p 1<r<t<p Sp4.1/N1 + Sp4,2/N2

r I17 (érflfértQ)Q

M,,= max W2 = max = =

1<r<i<p P 1<r<i<p Sr,t,1/T1 + Srp2/Na

Under the null, let 8, = 6,.; 1 = 6, ;2. Recall the definition of A;(£) in Assumption 3, and let By =
{(r,t):re A(n*),r <t <ptU{(r,t):te A(n*),1 <r<t}andlet Dy ={(r,t):t=1,...,p,7 €
A (€)} U By. To prove Theorem 1, we first show that (i) M, , is close to Mnyp, and (ii) terms in Dy are
negligible for defining the limiting distribution of MM,. Consequently it suffices to study the limiting
distribution of Mnyp on A\Dy, where A = {(r,t) : 1 <r <t < p}.

By definition, [v2, .| < 1,|f(ur)| < 1 for k = 1,2. Therefore Fy. ¢y = 4Fe, {(v2, ;)2 f(urk)} < 4
and s,y = 1/F 1, > 1/4. Hence

Wr,t - Wr,t :Wr,t - Wr,t + Wr,t - Wr,t

(er,t,l - er,t,2) - (er,t,l - 97‘,t,2)
(Srt,1/n1 + Spt,2/n2)t/?

=W, 0p{(logp) ™'} + 0p{(logp)~'/*} = o, {(logp) /*},

where we have used Lemma A2 and A3. Thus it suffices to show

= r,top{(logp)_l} +

pr(Mn,p —4logp +loglogp < z) — exp{—(8m)~1/2e=%/2},

as ny,ng,p — oo. Lety, = 2+ 4logp — loglog p and let

~ Ori1 — Orio)? ~ O i1 — Ort2)?
MDO — max ( L, r,t, ) , MA\’DO — max ( 12 t, ) .
(rt)€Do Spt,1/M1 + Spt,2/N2 (r)€A\Do Spt.1/M1 + Spt.2/N2

185

190

195

200

205



210

215

220

225

230

10 T. T. CAlL, H. LI, J. MA AND Y. XIA

Then pr(Mmp > yp) — pr(M A\Dy = Yp) < pr(MDO > yp). Assumption 3 and the bounded cardinality
condition on A(n*) indicate that |[Dg| = o(p'*7). Thus by Lemma A4, for any fixed x € R, we must have

pr(Mp, > y,) < [Do|Cp~2 + o(1) = o(1).
Hence it suffices to show that
pr(ZT]A\DO —4logp +loglogp < z) — exp{—(877)_1/2e_2/2}7

as ni,ng,p — Q.
Now let us rearrange the two-dimensional indices in the set {(r,¢) : (r,t) € A\Dy} as {(r;,t;) : j =
1,...,q}, where ¢ = |[A\Dy|. Forj =1,...,q, let

g 20000 )

Z.. =2 M i=1,...,n1),

ny Fa ( )

910 (D)
Zji = — Tt 22 (i=n1+1,...,n1 4+ ng).
Fry7tj72
Note the Z;’s are all bounded. Let
n1+’ﬂ2
V] (nQ/nlsjl +n28_]2 Z .] :13-"aQ)'

It suffices to show that for any z € R, as ny, no, p — o0,

pr <'max Vj2 —4logp + loglogp < z) — exp {—(87r)71/2 exp(—g)} . (A27)
J

=1,....q

Let &, = {Vf) > yp}. By the Bonferroni inequality in Lemma 1 of Cai et al. (2013), for any integer m
with 0 <m < ¢/2,

2m ¢
Z(_l)é_l Z (ﬂ > < pr( max V2 > yp>
(=1 1§j1<“'<je<q =L
2m—1 0
= C DA N (ﬂ 5jg> . (A28)
g=1

=1 1<j1<--<je<q
Let
Zji = Zji)(nasji/ma +s;2)Y? (G =1,...,4q),
and W, = (Z s - - .,Z~m) for all i =1,...,m1 + ne. Denote |a|min = min;—1 . ¢ |a;| for any vector
a € RY. Then

ni+na
(ﬂ ng) =pr <’n2 v Z Wi min = yp1/2> .
By Theorem 1 in Zaitsev (1987),

ni+ns
(’ ' Z Wi > yp1/2> Spf{\Ndmin >y —en(logp)_1/2}

nl/2
5,/2 . Ny €n
+ 1077 % exp { 2l 77, (log p)1/2 } . (A29)
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where c1,ce > 0 are absolute constants, €, — 0 whose rate will be specified later, 7,, > 0 are con-
stants, and Ny = (N;,,...,N;,) is an ¢-dimensional normal vector with mean zero and covariance
nycov(Wh)/ng + cov(Wy, 1+1). Recall that £ is a fixed integer that is independent of nj and p. Since

logp = o(ni/ 3) by Assumption 1, we can choose €, — 0 sufficiently slowly such that

1/2
5/2 _ Ny Cn — (2
107 exp { 35727, (log p) 177 } o(p™?). (A30)

Thus by (A28), (A29), (A30),

2m—1

. _
pr (jg%ﬁu?_cyq‘/f > yp> < > (=t | > | pr{INelmin > y,'/? — en(log p) 1/2} +o(1).
=1 1<j1<-<ge<q
(A31)
Similarly, by Theorem 1 in Zaitsev (1987),

2m

(o V22 ) 23007 X o {2 0 - culosn) 2} o)
£=1 1<51<<je<q
(A32)
To complete the proof, we need to verify that Lemma 5 in Cai et al. (2013) also holds in our setting. A
key condition is that the random variables Z;; and Z;/; are only weakly dependent for j # j'. By Lemma
1 and Assumption 3, one can show that such weak dependence between Z;; and Z;/; (j # j') holds.
In addition, Lemma A6 below is trivially satisfied since otherwise the Hessian of the likelihood function
Q1; would become singular. Hence Lemma 5 in Cai et al. (2013) also holds in the current context. Finally,
applying this lemma to (A31) and (A32), one has for any positive integer m > 0,

2m—1

1 ‘
lim sup pr (_max Vj2 > yp> < Z (-1 = {(87r)_1/2 exp (—E)} {I+o0(1)},
N ,p—>00 J=1,...,q = é' 2
2m 1 2 Yy
lim sup pr (lmax VP> yp> > Z(—l)zfl— {(8#)*1/2 exp (—7)} {1+ 0(1)}.
ng,p— 00 J=1,...,q =1 f' 2
Letting m — oo, we obtain the desired convergence in (A27). ([

LEMMA A6 (BERMAN, 1962). If X and Y have a bivariate normal distribution with mean zero, unit
variance and correlation coefficient p, then
pr(X >¢Y > ¢

li =1
choo 2n(1— P22} Texp{—(1+p) (1 + p)2

uniformly for all p such that |p| < 6, forany 0 < § < 1.

A-3.  Proof of Theorem 2

Proof. Statement (i) follows from the proof of Theorem 2 in Xia et al. (2015). To prove the lower
bound result in (47), we first construct the worst case scenario to test between ©; and ©5.

Let M(ap,p — 1) be the set of all subsets of {1,...,p — 1} with cardinality a, = O(p") for v <
1/2. Let 7 be a random variable uniformly distributed over M/(a,,p —1). We construct a class
N ={O,,m € M(ap,p— 1)}, such that 6, =0 for |[r —t| > 1, 0,41 = 0,41, = pI(r € m) and
p = c(logp/n)'/2. Let ©1 be uniformly distributed over A and let O, be the zero matrix. Let j, be
the distribution of ©1 — ©5 = O, which is a probability measure on {A € S(2a,) : [|A||% = 2a,p*},
where S(2a,,) is the class of matrices with 2a, nonzero entries. Let dpr;{(X™, ..., X))} and
dpro{(Y(M) ... Y™} denote the likelihood functions with partial correlation matrices ©; and O,

235
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250

256
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respectively. Then

dpr {(X®, ..., XM}
L, =E
° dpro {(Y(D, ... )Y ()}

where the expectation is over the distribution of ©1. By the arguments in Baraud (2002), it suffices to
show that E(L? ) <14 o(1).
P
It is easy to check that

Lp.p EYm{HZ eXp( ZY”Y;(QI)}’

rem

where Yl(i), . 7Yp(i) are independent Rademacher random variables and Z;,(©y,) is the normalizing

constant corresponding to prg _ . Since ©,, € N and || = a,,, we can express Z;, (0,3, analytically as
S enlp Y X, Xo) = 2 {cosh(p)} .
X1,..,Xp rEm
Consequently, one can rewrite L , S

n

- Y(z)y(l)
g 2p{COSh(p)}a1’ eXp(p Z T T+1)

rEm

1 1
¥ e e

P=1 meM(ap,p—1) rem

L., =Eyv.

Let J(p, p) = Cap C’ 7 {cosh(p)}?"%. By mutual independence of Y,.’s,

2 1 2 i ;
E(Lup) = T(p.p) Z )EY {il:[lexp (p Z y( )y( L+ p Z y( )y( )}

m,m’'eM(ap,p—1 rem rem’

1
~ J(p.p) 2 EY{HQXP(% S vy i+ Y Yz)yrgl)}

m,m’eM(ap,p—1) remnm’ remAm’

:J(;,p) Z HEy{exp(Qp Z Y Yr(i)l)} {exp( Z v, Y?«(&

m,m’€M(ap,p—1) i=1 reémnm/’ remAm’

where mAm’ = (m\m') U (m/\m). Further, one can show that

Ey{ exp (,0 Z YT(“YT(_&)} = cosh™(p).

rem

Hence

Bil,) = > TTeosh(20)} ™ feosh(p)} o

m,m’eM(ap,p—1) i=1

J 1 Y {cosh(2p)}"m ™ {cosh(p) ) A

m,m’eM(ap,p—1)

n|mnm’
= 1 Z {COSh(Q'O)} | I{Cosh(p)}%\mmm’|+n|mAm’|
)

2
m,m’eM(ap,p—1 cosh ('0)

B 1 Z 2 cosh(2p) nimOm’|
N 1+ cosh(2p) ’

p—1~p-1 m,m’eM(ap,p—1)
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where the last equation follows from the fact that [m N m’| + |mAm/|/2 = a,. In view of the random
variables m, m' € M(a,, p — 1), we can further write

() S0

j=1

v g ()

Because p = c(logp/n)'/?, the term {1 + cosh(2p)} {2 cosh(2p)} ~ 1 + 2p? by local Taylor approx-
imation. Therefore,

ap

S 2p2)”}}

<{1+o(D)}exp (a2p™" 1) =1+ o(1),

E(Liﬁ) <{1+4o(1)}exp [ap log {1 +

for sufficiently small ¢ > 0, where the last inequality follows from local Taylor approximation log(1 +
x) ~ x for x in a small neighborhood of 2y = 0. g

A-4.  Proof of Theorem 3

Proof. The key to the proof of Theorem 3 is Lemma AS. Conditioning on Lemma AS5, we can follow
the strategy developed in Xia et al. (2015) to establish the asymptotic control of false discovery proportion
and false discovery rate in Theorem 3. (]

B. ADDITIONAL TECHNICAL DETAILS
B-1. Covariances between residuals

For expositional clarity, consider generic parameters (6,¢)1<r<¢<p and the corresponding oracle score
vectors (Up¢)1<r<t<p. We derive cov(e,, g¢) for r # ¢.
The conditional distribution of X, given X_, is

1 XD Ty, 00 %))
© " o eXp(Ej#'r 9’]XJ) +eXp(_ E];ér HTJXJ)

Suppose r < t. The joint distribution of X,. and X, given X_y,. ;) is

_ pre(X)
>ox, 2x, Pre(Xm Xo, X (1))
_eXp(‘grtXTXt + X, Zj;ér,t 0r; X + Xy Zj;ér,t 01 X;)
2D, ’

where D,y = exp(6y¢) cosh{} ;. (0r; + 0:;)X;} + exp(—0r¢) cosh{>_, 4, (0r; — 01;) X;}. There-
fore the conditional distribution of X; given X_y; 4 is

pro(Xe, Xt | X_(r4y)
pro(Xe | X_grn) = N
9( ¢ | { t}) pr@(Xr | X*{r})
Cexp(Xy ), 0 X;5) cosh(Y,, 0, X;)
N Drt ’

PT@(Xm X | Xf{r,t})

which again follows a logistic regression form.
Recall the residual ¢, is defined as

Epr = Xr - f:(X*TQT)?

280
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whose conditional variance var(e, | X_,) = f(X_,0,). Since E(e,) = 0forall r = 1,..., p, it suffices
to calculate F(e,¢¢). Letug, _yy = X_{r110¢r,—¢}- By the joint distribution of X, and X; given X_¢, 1,

A

E(E?”gt | X—{r,t}) = Ea

(B1)
where

A =sinh(—20,.;){e cosh(ugy,—ry + Ugr,—sy) + efrt cosh(ugy,—ry — Ugr—s1)},
310 B =2D,; cosh(0r + ugy, —¢y) cosh(—0r; + ugy —4y) cosh(Oy + ugy —yy) cosh(—0s + wgy —ry).

Further, we can calculate E{f(X_,0,) | X —{r,t} }» Which yields

1 .. . A
iE{f(X,TQT) | X_{t,r} } sinh(—26,,) = E{ cosh(Ops + g, —ry) cosh(—0,¢ + u{ty,r})}. (B2)

Combining (B1) and (B2), the desired conditional expectation becomes

Blere, | X - 1 sinh(=20,) E{f(X_0,) | X (1) } B3)
Pt LA TS Coshi(6, + gy, —py) cOSh(—0ps + ugy 1)’

The right-hand side of (B3) still involves one conditional expectation. It is thus not straightforward to
obtain an explicit expression of cov(e,., £;). Nonetheless, we can obtain the following upper bound using
a5 the fact that cosh(z) > 1:

1 .
lcov(e,,e)| = |E{E(eree | X_gray) }] < §| sinh(26,.¢)|.

B-2. Covariances between test statistics
To complete the proof of Lemma 1, we show (A3) by calculating cov (v,¢&,., Uiy, ) for distinct indices
r,t,m and [. For expositional clarity, we introduce several simplified notation: 6,.; = a, 0., = b, 04, =
w0 ¢,0,=d,0y =cand b, = f.Fork € {r,t,m,l},let A, = Zj:j#mm,l} 01; X ;. The full conditional
distribution is

Drtmi
PTrg (XraXthm;Xl | X—{T,t,m,l}) = ZX . x XTWJ; 1y D7tm17
X, Xm, X1€{—1, '

where the numerator
Drtmi = exp{ X, (aX; + bX,, +dX; + A) + Xi(e X + X+ Ap) + X (f X + A) + X1A T

To evaluate the desired correlation, we need E(v,tVmigrem | X—(r.,m,1})- Let

Dyt (X, Xp) = D e XAHFAXteX) cosh(Sf + Ay, + DX, + cXy).
o==+£1

By definition, D,,,; (X, X¢) > 2cosh (4; + dX, + eX;) > 2. Expanding terms in the conditional expec-
tation yields

E {(Q + ’VXle>'U7’tET | X—{r,t,m,l}}

B4
Dml(lyl)IDml(fla1)Dml(1771)Dml(71771)7 ( )

E (vrervmiem | X_(rimiy) =
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where

Q =vsinh(2X,, A, — 2X1A) + (n — ) X, sinh(2f X, — 24,,)
+ 2sinh(2b) sinh(2c)e ~2X1 41 {241 cosh(—2f + 24,,) + e 2 cosh(2f + 24,,)} 330
+ (a— B)X;sinh(2f X, —24;)
+ 2sinh(2d) sinh(2e)e~2XmAm [24m cosh(—2f + 24;) + e~ 24 cosh(2f + 24;)}
+ (1 — )e 2 XmXi L2 cosh(24; — 24,,) + e~ cosh(24; + 24,,)}
+ N+ & XmX;cosh(2fX; —24,,) + (a4 B8) XX cosh(2f X, — 24))

+ (4 ) X Xye 2 Xm X162 cosh(24; — 24,,) + €2 cosh(24; + 24,,)}, a5
and
~ = 4sinh(2b) sinh(2e) cosh(2b) cosh(2e) + 4 sinh(2¢) sinh(2d) cosh(2c¢) cosh(2d),
v = 4sinh(2b) sinh(2¢) cosh(2d) cosh(2e) — 4 sinh(2d) sinh(2e) cosh(2b) cosh(2c¢),
1 — & = —2sinh(2b) sinh(2¢){cosh(4d) + cosh(4e)},
a — 3 = —2sinh(2d) sinh(2e){cosh(4b) + cosh(4c)}, 340
u — ¥ = 2sinh(2b) sinh(2¢) cosh(2d) cosh(2e) + 2 sinh(2d) sinh(2e) cosh(2b) cosh(2¢),
1 + & = 4sinh(2b) sinh(2e) cosh(2¢) cosh(2e) + 4 sinh(2¢) sinh(2d) cosh(2b) cosh(2d),
a + 8 = 4sinh(2b) sinh(2e) cosh(2b) cosh(2d) 4 4 sinh(2¢) sinh(2d) cosh(2¢) cosh(2e),
u+ ¥ = 2sinh(2b) sinh(2e) cosh(2¢) cosh(2d) + 2 sinh(2¢) sinh(2d) cosh(2b) cosh(2e).
Since |vpier| < 2 and D,y (X, X¢) > 2, applying Jensen’s inequality to (B4) implies 345

1
|COV(vrt€r7Uml5m)| = |E (vrtsrvmlgm)‘ < gE(|Q‘ + |'}/|)

In the following, we bound each term in () for © satisfying Assumption 2. To this end, we com-
bine terms and write @ as a function of sinh(2b) sinh(2c), sinh(2d) sinh(2e), sinh(2b) sinh(2e) and
sinh(2¢) sinh(2d).
Specifically, the multipliers of sinh(2b) sinh(2¢) are bounded by
|4 cosh(2d) cosh(2e) sinh(2X,,, A, — 2X;A;)| < 4sinh(4C,,), 350
2{cosh(4d) + cosh(4e)}| sinh(2fX; — 24,,)| < 4(Cy — 1)*sinh(2C,,),
20 2XIA 2 A cosh(—2f + 2A,,) + e 24 cosh(2f + 24,,)} < 8(Cy — 1)3,
2 cosh(2d) cosh(2e)e ™2/ XmXi£e2] cosh(24; — 2A,,) + e~ 2 cosh(24; 4 24,,)} < 8(Co — 1)%
And the multipliers of sinh(2b) sinh(2¢) are bounded by
4 cosh(2c) cosh(2e) cosh(2fX; — 24,,) < 4(Cy — 1)?, a5
4 cosh(2b) cosh(2d) cosh(2f X, — 24;) < 4(Co — 1)?,
2 cosh(2¢) cosh(2d)e =2/ XmX1 162 cosh(24; — 24,,) + e~/ cosh(24; + 24,,)} < 8(Cy — 1)2.

Similarly, one can bound the multipliers of sinh(2d) sinh(2e) and sinh(2c) sinh(2d). After combining
terms, we can bound |Q| + |y| by

QI+ 171 < 37 o] sinh(20,4) sinh(20,y,)|
k=m,l

+ Jrm.| sinh(20,,,) sinh(2604)| + Jpi,¢m | sinh(26,) sinh (2604, )],
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where for k € {m,(},
Jrk.tk =4sinh(4C,,) + 4(Co — 1)? sinh(2C,,) + 8(Co — 1)* +8(Cp — 1)?
=8sinh(2C,,)(Cy — 1) + 4(Cy — 1)*{sinh(2C,,) + 2Cy},
and for (k, k') € {(m,1),(I,m)},
etk = 16(Co — 1)* + 4 cosh (26 ) cosh(26,1,) < 20(Cy — 1),
Let Cy = max{Jym tm/2,10(Co — 1)?}. The desired correlation is thus

4|co € €
‘COI‘(’UTtET.’Umlgm” _ | V(Urt rs Uml m)|

(FTtle)1/2
1
E
< 5= B(Ql+ 1)
Cy . .
< —¢ > [sinh(20,) po > sinh(204)] o
C
a=m,l b=m,l
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