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A. SUPPLEMENTARY MATERIAL

A·1. Auxiliary lemmas
We first prove a few technical lemmas. For completeness, we repeat the statement of Lemma 1 here.

LEMMA A1. Under Assumption 2,

|cor(vor,t,kεr,k, v
o
r′,t,kεr′,k)| ≤ 4C0

c∗
{| sinh(2θr,r′,k)|+ | sinh(2θr,t,k) sinh(2θr′,t,k)|}, (A1) 20

|cor(vor,t,kεr,k, v
o
r,t′,kεr,k)| ≤ 4C0

c∗
{| sinh(2θt,t′,k)|+ | sinh(2θr,t,k) sinh(2θr,t′,k)|}, (A2)

|cor(vor,t,kεr,k, v
o
r′,t′,kεr′,k)| ≤ C1

c∗

{ ∑
a=r′,t′

| sinh(2θr,a,k)|

}{ ∑
b=r′,t′

| sinh(2θt,b,k)|

}
, (A3)

for r 6= r′ and t 6= t′, where C0 = 2 cosh2(Cw) and

C1 = max[4 sinh(2Cw)(C0 − 1) + 2(C0 − 1)2{sinh(2Cw) + 2C0}, 10(C0 − 1)2].

Proof. We show that the correlation between vor,t,kεr,k and vor,t′,kεr,k for t 6= t′ is bounded as in (A2).
The derivations of (A1) and (A3) can be done similarly. Without loss of generality, let k = 1. 25

Recall the residual εr,1 = Xr − ḟ(X−rθr,−r,1) satisfies E(εr,1 | X−r) = 0 and E(ε2
r,1 | X−r) =

f̈(X−rθr,−r,1). By definition, E(vor,t,1εr,1) = 0 and E{(vor,t,1εr,1)2} = E{(vor,t,1)2f̈(X−rθr,−r,1)} =

Fr,t,1/4. Therefore var(vor,t,1εr,1) is bounded from above by the fact that |vor,t,1| ≤ 1, |f̈(u)| ≤ 1 and
bounded from below by Assumption 2. It suffices to show that cov(vor,t,1εr,1, v

o
r,t′,1εr,1) is bounded. To

C© 2018 Biometrika Trust



2 T. T. CAI, H. LI, J. MA AND Y. XIA

this end, we introduce several simplified notation: θr,t,1 = a, θr,t′,1 = b, θt,t′,1 = c, and for l ∈ {r, t, t′},30

Al =
∑

j:j 6={r,t,t′}

θl,j,1Xj .

Let θr,−t,1 = {θr,j,1 : j 6= r, t} denote the (p− 2)-dimensional subvector. The following facts are fre-
quently used:

ḟ(u) =
sinh(u)

cosh(u)
, f̈(u) =

1

cosh2(u)
.

By the conditional distribution of Xt given X−{r,t}, the score vector vor,t,1 can be rewritten as

vor,t,1 =
Xt + 1

2
−
E{f̈(X−rθr,−r,1)(Xt + 1)/2 | X−{r,t}}

E{f̈(X−rθr,−r,1) | X−{r,t}}

=
Xt + 1

2
−

f̈(a+X−{r,t}θr,−t,1) cosh(a+X−{r,t}θr,−t,1) exp(X−{r,t}θt,−r,1)∑
δ=±1 f̈(δa+X−{r,t}θr,−t,1) cosh(δa+X−{r,t}θr,−t,1) exp(δX−{r,t}θt,−r,1)

35

=
Xt exp(−XtX−{r,t}θt,−r,1) cosh(aXt +X−{r,t}θr,−t,1)∑
δ=±1 exp(δX−{r,t}θt,−r,1) cosh(−δa+X−{r,t}θr,−t,1)

. (A4)

Let Dr,t(Xt′) denote the denominator of vor,t,1 and Dr,t′(Xt) the denominator of vor,t′,1. We also need the
conditional distribution

pr
(
Xr, Xt, Xt′ | X−{r,t,t′}

)
=

exp{Xr(aXt + bXt′ +Ar) +Xt(cXt′ +At) +Xt′At′}
Dr,t,t′

, (A5)

where

Dr,t,t′ =
∑

Xr,Xt,Xt′∈{−1,1}3
exp{Xr(aXt + bXt′ +Ar) +Xt(cXt′ +At) +Xt′At′}.

By (A4), (A5) and the definition40

εr,1 =Xr − ḟ(X−rθr,−r,1) = Xr
exp{−Xr(aXt +Ar + bXt′)}

cosh(aXt +Ar + bXt′)
,

one can calculate

E(vor,t,1v
o
r,t′,1ε

2
r,1 | X−{r,t,t′}) =

1

Dr,t,t′
∑
Xt,Xt′

XtXt′
exp(−cXtXt′)2 cosh(aXt +Ar + bXt′)

Dr,t(Xt′)Dr,t′(Xt)
.

With a bit algebraic exercise, we obtain

E(vor,t,1v
o
r,t′,1ε

2
r,1 | X−{r,t,t′}) =

2Γr,t,t′

Dr,t′(1)Dr,t′(−1)

eAt′Dr,t(−1) + e−At′Dr,t(1)

Dr,t,t′Dr,t(1)Dr,t(−1)
, (A6)

where Γr,t,t′ = sinh(−2c){cosh(2Ar) + cosh(2a) cosh(2b)}+ cosh(2a) sinh(2a) sinh(2b). The second45

term on the right-hand side of (A6) is equal toE(|vor,t,1εr,1| | X−{r,t,t′}), which is finite because |vor,t,1| ≤
1 and |εr,1| ≤ 2. Because Dr,t′(±1) ≥ 2,∣∣E(vor,t,1v

o
r,t′,1ε

2
r,1 | X−{r,t,t′})

∣∣ ≤∣∣Γr,t,t′ ∣∣.
Therefore by Jensen’s inequality and Assumption 2,

|cov(vor,t,1εr,1, v
o
r,t′,1εr,1)| = |E(vor,t,1v

o
r,t′,1ε

2
r,1)| ≤ E

{
|E(vor,t,1v

o
r,t′,1ε

2
r,1 | X−{r,t,t′})|

}
50

≤ C0| sinh(2c)|+ | sinh(2a) sinh(2b)| cosh(2Cw)

≤ C0{| sinh(2θt,t′,1)|+ | sinh(2θr,t,1) sinh(2θr,t′,1)|}.
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Because var(vr,t,1εr,1) = E{(vor,t,1εr,1)2} = Fr,t,1/4 and Fr,t,1 > c∗ for all (r, t) by Assumption 2,

|cor(vr,t,1εr,1, vr,t′,1εr′,1)| ≤ 4C0

c∗
{
| sinh(2θt,t′,1)|+ | sinh(2θr,t,1) sinh(2θr,t′,1)|

}
.

This completes the proof of (A2). � 55

LEMMA A2. Under Assumptions 1 and 2, we have uniformly for all 1 ≤ r < t ≤ p that θ̌r,t,1 defined
in (7) and similarly defined θ̌r,t,2 are nearly unbiased. Moreover, for any 1 ≤ r < t ≤ p,

|θ̌r,t,k − θ̃r,t,k| = op{(nk log p)−1/2} (k = 1, 2). (A7)

Proof. We first show that θ̌r,t,k (k = 1, 2) are nearly unbiased. Without loss of generality, let k = 1.
Applying local Taylor expansion to ḟ(u

(i)
r,1) around û(i)

r,1, the data generating model in (6) can be rewrit-
ten as 60

X(i)
r − ḟ(û

(i)
r,1) + f̈(û

(i)
r,1)X

(i)
−r θ̂r,−r,1 = f̈(û

(i)
r,1)X

(i)
−rθr,−r,1 +Rei + ε

(i)
r,1, (A8)

where Rei is the remainder term from the Taylor expansion and is of order op{(n1 log p)−1/2} un-
der the conditions in (15) and (16). Thus (A8) is an approximately linear model where the response is
X

(i)
r − ḟ(û

(i)
r,1) + f̈(û

(i)
r,1)X

(i)
−r θ̂r,−r,1 and the predictors are f̈(û

(i)
r,1)X

(i)
−r. Applying the projection-based

bias correction procedure for linear model (Zhang & Zhang, 2014), one immediately obtains (7). Let
∆r,1 = θ̂r,−r,1 − θr,−r,1 and let h(i) = X

(i)
−r∆r,1. To show that θ̌r,t,1 in (7) is nearly unbiased, we plug 65

(A8) in (7) and obtain an equivalent definition:

θ̌r,t,1 = θr,t,1 +
n−1

1

∑n1

i=1 v
(i)
r,t,1ε

(i)
r,1

n−1
1

∑n1

i=1 v
(i)
r,t,1f̈(û

(i)
r,1)X

(i)
t

+
REM1 +REM2

n−1
1

∑n1

i=1 v
(i)
r,t,1f̈(û

(i)
r,1)X

(i)
t

= θr,t,1 + L0 + L12, (A9)

where the two remainder terms are,

REM1 =
1

n1

n1∑
i=1

v
(i)
r,t,1Rei =

1

n1

n1∑
i=1

v
(i)
r,t,1f̈(û

(i)
r,1)h{i} −

1

n1

n1∑
i=1

∫ 1

0

v
(i)
r,t,1f̈(û

(i)
r,1 − zh{i})h{i}dz, 70

REM2 =
1

n1

n1∑
i=1

v
(i)
r,t,1f̈(û

(i)
r,1)X

(i)
−{r,t}∆{r,−t},1.

Since E(v
(i)
r,t,1ε

(i)
r,1) = 0, the bias of θ̌r,t,1 is approximately L12.

In the low-dimensional setting where rank(X) = p < n1, one can choose vr,t,1 = X⊥t as the projec-
tion of Xt onto the orthogonal complement of the column space of X−{r,t} to ensure REM2 = 0. Since
REM1 is negligible, the resulting estimator θ̌r,t,1 in (A9) is nearly unbiased under Assumption 1. How- 75

ever, in the high-dimensional regime where p� n, X⊥t is no longer a valid choice of the score vector
as rank(X) < p, and the condition vr,t,1 ⊥ X−{r,t} forces vr,t,1 to be zero. On the other hand, the full
strength of vr,t,1 ⊥ X−{r,t} is not necessary to ensure that the term REM2 is also negligible. In fact, the
score vector in (8) is sufficient to guarantee that θ̌r,t,1 is nearly unbiased.
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To show (A7), by definition of θ̌r,t,1 in (A9),80

θ̌r,t,1 − θ̃r,t,1 =
n−1

1

∑n1

i=1 v
(i)
r,t,1ε

(i)
r,1

n−1
1

∑n1

i=1 v
(i)
r,t,1f̈(û

(i)
r,1)X

(i)
t

−
n−1

1

∑n1

i=1 v
(i)
r,t,1ε

(i)
r,1

Fr,t,1/2︸ ︷︷ ︸
(i)

+
n−1

1

∑n1

i=1 v
(i)
r,t,1ε

(i)
r,1

Fr,t,1/2
−
n−1

1

∑n1

i=1 v
(i),o
r,t,1ε

(i)
r,1

Fr,t,1/2︸ ︷︷ ︸
(ii)

+
REM1 +REM2

n−1
1

∑n1

i=1 v
(i)
r,t,1f̈(û

(i)
r,1)X

(i)
t︸ ︷︷ ︸

(iii)

= a1 + a2 + a3.

To bound |θ̌r,t,1 − θ̃r,t,1|, it suffices to bound |ak| (k = 1, 2, 3) separately. To this end, we first bound
f̈(û

(i)
r,1)− f̈(u

(i)
r,1) and v(i)

r,t,1 − v
(i),o
r,t,1 .85

Let h(i),1 = X
(i)
−{r,t}∆{r,−t},1 and let h(i),2 = X

(i)
−{r,t}∆{t,−r},1. Under Assumption 1, we can show

via Hölder’s inequality that

max
{
h(i), |h(i),1|, |h(i),2|

}
= o{(log p)−1}, (A10)

and

1

n1

n1∑
i=1

f̈(u
(i)
r,1)(h2

(i),1 + h2
(i),2 + ∆2

{r,t},1) = o{(n1 log p)−1/2}. (A11)

Using the fact that for any h ≥ 0,

exp(−2h)f̈(x) ≤ f̈(x+ h) ≤ exp(2h)f̈(x), (A12)

we have90

|f̈(u
(i)
r,1)− f̈(û

(i)
r,1)| ≤ | exp(2|h(i)|)− 1|f̈(u

(i)
r,1) = o{(log p)−1}. (A13)

In the meanwhile,

max
i=1,...,n1

|v(i)
r,t,1 − v

(i),o
r,t,1 | = max

i=1,...,n1

∣∣∣g(X
(i)
−{r,t}, θ̂r,−r,1, θ̂t, 1)− g(X

(i)
−{r,t}, θr,−r,1, θt,−t,1)

∣∣∣
≤ max
i=1,...,n1

∣∣exp(|h(i),1|+ |h(i),2|+ |∆{r,t},1|)− 1
∣∣ = o{(log p)−1}, (A14)

where the inequality follows from Lemma 1 of an unpublished 2016 technical report from Zhao Ren.
Consequently, by (A13), (A14) and Lemma 3 of an unpublished 2016 technical report from Zhao Ren,95 ∣∣∣∣∣ 1

n1

n1∑
i=1

v
(i)
r,t,1f̈(û

(i)
r,1)X

(i)
t −

1

2
Fr,t,1

∣∣∣∣∣ ≤
∣∣∣∣∣ 1

n1

n1∑
i=1

(v
(i)
r,t,1 − v

(i),o
r,t,1)f̈(û

(i)
r,1)X

(i)
t

∣∣∣∣∣
+

∣∣∣∣∣ 1

n1

n1∑
i=1

v
(i),o
r,t,1{f̈(û

(i)
r,1)− f̈(u

(i)
r,1)}X(i)

t

∣∣∣∣∣
+

∣∣∣∣∣ 1

n1

n1∑
i=1

v
(i),o
r,t,1 f̈(u

(i)
r,1)X

(i)
t −

1

2
Fr,t,1

∣∣∣∣∣
≤o{(log p)−1}. (A15)

By definition of the score vector, E(v
(i),o
r,t,1ε

(i)
r,1) = 0 and E{(v(i),o

r,t,1ε
(i)
r,1)2} = Fr,t,1/4. Therefore by Ho-100

effding’s inequality, there exists C2 > 0 such that for any ξ > 0,

pr

{∣∣∣∣∣n−1
1

n1∑
i=1

v
(i),o
r,t,1ε

(i)
r,1

∣∣∣∣∣ ≥ C2(log p/n1)1/2

}
≤ O(p−ξ).
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Similarly there exists C3 > 0 such that

pr

{∣∣∣∣∣n−1
1

n1∑
i=1

ε
(i)
r,1

∣∣∣∣∣ ≥ C3(log p/n1)1/2

}
≤ O(p−ξ).

Hence we have |n−1
1

∑n1

i=1 v
(i)
r,t,1ε

(i)
r,1| = Op{(log p/n1)1/2}, and

|a1| = Op{(log p/n1)1/2}

∣∣∣∣∣ 1

n1

n1∑
i=1

v
(i)
r,t,1f̈(û

(i)
r,1)X

(i)
t −

1

2
Fr,t,1

∣∣∣∣∣ = op{(n1 log p)−1/2}.

For term a2, recall that Fr,t,1 > c∗ > 0 by Assumption 2 and v(i)
r,t,1 − v

(i),o
r,t,1 is independent from ε

(i)
r,1,

applying Hoeffding’s inequality directly to bounded random variables (v
(i)
r,t,1 − v

(i),o
r,t,1)ε

(i)
r,1 yields 105

|a2| =
2

Fr,t,1

∣∣∣∣∣ 1

n1

n1∑
i=1

(v
(i)
r,t,1 − v

(i),o
r,t,1)ε

(i)
r,1

∣∣∣∣∣ = op{(n1 log p)−1/2}.

Finally, we bound a3. Because its denominator is of constant order by (A15), it suffices to bound the
numerators REM1 and REM2 separately. To bound REM2, by (A14), (A11), and equation (68) in an
unpublished 2016 technical report from Zhao Ren,∣∣∣∣∣ 1

n1

n1∑
i=1

(v
(i)
r,t,1 − v

(i),o
r,t,1)f̈(û

(i)
r,1)h(i),1

∣∣∣∣∣ ≤ C

n1

n1∑
i=1

(
|h(i),1|+ |h(i),2|+ |∆{r,t},1|

)
f̈(û

(i)
r,1)|h(i),1| 110

= op{(n1 log p)−1/2}.

Thus by Lemma 3 of an unpublished 2016 technical report from Zhao Ren,

|REM2| ≤ op{(n1 log p)−1/2}+

∣∣∣∣∣ 1

n1

n1∑
i=1

v
(i),o
r,t,1 f̈(û

(i)
r,1)h(i),1

∣∣∣∣∣
≤ op{(n1 log p)−1/2}+ (log p/n1)1/2‖∆r,1‖1 = op{(n1 log p)−1/2}.

For REM1, by equations (A10), (A11) and (A12) and the fact that |v(i)
r,t,1| ≤ 1, 115

|REM1| =

∣∣∣∣∣
n1∑
i=1

v
(i)
r,t,1f̈(û

(i)
r,1)h(i) −

1

n1

n1∑
i=1

∫ 1

0

v
(i)
r,t,1f̈(û

(i)
r,1 − zh{i})h{i}dz

∣∣∣∣∣
=

∣∣∣∣∣ 1

n1

n1∑
i=1

∫ 1

0

v
(i)
r,t,1{f̈(u

(i)
r,1 + h{i})− f̈(u

(i)
r,1 + zh{i})}h{i}dz

∣∣∣∣∣
≤ 1

n1

n1∑
i=1

|v(i)
r,t,1|f̈(u

(i)
r,1)| exp(2h{i})− 1||h{i}|

≤ C
n1

n1∑
i=1

|v(i)
r,t,1|f̈(u

(i)
r,1)|h2

{i}| = op{(n1 log p)−1/2}.

It follows immediately that |a3| = op{(n1 log p)−1/2}. 120

In summary, we have shown that

|θ̃r,t,1 − θ̌r,t,1| = op{(n1 log p)−1/2}.

LEMMA A3. Under Assumptions 1 and 2,

max
1≤r<t≤p

|šr,t,k − sr,t,k| = op{(log p)−1} (k = 1, 2). (A16)
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Proof. We only prove (A16) for k = 1. By definition,

šr,t,1 =

{
4n−1

1

n1∑
i=1

(v
(i)
r,t,1)2f̈

(
û

(i)
r,1

)}−1

.

It is easy to check that 4n−1
1

∑n1

i=1(v
(i)
r,t,1)2f̈

(
û

(i)
r,1

)
is bounded. We first look at the difference

1

n1

n1∑
i=1

(v
(i)
r,t,1)2f̈

(
X

(i)
−r θ̂r,1

)
− 1

4
Fr,t,1.

Following the proof of Lemma A2, one can show that

∣∣∣ 1

n1

n1∑
i=1

(v
(i)
r,t,1)2f̈(ûr,1)− 1

4
Fr,t,1

∣∣∣ ≤∣∣∣ 1

n1

n1∑
i=1

{(v(i)
r,t,1)2 − (v

(i),o
r,t,1)2}f̈(ûr,1)

∣∣∣125

+
∣∣∣ 1

n1

n1∑
i=1

(v
(i),o
r,t,1)2{f̈(ûr,1)− f̈(ur,1)}

∣∣∣
+
∣∣∣ 1

n1

n1∑
i=1

(v
(i),o
r,t,1)2f̈(ur,1)− 1

4
Fr,t,1

∣∣∣
=b1 + b2 + b3,

where b1 = op{(log p)−1}, b2 = op{(log p)−1} and b3 = Op{(log p/nk)1/2} = op{(log p)−1}. Thus

∣∣∣ 1

n1

n1∑
i=1

(v
(i)
r,t,1)2f̈(ûr,1)− 1

4
Fr,t,1

∣∣∣ = op{(log p)−1}.

The result in (A16) follows immediately because the denominator of šr,t,1 is bounded below by a con-130

stant. �

LEMMA A4. Under the conditions of Theorem 1, there exists some constant C > 0 such that for any
ε > 0

pr

{
max

(r,t)∈Λ

(θ̃r,t,1 − θ̃r,t,2 − θr,t,1 + θr,t,2)2

sr,t,1/n1 + sr,t,2/n2
≥ x2

}
≤ C|Λ|{1− Φ(x)}+O(p−ε),

uniformly for 0 ≤ x ≤ (8 log p)1/2 and Λ ⊂ {(r, t) : 1 ≤ r < t ≤ p}.

Proof. Let135

Zr,t,i =
n2

n1

2v
(i),o
r,t,1ε

(i)
r,1

Fr,t,1
(i = 1, . . . , n1),

Zr,t,i = −
2v

(i),o
r,t,2ε

(i)
r,2

Fr,t,2
(i = n1 + 1, . . . , n1 + n2).

Then

(θ̃r,t,1 − θ̃r,t,2 − θr,t,1 + θr,t,2)2

sr,t,1/n1 + sr,t,2/n2
=

(
∑n1+n2

i=1 Zr,t,i)
2∑n1+n2

i=1 Z2
r,t,i

∑n1+n2

i=1 Z2
r,t,i

n2
2sr,t,1/n1 + n2sr,t,2

. (A17)
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It is easy to check that n−1
1

∑n1

i=1 Z
2
r,t,i → (n2/n1)2sr,t,1 and n−1

2

∑n2

i=1 Z
2
r,t,i → sr,t,2. In particular,

since Z2
r,t,i are bounded for all i, we apply Hoeffding’s inequality to obtain 140

pr

{
1

n1

n1∑
i=1

Z2
r,t,i −

n2
2

n2
1

sr,t,1 ≥ C(log p/n1)1/2

}
≤ p−2C2

,

pr

{
1

n2

n1+n2∑
i=1+n1

Z2
r,t,i − sr,t,2 ≥ C(log p/n2)1/2

}
≤ p−2C2

.

Thus the second term on the right-hand side of (A17) can be treated as a constant, up to a small deviation
in the order of (log p/nk)1/2. It suffices to check the large deviation bound of the term

(
∑n1+n2

i=1 Zr,t,i)
2∑n1+n2

i=1 Z2
r,t,i

.

Since Zr,t,i (i = 1, . . . , n1 + n2) are all bounded and thus have finite (2 + δ)th moment (0 < δ ≤ 1), 145

we can apply the self-normalized large deviation theorem for independent random variables in Jing et al.
(2003) to obtain

max
1≤r<t≤p

pr

{
(
∑n1+n2

i=1 Zr,t,i)
2∑n1+n2

i=1 Z2
r,t,i

≥ x2

}
≤ C{1− Φ(x)},

uniformly for 0 ≤ x ≤ (8 log p)1/2. �

LEMMA A5. Let W̃r,t = (θ̃r,t,1 − θ̃r,t,2)(sr,t,1/n1 + sr,t,2/n2)−1/2. Under the conditions of Theo-
rem 3, for any ε > 0, 150∫ bp

0

pr

[
|
∑

(r,t)∈H0
{I(|W̃r,t| ≥ τ)− pr(|W̃r,t| ≥ τ)}|

q0G(τ)
≥ ε

]
dτ = o(vp), (A18)

sup
0≤τ≤bp

pr

[
|
∑

(r,t)∈H0
{I(|W̃r,t| ≥ τ)− pr(|W̃r,t| ≥ τ)}|

q0G(τ)
≥ ε

]
= o(1), (A19)

where bp = {4 log p− 2 log(log p)}1/2 and vp = (c2p log p)−1/2 with cp = log log log log p.

Proof. We only show (A18) as the proof of (A19) follows similarly. To this end, define

D0 = {(r, t) : 1 ≤ t ≤ p, r ∈ At(ξ)}, H01 = H0 ∩ D0, H02 = H0 ∩ Dc0, 155

where At(ξ) is defined in Assumption 3. By Assumption 3, we have |H01| = o(p1+γ) for 0 < γ < 1. By
(12) and the condition that q0 ≥ c1p2,

E

[
|
∑

(r,t)∈H01
{I(|W̃r,t| ≥ τ)− pr(|W̃r,t| ≥ τ)}|

q0G(τ)

]
.
p1+γG(τ)

q0G(τ)
= O(p−1+γ). (A20)

To evaluate (A18) over the set H02, we split H02 into several subsets as done in Cai & Liu (2016).
The criterion for such a split is based on the function Corrk(r, t, l,m), which is defined such that for
k ∈ {1, 2}, r 6= t, l 6= m and r, t, l,m ∈ {1, . . . , p}, 160

Corrk(r, t, l,m) =


4(c∗)−1C0{| sinh(2θr,l,k)|+ | sinh(2θr,t,k) sinh(2θl,t,k)|}, t = m,

4(c∗)−1C0{| sinh(2θt,m,k)|+ | sinh(2θr,t,k) sinh(2θr,m,k)|}, r = l,

(c∗)−1C1{
∑
a=m,l | sinh(2θr,a,k)|}{

∑
a=m,l | sinh(2θt,a,k)|}, r 6= l, t 6= m.
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By Lemma 1, Corr1(r, t, l,m) and Corr2(r, t, l,m) together approximately quantify the dependence be-
tween W̃r,t. For some large constant C > 0, define the following events

H3X = {(r, t, l,m) : (r, t) ∈ H02, (l,m) ∈ H02,Corr1(r, t, l,m) ≤ C(log p)−2−ξ},
H4X = {(r, t, l,m) /∈ H3X : (r, t) ∈ H02, (l,m) ∈ H02,Corr1(r, t, l,m) ≤ C{0.5 + (log p)−2−ξ}},
H5X = {(r, t, l,m) /∈ H3X ∪H4X : (r, t) ∈ H02, (l,m) ∈ H02}.165

The eventsH3Y ,H4Y ,H5Y are defined similarly. LetH3 = H3X ∩H3Y ,H5 = H5X ∪H5Y , andH4 =
H4X ∪H4Y \H5.

By Assumption 3, one can easily enumerate the different scenarios in H3,H4 and H5. Let Grtlm =
(Vrtlm, Ertlm) be a graph, where Vrtlm = {r, t, l,m} is the set of vertices and Ertlm is the set of edges.
There is an edge between a 6= b ∈ {r, t, l,m} if and only if | sinh(θa,b,k)| ≥ (log p)−2−ξ. If the number170

of distinct vertices in Vrtlm is 3, then we call Grtlm a three-vertex graph (3-G); similarly if there are 4
distinct vertices in Vrtlm, then Grtlm is a four-vertex graph (4-G). Therefore the different scenarios inH4

consist of:

r t

l m

,

r t

l m

,

r t

l m

,

r t

l m

,

r t

l

,

r t

l

,

r t

,

m

r t

.

m
175

Similarly, the different scenarios inH3 can be listed as:

r t

l m

,

r t

l m

,

r t

l m

,

r t

l m

,

r t

l m

,

r t

l m

,

r t

l m

,
r t

l

,

r t

l

,

r t

m

,

r t

m

.

What remains goes into the setH5: either (r, t) = (l,m) or

r t

l m

.

180

As a result, one can show that |H4| = O(p2+2γ) and |H5| = O(p2 + p1+3γ).
Let frtlm(τ) = pr(|W̃r,t| ≥ τ, |W̃lm| ≥ τ)− pr(|W̃r,t| ≥ τ)pr(|W̃lm| ≥ τ). Then

E

[ |∑(r,t)∈H02
{I(|W̃r,t| ≥ τ)− pr(|W̃r,t| ≥ τ)}|

q0G(τ)

]2
 =

∑
(r,t)∈H02

∑
(l,m)∈H02

frtlm(τ)

q2
0G

2(τ)
.

(A21)
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By Lemma 4 in the supplementary materials of Cai & Liu (2016),∣∣∣∣∣
∑

(r,t,l,m)∈H3
frtlm(τ)

q2
0G

2(τ)

∣∣∣∣∣ ≤ CAn, (A22)

where An ≤ (log p)−1−γ2 for some γ2 > 0. Further, we also have for η = 0.5, 185∣∣∣∣∣
∑

(r,t,l,m)∈H4
frtlm(τ)

q2
0G

2(τ)

∣∣∣∣∣ ≤ C(τ + 1)2/(1+η)−2

p2−2γ{G(τ)}2η/(1+η)
, (A23)∣∣∣∣∣

∑
(r,t,l,m)∈H5

frtlm(τ)

q2
0G

2(τ)

∣∣∣∣∣ ≤ C

p2G(τ)
+

C

p3−3γG(τ)
. (A24)

By the tail bound of standard normal random variable, G(τ) ≥ G(bp) ≈ (2πb2p)
−1/2 exp(−b2p/2) for 0 ≤

τ ≤ bp. Thus by Assumption 3, the following holds:∫ bp

0

[
p−1+γ +An +

C(τ + 1)2/(1+ζ)−2

p2−2γ{G(τ)}2ζ/(1+ζ)
+

C

p2G(τ)
+

C

p3−3γG(τ)

]
dτ = o(vp). (A25) 190

Combining (A20), (A21), (A22), (A23), (A24) and (A25), we prove (A18). �

A·2. Proof of Theorem 1
Proof. Recall the test statistic is

Mn,p = max
1≤r<t≤p

W 2
r,t = max

1≤r<t≤p

(θ̌r,t,1 − θ̌r,t,2)2

šr,t,1/n1 + šr,t,2/n2
. (A26)

Define

M̂n,p = max
1≤r<t≤p

Ŵ 2
r,t = max

1≤r<t≤p

(θ̌r,t,1 − θ̌r,t,2)2

sr,t,1/n1 + sr,t,2/n2
, 195

M̃n,p = max
1≤r<t≤p

W̃ 2
r,t = max

1≤r<t≤p

(θ̃r,t,1 − θ̃r,t,2)2

sr,t,1/n1 + sr,t,2/n2
.

Under the null, let θrt = θr,t,1 = θr,t,2. Recall the definition of At(ξ) in Assumption 3, and let B0 =
{(r, t) : r ∈ Λ(η∗), r < t < p} ∪ {(r, t) : t ∈ Λ(η∗), 1 ≤ r < t} and let D0 = {(r, t) : t = 1, . . . , p, r ∈
At(ξ)} ∪ B0. To prove Theorem 1, we first show that (i) Mn,p is close to M̃n,p, and (ii) terms in D0 are
negligible for defining the limiting distribution of M̃n,p. Consequently it suffices to study the limiting 200

distribution of M̃n,p on A\D0, where A = {(r, t) : 1 ≤ r < t ≤ p}.
By definition, |vor,t,k| ≤ 1, |f̈(ur,k)| ≤ 1 for k = 1, 2. Therefore Fr,t,k = 4EΘk{(vor,t,k)2f̈(ur,k)} ≤ 4

and srt,k = 1/Frt,k ≥ 1/4. Hence

Wr,t − W̃r,t =Wr,t − Ŵr,t + Ŵr,t − W̃r,t

=Wr,top{(log p)−1}+
(θ̌r,t,1 − θ̌r,t,2)− (θ̃r,t,1 − θ̃r,t,2)

(sr,t,1/n1 + sr,t,2/n2)1/2
205

=Wr,top{(log p)−1}+ op{(log p)−1/2} = op{(log p)−1/2},

where we have used Lemma A2 and A3. Thus it suffices to show

pr(M̃n,p − 4 log p+ log log p ≤ z)→ exp{−(8π)−1/2e−z/2},

as n1, n2, p→∞. Let yp = z + 4 log p− log log p and let

M̃D0
= max

(r,t)∈D0

(θ̃r,t,1 − θ̃r,t,2)2

sr,t,1/n1 + sr,t,2/n2
, M̃A\D0

= max
(r,t)∈A\D0

(θ̃r,t,1 − θ̃r,t,2)2

sr,t,1/n1 + sr,t,2/n2
.
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Then pr(M̃n,p ≥ yp)− pr(M̃A\D0
≥ yp) ≤ pr(M̃D0 ≥ yp). Assumption 3 and the bounded cardinality

condition on Λ(η∗) indicate that |D0| = o(p1+γ). Thus by Lemma A4, for any fixed x ∈ R, we must have210

pr(M̃D0 ≥ yp) ≤ |D0|Cp−2 + o(1) = o(1).

Hence it suffices to show that

pr(M̃A\D0
− 4 log p+ log log p ≤ z)→ exp{−(8π)−1/2e−z/2},

as n1, n2, p→∞.
Now let us rearrange the two-dimensional indices in the set {(r, t) : (r, t) ∈ A\D0} as {(rj , tj) : j =

1, . . . , q}, where q = |A\D0|. For j = 1, . . . , q, let

Zji =
n2

n1

2v
(i),o
rj ,tj ,1

ε
(i)
rj ,1

Frj ,tj ,1
(i = 1, . . . , n1),215

Zji = −
2v

(i),o
rj ,tj ,2

ε
(i)
rj ,2

Frj ,tj ,2
(i = n1 + 1, . . . , n1 + n2).

Note the Zji’s are all bounded. Let

Vj = (n2
2/n1sj1 + n2sj2)−1/2

n1+n2∑
i=1

Zji (j = 1, . . . , q).

It suffices to show that for any z ∈ R, as n1, n2, p→∞,

pr

(
max

j=1,...,q
V 2
j − 4 log p+ log log p ≤ z

)
→ exp

{
−(8π)−1/2 exp(−z

2
)
}
. (A27)

Let Ejg = {V 2
jg
≥ yp}. By the Bonferroni inequality in Lemma 1 of Cai et al. (2013), for any integer m220

with 0 < m < q/2,

2m∑
`=1

(−1)`−1
∑

1≤j1<···<j`≤q

pr

(⋂̀
g=1

Ejg

)
≤ pr

(
max

j=1,...,q
V 2
j ≥ yp

)

≤
2m−1∑
`=1

(−1)`−1
∑

1≤j1<···<j`≤q

pr

(⋂̀
g=1

Ejg

)
. (A28)

Let

Z̃ji = Zji/(n2sj1/n1 + sj2)1/2 (j = 1, . . . , q),225

and Wi = (Z̃j1i, . . . , Z̃j`i) for all i = 1, . . . , n1 + n2. Denote |a|min = mini=1,...,` |ai| for any vector
a ∈ R`. Then

pr

(⋂̀
g=1

Ejg

)
= pr

(∣∣∣n−1/2
2

n1+n2∑
i=1

Wi

∣∣∣
min
≥ yp1/2

)
.

By Theorem 1 in Zaitsev (1987),

pr

(∣∣∣n−1/2
2

n1+n2∑
i=1

Wi

∣∣∣
min
≥ yp1/2

)
≤pr

{
|N`|min ≥ yp1/2 − εn(log p)−1/2

}
+ c1`

5/2 exp

{
− n

1/2
2 εn

c2`5/2τn(log p)1/2

}
. (A29)230
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where c1, c2 > 0 are absolute constants, εn → 0 whose rate will be specified later, τn > 0 are con-
stants, and N` = (Nj1 , . . . , Nj`) is an `-dimensional normal vector with mean zero and covariance
n1cov(W1)/n2 + cov(Wn1+1). Recall that ` is a fixed integer that is independent of nk and p. Since
log p = o(n

1/3
k ) by Assumption 1, we can choose εn → 0 sufficiently slowly such that

c1`
5/2 exp

{
− n

1/2
2 εn

c2`5/2τn(log p)1/2

}
= o(p−2). (A30)

Thus by (A28), (A29), (A30), 235

pr

(
max

j=1,...,q
V 2
j ≥ yp

)
≤

2m−1∑
`=1

(−1)`−1
∑

1≤j1<···<j`≤q

pr
{
|N`|min ≥ yp1/2 − εn(log p)−1/2

}
+ o(1).

(A31)
Similarly, by Theorem 1 in Zaitsev (1987),

pr

(
max

j=1,...,q
V 2
j ≥ yp

)
≥

2m∑
`=1

(−1)`−1
∑

1≤j1<···<j`≤q

pr
{
|N`|min ≥ yp1/2 − εn(log p)−1/2

}
+ o(1).

(A32)
To complete the proof, we need to verify that Lemma 5 in Cai et al. (2013) also holds in our setting. A

key condition is that the random variables Zji and Zj′i are only weakly dependent for j 6= j′. By Lemma
1 and Assumption 3, one can show that such weak dependence between Zji and Zj′i (j 6= j′) holds.
In addition, Lemma A6 below is trivially satisfied since otherwise the Hessian of the likelihood function 240

Qr,k would become singular. Hence Lemma 5 in Cai et al. (2013) also holds in the current context. Finally,
applying this lemma to (A31) and (A32), one has for any positive integer m > 0,

lim sup
nk,p→∞

pr

(
max

j=1,...,q
V 2
j ≥ yp

)
≤

2m−1∑
`=1

(−1)`−1 1

`!

{
(8π)−1/2 exp

(
−z

2

)}`
{1 + o(1)},

lim sup
nk,p→∞

pr

(
max

j=1,...,q
V 2
j ≥ yp

)
≥

2m∑
`=1

(−1)`−1 1

`!

{
(8π)−1/2 exp

(
−z

2

)}`
{1 + o(1)}.

Letting m→∞, we obtain the desired convergence in (A27). � 245

LEMMA A6 (BERMAN, 1962). If X and Y have a bivariate normal distribution with mean zero, unit
variance and correlation coefficient ρ, then

lim
c→∞

pr(X > c, Y > c)

{2π(1− ρ)1/2c2}−1 exp{−c2(1 + ρ)−1}(1 + ρ)3/2
= 1,

uniformly for all ρ such that |ρ| ≤ δ, for any 0 < δ < 1.

A·3. Proof of Theorem 2
Proof. Statement (i) follows from the proof of Theorem 2 in Xia et al. (2015). To prove the lower 250

bound result in (ii), we first construct the worst case scenario to test between Θ1 and Θ2.
Let M(ap, p− 1) be the set of all subsets of {1, . . . , p− 1} with cardinality ap = O(pγ) for γ <

1/2. Let m̂ be a random variable uniformly distributed over M(ap, p− 1). We construct a class
N = {Θm̂, m̂ ∈M(ap, p− 1)}, such that θrt = 0 for |r − t| > 1, θr,r+1 = θr+1,r = ρI(r ∈ m̂) and
ρ = c(log p/n)1/2. Let Θ1 be uniformly distributed over N and let Θ2 be the zero matrix. Let µρ be 255

the distribution of Θ1 −Θ2 = Θ1, which is a probability measure on {∆ ∈ S(2ap) : ‖∆‖2F = 2apρ
2},

where S(2ap) is the class of matrices with 2ap nonzero entries. Let dpr1{(X(1), . . . , X(n))} and
dpr2{(Y (1), . . . , Y (n))} denote the likelihood functions with partial correlation matrices Θ1 and Θ2,
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respectively. Then

Lµρ = Eµρ

[
dpr1{(X(1), . . . , X(n))}
dpr2{(Y (1), . . . , Y (n))}

]
,

where the expectation is over the distribution of Θ1. By the arguments in Baraud (2002), it suffices to260

show that E(L2
µρ) ≤ 1 + o(1).

It is easy to check that

Lµρ = EY,m̂

{
n∏
i=1

2p

Zm̂(Θm̂)
exp

(
ρ
∑
r∈m̂

Y (i)
r Y

(i)
r+1

)}
,

where Y (i)
1 , . . . , Y

(i)
p are independent Rademacher random variables and Zm̂(Θm̂) is the normalizing

constant corresponding to prΘm̂
. Since Θm̂ ∈ N and |m̂| = ap, we can express Zm̂(Θm̂) analytically as∑

X1,...,Xp

exp(ρ
∑
r∈m̂

XrXr+1) = 2p{cosh(ρ)}ap .

Consequently, one can rewrite Lµρ as265

Lµρ =EY,m̂

[
n∏
i=1

2p

2p{cosh(ρ)}ap
exp(ρ

∑
r∈m̂

Y (i)
r Y

(i)
r+1)

]

=
1

C
ap
p−1

∑
m∈M(ap,p−1)

1

{cosh(ρ)}nap
EY

{
n∏
i=1

exp(ρ
∑
r∈m

Y (i)
r Y

(i)
r+1)

}
.

Let J(p, ρ) = C
ap
p−1C

ap
p−1{cosh(ρ)}2nap . By mutual independence of Yr’s,

E(L2
µρ) =

1

J(p, ρ)

∑
m,m′∈M(ap,p−1)

EY

{
n∏
i=1

exp
(
ρ
∑
r∈m

Y (i)
r Y

(i)
r+1 + ρ

∑
r∈m′

Y (i)
r Y

(i)
r+1

)}

=
1

J(p, ρ)

∑
m,m′∈M(ap,p−1)

EY

{
n∏
i=1

exp
(

2ρ
∑

r∈m∩m′

Y (i)
r Y

(i)
r+1 + ρ

∑
r∈m∆m′

Y (i)
r Y

(i)
r+1

)}
270

=
1

J(p, ρ)

∑
m,m′∈M(ap,p−1)

n∏
i=1

EY

{
exp

(
2ρ

∑
r∈m∩m′

Y (i)
r Y

(i)
r+1

)}
EY

{
exp

(
ρ

∑
r∈m∆m′

Y (i)
r Y

(i)
r+1

)}
,

where m∆m′ = (m\m′) ∪ (m′\m). Further, one can show that

EY

{
exp

(
ρ
∑
r∈m

Y (i)
r Y

(i)
r+1

)}
= coshm(ρ).

Hence

E(L2
µρ) =

1

J(p, ρ)

∑
m,m′∈M(ap,p−1)

n∏
i=1

{cosh(2ρ)}|m∩m
′|{cosh(ρ)}|m∆m′|

=
1

J(p, ρ)

∑
m,m′∈M(ap,p−1)

{cosh(2ρ)}n|m∩m
′|{cosh(ρ)}n|m∆m′|

275

=
1

J(p, ρ)

∑
m,m′∈M(ap,p−1)

{
cosh(2ρ)

cosh2(ρ)

}n|m∩m′|

{cosh(ρ)}2n|m∩m
′|+n|m∆m′|

=
1

C
ap
p−1C

ap
p−1

∑
m,m′∈M(ap,p−1)

{
2 cosh(2ρ)

1 + cosh(2ρ)

}n|m∩m′|

,
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where the last equation follows from the fact that |m ∩m′|+ |m∆m′|/2 = ap. In view of the random
variables m,m′ ∈M(ap, p− 1), we can further write

E(L2
µρ) =

(
p− 1

ap

)−2 ap∑
j=1

(
ap
j

)(
p− 1− ap
ap − j

){
2 cosh(2ρ)

1 + cosh(2ρ)

}nj
280

={1 + o(1)}
[
1 +

ap
p− 1

{
2 cosh(2ρ)

1 + cosh(2ρ)

}n]ap
.

Because ρ = c(log p/n)1/2, the term {1 + cosh(2ρ)}−1{2 cosh(2ρ)} ∼ 1 + 2ρ2 by local Taylor approx-
imation. Therefore,

E(L2
µρ) ≤{1 + o(1)} exp

[
ap log

{
1 +

ap
p− 1

(1 + 2ρ2)n
}]

≤{1 + o(1)} exp
(
a2
pp

2c2−1
)

= 1 + o(1), 285

for sufficiently small c > 0, where the last inequality follows from local Taylor approximation log(1 +
x) ∼ x for x in a small neighborhood of x0 = 0. �

A·4. Proof of Theorem 3
Proof. The key to the proof of Theorem 3 is Lemma A5. Conditioning on Lemma A5, we can follow

the strategy developed in Xia et al. (2015) to establish the asymptotic control of false discovery proportion 290

and false discovery rate in Theorem 3. �

B. ADDITIONAL TECHNICAL DETAILS

B·1. Covariances between residuals
For expositional clarity, consider generic parameters (θrt)1≤r<t≤p and the corresponding oracle score

vectors (vrt)1≤r<t≤p. We derive cov(εr, εt) for r 6= t. 295

The conditional distribution of Xr given X−r is

prΘ(Xr | X−r) =
exp(Xr

∑
j 6=r θrjXj)

exp(
∑
j 6=r θrjXj) + exp(−

∑
j 6=r θrjXj)

.

Suppose r < t. The joint distribution of Xr and Xt given X−{r,t} is

prΘ(Xr, Xt | X−{r,t}) =
prΘ(X)∑

Xr

∑
Xt

prΘ(Xr, Xt, X−{r,t})

=
exp(θrtXrXt +Xr

∑
j 6=r,t θrjXj +Xt

∑
j 6=r,t θtjXj)

2Drt
,

where Drt = exp(θrt) cosh{
∑
j 6=r,t(θrj + θtj)Xj}+ exp(−θrt) cosh{

∑
j 6=r,t(θrj − θtj)Xj}. There- 300

fore the conditional distribution of Xt given X−{r,t} is

prΘ(Xt | X−{r,t}) =
prΘ(Xr, Xt | X−{r,t})

prΘ(Xr | X−{r})

=
exp(Xt

∑
j 6=r,t θtjXj) cosh(

∑
j 6=r θrjXj)

Drt
,

which again follows a logistic regression form.
Recall the residual εr is defined as 305

εr = Xr − ḟ(X−rθr),
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whose conditional variance var(εr | X−r) = f̈(X−rθr). Since E(εr) = 0 for all r = 1, . . . , p, it suffices
to calculateE(εrεt). Let u{r,−t} = X−{r,t}θ{r,−t}. By the joint distribution ofXr andXt givenX−{r,t},

E(εrεt | X−{r,t}) =
A

B
, (B1)

where

A = sinh(−2θrt){e−θrt cosh(u{t,−r} + u{r,−t}) + eθrt cosh(u{t,−r} − u{r,−t})},
B =2Drt cosh(θrt + u{r,−t}) cosh(−θrt + u{r,−t}) cosh(θtr + u{t,−r}) cosh(−θtr + u{t,−r}).310

Further, we can calculate E{f̈(X−rθr) | X−{r,t}}, which yields

1

2
E
{
f̈(X−rθr) | X−{t,r}

}
sinh(−2θrt) =

A

B

{
cosh(θrt + u{t,−r}) cosh(−θrt + u{t,−r})

}
. (B2)

Combining (B1) and (B2), the desired conditional expectation becomes

E(εrεt | X−{r,t}) =
1

2

sinh(−2θrt)E
{
f̈(X−rθr) | X−{r,t}

}
cosh(θrt + u{t,−r}) cosh(−θrt + u{t,−r})

. (B3)

The right-hand side of (B3) still involves one conditional expectation. It is thus not straightforward to
obtain an explicit expression of cov(εr, εt). Nonetheless, we can obtain the following upper bound using
the fact that cosh(x) ≥ 1:315

|cov(εr, εt)| =
∣∣E {E(εrεt | X−{r,t})

}∣∣ ≤ 1

2
| sinh(2θrt)|.

B·2. Covariances between test statistics
To complete the proof of Lemma 1, we show (A3) by calculating cov(vrtεr, vmlεm) for distinct indices

r, t,m and l. For expositional clarity, we introduce several simplified notation: θrt = a, θrm = b, θtm =
c, θrl = d, θtl = e and θml = f . For k ∈ {r, t,m, l}, let Ak =

∑
j:j 6={r,t,m,l} θkjXj . The full conditional320

distribution is

prΘ

(
Xr, Xt, Xm, Xl | X−{r,t,m,l}

)
=

Drtml∑
Xr,Xt,Xm,Xl∈{−1,1}4 Drtml

,

where the numerator

Drtml = exp{Xr(aXt + bXm + dXl +Ar) +Xt(cXm + eXl +At) +Xm(fXl +Am) +XlAl}.

To evaluate the desired correlation, we need E(vrtvmlεrεm | X−{r,t,m,l}). Let

Dml(Xr, Xt) =
∑
δ=±1

e−δ(Al+dXr+eXt) cosh(δf +Am + bXr + cXt).325

By definition,Dml(Xr, Xt) ≥ 2 cosh (Al + dXr + eXt) ≥ 2. Expanding terms in the conditional expec-
tation yields

E
(
vrtεrvmlεm | X−{r,t,m,l}

)
=

E
{

(Q+ γXmXl)vrtεr | X−{r,t,m,l}
}

Dml(1, 1)Dml(−1, 1)Dml(1,−1)Dml(−1,−1)
, (B4)
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where

Q =ν sinh(2XmAm − 2XlAl) + (η − ξ)Xm sinh(2fXl − 2Am)

+ 2 sinh(2b) sinh(2c)e−2XlAl{e2Al cosh(−2f + 2Am) + e−2Al cosh(2f + 2Am)} 330

+ (α− β)Xl sinh(2fXm − 2Al)

+ 2 sinh(2d) sinh(2e)e−2XmAm{e2Am cosh(−2f + 2Al) + e−2Am cosh(2f + 2Al)}
+ (µ− ψ)e−2fXmXl{e2f cosh(2Al − 2Am) + e−2f cosh(2Al + 2Am)}
+ (η + ξ)XmXl cosh(2fXl − 2Am) + (α+ β)XmXl cosh(2fXm − 2Al)

+ (µ+ ψ)XmXle
−2fXmXl{e2f cosh(2Al − 2Am) + e−2f cosh(2Al + 2Am)}, 335

and

γ = 4 sinh(2b) sinh(2e) cosh(2b) cosh(2e) + 4 sinh(2c) sinh(2d) cosh(2c) cosh(2d),

ν = 4 sinh(2b) sinh(2c) cosh(2d) cosh(2e)− 4 sinh(2d) sinh(2e) cosh(2b) cosh(2c),

η − ξ = −2 sinh(2b) sinh(2c){cosh(4d) + cosh(4e)},
α− β = −2 sinh(2d) sinh(2e){cosh(4b) + cosh(4c)}, 340

µ− ψ = 2 sinh(2b) sinh(2c) cosh(2d) cosh(2e) + 2 sinh(2d) sinh(2e) cosh(2b) cosh(2c),

η + ξ = 4 sinh(2b) sinh(2e) cosh(2c) cosh(2e) + 4 sinh(2c) sinh(2d) cosh(2b) cosh(2d),

α+ β = 4 sinh(2b) sinh(2e) cosh(2b) cosh(2d) + 4 sinh(2c) sinh(2d) cosh(2c) cosh(2e),

µ+ ψ = 2 sinh(2b) sinh(2e) cosh(2c) cosh(2d) + 2 sinh(2c) sinh(2d) cosh(2b) cosh(2e).

Since |vrtεr| ≤ 2 and Dml(Xr, Xt) ≥ 2, applying Jensen’s inequality to (B4) implies 345

|cov(vrtεr, vmlεm)| = |E (vrtεrvmlεm) | ≤ 1

8
E
(
|Q|+ |γ|

)
.

In the following, we bound each term in Q for Θ satisfying Assumption 2. To this end, we com-
bine terms and write Q as a function of sinh(2b) sinh(2c), sinh(2d) sinh(2e), sinh(2b) sinh(2e) and
sinh(2c) sinh(2d).

Specifically, the multipliers of sinh(2b) sinh(2c) are bounded by

|4 cosh(2d) cosh(2e) sinh(2XmAm − 2XlAl)| ≤ 4 sinh(4Cw), 350

2{cosh(4d) + cosh(4e)}| sinh(2fXl − 2Am)| ≤ 4(C0 − 1)2 sinh(2Cw),

2e−2XlAl{e2Al cosh(−2f + 2Am) + e−2Al cosh(2f + 2Am)} ≤ 8(C0 − 1)3,

2 cosh(2d) cosh(2e)e−2fXmXl{e2f cosh(2Al − 2Am) + e−2f cosh(2Al + 2Am)} ≤ 8(C0 − 1)2.

And the multipliers of sinh(2b) sinh(2e) are bounded by

4 cosh(2c) cosh(2e) cosh(2fXl − 2Am) ≤ 4(C0 − 1)2, 355

4 cosh(2b) cosh(2d) cosh(2fXm − 2Al) ≤ 4(C0 − 1)2,

2 cosh(2c) cosh(2d)e−2fXmXl{e2f cosh(2Al − 2Am) + e−2f cosh(2Al + 2Am)} ≤ 8(C0 − 1)2.

Similarly, one can bound the multipliers of sinh(2d) sinh(2e) and sinh(2c) sinh(2d). After combining
terms, we can bound |Q|+ |γ| by

|Q|+ |γ| ≤
∑
k=m,l

Jrk,tk| sinh(2θrk) sinh(2θtk)| 360

+ Jrm,tl| sinh(2θrm) sinh(2θtl)|+ Jrl,tm| sinh(2θrl) sinh(2θtm)|,
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where for k ∈ {m, l},

Jrk,tk =4 sinh(4Cw) + 4(C0 − 1)2 sinh(2Cw) + 8(C0 − 1)3 + 8(C0 − 1)2

=8 sinh(2Cw)(C0 − 1) + 4(C0 − 1)2{sinh(2Cw) + 2C0},

and for (k, k′) ∈ {(m, l), (l,m)},365

Jrk,tk′ = 16(C0 − 1)2 + 4 cosh(2θtk′) cosh(2θrk) ≤ 20(C0 − 1)2.

Let C1 = max{Jrm,tm/2, 10(C0 − 1)2}. The desired correlation is thus

|cor(vrtεr, vmlεm)| = 4|cov(vrtεr, vmlεm)|
(FrtFml)1/2

≤ 1

2c∗
E(|Q|+ |γ|)

≤ C1

c∗

{ ∑
a=m,l

| sinh(2θra)

}{ ∑
b=m,l

sinh(2θtb)|

}
.370
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