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1 The derivation of differential equations

1.1 The derivation of the master equations

We present the technical steps leading to the master equations

P/(0,m,t) = v Pi(1,m,t) — (md + X\ + x1)P1(0,m, )

+(m +1)01P1(0,m + 1,t) + ko 7;1 (%) (;) Py(n,t), (1)
P/(1,m,t) = MPi(0,m,t) — (v1 +mdy + 1 + k1) Pi(1,m,t)

+uP(1L,m—1,t)+ (m+ 1) P (1,m+ 1,1), (2)
Py(0,m,t) = K1 Pi(m,t) — (mda+ 2Xg + ko) P2(0,m, t)

+(m 4+ 1)52P(0,m + 1,t) + 2 P (1,m, t), (3)
Py(1,m,t) = 2XP(0,m,t) 4+ 27%P(2,m,t) + (m + 1)02Po(1,m + 1,t)

+1aPs(1,m — 1,t) — (vo + mday + Ao + 72 + ko) Pa(1,m, 1), (4)
Py(2,m,t) = XNPy(1,m,t) — (2us + mdy + 2792 + ko) Pa(2,m, t)

+ 205 Po(2,m — 1,t) + (m + 1)52P(2,m + 1,1). (5)

In these equations, the time evolutions of the joint probabilities

Pi(i,m,t) :Prob{](t):z',M(t):m,U(t):1}, i=0,1;m=0,1,2,---, (6)
Py(i,m,t) =Prob{I(t) =i, M(t) =m,U(t) =2}, i=0,1,2m=0,1,2,---, (7)

are expressed by linear combinations of related probabilities. We recall that I, M, and U
specify the promoter state, the mRNA copy number of the gene, and the cell cycle stage of a
single cell in an isogenic cell population, respectively. Suppose that the gene is OFF and the
cell resides on S; stage with m copies of mRNA molecules at time ¢ + A for an infinitesimal
time increment A > 0. Then the basic assumptions (i)-(v) imply that, by discarding the



Initial State ()  Terminal State (t + k) Event Probability

(a) (OFF,Sy,m) (OFF,S;,m) Pi(0,m,t) - (1 = Ah)(1 — k1h)(1 —mdh)
(b) (ON, S;,m) (OFF,S;,m) Pi(1,m,t)-mh

(¢c) (OFF,S;,m+1) (OFF,S;,m) P (0,m+1 t) (m+1)d1h

(d) (,Sg,m) (OFF,S;,m) Py(n,t) -2 ( ) kah

Table 1: The initial states and transition probabilities toward the terminal state
(OFF, Sy, m). If the gene is OFF, the cell is in S; stage with m copies of the mRNA molecules at
t+h, then four initial states at time ¢, listed in (a), (b), (c), (d), can reach the terminal state with a
transition probability of order 0 or 1 of the infinitesimal time increment h. In (d), the cell is divided
within time interval (¢,t+h), and m transcripts are partitioned to one daughter cell from the n tran-
scripts in the mother cell with a probability 27" ("). Py(n,t) = Py(0,n,t) + P2(1,n,t) + Ps(2,n,t)
is the probability that the cell resides on Sy stage with n transcripts.

events with transition probabilities of second or higher order of h, one of the state transition
events in Table 1 must occur during the time interval (¢, + h).
Adding the four probabilities listed in Table 1 gives

Pi(0,m,t 4+ h) =P1(0,m,t)(1 — \h)(1 — k1h)(1 —mdi1h) + Pi(1,m, t)yh

PO, m A1)+ D+ Y Pyln,t) (%) (Z) ah,

which can be re-organized as

Pi(0,m,t+h) — P1(0,m,t)
- —

— (m51 + /\1 + Iil)Pl(O, m,t) + O(h) + /71P1(1, m,t)

+ (m+ 15, PO, m + 1,t) + ks i (%)n (Z) Py(n,t),

where o(h) — 0 as h — 0. By letting h — 0, we obtain

P/(0,m,t) =y1 Pi(1,m,t) — (md1 + A + K1) P1(0,m, )

+ (m+ D& PO, m+ 1,t) + Ky i (é)n (Z) Py(n, 1),

n=m

which verifies (6) in the main context. The remaining equations can be verified by the same
procedure whose details are omitted for simplicity.

1.2 The derivation of the differential equations of n;(¢) and n(?)

As shown in the main context, the mean transcription level m(t) in cells has a decomposition
m(t) = ni(t) + na(t) with

= io: kP (k,t), and mns(t) = f: kPy(k,t), (8)



We present here the process leading to the system of differential equations
m () = = (61 + k) (t) + malt) + 1 Pu (),
m(8) =rima(t) = (8 + Ka)na(t) + va | Paa(t) + 2Pa(t).
By using the definition
Pi(m,t) = P(0,m,t) + Pi(1,m,t), Py(m,t) = Py(0,m,t)+ Pa(1,m,t) + Py(2,m,t)

we can express Pi(k,t) and Py(k,t) in (8) as the sums of the basic probabilities defined in
(6)-(7). By differentiating n,(t) in (8), and then substituting (1)-(2), we have

o

)= m

m=0

lel 1 m — 1 )—V1P1<1,m,t)l+£m+1)51P1(m+ 1,t) —m(51P1<m,t)

First term Second term
o0

— P t) £ Y (%)n (;) Pg(n,t)] |

Third term ~—"

Fort};rterm

By using the definitions of Pi(t), ni(t) and ns(t), we can simplify the sums of these terms
multiplying m as follows. For the first, we have

%1 Zm[Pl(l,m — 1,t) — Pl(l,m,t)] =1 Z Pl(l,m,t) = I/IPH(t).
m=0 m=0

The second sum is

01 io [m(m +1)Py(m +1,t) — m*Py(m, t)} = —0 i)mpl(m’ t) = —0im(t),

and the third sum is simply kyn;(¢). Finally, for the last one,

LR L el

m=0 n=m m=0

Zan n,t) = —nQ(t)

We the help of these simplification, we verify the first equation of (9). The second equation
of (9) can be obtained by a similar calculation.

1.3 The derivation of the differential equations of w;(t) and ws(t)

The second moment pu(t) = E[M?(t)] of the mRNA copy number M (t) has a decomposition
w(t) = wi(t) + wa(t) with

= i Py (k,t), and ws(t) = i k> Py(k,t). (10)



Here we give a brief discussion on the process of deriving the system

(Wi(t) = — (20, + ma)wn () + %wﬁ)

+ v | 2001 (t) + Pn(t)},
wy(t) = kiws (t) — (209 + Ka2)wa(t) + dana(t)
v [Pgl(t) + 2Py (t) + 2nan (t) + 4n22(t)] 7

+ 51n1( ) —HQ(t

) (11)
)

where
na(t ZmPl (i,m.t), i=0,1, ny(t)=> mPyi,m,t), i=01,2, (12)

and
nq (t) = nlo(t) + nn(t), ng(t) = ngo(t> + ngl(t) + ngg(t).

After expressing P (k,t) and P»(k,t) in (10) as the sums of the basic probabilities defined
in (6)-(7), we differentiate wy(¢) in (10). Then substituting the master equations (1) and (2)
gives

ZmQP’ m,t) :Zm [P'O m,t) 4+ P{(1,m t)]

m=0
—Zm

1/1P1 ]_ m — 1 )— V1P1(1 m t)—i—\(m—l— 1)51P1(m+1,t) —m51P1(m,t)J

F1rst term Second term
o

— kPi(mt) +h2 Y (%)n <;) Pg(n,t)].

Third term ~—1—2

Forth term

The first two sums can be simplified as

NE

m [P1(1 m—1,t) — P(1,m t)] v S @m + VP, m, 1) = 20inu(t) + i Pu(t),

0
]

Z —2m? + m)Py(m,t) = 1ny (t) — 201w (¢).

3
I

[mQ(m F1P(m 4 1,8) — mPPy(m, 1)

n)
m=0
0 )
m=0
The third sum is simply xjw; (), and the last one is

w2t 2 (3) (oo =D (3) reo ()

n=0 m=0

—ks i (%)npg(n,t) : w - % [wQ(t) n ng(t)]

n=0

By putting these simplifications together, we verify the first equation of (11). The second
equation can be verified by a similar procedure.
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2 The proof of Theorems

We give mathematical proofs of Theorems 1-4 stated in the main context. For convenience,
we restate these theorems before giving their proofs.

2.1 The proof of Theorem 1

Theorem 1 If the transcription of a gene obeys the model described in Figure 1, then the
mean transcription level of the gene in a population of isogenic cells at steady-state is

R2 R1

m* =mj - 5" , 13
Uk ke 2 K1+ ke (13)
a linear combination of the mean levels mj in Sy stage and m3 in Sy stage, and
= 20101 (82 + K2)( A2 + 92 + Ka) + 2 A9k (A + 71 + K1) (14)
Y2001 4 K1) (02 + B2) — Kaka] (M + v+ K1) (Ae 4 e + Ka)
. 21 Mka( Ao+ ya + Ke) + 4 e (61 4 K1) (A1 4 71+ K1)
my = . (15)
[2(01 + K1) (02 + K2) — Kika) (A1 + 71 + K1) (A2 + 72 + K2)
Proof By the decomposition
we get m* = Pfm] 4+ Pymj. From the analytical form
Pi(t) = —2— 4 "L o ~(mtna)
K1+ Kg K1+ Ko
derived in the main context, and Py(t) = 1 — P;(t), it follows immediately that
Pr=—"2_ and pp=—"1_| (16)
K1+ Ko K1+ K2
This verifies (13).
It remains to verify (14) and (15). Recall from the main text the definition
Py(t) = Pro(t) + Pu(t), Pa(t) = Pao(t) + Pa(t) + Paa(t), (17)

and the closed system of Pj;(t) and Py;(t),

(

Po(t) =Ko Pa(t) + 71 Pr1(t) — (M + k1) Pio(t),
Py (t) =AiPro(t) = (v + k1) Pu(t),
Pyo(t) =61 Py () + 2 Por(t) — (2X2 + K2) Pao(1), (18)
Py () =2XaPoo(t) — (Mg + 72 + ko) Par(t) + 272 Paa(1),
| Poa(t) =X Por(t) — (272 + K2) Poa (1)
From Py (t) = Pio(t)+ Pi1(¢) in (17) and the second equation in (18), we find Pjy+ P}, = Py,

M Py — (71 + k1) P, = 0, and therefore

)\1/‘?2
Pr = . 19
" (M + 71 + K1) (k1 + K2) (19)
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By taking limit in (17), in the third and the fourth equations in (18), we derive

P50+P51+P;2 :P2*7
(22 + K2) Py — 72 Py =K1 Y, (20)

As P and Pj are given in (16), we can solve this linear system to obtain Py, Py, and Py,
from which it follows that

2)\2%1

P+ 2P = .
2 2 (g e+ ko) (k1 + ko)

(21)

From (9), we find that the steady-states of n,(t) and ns(t) satisfy
* H * * * * % *
(01 + k1)ny — EZHQ =P, and rkin] — (02 + ko)ny = —1o (Py, + 2P5,) . (22)
Thus, n] and nj can be determined by Pj| and Py, + 2Py, as

or 102 4 Ro) Py + vaka(Pfy +2P5) L 2viki P+ 20n(00 + 6) (P + 2P5)
1 2(51 + /431)(52 + /432) — R1K2 2 2(51 + /431)((52 + /432) — R1K2

(23)
The final expressions of nj and nj in terms of the system parameters can be obtained by
substituting (19) and (21) into (23). The expressions (14) and (15) are then derived from
the relations nj = Pfm] and nj = Pymj. U

2.2 The proof of Theorem 2

Theorem 2 If the transcription of a gene obeys the model described in Figure 1, then the
second moment of its mRNA copy number M (t) at steady-state is

K2 R1

*

Ho - ;
K1+ Ka K1+ Ko

o= g (24)

where i and (5 are the second moments in Sy and Sy stages given by

81 (ke + 209) - mk + 219Ky - MY,

ES — m* _"_ S S , 25
i 1 4(51 + 251)(/‘3?2 —+ 2(52) — R1Rk2 ( )
8uike - Mk + 8va(ky + 261) - mk,

4(%1 + 251)(/12 + 252) — R1Kk9

py = msy +

: (26)

with

. (01 + M+ Rr)mT — kymi/2 . (02 4 Ko + 2Xy)mb — kom} + 2u9p3,
mi, = . My = . (27)
0+ A +7+ k1 d2 + Aa + Y2 + Ko

and Py = 273/ [(Ka + Ao + 72) (K2 + 2o + 275)].

Proof In view of P; and P; given in (16), it is clear that (24) follows from the decomposition
pu(t) = wi(t) + wa(t) = Pr(t)pn(t) + Pa(t)pa(2).
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It remains to verify (25) and (26). Recall the following system of ny;(t) and ng;(t):

r R2

n’lo(t) :—ng(t) — (51 + )\1 + /il)nlo(t) + Y111 (t),
nlu(t) :Alnlo(t) + 1/1P11 (t) — ((51 + 71 + Iil)nu(t),
néo(t) =K1 (t) + U (t) — (52 —+ 2)\2 -+ Hg)ngo(t), (28)
n'ﬂ (t) :2>\27’L20(t) + 272’)122(0 + VQPQl(t) — (52 + )\2 —I— Y2 —|— K,g)ngl (t),
\ n'22(t) :)\2n21 (t) + 2V2P22(t) — (62 + 2’72 + :‘12)7122@),

From the definition of ny(¢) in (8) and the first equation in (28), we find

R2

* * ok * * *

and therefore
% 2(51 + )\1 + /ﬁ)ni — KQ”;
Ny = :
2001+ M+ 7+ K1)
By taking limit in (8), the third and the last equations in (28), we derive

Ngg + Ny + Ngy =N,
(02 + 2Xg + Ko)ndy — Yans, =K1y,
)\gngl — ((52 + 2’}/2 + /12)7132 = — 2V2P2*2.
We can solve this linear system to express n3,, n3, and nj, as functions of nj, nj, and P,
from which it follows that

(09 + 2Xo + Ro)nb — Kini + 21, P,

Ny, + 2n5, = , 30
2 - 02 + Ao + 72 + Ko (30)
where n} and n} are given explicitly in (23), and by solving the linear system (20),
202
Py = (31)

(Iig + /\2 + ’}/2)(/{2 + 2)\2 + 2’}/2)(%1 + lig) '
From (11), we find that the steady-states of w;(t) and ws(t) satisfy

K9 Ko
4 4
—RKw] + (209 + Ko)wy =don3 + 1o [P;l + 2P, + 2n5, + 4n§2} )

(201 + K1)wy Wy =011 + —-ny + 11 [275{1 + P1*1]7

Thus, w} and w; can be expressed as functions of ny, n, Py, Py, + 2P, niy, and nj, +2nj,.
By using (22), we can express Pj; and Py, + 2P;, as linear combinations of n} and n}, and

o _ ey Svalke + 200)0d; + 2umh(ny + 2n5,)

- 32
“1 ! 4(/4,1 + 251)(/‘?2 + 262) — KR1R2 ( )
R 8uikingy + 8ua(ky + 201)(ns, + 2n,) (33)
2 2 4(%1 -+ 2(51)(/‘12 —+ 252) — R1R2 '
By introducing

% ni % N5y + 2n5,

my = — and mi, = ———, (34)
1 Pl 2 P2



and dividing (32) and (33) by P and Pj respectively, we derive

8V1(/€2 -+ 262)771:1 + 2y2m:2 . HQPQ*/Pl*

* w_f — *
= Pl* i * 4(,‘4,1 -+ 251)(/‘62 + 252) — R1R2
. ws . Suimiy - ki P/ Py + 8us(ky + 201)mb,
Po = 5 = Mo+
P2 4(:“&1 + 2(51)(%2 + 2(52) — R1R2

from which (25) and (26) follow immediately because (16) implies
koPy | P = k1 and k1Pl /Py = ks.
From (29) we find

ot 20010+ A1t R)nd/PT— kang /Py
o 2000+ M+ 71 + k1)
2001 + A1+ K)mi — ko Py /P - m3
N 2(51+)\1+’71+I{1)
2001 + A+ KMy — kyml
N 2(51 + A+ + l<&1)

Y

and verify the first part in (27). From (30) we have

(02 + 2Xg + Ko)n5 /Py — kani /Py + 2105, | Py
do + Aa + 72 + Ko

(622X + K2)my — Kam] + 2v9p5,

B 82+ Ao + 7o + ki ’

* J—
ms2 -

and verify the second part in (27). The expression of p3, = Py, /Py is derived from (16) and
(31). O

2.3 The proof of Theorem 3

By (14) and (15), the ratio of mRNA copy number at steady-state in S, stage to that in Sy
stage is given by

. mi viAike(Ag + v2 + K2) + 20pA2(61 + K1) (AL + 71+ k)

mj 7/1/\1(52 + l€2)(/\2 + vo + IiQ) + V2/\2l‘61(/\1 + 7+ Iil) ( )

In order to emphasize the impact of the cell cycle stage transition on the variation of r*, we
consider the case that the transcription kinetics are unchanged in the two stages:

Vi =1, (Sz:d, )\Z:)\, Yi =7, 221,2 (36)
When it holds, we can simplify (35) to the form

- 200 + k1) (A + 7+ K1) + ka( A+ v+ Ra)

fiO 4+ + k1) + (0 + ko) A+ + ka) (37)

It is interesting to see that the fold change 7* in (37) depends on A + v, but not on A and ~
individually, and is independent of the synthesis rate v.

8



Theorem 3 For any constant C' > 0, there exist system parameters under the constraint
(36) to make r* = C.

Proof We prove the result by specifying the parameter sets to make r* = C' for C' in different
ranges. First, we consider the case that C' > 2, and choose

(03 — 02 — 2)/{/2

k1 =CKoy, AN+7y=Ky, 0= 5

Note that 6 > 0 since C' > 2 implies C® — C? —2 > 2C? —C? -2 > (C? — 2 > 0. It follows
from (37) that

" _2[(03 - 02 — 2)/%2/2 + OF&Q)] (CFLQ + :‘12) + 2%%
e Clig(clig + Iig) + (2R2<O3 — CQ — 2)/12/2)
[(C® = C* —2) + 2C)(C + 1)K3 + 2k}

T O(CH D)2+ (C3—C2—2)K2 = ¢

When C <1, we take

dm o (16— 120 — 20

77 3 > 0.

)\_I_’y:/{la Ro =

Substituting these parameters into (37), we have

% _2[(16 —12C — 203)51/03 —+ Hl](fﬁl —+ :‘il) + 4/‘610 . (Hl -+ 4/‘\71/0)

N Hl(/‘il + /11) + [(16 —12C — 203)/431/03 + 4%2/0](/4)1 -+ 4/11/0)
4(16 — 12C — C?)K3/C? 4+ 4(C' + 4)r3 /C?

:2/% + (C'+4)(16 — 12C + 4C? — 2C3) k3 /C* =C
When C € (3/2,2), we choose
20 —
/\‘f")/:l'il:lig, 5:M>O

2-C
By (37), we derive

. 2[2C = 3)ka/(2 = C) + Ko - 262 + 2K3

263+ [(2C = 3)ka /(2 — C) + Ko - 2y =¢

Finally, we consider the case that C' € (1,3/2], and choose

(C = 1)(C? — C + 1)ks

S > 0.

)\""7:2/432, KJ1:<C—1>I€2, 0=

By (37), we derive

 2[(C=1)(C* = C 4 1)k /(2= C) + (C = 1)kg) - (C + 1)Ko + 3k3 _c 0O
T_(C—n@«O+U@+KC—UKW—O+UQA2—Q+%ﬂ3@_ ‘




2.4 The proof of Theorem 4
Theorem 4 Let (36) hold. Then we have

(a) When ky increases from 0 to oo, r* increases from r*(0,ky) < 2 wuntil it peaks uniquely
and then decreases to approach 2 at co. In particular, r* > 2 if and only if

Ro(ka + A +7)
20

K1 > Ko + . (38)

(b) When ko increases from 0 to oo, r* decreases from r*(ky,0) > 2 wuntil it bottoms out
uniquely and then increases to approach 1 at co. In particular, r* < 1 if and only if

:‘il()\ -+ Y + I€1>
0

Ko > 2K1 + A+ + : (39)

(c) When k1 < Ko, 7™ has an upper bound strictly less than 2.

Proof (a). From (37) we find

. 20X +7) 4+ ka(A+ v + K2)

) = T Ot T )
2004 Ko) A+ + K2) — K220 + XA+ 7 + ko)
B (6 + Ka) A+ + ko)

K2(20 + A + 7y + Ka)

(0 + K2) (A + 7 + K2)

-

Differentiating (37) with respect to k1 gives

Or* (K1, k2) _ —20(A+9+K1)* + A+ + 52)[20(A + 7 + 261 + k2 + ) + Fa(A + 7 + 261)]
Ok1 [ (A + 7+ K1) + (0 + ko) (A + 7 + K2)]? '

For convenience, we write its numerator as h(x;) for a moment. Then
h(0) = ra(A +9)(20 + A+ 7 + Ka) +26(0 + K2)(A + 7 + K2) > 0,

indicating that 7* increases for small k1 > 0. Since h(k;) is a quadratic function of x; with
the leading coefficient —2§ < 0 and h(0) > 0, it vanishes exactly once in (0, 00), at which r*
peaks uniquely, and after which r* decreases and tends to its limit 2 at co.

To verify the last part, we note that r* > 2 if and only if

200 + K1) A+ 7 + K1) + K2 (A7 + K2) = 261 (A + 7 + K1) = 2(0 + K2) (A + 7 + k2)
= 20(A + 7+ K1) — (20 + ko) (A + 7 + Ka)
= [20K1 — 20Ky — Ko(A 4+ 7 + K2)] > 0.

Clearly, it is equivalent to (38).
(b). By using a similar argument as in the proof of (a), we can show that r*(k1,0) > 2.
Differentiating (37) with respect to ko gives

Or*(k1, k) O(A 47+ k) — (206 + k)X + 7 + 2k2) (A + 7 + K1) — 26(8 + K1) (A + 7 + 1)

Oka (K1 A+ + K1) + (6 + K2) (A + 7 + ko) J?

10



Let g(k2) denote its numerator for a moment. Then
9(0) = —(0 + K1) (A +7)° = k1A +7)(20 + K1) = 20(3 + K1) (A + 7 + 1) <0,

indicating that r* decreases for k2 > 0 small. Since the quadratic function g(x2) has the
leading coefficient 6 > 0 and ¢(0) < 0, it vanishes exactly once in (0, +o00), at which r*
bottoms out uniquely, and after which r* increases and tends to its limit 1 at infinity.
Finally, r* < 1 is equivalent to

2((5+/€1)()\+’Y+/€1)+/€2()\+7+/€2)—/4:1()\4—7—{—,%1)—(5—|—/~£2)()\+’y—|—/€2)
= (20 + k1)(A+ 7+ K1) = 0(A+ 7 + Ka)
=0(A+7)+K1(20 + A+ 7+ K1) — 0Ky < 0.

(¢). From the proof of (a),

h(k1) = = 26N+ 4+ k1)2 + A+ + £2)[26(N + 7 + 261 + kg + 6) + ka(A + 7 + 2k1)]
> —26(A+ 7+ K1)+ (A+7+ K2)  20(A+ 7 + 26 + K2 + 6)

=20(ke — K1) A+ 7+ K1) +20(A + v+ ko) (k1 + K2+ 6) >0

holds for all k; < kg. Thus r* increases in (0, k3), indicating that

20+ 3
(K1, K2) < 17 (Ko, Kg) = % < 2.
2

The proof is completed. [J
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