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Part 1 Details of the generative model of Bayesian RSA

Our generative model of fMRI data follows the general assumption of GLM. In addition,
we model spatial noise correlation by a few time series X, shared across all voxels. The

contribution of Xy to the k-th voxel is (y.x. Thus, for voxel k, we assume that
Yi = XBx + XoBor + € (1)

Y}, is the time series of voxel k. X is the design matrix shared by all voxels. S is the
response amplitudes of the voxel k to all the task conditions. ¢ is the residual noise in voxel

k which cannot be explained by either X or X,;. We assume that ¢ is spatially independent
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across voxels, and all the correlation in noise between voxels are captured by the shared
intrinsic fluctuation Xj.
We use an AR(1) process to model €;: for the k-th voxel, we denote the noise at time

t > 0 as €, and assume

€k = Pr€i1k + Neks  Mew ~ N(0,07) (2)

where o7 is the variance of the "innovation" ("shock"), the component at each time point ¢
that is independent from €;,_1 x, and pj, is the autoregressive coefficient for the k-th voxel.

We assume that the covariance of the multivariate Gaussian distribution from which the
activity amplitudes 3, are generated has a scaling factor that depends on its pseudo-SNR
Sk

B~ N(0, (sx0%)*U). (3)

This is to reflect the fact that not all voxels in an ROI respond to tasks.

We further use Cholesky decomposition to parametrize the covariance structure U: U =
LLT, where L is a lower triangular matrix. Thus, B, can be written as 3, = siopLay,
where ay, ~ N(0,7). This change of parameter allows for estimating U of lower rank (if
the researcher has sufficient reason to make such a guess) by setting L as lower-triangular
matrix with a few rightmost-columns truncated. With an improper uniform prior for (.,

and temporarily assuming X is given, we have the unmarginalized likelihood for each voxel



p(Ye,Bx, Bok| X, Xo, L, o, pr, Si)
=p(Yi| Bk, Boks X, Xo, ok, pr)p(Bk| Ly ok, s1)P(Bok)
=p(Ye|swow Lo, Bor, X, Xo, ok, pr)p(cu)p(Bor)
ocp(Yelskow Lo, Box, X, Xo, on, pr)p(ur)
:exp[—%(Yk — 530, X Lo — XoBow) S (Vi — skou X Lay, — XofBo.r,)]

n r 1
S(2m) " F IS |2 (2m) 7 F expl— 5o ou]

where r < n¢ is the rank of L.

In contrast to the full model, our null model assumes

P(Ye,Bo-k|Xo, 0%, pr)
=p(Yx|Bo-r» Xo, on, pr)p(Bo-x)
o<p(Ye|Boxs Xo, Ok, pr) (5)
= expl—5 (i — Xoffoa)"EA (Vi — Xofos)]

(2m)F

For data within one run, E;kl, the inverse matrix of the covariance of ¢, is a banded
symmetric matrix which can be written as ¥_' = %(I — piF + piD), where F is 1 only
at the superdiagonal and subdiagonal elements and 0 everywhere else, and D is 1 on all
diagonal elements except for the first and last one, and 0 elsewhere. For abbreviation, we
can denote A, = A(py) = I — ppF + p; D which is a function of p,. X_! can be factorized as
Z;kl = éAk. When Y}, includes concatenated time series across several runs, Ee_kl is a block
diagonal matrix with each block diagonal elements corresponding to one run, constructed in

the same way.



To derive the log likelihood of L for data of all voxels in the ROI, we need to marginalizing
all other unknown parameters. Below, we marginalize them step by step.

By marginalizing (.,, we have

p(Ykaﬁlea X07 L7 Ok, Pk, Sk)
Oc/p(yk‘SkUkLahﬁO‘kaX, Xo, 0k, pr)p(ou)dBok

np+

TN 1 1 1
=(2m)" T[S E|XG B Xo| 7 F exp[—af ]

(2

1
. eXp[—T‘Q(Yk - SkO'kXL(Xk)TAZ(Y}g — SkO'kXLak)]
k

1_

ng is the number of components in Xy. In the equation above, we denoted A; = o} (X

S Xo(XTS X)) XTSI = Ay — A Xo(XT ApXo) T XT Ay

By further marginalizing oy which is equivalent to marginalizing (.., we get

p(Yi| X, Xo, L, ok, pr, Sk)

= /p<Yk’3kUkL04ka X, Xo, o, pr)p(ag)day,

oc(2m)” R XT S X 2| Ay 2

expl 5 (Y A~ A )
where Af = (I +si LT XTA; X L)™' and py = j—’;A}‘;LTXTAZYk are the variance and mean of
the posterior distribution of ay, respectively.

All the steps of marginalization above utilize the property of multivariate Gaussian dis-
tribution. Next we marginalize the noise variance 0. We assume an improper uniform
distribution of o7 in RT. Tt is also possible to assume a conjugate prior for o7. Given that
data of at least hundreds of time points are obtained in each run to provide enough con-

straint to o2, our choice does not appear to cause problem. To isolate o7, using the property



of Cholesky decomposition of E;@l, the above equation can be written as

p(Yi|X, Xo, L, 0k, pi, Sk)

x(2m) 2T T (1= ) ¥ | XT A Xo| AL (8)
1
: exp[ﬁ(siYkTAZXLA}‘;LTXTA;Yk —Y,F ALY
Ok

This form is proportional to an inverse-Gamma distribution of 7. n, is the number of

runs in the data. Therefore, we can analytically marginalize o7 and obtain

p(Yk’X7 X07 L7 Pk, Sk)

_ / (Ve X, Xou L, o1, prs 50)p(02)do?

ox(2m)~ 0 (L= p2) ¥ X AXo| 3 AL T (S - 1)

_ [YkTA;;Yk - siYkTA;XLA,";LTXTAZYk]l_nTQ—no
2

We did not find ways to further analytically marginalize sy or p;. But we can numerically
marginalize them by weighted sum of (9) at n; x n,, discrete grids {pg;, Sgm} (0 < 1 < ny,

0 < m < n,,) with each grid representing one area of the parameter space of (p, s).

p(Yk|Xa X07 L)
ny  nm

~Y > p(YVIX, Xo, L, prty Sk )W (Pt Skm)
=1 m=1

o o (10)
) E XS A Xl 4y [0S — )

. YkTAZlYk _ SimYkTAZlXLAZZmLTXTAZlYk]1*7nT;nO
2

w(ﬂkla Skm)

The weights w(pg, Skm) are the prior probabilities of the two parameters in the area

represented by {pki, Skm}. We assume uniform prior of p in (-1,1). All the simulations in
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this paper used an exponential distribution as prior for s. The grids s, are each chosen at
the centers of mass of the prior distribution in the bins they represent in (0, +00). All bins
equally divide the area under the curve of the prior distribution for s. The implementation
of our algorithm in BrainlAK includes three alternative forms of prior distributions: uniform
prior in the range of (0, 1), log normal distribution approximated by the centers of mass
of equally divided areas under its probability distribution (the same way as the exponential
distribution), and "equal" prior which means all voxels are assumed to have a single fixed
pseudo-SNR of 1.

Because we made the assumption that ¢ is independent across voxels. The log likelihood

for all data is the sum of the log likelihood for each voxel.

ny
logp(Y|X, Xo, L) = Y log p(Ye| X, Xo, L). (11)
k=1

For the null model, the likelihood for each voxel after marginalizing 8y; and o} can be

similarly derived,

p(Yi| Xo, pr)
ox(2m) T (1 - p)F | XT A Xo| 2 (12)
— YT A*Y, np—n

2

and the total log likelihood can be calculated similarly by numerically marginalizing p; and

summing the log likelihood for all voxels.

Part 2 Model fitting procedure

To fit the model, we need the gradient of the total log likelihood with respect to L. It can

be derived that conditional on any grid of parameter pairs {pg;, sgm}, the gradient of the



log likelihood for voxel k against each lower-triangular element of L is the corresponding

lower-triangular element of the matrix

0
a_L lng(Yk|X, XOJ LJ Pkl Skm)
= SimXTAZZXLAZ:lm
(13)

N sim(nT —ng — 2)
YkTAZlYk - simYkTAle LA}, LT XT ALY

(I = $p X T AGX LA, L) XT ALY AL X LA,

where Aj, and A}, are A; and A} evaluated at {p, skm}. The gradient of the total log

likelihood against L after marginalizing over all grids {px, Skm } of all voxels is

0
5z loep(Y1X, Xo, L)
ny n; N o (14)
= Z Z Zp(pkb Skm‘Y]m Xa XOa L)a_L Ing(Yk’Xa X07 La Pkl Skm)

k=1 l=1 m=1

P(Prts Skm|Ye, X, Xo, L) is the posterior probability of {pk, Skm} conditional on a given L. Tt
can be obtained by normalizing p(Yy| X, Xo, L, pki, Skm )W (pri, Skm) after calculating (9).

With the gradient in (14), the total log likelihood in (11) can be maximized using gradient-
based method such as Broyden—Fletcher-Goldfarb—Shanno (BFGS) algorithm to search for
the optimal L (1; 2; 3; 4).

However, the derivations above have made the assumption that X is given, while it is not.
The requirement for X, should be to appropriately capture the correlation of noise across
voxels without overfitting. Therefore, at the starting of the model fitting, regular regression
of Y against X and any nuisance regressors such as head motion and constant baseline is
performed. Then the algorithm by Gavish and Donoho(5) is used to select the optimal
number of components ng to choose Xy from the eigenvectors of the residual of regression.

Because regular regression does not shrink the magnitudes of 3, their magnitudes can only be



over-estimated. ng thus has no risk of being over-estimated. This ng is then fixed throughout
the model fitting. Next, the first ny principal components of the residual of regression are
set as X to allow for calculating the marginal log likelihood in (14) and gradient ascent with
BFGS. A sufficient steps of iterations are performed to optimize L. Then Bpost, the posterior
expectations of (3, are calculated with the current L and with s, p, 0 being marginalized. Xo
is subsequently recalculated using PCA from the residuals after subtracting X Bpost from Y.
The alternation between optimizing L and re-estimating X, is repeated until convergence.

Once we obtain i, the estimate of L, the estimate of the covariance structure is U=LL"T.
Converting it into a correlation matrix yields the similarity matrix by BRSA. Even though
X, is estimated from data based on posterior estimation of § repeatedly during fitting, L is
still optimized for the log likelihood with all other unknown variables marginalized. Thus the
estimated U is an empirical prior of 3 estimated from data. This is the reason we consider
our model as an empirical Bayesian method.

Many subcomponents of the expressions in these equations do not depend on L and thus
can be pre-computed before optimizing for L. The fixed grids of (p, s) further make several
subcomponents shared across voxels when evaluating (9). These all reduce the amount of
computation needed.

The fitting of the null model is similar to that of the full model except that there is no

L to be optimized.

Part 3 Model selection and decoding task-related signals

Once a model has been fitted to some data from a participant or a group of participants,
we can estimate the posterior mean of p, s, 02, 3 and 3, conditional on the empirical prior
U (essentially j}), data Y, design matrix X and the estimated intrinsic fluctuations Xo.

Below, we derive their formula and the procedure in which they are used for calculating



cross-validated log likelihood of new data and decoding task-related signal Xiest and Xogest
from new data in the context of fMRI decoding.

The posterior mean of these variables are

ny nm

k(post) Zzp pklaskm‘YMX XOa )/Ulzp(o-lzyykaLaX?XO?pklvSkm)dak
=1 m=1
n;  Nm

1
=" plpwt, semlYi, X, Xo, L) ———— (15)

ny—ng—4
I=1 m=1 T 0

: YkTAZlYk - SszkTAZlXLAZlmI:TXTAZzYk

ny Nm,
Skipost) = O > Plpwts Skml Vi, X, Xo, L) s (16)
=1 m=1
ny Nm, . .
Prepost) = D D D(Prts Skm| Ve, X, Xo, L) pra (17)
=1 m=1
. ny Nm N . . R
Bk(post) = Z Z P(prt, Skm| Y, X, Xo, L) $p LA LT X A3 Y, (18)
=1 m=1

BO-k(post Z Z P\ Pk, Sk:m’Yka X X07 L)

(AgAZzXO) 1XTAZZ(Y SimXiAklmI:TXTAZZYk)

For null model, (f?k(post), BO-k(post) and P (post) are of similar forms except that all terms
including s, are removed and that p(pg;, Skm|Ye, X, Xo, i) is replaced by p(pr|Ys, Xo).
To calculate cross-validated log likelihood, we assume the posterior estimates above and

the statistical properties of X stay unchanged in the testing data. We use zero-mean AR(1)



process to describe the statistical properties of Xy. The AR(1) parameters estimated from
X, serve as the parameters of the empirical prior for X in the testing data. When X, at each
time point ¢ is treated as a random vector Xét), the AR(1) parameters of each component
can be jointly written as the diagonal matrix Vay, for the variance of the innovation noise,
and diagonal matrix Ty, for the auto-regressive coeflicients, both of size ng x ny.

For model selection purpose, design matrix X for the testing data should be generated
in the same manner as they are for the training data by the researcher. For full BRSA
model, Xtestﬁpost is the predicted task-related signal in Yiest. Yres = Yiest — XteSthost is
the residual variation which cannot be explained by the design matrix and the posterior
activity pattern Bpost. Null model does not predict any task-related activity, so all Yiest
constitutes residual variation Y,.. In either the full model or the null model, the posterior
estimate Bo(post) expresses their prediction about how voxels should be co-modulated by a
fluctuation, while the fluctuation time course Xoest is only predictable in terms of its variance
and temporal autocorrelation expressed by Vax, and T,. JA?k(post) and Pr(post) €xpress the
models’ predictions about the variance and temporal dependency of the fluctuation in the
k-th voxel in addition to the co-fluctuation. With these parameters estimated from training
data, both the full and null models can marginalize the unknown Xy and yield their
corresponding predictive log likelihoods for the testing data Yies. These log likelihoods are
the basis for selecting between the full and null models.

To calculate the log likelihood, we notice that the predictive model of Y, in the testing
data by both models are dynamical system models in which Xy is the latent state and
Yies is the observed data. They are slightly different from the standard dynamical system

model(6) in that not only the latent states, but also the noise, have temporal dependency(7):

Xohoo ~ N(X$d T, Vaxy) (20)
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Y& = Xiula Bopost

res

~ N(<Yr(ets) - X(g?estBOpOSODiag(ﬁpost)a Diag(‘;2post>>

(21)

Where Diag(ppost) and Diag((;2post) are diagonal matrices with vectors ppes; and (f?post being

their diagonal elements, respectively.

Because a modified forward-backward algorithm from the standard approach(6) is needed

to calculate the preditive log likelihood p(Y}eS\ﬁAopost, Tx,, Vax,, Diag(ppost), Diag(ahpost)) and

the posterior distribution of X, we describe the procedure below.

Define
A t t
G<X(§tzzst) = p(X(gt)est‘}/;Eels)7 e 7Y'r£>ts))
; v YT X, Vi
H(X(gilst) _ p( D ) ) s |(1)Otest7 (z) : for ¢ < nr
p(Y;es ,"',Y;es ‘Y}es,"',Y;es)
and
Cy = p<Yr(ets)|Y;(els)7 e 7Yr(ets_1))7 for t >0
C1 = p<Yr(els))
Therefore, the cross-validated log likelihood is
A ~ nT
1Og p()/r(els)a T }/rgslT) |BOpost7 TXO’ VAXO, 0-2post’ ﬁpost) = Z log Ct
t=1

It can be derived that the posterior distribution of Xéilst is

V(X5 = XS YD v )y = QXS OV H (X))

res T res
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Below, we denote the mean and covariance of G(Xét)est) as iy, and re X,» and the mean and

covariance of V(Xéilst) as ,[LE(O and '} Xo
,ugg, Fga and ¢, can be calculated by the forward step. [L% and fgﬁl can be calculated

by the backward step. To perform model selection, only forward step is necessary.

To perform the forward step, we first note that for t =1
Nirese ~ N(0, Vaxo (I = T%,) ™) (27)

and

Vi ~ N (XSt Boposts Diag(02post) (I — Diag(p?pos)) ™) (28)

Denote Vx, = Vax,(I — T%,)~", we have

aG(X ) = DX YD )p(v L)

res

_p<X(()t(25t) ( res |X0test)

_mn _1 1. 1o T 29
=(2m) 2 [Vx,| 2 exp[_§X(()t(ZstholX(§te)>st ] (29)
n (1) 1) A 2 ny
1 (Ykres - XOtestﬁO'kPOSt) ( pk(post) pk(post) 1
rexpl=3 ) 2 H )2
2 k—1 Jk(post) k=1 (post)

G (Xétlgst) is a multivariate normal distribution of Xéigst, we can find its covariance and mean

from (29):
Fgég = [Vfol + Bﬂpost([ - Diag(pbpost))Diag(UAZPOSt)_lﬁé)Z;)OSt]_1 (30)
) = Y& (I = Diag(p20u)) Diag(0%post) " Bpose T, (531

Because G(Xétle)st) is a normalized probability distribution, the components in (29) after
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factoring out the multivariate normal distribution G(X, Otgst) is ¢;:

/\

1 1 dd 02 k(pos —l
c1 :( ) |VX |_2|FX0 2 H k(p t) 2
k=1 _p k(post)

32
- exp{ 5 [V (T — Ding(4? o)) Ditg(02 o) VD" 32)
n—1 T
— ) ek
For any ¢ > 1, the following relation holds:
G X fihet)
(t—1) (t—1) (33)
. R
/ (Y;gs ‘XOtes‘m XOtest 7Y;gs 1)) ( Otest|X0test )G( Otest )dXOtest

p(V XD XD viED) is defined by (21). p(X{ | XY is defined by ( 20). Mean

and covariance of G( OteSP) are calculated by the previous step for ¢ — 1. Therefore, by

1)

st » We obtain

marginalizing X é

_1—1
I = (Ko — J(K, + T Y ) 7)™ (34)
and

. 1
[Ay;es Dlag( POSt) 1Bl)post + (:u( )ngo v

Xo

(35)
— AY,YDiag(02post) " Diag(ppost) Aios ) (K1 + T )10

where AY, = Vit — Vi Diag(fpost). J = Vi, 7%, + Bopost Diag(02pest) ~ Diag(fpost) Blpost
Kl = TXOVA_)I(OT)I;O +BOp0stDiag(g2post)71Diag(ﬁpost)2ég;ost and KQ = VA_)l(O+BOpostDiag(O-2post)7133;”%'
Note that J, Ky, K, are all constants.
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Similarly to (32), after factoring out G(X{,), we obtain

= (27) T KL+ TS V73 Va2 |0 V20 |2 Hakpost

La-npe-n= e-n® L opo=t of

t
rexp[ — QMXO Xo o Hxg QME(lF FXo

(36)

. ~ 1 _ =1
Ayrgs Diag(0®post) IAYrgs) 2 (1&0 I)ngo !
— AY,¥Diag(0?post) ' Diag(Ppost) Bipest) (K1 + T, )"

(Mgﬁ;l) ng;l) A}/res Diag(ohpost ) -1 Diag(ﬁpost)ﬁ(j);)ost)T]

By calculating (34), (35) and (36) recursively with ¢ incremented by 1 until nr, the predictive
log likelihood (25) of both the full and null models can be calculated to serve as the basis of
model selection.
To calculate the mean and variance of the posterior distribution 'y(XOtest(t)) of Xotest
(®)

. . ~ . (T
backward step is needed. We denote its mean as fiy, , and covariance as Fg(l

For any t < np, it can be derived that

Ct+1H X(gtlst) =

(37)
t 1 t+1) t t+1) (t+1
[ A O X X, XU Y X )
By plugging in (26), we get
G(X§,
'Y(X(Jtest(t)) _ (C 0t t)
t+1
’)/(XOtest(tJrl)) (t+1 t+1) (t+1) t) (t+1) (38)
’ ﬁp( Otest ‘XOtest) (Y;Eeer ‘XOtesU XOtest 7Y;Ees )dXOtest
G(XSE
( Otest)

After the marginalization in (38) and observing the terms related to Xotest ), we get the
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recursive relations

-1

~ -1 ~ -1 -1
P =@ + 5 —JTCEY T 1Ky ) (39)

) =
and

A _1 . ~, —_ . A AN
Mg?o = [ug?ofgg - AY(HI)Dlag(Uonst) lDlag(Ppost)Bg;ost

res

N (1)1 -1 N s
+ (AT T LAY D Diag (02 p0u) T B o) (40)

res

~ -1 -1 ~
(O =T+ K

Note that 7(Xogest"?)) = G(Xéﬁg;t)), therefore ,&E?OT) = ,ug?OT) and fg?j) = FE?OT). By

recursively calculating (39) and (40) with ¢ decremented by 1 from ny — 1 until 1, the
)

posterior distribution of Xéiest

given all the testing data can be calculated.

For decoding purpose, we need to obtain not only the posterior mean of intrinsic fluc-
tuations Xéilst, but also the task-related activity Xt(égt. Therefore, we do not subtract a
predicted signal Xqg Bpost based on a hypothetical design matrix from testing data Yi.s. We
perform the forward-backward algorithm on Y. directly. By replacing Bopost in the equa-
post 1

tions from (20) to (40) with [37 B(j);)ost]T and other related terms accordingly, the posterior

mean of both Xt(égt and Xégst can be decoded just as X(()? is decoded in (40).

est

Part 4 Performance of all methods when all voxels have
task-related signals

In the main article, we consider the scenario when not all voxels in a selected ROI respond
to the task of interest. Here we test the performance of BRSA with a simulation when all

voxels respond to a task with equal SNR. The results are displayed in in Figure 1 of S1
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Materials. The simulation procedure was mostly the same as in Figure 3 of the main article.
The only difference is that B were sampled according to the covariance matrix in Figure
3A of the main article for all the voxels in the ROI (Figure 3B of the main article), and
then multiplied with values in {0.0625,0.125,0.25,0.1} times the standard deviation of the
detrended noise (resting state data) in each voxel. The resulting average SNRs across voxels
are {0.017,0.034,0.068,0.361}, respectively. Uniform prior of pseudo-SNR was used in BRSA
(although see next section that the choice of the prior has no impact). Repeated-measures
ANOVA on results with 2 and 4 runs of data indicates significant main effects of RSA methods
(F=178.1, p<2e-42), of amounts of data (F=53.2, p<2e-7) and of SNR levels (F=1225.8,
p<9e-60). There are also significant interactions between RSA methods and amounts of data
(F=4.7, p<1.6e-3), between RSA methods and SNR levels (F=96.2, p<4e-91) and between
amounts of data and SNR levels (F=244.2, p<le-36), and significant interaction among
all three factors (F=44.4, p<2e-57). Post-hoc paired t-test between RSA methods show
no significant difference between BRSA and cross-run RSA with spatial whitening (t=-1.3,
p=0.19). Both BRSA and cross-run RSA with spatial whitening are significantly better than
all other methods (largest p=1.2e-10). Further repeated-measures ANOVA between BRSA
and cross-run RSA with spatial whitening shows significant interaction between methods
and amounts of data (F=4.6, p<0.04), significant interaction between methods and SNR
(F=7.0, p<4e-4) and a significant interaction among three factors (F=18.7, p<6e-9). These
results show that in cases where all voxels in an ROI have homogeneous SNR, the average
performance of BRSA is indistinguishable from cross-run RSA with spatial whitening, but

still better than all other approaches including traditional within-run RSA.
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Figure 1: Performance of BRSA and other methods when all voxels in an ROI
respond to task conditions. We used the same "noise" in simulation as in Figure 3 of the
main article, i.e., from the same ROI of the resting state fMRI data from HCP. The difference
is that task-related activity amplitudes were sampled for all voxels in the simulated ROI, and
lower SNRs were used. (A) Average covariance matrix (top) and similarity matrix (bottom)
estimated by BRSA, across different SNR levels (columns) and different numbers of runs
(rows). The average SNRs over the whole ROI are displayed at the bottom.
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Figure 1:  (B) The corresponding result obtained by standard RSA based on activity
patterns estimated within runs, which are spatially whitened. (C) The corresponding result
of RSA based on cross-correlating patterns estimated from separate runs, which are spatially
whitened based on the residuals of all scanning runs. (D) Top: average correlation (mean
+ std) between the off-diagonal elements of the estimated and true similarity matrices, for
each method, across SNR levels (x-axis) and amounts of data (separate plots). Bottom: The
correlation between the average estimated similarity matrix of each method and the true
similarity matrix.

Part 5 Comparison of BRSA with different assumptions

of the prior of pseudo-SNR

As many Bayesian models, certain choices of the form of the prior distributions of some pa-
rameters need to be made. In BRSR model, we implemented four types of prior distributions
for the pseudo-SNR: exponential distribution, uniform distribution, log-normal distribution
and Delta distribution (This distribution assumes pseudo-SNR s=1 for all voxels. We denote
it as "equal" assumption since it indicates all voxels have equal SNR). We believe these re-
flect the common shapes of distributions one may hypothesize about the level of SNR within
an ROI. Here we investigate the degree by which the choice of prior distribution influence
the performance of BRSA. We performed the same simulation as in Figure 3 of the main
article, but fitted BRSA model separately using each of these four types of priors. As shown
in Figure 2A of S1 Material, in this simulation where a subset of voxels contained task-
related responses, overall log normal prior performed the best and "equal" prior performed
the worst. Repeated-measures ANOVA indicate significant main effects of the form of SNR
prior (F=261.4, p<1e-37), amount of data (F=47.3, p<5e-7) and SNR level (F=594.3, p<3e-
49), and significant interactions between SNR prior and amounts of data (F=28.6, p<4e-12),
between SNR prior and SNR level (F=79.6, p<3e-62) and between amounts of data and SNR
level (F=11.4, p<4e-6), and a significant interaction among the three factors (F=44.3, p<le-

43). Since we are mainly interested in the effect of the form of SNR prior, post-hoc paired
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t-tests were performed among them. There were significant difference between every pairs of
the comparison (the largest p=0.0015 between log normal and exponential distributions) and
the performance was log normal > exponential > uniform > "equal". This order was also
consistent with the observation that the fitted pseudo-SNRs were the most separate between
task-active and task-inactive voxels when assuming log normal prior (Figure 2C of S1 Mate-
rials). However, under all the three forms of prior distributions that allow variation of SNR

across voxels, correlations between the fitted pseudo-SNR and the empirical SNR calculated

o(XB)

o(noise)

as (Figure 2B of S1 Material) were significant. When calculated within voxels with
task-related signals, r=0.62, 0.62 and 0.56, for log normal, exponential and uniform prior,
respectively, with the largest p=4e-16. When calculated over all simulated voxels, r=0.84,
0.82 and 0.57, with p=0.

When the same comparison was made on the simulated data in Figure 1 of S1 Materials,
in which all voxels had signals added, there was no difference between any of the form of prior
distributions of pseudo-SNR, as shown in Figure 2D of S1 Materials. Repeated-measures
ANOVA shows no main effect of the form of SNR priors (F=2.3, p=0.09), no interaction
between SNR prior and amounts of data (F=0.5, p=0.7), and no interaction between SNR
prior and SNR level (F=1.8, p=0.07).

These analyses suggest that when the SNR is almost equal in an ROI, the performance of
BRSA is robust regardless of the choice of the form of the prior distribution of pseudo-SNR.
However, in cases when SNR varies in an ROI, choosing a proper form of prior can improve

its performance. This clearly demonstrates the advantage of allowing various form of priors

on pseudo-SNR.
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Figure 2: The impact of the choice of SNR on the performance of BRSA. (A) We
used the same simulated data as in Figure 3 of the main article and fitted BRSA models
assuming different assumptions of the form of prior distribution of pseudo-SNR: exponential,

uniform, log normal and "equal" (Delta distribution).
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Figure 2: (A) Top: the correlation (mean + std) between off-diagonal elements of each
estimated similarity matrix and the true similarity matrix. Bottom: Correlation between the
average estimated similarity over the 24 simulated subjects with the true simulated one. (B)
Scatter plot of the estimated pseudo-SNR of each voxel with added task-related signals and
their corresponding empirical SNR estimated post-hoc. (C) The density of the distributions
of the fitted pseudo-SNRs of voxels with task-related signals added. (D) The same analysis
was performed on the simulated data in Figure 1 of S1 Materials, where all voxels were added
with simulated task-related responses. The correlation between the off-diagonal elements of
the estimated similarity matrix with those of the true similarity matrix.

Part 6 The effect of the number of nuisance regressors
on BRSA performance

To capture the spatial noise correlation, BRSA relies on marginalizing the amplitudes of
modulation [y in each voxel by a set of shared time courses of intrinsic fluctuation Xg
(nuisance regressors). X in turn needs to be estimated as the first few principal components
of the residual after removing the posterior estimates of task-related activity by BRSA during
its iterative fitting procedure (see Model fitting procedure above). We used the algorithm
proposed in (5) to estimate the optimal number of principal components to be extracted as
nuisance regressors. Here we evaluate the performance of BRSA when using the number of
components selected by this algorithm, compared to the performance when choosing a fixed
number of components from a set: {0, 10,20,40,60}. The simulation setting is exactly the
same as in Figure 3 of the main article. The automatically determined numbers of nuisance
regressors was 6.741.9, 36.8+18.3 and 85.34+23.0 (mean+std) when fitted to 1, 2 and 4 runs
of data, respectively, independent of variation in SNR levels. As shown from Figure 3 of S1
Materials, the performance degrades when no nuisance regressors was used, but is generally
similar across the choices of the number of nuisance regressors. Adding more nuisance
regressors beyond that chosen by the algorithm (5) does not further improve performance.

In fact, with small amount of data (1 run), including larger numbers of nuisance regressors
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Figure 3: The effect of the number of nuisance regressors on the performance of
BRSA. We used the same simulated data as Figure 3 in the main article, but varied the
number of nuisance regressors used in BRSA model fitting. Top: average correlation (mean 4+
std) between the off-diagonal elements of the estimated and true similarity matrices, when
using different number of nuisance regressors, across SNR levels (x-axis) and amounts of
data (separate plots). "optimal PCs": the number of nuisance regressors is automatically
determined. The numbers of PCs used to generate other curves are indicated in the legends
Bottom: the correlation between the average estimated similarity matrix, depending on the
number of nuisance regressors chosen.
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(such as 40 or 60) hurts the performance. This likely would also happen if we included even
larger number of nuisance regressors when fitting to larger amounts of data (2 and 4 runs).
This comparison demonstrates that the number of nuisance regressors determined by the
algorithm (5) is sufficient, and the small residual bias observed in BRSA result is not due
to the number of nuisance regressors. Future investigation may help understand and further

reduce this residual bias.

Part 7 Cross-validation with less stringent criterion

In Figure 5 of the main article we evaluated the rate of correctly accepting or correctly
rejecting the full model in different scenarios, using paired t-test between the predictive log
likelihoods of full and null model on left-out test data. When there is task-related signal in
training data but not in test data, or when neither training nor test data contain task-related
signal, t-test always correctly reject the full model, but it is also conservative when there
is task-related signal in both training and test data. Here we display the rate of correctly
accepting the full model when both data have task-related signal and correctly rejecting
the full model in the other two corresponding scenarios, using a less stringent criterion of
whether the difference between the predictive log likelihoods is larger than 0. Being able to
accept the full model more frequently at low SNR (Figure 4A of S1 Materials), it also has
small to medium false positive rate when either there is no task-related signal in the test
data (Figure 4B of S1 Materials) or when neither data contain task-related signal (Figure
4C of S1 Materials)
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Figure 4: Cross-validation performance using less stringent criterion The same
simulation was performed as in Figure 5 of the main text. But the criterion of deciding
whether to accept the full model against the null model is based on whether the total
predictive log likelihood of the full model on test data is higher than that of the null model.
(A) The rate of correctly accepting the full model when there is consistent task-related signal
in both training and test data. (B) The rate of correctly rejecting the full model when there
is task-related signal in training, but not in test data. (C) The correct rejection rate when
there is no task-related signal in either the training or test data. Shades of color indicate
the SNR level in the task-active voxels, and different groups of bars correspond to different
amounts of training data (1 or 2 runs)
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