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SUPPLEMENTARY METHODS

In the first part of this Supplementary Information (Supplementary Methods), we present
the construction of the Randomly Cross-Linked (RCL) polymer for a single Topologically
Associating Domain (TAD). We then generalize the RCL framework to multiple interacting
TADs (heterogeneous RCL), and discuss several statistical properties that we obtain such as
1-the mean radius of gyration for each TAD, 2-the encounter probability within and between
TADs, 3-the mean square radius of gyration, and 4-the distribution of three-dimensional
distances between loci.

In the second part, we present simulation results of the heterogeneous RCL polymer with
volume exclusion. We test the sensitivity of the model to the location and number of TAD
boundaries, and compare minimal reconstructed RCL polymer at various coarse-graining

resolutions for HiC and 5C data.

Constructing a RCL polymer for a single topological associating domain (TAD)

The RCL polymer for a single TAD [13] in dimension d = 3 consists of N monomers
at positions R = [ry, 7y, ...,7n]T, connected sequentially by harmonic springs [6]. Then Ne
spring connectors are added randomly between non-nearest neighboring (non-NN) monomer
pairs (Fig. 6A, main text) leading to a realization G. The energy ¢g of the RCL polymer is
the sum of the spring potential of the linear backbone plus that of added random connectors

(see also [1, 3]):
of(R) = STr(R"(M + BY(©)R). M

where k is the spring constant, and T'r is the trace operator. The matrix M is the Rouse

matrix for the linear backbone [6], defining connectivity between NN monomers

Mm,n =\ — ZN Mm,j; m =n, (2)

0, otherwise,



and BY(€) is a square symmetric connectivity matrix between Nc randomly chosen non-NN

monomer pairs,

(
-1, |m —n| > 1,r,,,r, connected,;

N

j#m
\ 0, otherwise,
and the connectivity fraction
2Nc
= 3
¢ (N-1)(N-2) )

is the ratio of the number of connectors Nc¢ to the maximal possible non-NN monomer pairs
to connect.

The dynamics of monomers (vector R) is given by the sum the field of forces obtained
from the energy 1 plus Brownian motion:

AR __dD
dt b2

V¢§(R)+\/ﬁi—j = —db—?(M+Bg(5))R+ @‘3—‘:, (4)
where D is the diffusion constant, and w are standard d-dimensional Brownian motions with
mean zero and variance one. To study the statistical properties of each monomer in Eq. 4,
we previously used a mean-field approach [13], where we replaced the matrix BY(€) by its
average (BY(€)) (average over all realizations G for a given fraction of connectors £ [1, 13]).
We computed the steady-state variance, the encounter probability (EP) between monomers
m,n of a single TAD [13], which was used to fit 5C data of a single TAD to recover the

number N¢ of connectors.

Constructing a heterogeneous RCL polymer for multiple interacting TADs

In this section we generalize the construction of the RCL polymer of a single TAD (Sec-
tion ) to heterogeneous RCL polymer, consisting of multiple interacting TADs. We derive
statistical properties of the heterogeneous RCL model, such as intra and inter-TAD en-
counter probabilities, mean radius of gyration of each TAD, and the distribution of the

spatial distances between monomers.
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Supplementary Figure. 1: Constructing the heterogeneous RCL polymer. A.
Schematic description of 3 TADs: TAD; (blue) TAD, (red) and TADj3 (orange) composed
of Ny, Ny and N3 monomers connected linearly, containing additional random connectors
within and between TADs, determined by the connectivity fraction &;; (Eq. 14, main text).
The indices b; represent the bottom right end of each block associated to the grid points
(b;, bj), which define blocks [7T};]. B. Sample configuration of a heterogeneous RCL polymer
with three TADs corresponding to the construction in panel A. Monomers (spheres) are
connected linearly by harmonic springs to form the backbone, and additional connectors

(springs) are added randomly between non-nearest neighboring monomers within and

between TADs.



Construction of the average connectivity matrix (BY(Z))

To construct the average connectivity matrix

Tu] [T] ... [Ting]
[Tho] [T2] ... [Tong]
(BQ(E)> = ) R ) (5)

|[Tnpea]l - - [T
(see Supplementary Figure 1A), we start with matrix BY(Z) (Eq. 15, main text) and define
boundaries of blocks [T};], 1 < 4,7 < Np: the upper left and lower right indices of block [T};]

are (b;_1,b;_1) and (b;, b;), respectively, where

b= N (©
m=1

and by = 1.

We shall now describe the procedure of averaging. For that purpose, we chose Nc(i,7)
independent pairs of monomers between blocks [T};], (¢ # j) with a uniform probability,
where N¢(i,7) is the number of connected pairs between TAD ¢ and j. By symmetry, we
can restrict the choice of monomer pairs to the upper triangle of (BY(Z)). We now compute
the probability Pr;;(k) = Pr{B%" = k|Nc(i, j)}, of monomer m in TAD i (m € (bi_1, b;)),
to be connected to k£ non-NN monomers in TAD j, given the total number of connectors
Nc(i, j). For ¢ = j, inside TAD 4, this probability is computed by choosing & indices in row
m and the remaining Nc¢(i, i) — k connectors in any row or column n # m, leading to the

hyper-geometric probability

( Ok . NC(i,(i)—k :
Nec(i,i) "Ny —(N;—3 .
CNc(zL',j) , biog <m < by;
Np,
PTii(k) = (7)

k Nec(i,i)—k
CNc(i,i)CNL—(Ni—Q)
Nc(i,1) )
\ CN;

m = bi—l, bi,

where C7 = #'),J, is the binomial coefficient.

For off-diagonal blocks [T};], with j > 4, the probability of monomer m to be connected

to kK monomers is

_ ONJ‘ CNL*NJ'

Prij(k) = (8)



The mean number of connectors B,(f;j), for monomer b;_y < m < b; in each block [T;] is
computed from formulas 7-8

&;Nj, i —Jjl>1;

fm(Nl—S), ‘Z—j’ :O,bi,1 <m<bl-.

We now compute the average number of connectors for monomer m. This computation is
obtained by the sum of average intra and inter-TAD connectors (Eq. 9) over all blocks [T5;],

j=1,.,Nr

%B(i,k) B —3&; + Z;\Z N;&ij, bicg <m < by; (10)
k=1 —2&; + Z;V:ﬂ Nj&j; m = bj_1,b;.

We can therefore represent each block [T};] in a matrix form by

Np
—&ii (11'1' + [M(i)]) +1I; Z Ni&ik, 1= J;
=1 (11)

—&ijlij, L F 7,
where 1;; is a N; x N; matrix of ones, [M?] is a Rouse matrix (Eq. 2) for a polymer of N;
monomers, and [; is an N; x N; identity matrix. This ends the computation of the average
connectivity matrix (BY(Z)) defined in Eq. 5 by blocks 11.

The energy of the mean-field heterogeneous RCL polymer is given by Eq. 1, with the
connectivity fraction matrix = (Eq. 12, main text), and average random connectivity matrix
(BY(Z)) (Eq. 5). The mean-field equation describing the dynamics of monomers R is

%z = —db% (M +(B%(=))) R+ @i—f, (12)
where d is the dimension, b is the standard-deviation of connected monomer for Nc = 0
(Rouse chain), M = diag ([MW],...,[M*7)]), and w are Brownian motions with mean

zero and standard-deviation one.

Relaxation time for the average RCL polymer

We derive now the statistical properties of the monomer dynamics based on Eq. 12. We

first diagonalize the average connectivity matrix (BY(Z)) (drift term) using the normal



coordinates transformation
U=VR=[up,u,..], (13)
where
V = diag ([VW],[V®], ... [V (14)

is a diagonal block matrix. Each block [V®] is a N; x N; matrix of eigenvectors associated

with the Rouse polymer containing /N; monomers, and is given by

) L_, m=1;
[V(Z)]mm = Nz (15)
N%cos (%—lh(n—%)>, 1<m<N;.
To obtain the normal form, we multiply 12 from the left by 14 and obtain
dU D d
= —d; (A+V(BYE)V) U + \/de—’Z, (16)

where 1 = Vw are standard Brownian motions with mean zero and standard-deviation one.

The Np x Np block diagonal matrix

A = diag ([AW], [A@],..., [AGT)]) (17)
consists of eigenvalues of Rouse chains, containing Ny, Ns, ..., Ny monomers, and is defined
by

[AD] = diag (Aff), 2D ..AS@A) , (18)

where the Rouse eigenvalues are

() — g4gin2 [ 2X _ -
Ay} = 4sin (2Ni>), p=0,...,N;— 1. (19)

To compute V(B(Z))V' in Eq. 16, we use relation 11, and note that [T};] commutes with
[M®] (Eq. 2), and therefore we can carry the computation for each block separately to
obtain

Np

—&i (NiGy + [AY]) + I, Y Nibaw, i = J;
ponpop = {0 ORI I e =i

—&ij/ NilN;Gij, L7



where G;;(m,n) is a V; x N; matrix made of zeros except for G;;(1,1) = 1. Thus, the normal

coordinate u (1 <m < N; —1) in chain 7 satisfies

duly  dD [, = - iy
mo_ A@ (1 = y E NL&; @) 4 \/op—Im™ 21

whereas the centers of masses uéz) are driven by

= —— . u —_— . . u
dt b2 £ kSik U £ ikV 1VilVEUg dt )

where 77%) are d-dimensional Brownian motions with mean zero and standard-deviation one.

To conclude, the relaxation time for a polymer containing Ny TADs is computed from of

Eq. 21 as the slowest relaxation time

(23)

2
7(Z) = max b

1<i<NT 941 (fov:Tl Ni&ir +4(1 — &) Sin2(217:/v>) |

(3

Using the values b = 0.2um, D = 0.008um?s™1, and Ne¢ for polymers as described in Supple-
mentary Figure 2 and 4, and Eq. 23, we computed numerically the relaxation times for TAD
D, E and F and found that 7p = 28s;7p &~ 12s;7p ~ 16s. All statistical quantities were
computed here from simulations after we waited 10,000 time steps, which is much more than
these relaxation times (hundreds of seconds), ensuring that the polymer model has reached
a steady-state. Note that the internal monomer position fluctuations due to thermal noise
contributes to the dynamics of each monomer, captured by the MSD, which is a second

order statistical moment.

Mean square radius of gyration for each TAD

The mean square radius of gyration (MSRG) characterizes the average size of a folded TAD.
We derive now an expression for the probability distribution of the square radius of gyration
of each TAD across realizations G and then compute the first two moments. We start with

the formula for the distribution of the square radius of gyration [7]

) 1 [~ _ 9 i.dfBb® (i)1-1\—d/2
P(R ) = % eXp<1C6Rg> det(lNifl + IN. [F ] ) dﬁa (24)

where i. is the complex unit, [[V] is a (N; — 1) x (N; — 1) diagonal matrix of eigenvalues for

the block connectivity matrix [M®]+[T;] (Eq. 2 and 11), excluding the first zero eigenvalue,



and det is the determinant operator. We evaluate now the determinant in 24 by a series
expansion
idBRP It d = [ 21 pB0*\F Tr([LW]P)
det(ly 4+ S22 1 y=d/2 _ = _ e 25
et(1n,—1 + N, ) exp | ;5 E AN, » ,  (29)

p=1

where T'r is the trace operator. We truncate the series in 25 at order p = 2 and substitute

the result in 24 to obtain

o] 4 02 2
P = 5 [ e (~ T rIO1) + 18U - GO0 ) ds,

—00

BTr(r0]-1) ) 2
[ (-
\/ i ’ o . (26)

1A Tr(D0]2) “P | 7~ 1 T ([TO]2) JdN?

Thus, the distribution of the square radius of gyration of each TAD; is Gaussian with mean

and variance given respectively by
G) _ *Tr (0] )

(R2) — (27)
2/ P2y _ 2b4T7’([F(i)]_2)
o (Rg) = IN? (28)

Under the assumption of dominant intra-TAD connectivity,

Nt
(Hi): Ni&i> ) &/ NiNy, (29)

ki
which is well satisfied for TADs maps [4, 5, 11], we compute Eq. 27 by first approximating

O]~ VOT (O] + [T3]) VOT, (30)

which is valid for weak inter-TAD connectivity (assumption Eq. 29), where the center of
masses of TADs are decoupled in Eq. 22. We then use the approximation 30 for N; > 1 to

evaluate the trace in 26

Tr(PO)) = Tr (VO (MO] + [T]) VO]

2

—~ 1 N; T dx
- p; )\1(07;)( — &) + Zival Ni&ir - 2m(1 — &) /_7r y(Z) — cos(x)
Ni dz N,
= &) - Sy —— 31)
%Mkfwﬁﬂ@—WEmw«W3><v¢m&@%«ﬂ3>(

where

() (=) =
A (e



and A\ (Eq. 19) are the eigenvalues of the Rouse block matrix (Eq. 2) and

@@ =y"@) + [y E2 -1,
@) =y"E) - \y(E)? -1 (33)
Substituting Eq. 32 and 33 into 31 and then into 27, we obtain the expression for the MSRG
of TAD 1
2)(9) b
(RO ~ ~— . (34)
T - E) -6 E)

Encounter probability of monomers of the heterogeneous RCL polymer

We now compute the encounter probability (EP) between any two monomers of the het-

erogeneous RCL polymer, by first distinguishing between two cases

: encounters between
monomers of the same TAD (intra TAD), and monomers of different TADs (inter TAD)

Intra-TAD encounter probabilities

We compute now the variance afn(i)n(i)(E) of the vectors between monomers 1 < m,n < N,
of TAD; using normal coordinates 13

2 = 0oy 2 (N g (P DT ) p(n = )T\ )z 2
Truono(E) = ((rf) = r0)?) = (| D cos ( =52 ) uf) —cos (=2 ) ) (@) | )
7 =1 i
Ni—1

p

~—

(35)
We recall that the variance of the normal coordinates in Eq. 21 is
b2 (1 — exp (2/{( ( —&i) + ZN &pj) ))

, 1

(uf) (2))(t) = = : (36)
’ 01— &) + S Ny
where (uz(,i) (E)ut(;)(E)) = 0,p # q. The steady-state limit of 36 gives

. , b2
(Wl (2)*) = lim (u{)(E)*)(1) = — (37)
P t—o0 ' P )(1 _ 5“) + Z N &j
Substituting 37 in 35, we obtain

b2 i (COS( (mif)ﬂ) cos (pi(n;,i%)ﬂ))g

: (38)
p=1 (1 — &) + Z] 51 Nidpj

m(l)n(l)
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To compute the sum 38 for N; > 1, we use the Euler-MacLaurin formula with the change of
variable z = pﬁt, dr = %dp

(o by
N SN 6N+ 41— &) sin®(pr/ (21;)))

b2 /w (cos (x(m — %)) — cos (w(n _ %»)2 da
(1= &i) J & y(®(Z) — cos(z)

[1]

2
O (D) (i) (

~
~

, (39)

where 4 (Z) is defined in expression 32. To compute the integral in 39 we make the change of

variable z = exp(icx), with i; the complex unit, to obtain the expression

_ b2 (Zm _ Zn)2(zm+n—1 _ 1)2dz
2 O @ \2) = = i : 40
T ) () (E) il = &) 7{1_1 Amm1(; — (D @)z — V(D)) (40)

where Céi)(E), Cfi) (2) are defined in 33. The integrand in 40 has a pole of order 2(m +n) — 1 at

z = 0 and a simple pole at z = di)(E). Since Céi)(E) > 1 for all = (Egs. 32-33), this pole is outside

the unit disk and does not contribute to integral. The final result is (see also [13] for details)

( ) (4) —\m—-n __ 2 1) —\ym+n—1
<R2>(z)((CO (“) ' 1) 2C0 (‘—‘) + 2),771 > n;
g (1) (=y2m—1
G (E)
02 o () = (41)
(2) =\n—m __ 2 1) —=\m+n—1
oy (@@ 1 el

where <R§>(i) is the MSRG of TAD, defined by expression 34. Because the heterogeneous RCL
model belongs to the class of Gaussian models [9], the EP between monomer m and n of TAD; is

given by

Py n (B) o <d(5)>d/2- (42)

2102,
Inter-TAD encounter probabilities

We now compute the EP between monomers of TAD; and TAD; (i # j). We start by computing
the variance of the vector between 7“5,? of TAD; and rg ) of TAD; by using the position of center
ORNE))

of masses r¢m, rem, respectively:

i (3 = () =192 = (05D = 8 +8, =)+ 1) — 1)

= {(rfi) = &2 + (D = )% + (8 = 8- (43)
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The variance of the vector between a monomer m of TAD, and its center of mass in normal
coordinates (Eq. 13) at steady-state is

2 eos? (Re(m - 1)
1—§u 2:: )(Z) — cos(

w)

Q

_b2 (ZQm—l + 1)2
2r(1 = &i)ic Jizm1 22712 — ¢(2))(z — P (E))
(1 + ¢ (E) ) 2 (i) (=12
= : ; = (RHD1+ ¢ (=)™,
(1- &)@ - " (@)
Similarly for TAD;, we obtain

dz

(44)

() = 7§ =

<R2> (1+C0 (5)1_2")). (45)
Under the assumption of weak inter-TAD connectivity (assumption Hj, Eq. 29), the position of

the centers of massed of TADs are independent. Thus, we obtain

b e W@ wd(E)?)
(= rG)%) = 25 a (46)

We compute the variance of the center of mass (u(()i)

(£)?) from Eq. 22 at steady-state, to obtain

i i b?
(ug)(2)?) = lim () (E)) (1) = = (47)
" tovo0" 0 Yook Niin
and similarly for the center of mass of TAD,
- b?
(" (®) = = (48)
leg] Nkfjk

Substituting 48 and 47 into 46, we obtain the variance of the vector between centers of masses

; ) b2 b2
(8~ = — (19)
N; Z Nl N; Z Ni&jk
ki kAj

where here we impose a non-vanishing connectivity condition

(Hn)lfjk>0, j,]{?:1,...,NT.

(50)
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To obtain the final expression for the inter-TAD variance, we substitute expressions 44, 45 and 49

into 43, to have

2 —_
O (@) () (‘:) = )

) 1
- —+ - -
e -Ena-a) e - <{”<E>><1 —&ij)

) 1 1
+b N + N
Ni > i Ne€in Nj 2oyt Nijn
— (RDD(1 4+ ¢(=2)'2™) + (R (1 + ¢V (=)' )

1 1
+b? N + N : (51)
Ni >t Ne€ie  Nj 2 iti Nk
The EP between monomer m of TAD; and n of TAD; is therefore

d d/2

Mean-square displacement of monomers of the heterogeneous RCL polymer

We now derive an expression for the mean square displacement (MSD) of monomers in TAD;.
The procedure follows the steps presented in [13], however we replace the mean number N¢ of
connectors of each monomer of a single TAD by the the mean number ZkN:Tl Ni&; of connected
monomers in TAD; in a multi-TAD RCL. When the dominant TAD connectivity assumption Hq
(Eq. 29) is satisfied, the relaxation times 7,(£),p = 1,..N® — 1 of the internal modes of the RCL

polymer of N; monomers, is [13]
b2
2dD(N;&; + 4(1 — &) sin®(pm/(2N)))

Thus, for intermediate time scales Tn_1(&;;) < t < 71(&;) the average MSD (over monomers and

(i) = (53)

realizations G) is

dv?’Erf| \/2th SONT Ni&ir /b2

((ri(t+5) = r)())?)) = 2dDepnt + , (54)
\/ gn Zk 1 Nk&zk
where D, = ﬁ. Expression 54 can further be approximated by
- .
db\/dDt (1 +exp(— 22N ngik)>
(Dt + 5) — r@(s))) ~ 2dDemt + k=l : (55)

271'(1 — f“)

Expression 55 scales as v/t similar to the Rouse polymer. This effect is due to the averaging over
all realizations. We also highlighted here how the MSD curve depends on the connectivity between
TAD; and all other TADs.
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Distribution of the distance between monomers of the RCL polymer

We now derive an expression for the distribution of the distance between any two monomers ry,
and 1, of the heterogeneous RCL polymer model. Since the RCL polymer belongs to the Gaussian
chain family [9], the vector r,, — r,, is actually Normally distributed in any dimension j =1,...,d
with mean fimm, = 0 and standard-deviation o,,,(Z) (square root of Eq. 41, 51), where Z is the
connectivity fraction matrix (Eq. 14, main text). The distance D,,, between monomers 7, and

rp, is defined by

d
Dy = [l = 7all = | () =12 (56)
j=1

and is a y-distributed random variable with d degrees of freedom, as the norm of d-dimensional

Normally distributed vector r,, — r,. The normalized norm to the standard deviation

Dmn

 omn(B)

™ — Tnh — Umn

Omn(Z2)

Lpn = (57)

is distributed according to standard y distribution, as the norm of d-dimensional Normally dis-
tributed random vector with mean zero and unitary standard-deviation. Thus, the distribution
b, (x) of the distances D, can be computed from the standard y distribution

fDm(m:fzm( - >=215r<;l>< . )dle‘(m)Q, (58)

Omn (E) Omn (E)

where I' is the I'—function.
Finally, using the average of y—distribution (Z,,,), we obtain for the average spatial distance

between monomers r,, and 7,

+

&' (59)

(Dinn) = (0mn(E) Zmn) = Omn(E)(Zmn) = V20n(5) o

[Sl[SHIN]
SN—"
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Probe |Length (bp)|Monomer start (r,,) Monomer end (ry,)
pEN1 9839 43 46
pEN2 9612 109 112
pLG1 9430 o4 o7
pLG10 4503 116 117
pLG11 4938 96 98

X3 16060 73 78

X4 12606 87 92

Supplementary Table. I: Mapping seven DNA FISH probe ends [8] at 3kb resolution from
bp to monomers of the coarse-grained, three TAD, RCL polymer model with N = 605

monomers.

SUPPLEMENTARY RESULTS

Comparison of the distribution of distances of the heterogeneous RCL model with

DNA FISH data

We compare the prediction of the distribution of three-dimensional distances between monomers
of the heterogeneous RCL polymer to measurements of DNA FISH probe pairs. For this compar-
ison, we use seven DNA FISH probe pairs of lengths 4-16kb, reported in [8]. We first binned the
5C-data [11] of TAD D ,E, and F, at a monomer resolution of 3kb avoiding the two ends of a probe
within the same monomer. We obtained a coarse-grained genomic section of N = 605 monomers,
with Np = 123, Ng = 174, Np = 308. We then mapped the bp position of probes to monomers
(see SI of [8]). In Table I we summarize the details of mapping FISH probes at 3kb to monomers.

We then constructed a three TAD RCL polymer of N = 605 monomers. To obtain the average
connectivity fraction matrix =, we fit the EP of the RCL polymer (Eq. 42-52) to the empirical 5C
EP data of TAD D, E, and F (see Methods section, main text) and obtained:

3.5723 1.7856 1.5828
= =102 [1.7856 3.6240 1.7966| - (60)
1.5828 1.7966 3.2404
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To compute the distribution of the three-dimensional distances fp,,, (z) (Eq. 58), we first compute

2

the variance o7,

(2) (Eq. 41-51) of the distance between probes (monomers m,n Table I), where
we substitute the fitted Z (Eq. 60) in Eq. 58, with b = 0.2um. In Supplementary Figure 2, we
plotted the distribution of 3D DNA FISH probe distances (black) vs. the predicted distribution
fDyn () (red), and further plotted the mean DNA FISH (green circles) and the predicted distances
(D) (Eq. 59) of the RCL model, showing a very good agreement and confirming the predictive

value of the RCL-polymer model.

Heterogeneous RCL model with volume exclusion forces

To examine the consequences of volume exclusion forces on the statistical properties of the hetero-
geneous RCL polymer (Eq. 34, 42, 52), we now add to the potential in Eq. 1 the harmonic volume

exclusion potential

N

oy (R) = %V Nt = 70) 2 H (s 7, ), (61)

m,n
where Ky is the spring constant, and H (ry,, 7y, ¢) is an indicator function for the distance between

monomers 7, and r, within a ball of radius ¢, defined as

Lo rm =l <

H(rpm,rp,c) = (62)
0, else.
The exclusion radius ¢ characterizes physical properties of external forces applied on the chromatin
at a given coarse-grained scale. This parameter is thus independent of the mean distance b between
connected monomers at that scale (see Method section, main text).

The total potential of the heterogeneous RCL polymer becomes
$(R) = ¢¢ (R) + ¢v (R), (63)

where qﬁg(R) is the potential derived in Eq. 1. In the present model, we do not account for
any topological constraints on the chromatin at any resolution. The result of this procedure is a
heterogeneous RCL polymer with three TADs, similar to the one presented in Fig. 1 (main text).
We performed 10,000 simulations with a time step At = 0.01s, diffusion coefficient D = 8 x 1073
um?s~1, and the mean length b = 0.2um. We examine two values of the radius of exclusion

¢ =0b/5,b/3um, with an encounter distance ¢ = b/4 and € = b/5um, respectively.
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12606bp

Probe length: 9839bp
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Supplementary Figure. 2: Comparing 3D DNA FISH with RCL model
prediction. Distribution of three-dimensional distances between seven DNA FISH probe
pairs (black) of lengths 4.5kb-16kb (measured in [8]) and predicted distributions fp, . (Eq.

58) of the RCL polymer model at 3kb resolution. Average values for DNA FISH (green
circle) and predicted (Eq. 59, red squares).

In ST Fig. 3A, we plotted the encounter frequency matrix obtained from numerical simulations
of Eq. 17 (main text) with the added volume exclusion potential 63 and a radius of exclusion

¢ = 0.04pm, where the number of connectors within and between TAD satisfies the dominant
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intra-TAD connectivity assumption (Eq. 29). We find three distinct TADs and higher-order
structures (meta-TADs) in the encounter frequency matrix (Supplementary Figure 3A), although
the encounter frequency is reduced in comparison to Fig. 1A (main text), due to volume exclusion

forces.

Interestingly, we find a good agreement between the EP obtained from numerical simulations
and Eq. 42, 52, within and between TADs. In Supplementary Figure 3B, we plotted the EP for
monomers rog, 779, and r199, located at the center of each TAD, against the EP expression Eq.
42-52, and found a good agreement. The average MSD of monomers in each TAD (SI Fig. 3C) also
confirm Eq. 54 for TAD; (blue) and TADs (yellow) for all 0 < t < 25s , and for TADy (red) for all
times ¢ > 5s. Finally, the mean radius of gyration obtained by simulations was 0.179, 0.134, and
0.168um, which should be compared to 0.178, 0.132, and 0.167um obtained from Eq. 54, with an
average error of 1%. These results are remarkable and already show that the RCL polymer model
is able to account to volume exclusion. We shall offer a possible explanation below. We then
repeated the same protocol after increasing the exclusion radius to ¢ = 0.067um (Supplementary
Figure 4) and found that the encounter frequency (panel A) still contains three distinct TADs with
meta-TAD like higher organization, but some discrepancies appeared between the EP expression
(Supplementary Figure 4B, blue, Eq. 42, 52) and the simulation EP (orange). We further found
disagreements between MSD from simulations (Supplementary Figure 4C, continuous line) and
expression 54 (dashed). Finally, the mean radius of gyration from simulations is 0.192, 0.145,
0.181pm vs. 0.178, 0.132, and 0.167um obtained from Eq. 34, for TADs 1 to 3, respectively, an

average error of 8.5%.

We conclude from these results that the steady-state and dynamic properties (Eq. 34, 54)
are adequate to describe the chromatin using heterogeneous RCL polymer with volume exclusion
radius of up to 40nm. Possibly, many long-range forces are responsible to generate a polymer
statistics that contain the one generated with volume exclusion. This result can be due to the

homogeneous distribution of connectors that on average pushes away all monomers.
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Supplementary Figure. 3: Statistical properties of the heterogeneous RCL polymer
with added volume exclusion. A. Encounter frequency matrix of a polymer with three TAD
blocks (TAD;, TADg, TAD3) of Ny = 50, No = 40, N3 = 60 monomers is computed from 10,000
simulations of the RCL polymer using Eq. 17 (main text) with the added volume exclusion
potential 63 and At = 0.01 s, D =8 x 1073 um?/s, d = 3, b = 0.2um, € = 0.02um, and
¢ = 0.04um. The number of added connectors within and between TADs appears in each block.
Three distinct diagonal TADs are visible (red boxes) where secondary structure appears (black
lines) due to weak inter-TAD connectivity. B. Encounter probability (EP) of the heterogeneous
RCL described in panel A, where the simulated EP (red) agrees with the theoretical one (blue,
Eq. 42, 52). We plot the EP of the middle monomer in each TAD: monomer 79 (Upper left),
monomer r7g (Upper right) and monomer r199 (bottom left), where TAD boundaries are in
vertical dashed red lines. C. Averaged mean squared displacement (left panel) of monomers in
TAD; (blue), TADs (orange) and TAD3 (yellow), using simulations of RCL polymer, as described
in panel A: simulation (continuous line) vs. theory (dashed, Eq. 54). (Right)MSD plot in log-log
scale. The estimated anomalous exponents uses the least square method in the log space of the a
model 3;t¢ (Eq. 10, main text). For TADs i = 1..3 in the intermediate time of 1 to 25s results in
a; = 0.3, a2 = 0.23, a3 = 0.26 for TAD,, TAD9, and TADj, respectively, showing how a given

connector configuration defines the anomalous exponents.
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Supplementary Figure. 4: Statistical properties of the heterogeneous RCL polymer
with added volume exclusion. A. Encounter frequency matrix of a polymer as in SI Fig. 3A,
with a radius of exclusion ¢ = 0.067um. The number of added connectors appears in each block.
Three distinct diagonal TADs are visible (red boxes) where secondary structure appears (black
lines) due to weak inter-TAD connectivity. B. Encounter probability (EP) of the heterogeneous
RCL described in panel A, where the simulation EP (orange) deviates from the theoretical EP
(blue, Eq. 42, 52), plotted for the middle monomer in each TAD: monomer 799 (Upper left),
monomer r7g (Upper right) and monomer r199 (bottom left), and TAD boundaries appear in
vertical dashed lines. C. Averaged mean squared displacement of monomers in TAD; (blue),
TADs (red), and TADg (yellow), using simulations of RCL polymers, as described in panel A:

simulations (continuous line) vs. theory (dashed, Eq. 54), that do not agree for ¢ > 5s.
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Comparing RCL polymers reconstructed from two replicas of 5C data at 10kb

resolution

To test the validity of the present approach in reconstructing the statistics of several interacting
TADs, we use each replica of the 5C data of the X chromosome [11], TAD D, E, and F, to find and
compare the average number of connectors between replicas. We started by fitting the steady-state
EP (Eq. 42 and 52) to each replica independently. We then bin the 5C data of TADs D, E,
and F [11], at 10kb resolution (Methods, main text and also [14]), which resulted in Np = 183
monomers, where Np = 37, Np = 53, and Np = 93, respectively. In Supplementary Figure
5A, we plotted the average number of connectors found by fitting the EP of three TADs across
three stages of cell differentiation: mESC, NPC, and MEF, for replica 1 (SI Fig. 5A) and replica
2 (Supplementary Figure 5B), where we approximate the number of connectors to the nearest
integer. In Supplementary Figure 5C, we plotted the absolute difference |Nc(Repl) — Ne(Rep2)|,
between the number of connectors Ne(Repl) (resp. Nc(Rep2)), found for replica 1 (resp.2). The
RCL fit to empirical data resulted in a small difference (0-2 connectors) between the two replicas,
where the only significant difference of 5 connectors was found for intra-TAD connectivity of TAD
F (Supplementary Figure 5C, left).

To examine the robustness of the RCL fitting procedure, we tested the fit of the EP of one replica
of the 5C data to the empirical EP of the second replica, on the basis of individual monomers. We
first fitted the empirical EP of each monomer of replica 1 for TADs D, E, and F, at a resolution
of 10kb, by performing 183 curve fitting using Eq. 42, 52 to obtain the connectivity fractions
Em, m =1,...,183 of each monomer. Using the fitted &, from replica 1, we computed the EP
Pg(il)(m, n), n = 1,...,183, between monomers m and n of replica 1 and compared it to the

empirical EP E?)(m, n) of replicas 2 using the norm

183
N (n) = PO — B = [ 3 (PE) (. n) = B@ (m,n))?. (64)
n=1

We repeated the fitting process described above when we exchanged the roles of replica 1 and 2, and
computed the norm N1 (m) (Eq. 64) for each monomer m = 1, ..., 183. In Supplementary Figure
5D, we plotted the norm 64 when we fitted the EP of replica 1 and compared it with the empirical
EP of replica 2 (left), and when we fitted replica 2 and compared it with the empirical EP of replica

1 (right). We found that for a majority of monomers the norm satisfies 0.1 < N (m,1,2) < 0.3,
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for each N (m,1,2) (left) and N(m,2,1) (right). The peaks at m = 57,160 indicate disagreement
between fitted EP of replicas 1 and 2 with empirical EP of replica 2 and 1, respectively, due to the

presence of persistent long-range looping (peaks of the empirical EP matrix) for these monomers.

We further computed the average of the norm 64 over all monomers m =1,...,183 by
1183
(12)y — (1,2) 65

and obtained (N(:?)) = 0.12,0.11, and 0.12, for mESC, NPCs and MEF, respectively. Reversing
the roles of replica 1 and 2, we obtained <N(2’1)> =0.13,0.1, and 0.13, for mESC, NPCs, and MEF,
respectively. From the results in SI Fig. 5, we concluded that the present fitting procedure using
RCL polymer is consistent across replicas of the 5C data. We then compared the mean radius of
gyration (MRG) and compaction ratio of each 5C replicas in stages: mESC, NPC, and MEF, (Fig.
6). To compute the MRG, we first computed the value of b, the mean square distance between
connected monomers, at a scale of 10kb. For this end, we used the value of b = 0.2um at 6kb
resolution (Fig. 1-2, main text), and chose the criteria that the MSRG (Eq. 34) must be invariant
across scales in order to compute the value of b at 10 kb. Therefore, we obtain the equation for
TAD; for 6kb and 10 kb, we have

(R

__1, i=D,E,F. (66)
(R @

Using Eq. 34, we obtain

(1

W0 4 | 1=EDGIED) ~ G ED)
RN (1= gDy (P Em) - (P my)

where gi(j)(gff)), =M (2@)) are found by fitting the EP (Eq. 42, 52) to the empirical data at 6kb

(67)

[1]

(10kb). Applying Eq. 67 to the 5C data at 6 and 10 kb resolution, mESC, for TADs D, E, and F,
we obtain the value of bygy, for each TAD: bp = 0.185, bg = 0.16, by = 0.2. In simulations, we use
a single b value, obtained by averaging bp, bg, and br to obtain bygr, = 0.1814um.

We found that the average (over TADs) of the MRG of the 5C replica 1 is 0.2um at mESC stage
and dropped to 0.186 p at NPC stage, but has an average of 0.2um at MEF stage (Supplementary
Figure 6A, left). These compaction and decompaction changes of TADs across differentiation are
present for 6kb resolution (Fig. 2C, main text). The compaction ratio (Eq. 9, main text) of replica
1 (Fig. 6A, right) increased from an average value of 19 at mESC stage to 28 at NPC stage, and

was 20 at MEF stage. The compaction ratio for the 6 TADs is qualitatively in agreement those for
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Supplementary Figure. 5: Comparing the number of connectors between two
replica of 5C data at a resolution of 10kb A. Average numbers of inter and
intra-TAD connectors for TAD D, E, and F, obtained by fitting the RCL model EP (Eq.
42, 52) to each monomer of replica 1 of the dataset presented in [11], binned at 10 kb
resolution, and for three stages of cell differentiation: mESC (left), NPC (middle), and
MEF (right). B. Same as in panel A for replica 2. C. Absolute difference between the
average number of connectors found independently for replica 1 and 2 (panels A and B),
and for the three cell stages. D. Norm of the difference ||[P1Y) — E®)|| (Eq. 64), between
the EP PO fitted to replica 1, and the empirical EP E®) of replica 2 (left) and then we
show the opposite (right), where we compute the norm of the difference ||[P®? — EM)||.
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the average of the two replicas for three TADs (Fig. 2C, main text) across cellular differentiation.

However, we found several differences from the synchronous compaction and decompaction of TADs

in the MRG of replica 2 (Supplementary Figure 6B, left) where we observed a slow monotonic

decrease in the MRG from an average of 0.21 pu at mESC stage to 0.2um at MEF stage.
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Supplementary Figure. 6: Statistics of individual replicas of the 5C data. A.

Mean Radius of Gyration (MRG) of replica 1 of the X chromosome (left) at 10 kb

resolution for TADs D (blue diamonds), E (orange squares), and F (yellow circles), and for

three stages of cell differentiation, shows a synchronous TAD compaction in the transition

from mESC to NPC cells, and the compaction ratio at the MEF stage. The compaction

ratio (right, Eq. 9, main text) further reveals the chromatin changes across cell

differentiation. B. Mean radius of gyration (left) of TADs D (blue diamonds), E (red,

squares), and F (yellow, circles) of 5C replica 2 of the X chromosome indicates a

synchronous compaction of all three TADs in the transition from mESC to NPC. The

(panel A right).

changes in the compaction ratio (right) of replica 2 is comparable to that of replica 1
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Sensitivity of the RCL polymer model to TAD boundaries’ locations

To examine the robustness of the RCL model, we varied the number of TADs and the position
of their boundaries. For this end, we use the 5C data in Fig. 2 (main text) at 6kb and further
subdivide each TAD, D, E, and F in half. After subdivision we obtain six sub-TADs with N7 =
31, Ng = 31, N3 = 43, Ny = 44, N5 = 77, Ng¢ = 77. We then repeated the procedure of EP fitting
(Method section) for three stages of cell differentiation, to obtain the average number of added
connectors within and between TADs (Supplementary Figure 7A). To compare the number of
connectors of the three TAD case to those with no subdivision (Fig. 2C, main text), we average
each non-overlapping 2 x 2 blocks of (Supplementary Figure 7A), to obtain the expected number of
monomers in a 3 X 3 matrix corresponding to TADs D, E, and F (Supplementary Figure 7B). We
then computed the absolute difference between the 2 x 2 block average associated with each TAD
in Supplementary Figure 7B to the results obtained for 3 TADs (Panel C). We find differences of
0-30% connectors in all three cell types, with the most significant being six connectors in the intra-
TAD connectivity of TAD E in the MEF stage. The difference between the number of connectors
within TADs is 4, 4.5, 4, for mESC, NPC, and MEF, respectively, whereas the difference of inter-
TAD connectors is 2, 0.7, and 1.7, for mESC, NPC, and MEF, respectively. We conclude that the
subdivision of TADs and position of TAD boundaries across experiments can lead to differences in

the intra-TAD connectivity of up to 30%.

Chromatin dynamics throughout differentiation for 6 TADs

We study the consequence of dividing the three TADs into six, by subdividing each in half (see
previous subsection). We computed the mean radius of gyration for TADs 1-6 (Supplementary
Figure 8A left), and obtained an average (over TADs) of 0.13um at mESc stage, 0.12um for NPC,
and 0.13um at MEF. This synchronous compaction and decompaction of the six TAD case at 6
kb resolution is in agreement with our finding for the three TAD case (Supplementary Figure 8A,
right) for which we find that the mean radius of gyration decreased from 0.21pum at mESC stage,
to 0.19um at NPC, and was 0.2um for MEF stage.

The mean radius of gyration for sub-TADs do not add up to that of the whole TAD and this

implies that sub-TADs are intermingled. These configurations can further be accounted for by the
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Supplementary Figure. 7: Robustness of TAD boundaries in RCL
representation. A. Average number of connectors for the genomic section spanning TAD
D, E, and F, when each TAD is further divided in half to give rise to six TADs, binned at

6kb resolution, for mESC (left), NPC (middle), and MEF (right) cell types. B. Average
number of connectors obtained by fitting Eq. 42, 52 to the empirical EP, in each
non-overlapping 2 x 2 blocks of the number of connectors in panel A, corresponding to the
initial subdivision of the genomic segment into TADs D, E, and F. C. Average number of
added connectors for TADs D, E, and F presented in Fig. 2 (main text). D. Difference

between the average number of connectors shown in panel B and panel C.
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difference in the number of added connectors between the six and three TAD case (Supplementary
Figure Fig.7D). We further computed the compaction ratios (Eq. 9, main text) for the six TAD
case (Supplementary Figure 8B, left), which increase from an average of 93 at mESC stage, to 115
at NPC and dropped back to 90 at MEF stage. The compaction ratio for the three TAD case
(Supplementary Figure 8, right), increased from 56 at mESC stage to 81 at NPC, and decreased
to 62 at MEF stage.

We conclude from the results in Supplementary Figure 8 that the qualitative compaction and
decompaction of the three TADs throughout differentiation is preserved between the three TAD
and after subdivision into six TADs. However, we can expect a quantitative differences of up to

30% in the number of intra-TAD connectors.

Comparing HiC/5C data reconstructed from RCL polymer

To test the robustness of the present approach, we decided to compare the statistics and genome
reorganization of the 5C, that we previously analyzed with HiC data [2] for the X chromosome at
10kb, of a genomic section around TADs D, E, and F over three successive stages of cell differen-
tiation: mouse embryonic stem cells (mESC), neuronal progenitors (NPC), and cortical neurons
(CN). The data for mESCs, NPC and CN are obtained from the GEO repository GSE96107 [2].
We use HiC-Pro v2.9.0 [12] to map the raw data to mouse reference genome mm10 (using Bowtie2
v2.3.0; [10]) and we aligned reads, with default settings to remove duplicates, assign reads to DpnlI
restriction fragments and filter for valid interactions. We generated a binned interaction matrices
at 10kb resolution from the valid interactions and we use the Iterative Correction and Eigenvector
decomposition method (ICE) implemented in HiC-pro to normalize the results. Finally, we mapped
the boundaries of TADs according to the TAD boundaries reported in the 5C data [11].

After binning at 10 kb, we obtained a coarse-grained genomic section of 183 monomers, where
Np =37, Ng =53, and Np = 93, for TADs D, E, and F, respectively. We fitted the EP (Eq. 52 of
42) to the empirical EP of the coarse-grained HiC data to obtain the average number of connectors
within and between TADs (Fig. 3A, main text) for mESC (left), NPC (middle), and CN (right)
cell types. We find a monotonic slow increase in the intra-TAD connectivity in the transition from
mESC to CN cells, with very low inter-TAD connectivity (average 1.5 connectors) throughout all

three stages of differentiation. The acquisition of connectors throughout differentiation affects the
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Supplementary Figure. 8: Comparing three and six sub-TADs throughout
cellular differentiation A. Mean radius of gyration of the 5C data [11] at 6 kb for TADs
D, E, and F when each TAD is further divided in half (left), such that TADs D, E, and F

comprise TADs 1-2, 3-4, and 5-6, respectively, and (right) with no TAD sub-division. B.
Compaction ratio (left, Eq. 9, main text) of TADs 1-6 throughout differentiation, and with
no TAD sub-division (right).

compaction of each TAD and is indicated by the mean radius of gyration (Fig. 3B, main text),
which steadily decreased from an average (over TADs) of 0.25um at mESC stage to 0.24um at
CN stage. The compaction ratio (Eq. 9, main text) slightly increases from an average of 10 at
mESC stage to 14 at CN stage. We then compared the reconstructed HiC statistics with that of
the 5C data [11] binned at 10 kb. We find that the average number of connectors of the 5C of
TAD D and E (Fig. 3C, main text) is in agreement with that of the HiC (Fig. 3A, main text)
for mESC and NPC cell stages. Cortical neurons cells are more advanced differentiation stage
than the MEF and therefore the reconstructed statistics of the HiC CN and 5C MEF cannot be

directly compared. The mean radius of gyration (Fig. 3D, left, main text) for the 5C, remained
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at a average value of 0.2um throughout the three staged of differentiation. However, the average
compaction ratio (Fig. 3D, right, main text), in mESC is 21.5, and increased to 24 at NPC and
MEF stages. Taken together, we find consistency in the intra-TAD connectivity between the 5C
and HiC data. However, the synchronous compaction of TADs at the differentiation from mESC
to NPC is not seen for the HiC. This is in contrast to the TAD dynamics of the 5C for 10 kb
resolution, the average of two replicas at 6kb, and for individual 5C replicas (Fig. 6). We attribute
this discrepancy to the reduced inter-TAD connectivity of the HiC data in comparison to the 5C,

and to the binning at 10 kb, which eliminated inter-TAD connectivity.
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