Supplementary Material: Appendix

The appendix is organized as follows. In section A we prove some properties of
Jy norm, which are useful for the article. In section B we prove the convexity of
the objective of group SLOPE. Dual norm and the stopping criterion for the group
SLOPE algorithm are discussed in section C. Section D presents the formulation of
the group SLOPE in case when different groups are orthogonal to each other. Section
E is concerned with the properties of SLOPE when the design matrix is positive on
the diagonal and has zeros at off-diagonal entries. These properties are crucial for the
Theorem about gFDR control of gSLOPE (Theorem . The Theorem on the
minimax properties of SLOPE is proven in Section F, while Section G describes in
detail the heuristic procedure for deriving the A sequence when variables from different
groups are independent. Sections H focuses on the calculation of the expected maximal
group “effect” under the total null hypothesis, while the screening procedure used to

obtain SNPs for the simulation study is described in Appendix

A J, norm properties

For nonnegative, nonincreasing sequence A\; > ... > A, > 0 consider function R? >
b+— J\(b) € R given by J\(b) = 37 | Ai - [b|(s), where b1y > ... > |b|(y) is the vector

of sorted absolute values.
Proposition A.1. Ifa, b € R? are such that |a] < |b], then |a|.y =< |b](.).

Proof. Without loss of generality we can assume that a and b are nonnegative and that
it occurs a; > ... > a,. We will show that a, < by for k € {1,...,p}. Fix such k and
consider the set Sy := {b; : b; > ax}. It is enough to show that |Sx| > k. For each

j€{l,...,k} we have



bjzajzak — bjGSk,
what proves the last statement. [ |

Corollary A.2. Let a € R, b € R? and |a|] < |b| then Proposition instantly
gives that Jy(a) < Jy\(b), since Jy(a) = AT|a|¢y < AT|b]¢y = JA(D).

Proposition A.3. For fized sequence \y > ... > X\, > 0, let b € RP be such that
b= 0 and b; > b for some j,l € {1,...,p}. For 0 <e < (b; —b;)/2, define b. € RP
by conditions (be); == b + ¢, (b.); := bj —e and (b.); := b; for i ¢ {j,l}. Then
Ja(b:) < Ja(D).

Proof. Let m : {1,...,p} — {1,...,p} be permutation such as Y >, \(b-)u =
>0 Ax(iy(be)i for each 7 in {1,...,p} and Arj) > Azq). From the rearrangement
inequality (Theorem 368 in Hardy et al., [1952]),

p p

p p
Ta(b) = Jab) = > Xy = > Nilb)iy = > Ay — > Ay (be)s
1=1 =1 1=1 1=1 (Al)

p p
> Y Asbi = D Ao (0)i = €(Any = As) 2 0.
=1 =1

B Convexity of the objective function

To show that the objectives in problems (2.2) and (2.4) are convex functions, we will

prove the following propositions

Proposition B.1. Function Jypw(b) := J\ <W[[b]]]1> is a norm for any nonnegative,
nonincreasing sequence {\;}™, containing at least one nonzero element, partition I of

the set {1,...,p} and diagonal matriz W with positive elements on diagonal.

Proof. It is easy to see that Jyyw(c) = 0 if and only if ¢ = 0 and that for any

scalar @ € R it occurs Jy pw(ac) = |a|Jyiw(c). We will show that Jy s satisfies the
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triangle inequality. Let b, ¢ be any vectors from RP. From the positivity of w;’s we have

Wia + b]1 < Wla]y + W[b]i. Therefore, Corollary yields

Iniw (a + b) = Jy (Wﬂa + b]]g) < Ji (Wﬂa]]ﬂ + W[[b]]]l) (B.1)

IN

I (W[[a]]]l) + J (W[[b]]]l> = Jw(a) + Iagw (D),

since Jy is a norm. [ |

Proposition B.2. Function J) <W[[b]]LX> 1s a seminorm for any nonnegative, nonin-
creasing sequence {\;}1™,, partition I of the set {1,...,p}, design matrizc X € M(n,p)

and diagonal matrix W with positive elements on diagonal.

Proof. Clearly, J) (W[[ab]];yx> = |a|Jy (W[[b]]LX>, for any scalar a € R. Moreover, for
any a,b € RP, it holds Wa + b]; x < Wla]rx + W[b]s x, and the triangle inequality

could be proved similarly as in the previous proposition. [ |

C Stopping criterion

C.1 Dual norm and conjugate of grouped sorted ¢; norm

Let f : R — R be a norm. We will use notation f” to refer to the dual norm to
f, i.e function defined as fP(x) := mgxx{be : f(b) < 1}. Tt could be shown (see
Bogdan et al, [2015), that the set C), defined as C) := {:U eRr: ¥ 7)) <
Zle Ni, k= 1,...,p}, is unit ball of the dual norm to J, for any nonnegative,
nonincreasing sequence {\; }%_, with at least one nonzero element. We will now consider

the dual norm to Jy ;,w (b) = Jx(W[b];). It holds
T () = ml?x{be: Irw(d) <1} = mgix{:ch c LWl <1} =
n%ax{be: Ja(c) <1, e=W[b];} = max{z"0: Jy(c) <1, ¢ = 0},

(C.1)



where b° is defined as b° := argmax, {z"b: ¢ = W][b];}. This problem is separable

and for each ¢ we have b7 = argmax {x};bh L= w12||b11||%} Applying the Lagrange

multiplier method quickly yields z] b5 = c;w;"||zy,||2. Consequently,

J/{?I’W(x) = max{(Wfl[[x]]I)Tc o) <1, = O} =

‘ (C.2)
max{(W™'[z]1)Tc: Ji(c) <1} = JP (W' [z]y).

Therefore, {z : J2 y(x) <1} ={z: JPWa])) <1} = {z: Wz]; € Cr}.

Since the conjugate of a norm is equal to zero for arguments from the unit ball of the

dual norm, and equal to infinity otherwise, we immediately get

Corollary C.1. The conjugate function for Jyrw is the function J |y defined as

{ 0, Wi[z]; € Cy

J;,I,W<$) = (C.3)

00, otherwise

C.2 Stopping criteria for numerical algorithm

Without loss of generality assume that o = 1. We will start with optimization problem

presented in subsection [2.2], namely

minimize (1) = 3}y — XMl + Jx () (C4)

N
for [n]; = <||77]11||2, e ||7]]1m||2> and My, 5, = =1, t = 1,...,m. This problem could
be written in equivalent form
mir;i;rclize 73+ ¢
[l —e<o (€5)
s.t. -
y—r—XMn=20

(notice that for (n*,r*,c*) to be a solution, it must be that ¢* = Jy;(*)). Since (C.5)

is convex and (1, ro, co), for ng = 0, ro = y and ¢y = 1, is strictly feasible, the strong
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duality holds. The Lagrange dual function for this problem is given by
o) =int { S+ 7 (o = r = Ka) 4 v(halo) =) | =
p'y -+ irgf {%Hr”% — [LTT} + il}f {c—ve} + i%f {- ©" X Mn+ vdai(n)}.
Now, since the minimum of 1||r[|3 — u"r is taken for r = p, we have
9(,0) = Ty — Sl + it {e— v} — Ty (F30)Tw). (o)
Then v* =1 and from Corollary the dual problem to is equivalent to

maximize p'y — 1||p/|3
I

| (.7)
s.t. [[M)?T,u]]ﬁ S C)\

Let (n*,r*,¢*) be primal and (u*,1) be dual solution to (C.5). Obviously, u* = r* =

y— XMn* and ¢* = J x1(n*). Furthermore, from strong duality we have
1 v * |12 * v *\T ]' v * |12
Sy = XMilly + () = (y = XM") Ty — Slly = XM, (C.8)

which gives ()?Mn*)T(y — )N(Mn*) = Jui(n*). Now, for current approximate n*! of
solution to (C.4), achieved after applying proximal gradient method, we define the

current duality gap for k step as

p(n*) = (X My T (y — XMy — 735 (n™) (C.9)

and we will determine the infeasibility of pl¥) =y — XM n* by using the measure

infeas(u[k]) := max {JQH(M)N(TMW) -1, O} (C.10)

To define the stopping criteria we have applied the widely used procedure: treat p(n*)
as indicator telling how far n!* is from true solution and terminate the algorithm when
this difference and infeasibility measure are sufficiently small. Summarizing, we have

derived algorithm according to scheme



Procedure 1 group SLOPE

input: infeas.tol: positive number determining the tolerance for infeasibility;
dual.tol:  positive number determining the tolerance for duality gap;
k=0, n pulo .= pu(noh), infeas” := infeas(u[o]), Pl = p(nlo);
while ( infeas” > infeas.tol or pl*l > dual.tol) do
1. E+—k+1;
2. get nl¥l from Procedure ;
3. M = p(nH);
4. infeas* = infeas(ulM), plM := p(nlkl);
end while
ﬁgg = Mn[k]

D Alternative representation in the orthogonal case

Suppose that the experiment matrix is orthogonal at group level, i.e. it holds XITZ_X L=
0, for every i,j € {1,...,m}, i # j. In such a case, X in problem is orthogonal
matrix, i.e. XTX = I;, If n=p,ie X is a square and orthogonal matrix, we also
have XX = I and it obeys || XTb[|2 = b XX b = ||b||2 for b € R?. For the general
case with n > p, we can extend X to a square matrix by adding new orthonormal
columns and defining )N(C = [)N( C’}, where C' is composed of vectors (columns) being

some complement to orthogonal basis of RP. For y € R” and b € R? we get:

N RN

which implies that under orthogonal situation the optimization problem in ([2.4) could

~ 2 ~ ~ 2 ~ 2
Hy — Xb|| = HXE (y - Xb) = HXTy - bH + const, (D.1)
2 ) 2

be recast as 1. )
arggnin {§HZ/—5H2+0JA(W[[5]]H)} : (D.2)

for y := X Ty. After introducing new variable to problem 1} namely ¢ € R, we

get the equivalent formulation
1,
argmin {§||y—bH§+aJ,\(c) = W[[b]]]l}. (D.3)
b,c

Proposition D.1. Let f(b,c) : RP x R™ — R be any function and consider optimiza-

tion problem argmin, , {f(b,c): (b,c) € D} with unique solution (b*,c*) and feasible



set D C RP x R™. Define D¢ := {c e R™ 3 € R : (b,c) € D}. Suppose that for
any c € D¢, there exists unique solution, b°, to problem argmin, {f(b, ¢): (bye) € D}.

Moreover, assume that the solution to argmin, {f(bc, c): c€ DC} is unique. Then, it

occurs
{C* = argmin, { f(b°,¢) : ¢ € D} (D.4)

b = bc*
Proof. Suppose that there exists (0%, ) € D, such that f(0°, %) < f(b*,c*), where b*

and ¢* are defined as in (D.4]). We have

*

FOO©° L) < F(0°,0) < F(b*,¢F) = F(b, ), (D.5)
which leads to the contradiction with definition of c*. [ |

We will apply the above proposition to (D.3). Let (b*,¢*) be solution to (D.3).
Then b* is also solution to convex problem (D.2)) with strictly convex objective func-
tion and therefore is unique. Since ¢* = W[b*];, ¢* is unique as well. In con-
sidered situation D¢ = {c: c > 0}. We will start with solving the problem 0¢ =
argmin, {%H’yv— bH; +ody(c): c= W[[b]]ﬂ}. The additive constant in the objective

could be omitted. Moreover, for each ¢ € {1,...,m} we have

3—@:0} (D.6)

2
9 " wz2||b]lz

by, = argmin { ||§11 — by,
by,

The Lagrange Multipliers method quickly yields bf = (w;l|yy,[|2) "¢y, and, conse-

9 — w;lci)Q. From Proposition |D.1, we get the

o= (Il

quently, it holds H'y} — b,

following procedure for solution, b*, to problem (|D.2))

. m ~ _ 2
ct = argmin, {% Zi:l (Hy]li 2 —Ww; 107;) + Jg,\(c)}

~ 1 .
bich(wz’||yﬂi||2) y,, t=1,....,m

(D.7)

(notice that we applied Proposition to omit the constraints ¢ = 0 and that the
objective function in definition of ¢* is strictly feasible, which guarantees the unique

solution. The above procedure yields conclusion, that indices of groups estimated by



gSLOPE as relevant coincide with the support of solution to SLOPE problem with
diagonal matrix having inverses of weights w,...,w,, on diagonal. Moreover, after
defining 8 € RP by conditions EL. = R;f6;,,1=1,...,m, we simply have [[E]]H = [Blr.x
and
7=XTy= )?T(Z UiRiﬁh—m) = )?T()?E—l—z) = B+X"2, hence§ ~ /\/(E, o’I5).
i=1

Summarizing, if the assumption about the orthogonality at groups level is in use, one
can consider the statistically equivalent model § ~ N (E , 0215), define truly relevant
groups via the support of [[B]]H and treat the vector [b*]; = (fv—ll, ce ;—*:1) as an gSLOPE
estimate of group effect sizes, where b* and ¢* are defined in (2.12)), i.e. it holds

[6*]1 = [8%°]1,x for any solution $#° to problem ([2.2).

E SLOPE with diagonal experiment matrix

In this section we investigate the SLOPE properties in the situation when the design
matrix is square and has only diagonal entries, which are all positive. The key results
are two final Propositions: and which are used in the proof of Theorem [2.5]
The remaining content of this section is needed to prove these two crucial results.

Let y € R? be fixed vector and d, . .., d, be positive numbers. We will use notation
diag(dy,...,d,) to define the diagonal matrix D such as D;; = d; for i = 1,...,p.
Denote d := (dy,...,d,)" and let b* be the solution to SLOPE optimization problem

with diagonal experiment matrix, i.e. the solution to

arginin f(b) = { %”y - DbHZ + J5(b) } (E.1)

Since f is strictly convex function, the solution to ([E.1]) is unique. It is easy to observe,
that changing sign of y; corresponds to changing sign at i coefficient of solution as

well as permuting coefficients of y together with d}s permutes coefficients of b*. We



will summarize this observation below without proofs.

Proposition E.1. Let 7 : {1,...,p} — {1,...,p} be given permutation with P, as

corresponding matriz. Then:
A.1 P.DPT = diag(d=q), - -, dr@p)),
A.2 b, := P.b* is solution to minibmize fx(b) == %HPﬂy — PWDP,,Tsz + J\(b),
A.3 bg:= Sb* is solution to minibmize fs(b) .= 1||Sy — Db”; + Jx(b),

where S is diagonal matriz with entries on diagonal coming from set {—1,1}.
Proposition E.2. If y = 0, then b* = 0.

Proof. Suppose that for some r it occurs b, < 0 for any b € RP. If y,. = 0, then takingg

~

0,7= ~
e , we get |b] <'|b| and Corollary [A.2| gives Jy(b) < J\(b).

defined as /l;l =
b;, otherwise

Consequently,
1 1 o1 1 ~ 1
fb) = £0) = S|y - Db|[2 - sl - Dbz = 5 W = dib)? = S (ye + ;b)) = S0} > 0.

Hence b could not be the solution. Now consider case when y,. > 0 and define b by

e b= -
putting b; := . Then we have Jy(b) = J\(b) and
b;, otherwise
~ 1 5 1 9
f(b) = f(b) = E(yr —d,b)" — 5(% +d,b,)* = —2y,d.b, > 0.
and, as before, b could not be optimal. [ |

Proposition E.3. Let b* be the solution to problem (E.1), {y:}}_, be nonnegative

sequence, {d;}i_, be the sequence of positive numbers and assume that
d1y1 Z e Z dpyp. (EQ)

If b* has ezactly r nonzero entries for r > 0, then the set {1,...,r} corresponds to the

support of b*.

Proof. 1t is enough to show that



(je{2.....m}, b;#0) = b;_, #0. (E.3)

Suppose that this is not true. From Proposition we know that 0* is nonnegative,
hence we can find i from {2,...,m} such as b5 > 0 and b5_, = 0. For ¢ € (0,b}/2]
define vector b. by putting (b.);—1 1= ¢, (b.); := bj — € and (b.); := b} for i ¢ {j,1}.

From Proposition we have that Jy(b.) < Jy(b*), which gives

* 1 *
(1 — djabjy)” + 5= d;by)*
2

(?Jj—l —dj_1b.(j — 1))2 - %(yj - djba(j)) =

E(A_w.g)’

for A := (y;-1d;—1 — y;d;) + dJQ'b;' > 0.

—_

fO%) = f(be) =

2
1
2 (E.4)

Therefore, f(b*) > f(be) for some € > 0, which contradicts the optimality of b*. |

Consider now problem (E.1) with arbitrary sequence {y;}’_;. Suppose that b* has
exactly r > 0 nonzero coefficients and that 7 : {1,...,p} — {1,...,p} is permutation
which gives the order of magnitudes for Dy, i.e. dr1)|yl=q) > ... > dr(p)|Y|r(). Basing

on our previous observations, we get an important

Corollary E.4. If b* is the solution to having exactly r > 0 nonzero coefficients
and m is permutation which places components of D|y| in a nonincreasing order, i.e.
dz@)|Ylxiy = |Dyluy for i = 1,...,p, then the support of b* is composed of the set
{m(1),...,m(r)}.

The next three lemmas were proven in (Bogdan et al., [2013]) in situation when
dy = ... =d, =1. We will follow the reasoning from this paper to prove the generalized
claims. The main difference is that in general case the solution to the considered
problem does not have to be nonincreasingly ordered, under assumption that
diy1 > ... > dpy, > 0 (which is the case for d; = ... = d, = 1). This means that

generalizations of proofs presented in (Bogdan et all 2013)) are not straightforward.
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Lemma E.5. Consider nonnegative sequence {y;}._, and sequence of positive numbers
{d;}2_, such that dyy, > ... > dyy,. If b* is solution to problem having exactly r

nonzero entries, then for every j < r it holds that

T

> (diyi — Xi) >0 (E.5)

i=j

and for every j >r +1 J
Z (diyi — Ai) <0. (E.6)

i=r+1

Proof. From Proposition we know that by > 0 for i € {1,...,r}. Let us define
5 {b;—h,ie{j,...,r}

7 - )

b7, otherwise.

where we restrict only to sufficiently small values of h, so as to the condition E >0

is met for all ¢ from {j,...,r}. For such h we have bf, ) = ... = b, = byt1) =
.= Z(p) = 0. Therefore there exists permutation 7 : {1,...,r} — {1,...,r} such as

Yo )\ig(l-) =3, )\ﬂ(i)gi. For such permutation we have

Ir(0) = Ja(b) = Z Aibfy) — Z by = Z Aibfyy — Z An(i)bi
> Z)\ N Z)\ 2bi —hZ)\ >hZ)\l,

where the first inequality follows from the rearrangement 1nequahty and second is the

(E.7)

consequence of monotonicity of {\;}._;. We also have

7 T

ly = DV*|I3 — lly — DbJ3 = > (ys — dib;)* = Y (i — did] + d;h)”
- R (E.8)

= ZhZ (d7b] — dyy;) — h* > d.
i=j
Optimality of 0%, ) and - E.8) yield
1 T
* 27 % 2 2
0> f(b*) >h2db diyi +N) — 5h* Y d, (E.9)

=7

for each h from the interval [0, €], where ¢ > 0 is some (sufficiently small) value. This
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gives >0 ](dzb* d;y; + ;) < 0 and consequently

T

> (diyi = A\) > Zd%* > 0. (E.10)

=7

hyie{r+1,...,5}

To prove claim ([E.6[), consider a new sequence defined as E =
b;, otherwise.

We will restrict our attention only to 0 < h < min{b} : i <r}, so as to b and E(.) are
given by applying the same permutation to b* and E, respectively. Moreover, for each

i from {r+1,...,7} it holds gl = b; = h. From optimality of b*

02 FE)—FB) =5 3 (47— (i — dh)? I SEVINS Sy Z-——h?Zdz,

i=r+1 i=r+1 i=r+1 1=r+1

for all considered h, which leads to ([E.6)). [

Lemma E.6. Let b* be solution to problem with nonnegative, nonincreasing

sequence {\;}o_,. Let R(b*) be number of all nonzeros in b* and r > 1. Then, for any
ie{l,...,p}

{y: b #£0and R(V*) =7} ={y: dilys| > A\ and R(b*) =r}. (E.11)

Proof. Suppose that b* has r > 0 nonzero coefficients and let 7 be permutation which
places components of D|y| in a non-increasing order. From Corollary it holds that
{i: by #0} ={rx(1),...,7(r)}. Define j := P,Sy and D := P,DPT, for S being the
diagonal matrix such as S;; = sgn(y;). Then P.Sb* is solution to problem

) e =2
argimn{ §Hy—Db||2 + Ji(D) }, (E.12)

which satisfies the assumptions of Lemma[E.5| Taking j =r in (E.5) and j =7+ 1 in
(E.6) we immediately get

dﬂ'(r)|y|7r(7") > >\r and d7r(7“+1)|y’7r(r+1) < >\r+1- (E]-?))

We will now show that {y : bf # 0 and R(b*) =r} C {y: dily;| > A and R(b*) =r}.
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Fix i € {1,...,p} and suppose that b} is nonzero coefficient. Then i € {7 (1),...,7(r)}
and therefore d;|y;| > dr()|y|=() > Ar, thanks to first inequality from (E.13). To show

the second inclusion assume that d;|y;| > A,.. Then, from the second inequality in

(E.13), dilyi| > A1 = drry1)|Y|r(r41), which gives i € {m(1),...,7(r)}. [ |

Lemma E.7. For given sequence {y;}:_,, sequence of positive numbers {d;}%_,, nonin-
creasing, nonnegative sequence {\;}._, and fized j € {1,...,p}, consider the following

procedure

P.1 define §:= (Y1, -, Yj—1,Yji1s -+ Yp) ', D = diag(dy, ..., dj—1,djs1,...,dp),
d; ::51-7,- fori=1,....p—1 and X:= Mgy, M) T

P.2 find b* := argminyeg, 1 1|7 — ﬁb”i + J5(b);

P.3 define RI(b*) == |{i: b #0}|.

Then for r > 1 it holds {y : djly;] > A\ and R(b*) = r} C {y : djly;| >
A and RI(b*) =r — 1}.

Proof. We have to show that solution b* to problem

LI =t
minimize F(b) := 5 Z (yZ — dibz) + ; Aibay (E.14)

i=1

has exactly r — 1 nonzero coefficients. From Proposition we know that the change
of signs of y;’s does not affect the support, hence without loss of generality we can
assume that ¢ > 0, and b* = 0 as a result (from Proposition . We will start with
situation when dyy; > ... > d,y, and consequently 671@ > > glvp_lgjp_l. If 7 is fixed

index such as d;|y;| > A, and R(b*) = r, this gives
jefl,....r} (E.15)

To show that solution to (E.14) has at least r — 1 nonzero entries, suppose by contra-

diction that b* has exactly k — 1 nonzero entries with £ < r. Let us define b e R as

13



~ h,ie{k,...,r—1
po— it r-1 (E.16)
b}, otherwise
where 0 < h < min{b}, . .. ,g;;_l}. Then
- . r—1 _ _ r—1 N
P — FO) = b S (g — 2) — 12 S = (E.17)
1=k i=k
Now
r—1 T T
D (digi—=x) = Y ([diafir —N) = Y (digi— N) >0, (E.18)
i=k i=k+1 i=k+1

where the first equality follows from Xz = Ai11, the first inequality from cz_lgji_l > d;y;
and the second from Lemma . If h is small enough, we get F(b) < F(b*) which
leads to contradiction.

Suppose now by contradiction that b* has k nonzero entries with k > r and define

» {Zj—h,z'e{r,...,k}

T

(E.19)

Ej, otherwise
Analogously to 1' we get JX(E*) — JX(B) >h Z";:r X: and consequently

k k k
~ ~ ~ o~ o 1 ~
FQ") = F(0) = h [Z(Ai —digi) + Y _diby | — S’ > dz. (E.20)

=
Now k k+1

Z(Xz - 67@) = Z (\i — diyi) > 0, (E.21)
where the first equality fZOZIIOWS from deﬁ;l:igit)ln of X and , while the inequality
follows from Lemma If & is small enough, we get F’ (/b\) < F(b*), which contradicts
the optimality of b*

Consider now general situation, i.e. without assumption concerning the order of
Dly|. Suppose that 7, with corresponding matrix Py, is permutation which orders
Dlyl|. Define y, := Py and D, := P,DPJ. Applying the procedure described in the
statement of Lemma simultaneously to (y, D, \) for j, and to (Y., Dy, A) for m(j) we
end with (gj, D, \, ﬁ{(g*)) and (g];r, b},X, E;r(” (gj‘r)) It is straightforward to see, that

there exists permutation 7 : {1,...,p — 1} — {1,...,p — 1} such that y, = P;y and

14



D, = P;FIN)PTTT . From Proposition we have that b* = P;b* and R!(b*) = }N%;r(j )(5;)

Moreover, from the first part of proof Rj% (b%) = r — 1, which gives the claim. |

F Minimax properties of gSLOPE

Proof of Theorem[2.0. Once again we will employ the equivalent formulation of gS-
LOPE under assumption about orthogonality at the groups level, i.e. problem ,
and we will consider statistically equivalent model 7 ~ N (B, 0215), with B}Ii = R0,
i=1,...,m. Then [f];x = [8]; and for solution b* to it holds [b*]1 = [6%°]1.x
for any solution 3%° to problem . Without loss of generality, assume o = 1. Note

%) ) where |’BH1

that |73 is distributed as the noncentral x7 (|| B, 2 is the noncentrality.

The lower bound of the minimax risk can be obtained as follows. For each I;, only
,g’j with the smallest index j € II; is possibly nonzero and the rest [; — 1 components of
Elh are fixed to be zero. Then, this is reduced to a simple Gaussian sequence model with
length m and sparsity at most k. Given the condition k£/m — 0, this classical sequence
model has minimax risk (1 + o(1))2klog(m/k) (see e.g. Donoho and Johnstone] |1994]).

Our next step is to evaluate the worst risk of gSLOPE over the nearly black object.
We would completes the proof if we show this worst risk is bounded above by (1 +

o(1))2klog(m/k). For simplicity, assume that ||3;,[lo = 0 for all i > k + 1 and write

i = HEH 9, G = ||l7nll2 ~ xi,(1?). Denote by Ethe SLOPE solution. Then, the risk is
k m
EIC—ul3=EY (G-m)i+E Y G
i=1 i=k+1
Then, it suffices to show
. -
E S G — )| < (1+0(1)2klog(m/k) (F.1)
i=1 i
and m ﬁ_
E| Y (| =o(1)2klog(m/k). (F.2)
i=k+1 |
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Below, Lemmas [F.1] [F.2] and together give (F.2). The remaining part of this
proof serves to validate (F.I). To start with, we employ the representation (? =

(Ea+ )+ &5+ -+ & foriid. &; ~N(0,1) (we can assume this representation
without loss of generality, since the distribution of (&1 +a;)?+(&a+a2)?+- - -+ (&, +ay,)?
depends only on the non-centrality a2 + - -+ ai). As in the proof of Lemma 3.2 in (Su

and Candes, 2016)), we get

k

—~ ~ 2
Z(Q —p;)* < <||C[1:k] — Cmgll2 + [[€pew — /~L[1:k:}||2>
i=1 (F.3)

9
< (agll2 + 1<am — ppmllz)” -

As [ is fixed and k/m — 0, (Inglot, 2010) gives A\; ~ , /21log o forall ¢ < k. From this

we know , k , m
H)\[lzk]Hg = ; A; ~ 2klog = (F.4)
Next, we see

<&+ &5+ €al

52\/ A+ z’22+"'+§i2li52”€i|’2>

‘\/(fi1+ui)2+§§2+"‘+ 1-211.—/%

which yields k
1< — rolls < 4 114113 (F.5)
=1

Note that 3%, ||&]|3 is distributed as the Chi—squ;re with [y + - - + [ < Ik degrees of

freedom. Taking (F.4) and (F.5) together, from (F.3) we get

k
> (G- Mz')2] <Al + Bl Cw — pmlls + 20w 12BN g — s 2

i=1

E

<(1+ 0(1))2k10g% + 41k + 2\/(1 + 0(1))2k10g% -VAalk

~ (14 0(1))2klog %,
where the last step makes use of m/k — oco. This establishes (F.1)) and consequently
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completes the proof.

The following three lemmas aim to prove (F.2). Denote by 1y > -+ > (k) the
order statistics of (xy1,...,Gn. Recall that ¢; ~ x;, for ¢ > k+ 1. As in the proof of

Lemma 3.3 in (Su and Candes, 2016), we have

m m—k
PIRGED P (TP S
i=k+1 =1

where 2, = max{z,0}. For a sufficiently large constant A > 0 and sufficiently small

constant o > 0 both to be specified later, we partition the sum into three parts:

> E(ln = M)t = D U ECw — M)+ D By = M)t D By — M)t
i=1 i=1 i=[Ak] i=[am]

The three lemmas, respectively, show that each part is negligible compared with
2k log(m/k). We indeed prove a stronger version in which the order statistics () >
o 2 Cm—k) = Cm—kt1) = -+ = (umy come from m iid. x;. Let Uy,..., U, beiid.
uniform random variables on (0,1), and Uyy < Uy < -+ < Upyy be the increasing
order statistics. Hence, we have the representation () = Fy,'(1 — U(y)). Below in the

proof of Lemma , we write a,, < b, for two positive sequences a,, and b, if there

~Y

exists some positive constant C' such that a,, < Cb,, for all m.

Lemma F.1. Under the preceding conditions, for any A > 0 we have
| Ak)
_ E((u) — Aeri)2 — 0.
2k log(m/k) Zl (G = M)
Proof of Lemma[F.1. Recognizing that [ is fixed, from (Inglot} [2010)) it follows that
. F 1 —q) = FN(1 = g2)
E%n >q 1 1
) 542 1
a1,92 \/210gq—1—\/210gq—2

We also know that (; is distributed as F} '(1—U). Making use of these facts, we get

=1.
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2
1 m
~E 2log — 4 /2log .
( U(z) q(k’ + Z) > .
N 2
m
<E 2log — /2log
( U(l) q(k + Z))
< (10g2((J(/€ + i)/mU(n))
~ log(m/q(k + 1))
Now, we proceed to evaluate
E [log2 %} = log? M + Elog? Ui — 2log Mﬂ'ﬂog Ug)-
(4) m m

Here, Uy; follows the Beta(i, m 4 1 —4) distribution and, hence, it has mean i/(m+1).

Similar results concerning the logarithm of Uy;y are given in (Abramowitz and Stegun,

1964): m+ 1

Elog U(i) = — log :
[

m+1 S| 1
_51) +__—+52
7 m

+517

Elog Uy = (log

l

for some §; = O(1/4) and d, = O(1/i?). Thus we can evaluate Elog? ‘fq(lthi)) as

q(k +1)

— 2log ——=Elog U(i) +E 10g2 U(i)
m

E10g2 q(k + 7’) — 10g2 q<k + Z)
i m

mUg)
ki k+i 1 1 211
m m ] ] m

i
Qq(k—l—z')(m—l—l)_26llogq(k+z)(m+1)+l_ 1 5

m m 7 m+1 !

= log

Hence, we get
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LAk

Z E(C) — Meti)2

LAk]

J/

LAk] LAk]
1 gk +1)(m+1) q(k+i)(m+1) 1 1 5
< log? 207 1o + ———— 4+ +0
~ log —q(A”jl)k ; & m 221 1108 m ; (2 m+1 2)
1 11 111
< (I+ |11} 4 |LII}).
log (AT Dk

Since 5 — 00, the proof would be completed once we show I, IIT|, and [ITI| are

bounded. To this end, first note that

LAk]

1_21

LAkJ i/k (i+1)/k
< max < k log? g(m +1)(1 +2) da, k log? gm+1)(1 + x) da
‘ (@ max

k+z m—l—l)

i—1 i~1)/k mr i/k
A+1
1)(1
g%/ log? 4™+ D +x)dxxk:o(2klogﬁ).
0 mx k
The second term II obeys
LAK] . [Ak] .
q(k’+z)(m—|—1)‘ 1 gk +i)(m+1)
< S 2/61 <S = |
] ZZ1 1908 m ~ lz ' m
LAk] i/k (i+1)/k
1)(1 1)(1
<3 max k;/ log 407+ 1 +x’d k/ log 407+ 1 +x’d
i=1 (i-1)/k ma i/k mx
A+1
1)(1
§2k/ logq(m+ I —HU‘dx/\k—o(leog >
0 mx k

A+l W dx is bounded by some constant. The

where we use the fact that f

last term is simply bounded as
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LAk

111 <Z’———+52+§2
| Ak|
S — .2
_Z\ m+1+0(1/z)—|—0(1/2)
LAk]

where the last equality is due to the fact that m/k — oo. Combining these established
bounds on I, II, and III finishes proof. [ |

Lemma F.2. Under the preceding conditions, let A be any constant satisfying q(1 +

A)JA <1 and « be sufficiently small such that /Ay |am) < 1/2. Then,

Lam]
1

e Y E((y — M)t = 0.

2k log(m/k) 2 (Ciy — Mera) 3

Proof of Lemma[F.3 Note that A\gijam| ~ ,/2log T lamy ~ 1/ 2log qia. So it is clear

that such « exists. Pick any fixed i between [Ak| and [am|. As in the proof of Lemma

A4 in (Su and Candes| [2016)), denote by ., = P(x; > A\pys + u). Note that

°° 1
oy =P > Apyi +u) = / Lt gligw2g,
! (Mgritu)? el/QF(l/2>
N L (/\k-H i u)2 Ve ()‘k—H + U)2 (>\k+z + U)2
= 1/2 b) Yy exp | — 5 y d . y
Ai“ ¢ F(l/2> )\k—H 2)\k+z >\k+z
l
v - 1 — ()\k—i-z + U)
=1+ _) / —yl/2 1 exp (_—y dy
( )\k+z Ai-o—i el/QF(Z/Q) 2)\i+z
l
u 0 1
< 1 7>‘k+i - l/2,1 7y/2d
- ( * )‘k+z) © />\2 €l/2r(l/2>y € Yy
l
( )\k+z)

With the proviso that I/Axijam] < 1/2 < Akijam|/2, it follows that
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a, < e_)\k+iu/2a0

The remaining proof follows from exactly the same reasoning as that of Lemma A.4 in

(Su and Candes, [2016]).

Lemma F.3. Under the preceding conditions, for any constant o > 0 we have

— )\k‘*‘z)i — 0.

2k log 2k log(m/k) [Z
Proof of Lemma[F.53 Recognizing that the value of the summation increases as « de-
creases, we only prove the lemma for sufficiently small a.. In the case of Uy > /3, we

get (C(l) - /\k-I—z ( Xz ij_ll(1 o q<k T Z)/m))+

= (1-Ugu - 1—Q(k+2)/m))

= (g(k +1)/m = Ug)+,
since both Uy, and ¢(k + i)/m are bounded below away from zero. Otherwise, we use

the trivial inequality ((u)y — Aeyi)+ < (). In either case, we get

m

, 2
q(k+1
(C(i) - )‘k-i-z)a- S C(2i)1U<i)<% + (¥ — U(i))

+
B 2 q(k + 1) ?
— <FX11(1 — U(@)) 1U(¢)<% + ( - — U(i) .

1 q(k + 1) 2
U(l) ®<% m

1
e (%) Lo + Ly catn




e mz P (U@ < dk ”) 0. (F.7)

i=[am]
This is more than we need since 2k log(m/k) — oo.

Each summand of (F.6|) is bounded above by

1 « 5 gloml=1(1 — g)ym-laml]og L
E|(!l Utamn < = | = zd
<°g<qun)’ (fam) 3) / B(fam],m+1— [am])

</§ gleml=1]og 1 q
x
~— Jo B(Jam]|,m+1—[am])

1 (g)feml
= Tam PP B(fam].m + 1= (amw)/o log 2 dy
(3o
[am] B([am],m +1— [am])

The last line obeys

() 3)feml 3 1
1 ~ —am log — log — + (1 — 1
0g B(fam].m + 1 [am]) amlog — +am 0g@+( a)m 0g T
1
:—am10g3+(1—a)mlog1_ :
For small «, we get —alog3 + (1 — a)log = = —alog3 + (1 + o(1))(1 — a)a =

—(log3 —1+0(1))a. (Note that log3 —1 = 0.0986... > 0.) This immediately yields

1 o
E (1 U aml) < = | ~ f(log371+0(1))am’
(Og (U((am1)>’ (o) 3) )

which implies (F.6]) since me~(eg3=1+o)am _

m

Next, we turn to show (F.7). Note that P (U(i) < q(k+i)) actually is the tail proba-

q(k+1)

——. Hence,

bility of the binomial distribution with m trials and success probability

by the Chernoff bound, this probability is bounded as
.
P (U < M50 < oxp (-m KL mllath + /).

where KL(al|b) := alog % + (1 — a) log 1=% is the Kullback-Leibler divergence. Thanks

to i > [am] > k, simple analysis reveals that
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1
KL(i/m||q(k +i)/m) > (1 + o(1))i (log; -1+ q) /m.
Combining the last two displays gives

PlU. < q(k +1) < ef(1+o(1))(log%fl+q)i'
@ =" b

Plugging the above inequality into (F.7)) yields

m—Fk . m—k
Z P (U(i) < Q(k‘ + Z)) < Z e—(1+o(1))(1og§—1+q)i =0,
m
i=[am] i=[am]
where the last step follows from log% —14+¢>0and [am] — 0. |

G gFDR control for weakly correlated groups

G.1 The proof of Theorem

We will start with the auxiliary proposition, which let us to define the subgradient of

convex function f by a weaker condition than in the original definition.

Proposition G.1. For any open set H containing zero the subgradient of convex
function f at b could be equivalently defined as a vector g satisfying f(b + h) >
f(b) +gh, forallh € H.

Proof. Suppose that f is convex function and for some b,g € R? it occurs f(b+ h) >
f(b)+g"hfor h € H, where H is an open set containing zero. Let hy € RP be arbitrary
vector. Function F': R — R, defined as F(t) := f(b+ thg) — tg" ho, is convex. There

exists to € (0, 1) such that tohg € H, what gives

f0) < F(to) = F((1—t0) - 041to-1) < (1 —to)f(b) +toF(1) (G.1)
and f(b+ hg) > f(b) + g hg as a result. |
The proof of Theorem [2.7] Since objective function, f, in gSLOPE optimization
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problem is convex and subdifferentiable, the optimality condition is simply given by
0 € 9f(b), which (for all w;’s equal to w) simply leads to expression XT(y — Xb) €
OJx(w[b]r). Let b € RP be such that [|by[la > ... > ||by,

2 > 0 and ||b,]|2 = 0 for
j > s. Set w = 1 and suppose that g is any vector belonging to d.J) ;(b). Define the
set H :={h €RP: [[(b+h)nllz>...>|(b+h),

2 |+ R ll2 > Nl ll2y 5> s}

Since g € 0J, 1(b), from the definition of subgradient for all h € H it holds

Z)\HbJrh >ZAHbI
i=s+1

for ¢¢ := (gITS+1, . ,gITm)T and h¢ := (h}ﬂ, . ,h}m)T. Define f:: {71, . ,fm_s}, with

Lhi + (g)The, (G.2)

set I; := {(i—=1)-1+1,...i-1}. Then [¢°]; = [g]se. Consider first case, when h belongs
to the set H®:={h € H: h;, =0, i <s}. This yields } ;" ° SH([[hC]]'f)(i) > (g°)The.
Since {h¢: h € H°} is open in R~ and contains zero, from Proposition we

have that ¢¢ € 0.J,. 7(0) and this inequality is true for any h¢ € RI("~% yielding

= CAC
0 > sup {(gc)Thc - JAC,f(hC)} e 1l9°) = % el e : (G.3)

He o0, otherwise

see Proposition This result immediately gives condition [¢°]7 € C)e, which is
equivalent with [¢];c € Cye. To find conditions for g;, with ¢ < s, define sets H; :=
{heH: h;; =0, j #i}. Forh € Hj, reduces to \;||br, +hy, |2
Since the set {hy, : h € H;} is open in R" and contains zero, from Proposition (see

> \||og, h]

below) we have g;, € 8f;(b,) for f; : Rl — R, fi(x) := N\||z||2. Since f; is convex and

differentiable in b; , it holds g;, = )\Z-L. Summarizing, for any w > 0 we get
i i oz, I & &

by .
L= wh——, 1=1,....,s
ar; Mo, 2 ) )

[[g]]]c € Cw)\c

; (G.4)

which proves the left-hand side formulation in ([2.22)).

Observe now that, since X] X;, = I, for i < s, we get v, = X (y — X\r.0\1,) =
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BI < ” 5 ” ) This means that, for ¢ < s, vectors vy,’s are collinear with vectors
I;

I
ﬁl s. Since 1 + 5~ Hb’z ”2 > (, we have A ||Bz H2 This yields 61 ( ”U ” )vl and
185,112 = |[|vr,ll2 — wA;|, what justifies the right-hand side expression in (2-22). |

G.2 The proof of Theorem

The proof of Theorem follows from the auxiliary Lemma, which we present below.

Lemma G.2. Suppose that X € M(n,r), with r + 1 < n, and entries of X are
independent and identically distributed, X;; ~ N(0,1/n) for all i and j. Let Ax and
Mx  be matrices defined as Ax = X(XTX)_lXT and Mx ) = BXH)\’ﬂHlﬂB)T(, for
Bx = X(XTX)™! and Hyp defined in (2.24). Then

I.1 there exists the expected value of Ax and Eq :=E (Ax) = =1,;
1.2 there exists the expected value of Mx \ and Ep :=E (Mx ) = sz I,.

n—r—1

Proof. The claim is obvious for n = 1 and we will assume that n > 1. It can
be easily noticed that Ay is a symmetric, idempotent (meaning that AxAx = Ax)
matrix and that trace(Ay) = trace (XTX(XTX)™) = r. We will now show that for
each i € {1,...,n}, j € {1,...,r} the support of a Ax(i,j) distribution is bounded,
which will give us the existence of the expected value. Let ||A|lr be the Frobenius

norm. Then

[(Ax)ij| < Al = \/trace(AY Ax) = y/trace(Ax) = V/r. (G.5)

Since entries of matrix X are randomized independently with the same distribution,
E,4 is invariant with respect to the permutation applied to rows of X, i.e. E(Ayx) =
E (Apx) for any permutation matrix P. This gives E4 = PE 4PT, which means that
applying the same permutation to rows and columns has no impact on expected value.

We will show that
(]EA)i,j = (EA)I,TLJ for 7 < j (G6)
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Consider first the case when ¢ = 1 and 1 < j < n. Denoting by Pj., matrix
corresponding to transposition which replaces elements j and n, we have (E4)1; =
(PanEAPJLn)Lj = (Ea)1n. When j =n and 1 < i < n, the same reasoning works
with Pi.,;. Suppose now, that 1 <i<nand 1< j<n. Weget (E4);; = (Ea)1, anal-
ogously by using arbitrary permutation matrix P which replaces element j with n and
element ¢ with 1. Since [E 4 is symmetric, is true also for ¢ > j. On the other hand,
for all 4, j € {1,...,n}, we have (E4);, = (Psz‘EAPJLi)M = (E4);;. Consequently, all
off-diagonal entries of E4 are equal to some ¢t and all diagonal entries have the same
value d. Since nd = trace(E,) = Z:.L:lIE(AX(i,i)) = E(Z?:l(AX),-J) = r, we have
d = = and it remains to show that ¢ = 0. Define S := {%’%} Then SX differs
from X only by signs of the first row. Since entries of matrix X have zero-symmetric
distribution, we have E (Ax) = E (Agy). Now
d 17 .t
which implies ¢ = 0 and proves

d |-17
—1n_1t\

— B4 = E(Agx) = SE4S = [ ] , (G.7)

To prove observe that Mx , is symmetric, positive semi-definite matrix. Denote
by ||Mx||« the nuclear (trace) norm of matrix Mx . We have

E|(MX,A)Z-J| < E([[Mxl|l«) = E(trace(My,)) = E(trace(HlﬁB}BXHw)) =

n A3

n—r—1

(G.8)

n

E(H) (XTX) " Hy ) = h—r—1

H gHy g =

since XTX follows an inverse Wishart distribution. This gives the existence of E,;.
Analogously to situation from the proof of E,; is invariant with respect to per-
mutation or signs changes applied to rows of X. Since E (Mpx,) = PE,);P" and
E (Msx.») = SEp\S, as before we have that Ej; is a diagonal matrix with all diagonal
entries having the same value d. The value d can be easy found by using (G.8)), since

)\S
we have nd = trace (Ej) = Z!Jf [ |
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Proof of Theorem [2.8. The claim that ©;, has expected value equal to zero for each
1 > s follows simply from the fact that I; N Ig = () for such ¢ and all entries of X
are assumed to be randomized independently from the normal distribution with mean

zero. To find the covariance matrix we will express vector 0y, in the form

Eiz (x
o, = XT [In - X, (XITSXIS)*X,TJ 2+ WX Xpg (X X1,) " Hys (G.9)
Ax Bx

Since E(éx (%) = 0, it holds Cov(t,) = Cov(€x..) + Cov(Cx). Now thanks to Lemma
we have

Cov(éx,.) =E [XZ(In — AX)zzT(In — AX)TXL} =

E | X] (L — Ax) (T - Ax) "X, | = E [X[ (T, - 4)X;] = (G10)
1 1
E(n —1s)-E[X]X}] = E(n —1s) -1,
S112
Cov(Cx) = w’E [ X[ BxH)pH, sBx X1,] = wQME (X[ X;] =
510 | nost=1 (G.11)
2 IVl
l-
n—sl—1

H Expected maximal group effect under the total
null hypothesis

Consider the case when all submatrices X;, have the same rank, [ > 0, w > 0 is
used as the universal weight and X is orthogonal at groups level. From the inter-
pretation of gSLOPE estimate coming from ([2.12)), we see that the identification of
the relevant groups could be summarized as follows: A decides on the number, R, of

groups labeled as relevant, which correspond to indices of the R largest values among

w gL |2, - -, w9, |- The random variables w7y, ||2 have a (possibly) non-
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central X distributions with [ degrees of freedom and noncentrality parameters given
by the entries of [3]1. Now, the nonzero ||y, |2 could be perceived as a strong signal,
if with high probability the random variable having the noncentral X distribution with
the noncentrality parameter || g]lin is large compared to the background composed of
the independent random variables with the X; distributions (then signal is likely to be
identified by gSLOPE; otherwise, the signal could be easily covered by random distur-
bances and its identification has more in common with good luck than with the usage
of particular method). The important quantity, which could be treated as a breaking
point, is the expected value of the maximum of the background noise. Group effects
being close to this value, could be perceived as medium under the orthogonal case
and weak under the occurrence of correlations between groups. The above reasoning
applied to the considered case, yields the issue of approximation of the expected value
of the maximum of m independent X;-distributed variables. Suppose that ¥; ~ X; for

i={1,...,m}. From Jensen’s inequality we have

E (fﬁ{?’fm{q’i}) = IE( max {\Iﬂ}) < \/IE ( max {‘1’2})

hence we will replace the last problem by the problem of finding a reasonable up-

per bound on the expected value of the maximum of m independent, X?-distributed

variables.

Theorem H.1. Let Uy, ..., ¥, be independent variables, W; ~ X7 for alli. Then

IE( max {U; }) < Aln(m) (H.1)

1—m

N\w

Proof. Denote M,, := max;—1__,{¥;}. From the Jensen’s inequality applied to e"M:

we have

— i=1

EMm] < | [etM’"} =K [ max et 1 Z]E “I’ (H.2)

We will consider only ¢ € [0, %) Since the moment generatlng function for X? distribu-
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tion is given by MGF := (1 — 2t)~2, for each i it holds E (] = (1 - 2t)~2 and we
get ePMml < (1 — 2t)_%. Applying the natural logarithm to both sides yields

In(m) + In ((1 — 215)*%)

E[M,] < t L teln1/2). (1.3)
2
Define t,,; := 1”3 L. Then for all positive, natural numbers [ and m we have tmy €
[0, %) Plugging t,,; to the right side of 1' gives inequality 1' and finishes the
proof. [ |

The above theorem gives us the motivation to use the quantity /4 In(m)/(1 — m=2/1) as
the upper bound on the expected value of maximum over m independent X;-distributed
variables. In all simulations, which we have performed to investigate the performance of
gSLOPE, we have generated the effects for truly relevant groups basing on these upper

bounds. In particular, in experiments where [;’s as well as weights were identical, we

aimed at E (||7y,[2) = /41In(m)/(1 —m~2/), for the truly relevant group 4. Since

E (|7, ]l2) = 1/ ||81,]|2 + I, this yields the setting

Hgﬂz

o= Bm,D),  for  B(m,1) = \/4In(m)/(1 —m~21) — (H.4)

for groups chosen to be truly relevant.

I Screening procedure for SNPs

We used the genotype and the phenotype data from the North Finland Birth Co-
hort (NFBC1966) dataset, described in detail in (Sabatti et al., 2009) and available
in dbGaP with accession number phs000276.v2.pl (http://www.ncbi.nlm.nih.gov/
projects/gap/cgi-bin/study.cgi?study_id=phs000276.v2.p1). The raw data con-
tains 364,590 markers for 5,402 subjects. To obtain a set of suitable weakly correlated

SNPs for use in the simulation study, we screened the data as follows.
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a) The genotype data was filtered in PLINK using the criteria that each SNP should
be in Hardy-Weinberg equilibrium (HWE) with p-value at least 0.0001, have
minor allele frequency (MAF) at least 0.01, and have a call rate of at least 95%.
Also, copy number variants (CNVs) were excluded. This resulted in a screened

set of 334,103 SNPs.

b) We applied the PLINK clump command. This command requires as input p-
values for association to a phenotype. To obtain these, we performed association
analysis in EMMAX using a Balding-Nichols marker-based kinship matrix to
adjust for population structure (see Kang et al.,|2010). As the response variable,
we used the residuals for high-density lipoproteins (HDL) after regressing out
the effects of sex, pregnancy or oral contraceptive use, following the analysis in

(Sabatti et al., [2009).

¢) PLINK clump was applied using a significance threshold of 0.2 for index SNPs,
a physical distance window of 1 kb, and a linkage disequilibrium (LD) threshold
for clumping of 72 = 0.1. This corresponds to a maximum absolute correlation

for nearby SNPs of /0.1 = 0.316.

d) Since PLINK uses a distance-based cut-off on clumps, the resulting set of SNPs
was then re-screened in R to ensure that the maximum 7? between any two SNPs

was 0.1. The final set includes 26,315 SNPs.
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