Additional file 2: Proof of the sufficient condition

Let the matrix C be a coefficient matrix of ssSNPBLUP.
Let the matrix M be a (block-)diagonal preconditioner associated with C.
Let the matrix C be a preconditioned coefficient matrix defined as C =
M~Y/2CM~Y/2. The matrix C can be partitioned between equations not asso-
ciated with (O) and associated with (S) SNP effects as:
¢ — { Coo Cos } .
Cso Css

Let the matrix D be a diagonal matrix defined as

- koloo 0
D= { 0 ksIss

where Ipp is an identity matrix of size equal to the number of equations that
are not associated with the SNP effects, Isg is an identity matrix of size equal
to the number of equations that are associated with the SNP effects, and ko
and kg are real positive numbers.

Let the matrix V be a matrix containing (columnwise) all the eigenvectors
of C sorted following the ascending order of their associated eigenvalues. The
matrix V can be partitioned into a matrix \'2] storing eigenvectors associated
with eigenvalues at the left-hand side of the spectrum of C (that includes the
smallest eigenvalues) and a matrix V, storing eigenvectors at the right-hand
side of the spectrum of C (that includes the largest eigenvalues), and between
equations not associated with and associated with SNP effects, as follows:

o - - Vo1 Voo
V=[Vi Vy] [V31 VSJ.

Sufficient condition

A sufficient condition to ensure that A, (D_l/QCD_1/2> = kglx\mm (é), is
that Vg1 = 0, Voo = 0, and that all eigenvalues associated with an eigenvector
of Vy are equal to, or larger than, Z—z)\mm (C)

Proof

This sufficient condition is proven in three steps.



First, if Vg1 = 0, it implies that each i*" eigenvalue associated with an eigen-

vector of Vi, that is A1, (é), is proportional by a factor ko to an eigenvalue of

D~Y/2CD~Y/2, that is \; (D_l/QCD_l/Q) = ko', (é), because:

Co, =M, (C) v, = D72Cw, =, (€) D3,
— D V2ED Y2y, = )\, (C) D lv,
— DD 2= 15", (€) v
= D2ED 2y =) (D7V2ED ) v,

where vy, is a column of V1, that is an eigenvector associated with the eigen-
value \q, (é), and is equal to vy, = [ V(O)Ii } and v, = D~'/2v,.
Therefore, it follows that the smallest eigenvalue of D~/2CD~/2 is propor-

tional to Aq, (C), that is A1, ,, (D’1/2(~3D’1/2), is equal to the smallest eigen-
value of C, Apmin (C), multiplied by k5', that is Aq,,,, (D*1/2(~3D*1/2> =
kg Amin (€).

Second, if Voo = 0, it implies that each jth eigenvalue associated with an
eigenvector of Vi, that is A2; (C) , is proportional by a factor kg to an eigenvalue

of D-Y/2CD~1/2, that is A, (D*l/QCD’l/Q) = kg Ay, (C‘), because:
C\72j = )‘2]‘ (C> ‘72]' — D_1/2CD_1/2VJ = )‘21' (C> D_lvj
< D 2CD 2y, = kg')y, (C) vj

— D—1/2CD—1/2Vj =) (D—l/QCD—l/z) v,

where vy, is a column of \72, that is an eigenvector associated with the eigen-

value Ag, (C‘), and is equal to Vo, = { {’0 }, and Vo, = D71/2v;.

Therefore, it follows that the smallest eigenvalue of D~Y/2CD~/2 proportional
to Ag; (C), that is g, (D*1/2(~3D’1/2), is equal to the smallest eigenvalue

among all the eigenvalues associated with the eigenvectors included in Vo,
Ao, (c) multiplied by k3!, that is Ao, (D—1/2CD—1/2) = k3", (c)

Finally, from the two previous results, that is A;, ,, (D_1/2CD_1/2) =
k5 Amin (C) and Xy, . (D*1/2CD*1/2) = k5", (C) the smallest eigen-
value of the spectrum of D=2CD /2, A\, (D’I/ZCD*I/Z), is equal to:



A (D’l/QCD’l/Q) — min (Almm (Dfl/Zchl/Z) Do (Dq/ch,l/z))
— min (kal)\mm (c) k5N (C))
Therefore, Apin (D_l/QCD_1/2) = kg)l/\mm (é) if, and only if, Aa, ., (é) >

%)‘min (C), or, in other words, if, and only if, all eigenvalues associated with

an eigenvector of V, are equal to, or larger than, %)\mm (é)



