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Simulations

In each of the simulations, we first create a matrix M representing the “true” abundance of
each taxon in each sample, and we then create a matrix X, a noisy version of M, represent-
ing the “observed” abundance of each taxon in each sample. We then compute the branch
contributions to the Unifrac distances in the observed taxon abundance matrix X and plot
the branch contribution curves. The simulations differ in how the mean matrix M is cre-
ated. The code used to perform the simulations and to generate the figures is available at
https://github.com/jfukuyama/DeepOrShallow.

Simulation 1

In our first simulation, we have two groups of samples, each with its own set of characteristic taxa.
The taxa in this simulation are related to each other by a randomly generated phylogenetic tree
using the rtree function in ape [1], and the set of taxa characteristic of each group is unrelated
to the phylogeny.

Let n denote the number of samples, p denote the number of taxa overall, ntaxa denote the
number of taxa characteristic of each group. Our observed taxon abundance matrix X ∈ Rn×p is
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generated as

Xij
iid∼ Poisson(Mij), i = 1, . . . , n, j = 1, . . . , p

M =
10
∥t∥ st(1)

T
+

10
∥t∥ (1 − s)t(2)

T
+ N

Nij
iid∼ Gamma(a, 1), i = 1, . . . , n, j = 1, . . . , p

s =
(

1n/2
0n/2

)
t(1) ∼ Uniform

({
x ∈ {0, 1}p :

p

∑
i=1

xi = ntaxa

})

t(2) ∼ Uniform

({
x ∈ {0, 1}p :

p

∑
i=1

xi = ntaxa

})

The notation 1n represents the column vector containing all 1’s of length n, and the notation
0n represents the column vector containing all 0’s of length n. In the setup above, s denotes
group membership, t(1) and t(2) are indicator vectors giving the taxa characteristic of the first
and second groups, respectively, and a represents the mean abundance of the taxa that are not
characteristic of either group.

Note that in this simulation strategy, for any pair (i, j) such that s(1)i t(1)j + s(2)i t(2)j = 0, the marginal
distribution of Xij is negative binomial, which is a standard distribution used to model counts in
microbiome data [2].

We simulated taxon abundance matrices X using the strategy above for randomly selected values
of n, p, ntaxa, and a. From the taxon abundance matrices and the corresponding phylogenetic tree,
we computed normalized branch contributions to the Unifrac distances. The accumulation curves
for these randomly selected values are given in Figure S1. We consistently see that unweighted
Unifrac has a larger contribution from the shallow branches than weighted Unifrac, and that the
generalized Unifrac distances have contributions somewhere in between. Interestingly, we see
that at an absolute level, unweighted Unifrac places the most weight on the shallowest branches
when the sparsity of X is low (most of the entries of X are non-zero) and places the least weight
on the shallowest branches when the sparsity of X is high. In the high-sparsity case, we also
see the most divergence between the weight placed on the deep vs. shallow branches between
weighted and unweighted Unifrac. This finding is consistent with the mathematical result that
the tree can be broken at branches that have descendants in all of the samples.

Simulation 2

In our second simulation, we have samples falling on a gradient, with the ends of the gradient
corresponding to over- or under-representation of a certain clade. The taxa are again related to
each other by a randomly generated phylogenetic tree.

Let n denote the number of samples, p denote the number of taxa overall, ntaxa denote the
number of taxa in the clade corresponding to the gradient. Our observed taxon abundance
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Figure S1: Cumulative average contribution (vertical axis) of the shallowest p fraction of the
branches in the tree (horizontal axis) to unweighted and generalized Unifrac distances in simu-
lation 1.
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matrix X ∈ Rn×p is generated as

Xij
iid∼ Poisson(Mij), i = 1, . . . , n, j = 1, . . . , p

M =
10
∥t∥ stT + N

Nij
iid∼ Gamma(a, 1), i = 1, . . . , n, j = 1, . . . , p

si
iid∼ Uniform(0, 1), i = 1, . . . , n

c ∼ Uniform({j : j is an interior node in the tree})

t =

{
1 taxon i descends from c
0 o.w.

As before, s denotes group membership, t is an indicator vectors giving the taxa in the clade that
varies along the gradient, and a represents the mean abundance for the taxa that are not involved
in the gradient.

We simulated taxon abundance matrices X using the strategy above for randomly selected values
of n, p, ntaxa, and a. From the taxon abundance matrices and the corresponding phylogenetic tree,
we computed normalized branch contributions to the Unifrac distances and plotted the accumu-
lation curves for these values. The results are shown in Figure S2. As before, we consistently
see that unweighted Unifrac has a larger contribution from the shallow branches than weighted
Unifrac, and that the generalized Unifrac distances have contributions somewhere in between.
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Figure S2: Cumulative average contribution (vertical axis) of the shallowest p fraction of the
branches in the tree (horizontal axis) to unweighted and generalized Unifrac distances in simu-
lation 2.
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