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Supplementary Text 
 
Notations 
We denote scalar variables with italicized lower-case letters (e.g., 𝑧). Vectors are denoted with 
bold lower-case letters (e.g., 𝐳). Scalar entries for a vector are indexed with a subscript (e.g., 𝑗th 
element of 𝐳 is 𝑧$). We denote matrices with bold capital letters (e.g., 𝐗, its transpose 𝐗&) and 
index rows with a subscript (e.g., 𝐗$). We indicate 𝐿 block-column partitions for matrix (vector) 
𝐗 as 𝐗 = (𝐗(*), … , 𝐗(.)). 
 
Model and sampling distribution of marginal TWAS summary statistics 
We model quantitative trait for 𝑛 individuals 𝐲 by a linear combination of expression levels for 
𝑚 genes	𝐆 ∈ ℝ6×8 as 

𝐲 = 𝐗𝛃 + 𝐆𝛂 + 𝛜=	 
where 𝐗 ∈ ℝ>×? is the centered and variance-standardized genome-wide genotype matrix at 𝑝 
SNPs, 𝛃 are the 𝑝 pleiotropic effects of 𝐗 on 𝐲, 𝛂 is the vector of causal effects for the 𝑚 genes 
and 𝛜 is random environmental noise with 𝔼[𝛜=] = 𝟎 and 𝕍[𝛜=] = 𝐈>𝜎=HI. We extend the definition 
by also defining 𝐆 as a linear function of underlying genotype and environment, which is 
governed by 𝐆 = 𝐗𝐖+ 𝐄, where 𝐖 ∈ ℝ?×L is the eQTL effect-size matrix, and 𝐄 ∈ ℝ>×L is 
environmental noise. The updated model is 

𝐲 = 𝐗𝛃 + (𝐗𝐖+ 𝐄)𝛂 + 𝛜= = 𝐗𝛃 + 𝐗𝐖𝛂 + 𝐄𝛂 + 𝛜= = 𝐗𝛃 + 𝐗𝐖𝛂 + 𝛜 
where 𝛜 = 𝐄𝛂 + 𝛜= is the total contribution from environment, which we parameterize as 𝔼[𝛜] =
𝟎 and 𝕍[𝛜] = 𝐈>𝜎HI which is valid provided independence of errors holds. If causal eQTL effect-
sizes 𝐖 were known, we could prioritize putative susceptibility genes by estimating 𝛂 using 
regression. Unfortunately, effect-sizes 𝐖 are unknown and must be estimated from data (e.g., 
BSLMM1, GBLUP2,3). Because inferring eQTL effect-sizes genome-wide is challenging, models 
typically focus only on cis- or local-SNPs at each gene. Let predicted expression be defined as 
𝐆M = 𝐗𝛀 where 𝛀 are estimated eQTL effects. The local-SNP model for 𝐿 independent genetic 
regions is given by, 

𝐲 = O𝐗(P)𝛃(P) +
.

PQ*

O𝐗(P)𝐖(P)𝜶(P) +
.

PQ*

𝛜. 

Here we describe the sampling distribution of marginal TWAS Z-scores obtained from an 
association test. For simplicity, we focus our attention to genes in a single genomic region and 
drop the (⋅) notation. Specifically, we compute the marginal association 𝑧$ of gene 𝑗 with 𝐲 
through a transcriptome-wide association study as,  

𝑧$ =
1

𝜎H√𝑛
𝐆M$

&𝐲 =
1

𝜎H√𝑛
(𝐗𝛀)$&𝐲 =

1
𝜎H√𝑛

𝛀$&𝐗&𝐲 =
1
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𝛀$&𝐗&(𝐗𝛃 + 𝐗𝐖𝛂 + 𝛜)	

=
1

𝜎H√𝑛
W𝛀$&𝐗&𝐗𝛃 +	𝛀$&𝐗&𝐗𝐖𝛂 + 𝛀$&𝐗&𝛜X	



=
√𝑛
𝜎𝒆
𝛀$&𝐕𝛃 +	

√𝑛
𝜎𝒆
𝛀$&𝐕𝐖𝛂 +	

1
𝜎H√𝑛

𝛀$&𝐗&𝛜 

where 𝐕 = 𝑛[*𝐗&𝐗 is the SNP correlation (LD) matrix. The marginal association statistics for 
𝑚 nearby genes are determined by, 

𝐳\]^_ =
√𝑛
𝜎𝒆
𝛀&𝐕𝛃 +	

√𝑛
𝜎𝒆
𝛀&𝐕𝐖𝛂 +	

1
𝜎H√𝑛

𝛀&𝐗&𝛜. 

Assuming weights 𝛀 and causal gene effects 𝛂 are fixed, we can compute the expectation and 
variance of the association statistics as, 

𝔼[𝐳\]^_|𝛀] = 𝔼 a
√𝒏
𝜎𝒆
𝛀&𝐕𝛃	|	𝛀c + 𝔼 a

√𝒏
𝜎𝒆
𝛀&𝐕𝐖𝛂	|	𝛀c + 𝔼 a

1
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𝛀&𝐗&𝛜c	

=
√𝒏
𝜎𝒆
𝛀&𝐕𝛃 +

√𝒏
𝜎𝒆
𝛀&𝐕𝐖𝛂	

𝕍[𝐳\]^_|𝛀] =
1
𝜎HI𝑛

𝛀&𝐗&𝕍[𝛜]𝐗𝛀 = 𝛀&𝐕𝛀. 

To simplify notation, we re-parameterize the causal effects as a non-centrality parameter (NCP) 

at the causal genes by 𝛌ef =
√𝒏
g𝒆
𝛂. We note that 𝛀&𝐕𝐖 ≠ 𝛀&𝐕𝛀, but as sample size increases, 

we expect 𝛀&𝐕𝛀 to asymptotically approach 𝛀&𝐕𝐖. We denote predicted expression covariance 
as 𝓥 = 𝛀&𝐕𝛀. The NCP 𝛌ef governs the statistical power of rejecting the null of no effect of 

predicted expression on trait (𝛂 = 𝟎). We parameterize 𝛃 similarly as 𝛌_6e =
√𝒏
g𝒆
𝛃. If we assume 

𝛜	~	𝑁(𝟎, 𝐈>𝜎HI), then our sampling distribution for 𝐳\]^_ is given by,  
𝐳\]^_|	𝛌_6e, 𝛌ef, 𝛀, 𝐕	~	𝑁W𝛀&𝐕𝛌_6e + 𝓥𝛌ef, 𝓥X.	 

This formulation asserts that observed marginal TWAS Z-scores are the linear combination of 
NCPs at causal genes weighted by the covariance structure of predicted expression 𝓥 and tagged 
pleiotropic effects from SNPs 𝛀&𝐕𝛃. Likewise, the resulting covariance structure 𝓥 is the the 
product of the underlying LD structure of SNPs 𝐕 and the weight matrix learned from expression 
data 𝛀. 
 
Computing the likelihood of 𝐳\]^_ as described requires knowing 𝓥, 𝛌_6e, and 𝛌ef, which are 
unknown a-priori. First, we can estimate 𝓥 using available reference LD panels (e.g., 1000 
Genomes4) and inferred expression weights 𝛀. Second, while we can estimate 𝛃 from data, it will 
typically be the case that 𝑝 ≫ 𝑚, which limits inference. To account for this, we make the 
simplifying assumption that 𝛌_6e = 𝟏?𝜆_6e  when conditioned on 𝓥 and 𝛌ef, which is similar to 
methods in robust Mendelian Randomization5-7. Third, estimating 𝛌ef directly from data is also 
likely to overfit. To bypass this issue, we treat 𝛌ef as a nuisance parameter and assume that 

𝛌ef|	𝐜, 𝜎pI~𝑁(0, 𝐃p) where 𝐃p = diag(>gs
t

|𝒄|
⋅ 𝐜) is the scaled prior causal effect variance matrix 

and 𝒄 is an 𝑚	 × 	1 binary vector indicating if 𝑖th gene is causal. When there are no causal genes 



(i.e. 𝐜 = 𝟎) then 𝐃p = diag(𝟎). Incorporating this prior for causal NCPs enables us to integrate 
out 𝛌ef, which results in the variance component model,  

𝐳\]^_|	𝜆_6e, 𝛀, 𝐕, 𝐜, 𝑛𝜎pI		~	𝑁W𝛀&𝐕𝟏?𝜆_6e, 𝓥𝐃p𝓥 + 𝓥X. 
Under this model the variance in 𝐳\]^_is due to uncertainty from finite sample size (𝓥) as well as 
uncertainty in the underlying causal NCPs (𝓥𝐃p𝓥). In principle, we can estimate 𝜎pI using 
Empirical Bayes; however, this comes at a significant computation cost, as estimation would 
need to be performed for each causal configuration 𝒄 across risk regions. To mitigate this 
hindrance, we set 𝑛𝜎pI = 40, which is similar to what we observe at transcriptome-wide 
significant regions.  As an approximate solution, we estimate 𝜆_6e using least squares under the 
null of no causal gene effects on trait. Alternatively, 𝛌_6e can be modeled as a random effect and 
treated as a nuisance parameter (see below). 
 
We use a Bayesian approach similar to fine-mapping methods in GWAS to compute the posterior 
distribution of our causal genes 𝐜: 

Pr(𝐜	x	𝐳\]^_, 𝜆_6e, 𝛀, 𝐕, 𝑛𝜎pIX =
Pr(𝐳\]^_, 𝐜	| 𝜆_6e, 𝛀, 𝐕, 𝑛𝜎pI)
Pr(𝐳\]^_	| 𝜆_6e, 𝛀, 𝐕, 𝑛𝜎pI)

		

=
𝑁(𝐳\]^_	| 𝛀&𝐕𝟏?𝜆_6e, 𝓥𝐃p𝓥 + 𝓥)Pr	(𝐜)

∑ N(𝐳\]^_	| 𝛀&𝐕𝟏?𝜆_6e, 𝓥𝐃p}𝓥 + 𝓥)Pr	(𝐜′)𝐜�∈𝒞
 

where 𝒞 is the set of all binary strings of length 𝑚. We assume a Bernoulli prior for each causal 
indicator 𝑐�	~	Bern(𝑝). In practice, we set 𝑝 = 1 × 10[�. This assumption is likely violated when 
signal for 𝐳\]^_ is low, and we recommend only including regions with at least one transcriptome-
wide significant gene. We compute the marginal posterior inclusion probability (PIP) for the 𝑖th 
gene as 

PIPW𝑐� = 1x𝐳\]^_, 𝜆_6e, 𝛀, 𝐕, 𝑛𝜎pIX = O Pr(𝐜′	x	𝐳\]^_, 𝜆_6e, 𝛀, 𝐕, 𝑛𝜎pIX
𝐜�∈𝒞:p��Q*

.		 

We compute this expression using straightforward enumeration, which is feasible for regions 
with fewer than 20 gene models. For larger regions, we limit enumeration to at most 5 causal 
genes. Alternatively, we can compute PIPs using Bayes factors for each model (see below). We 
model the null as the all-zero configuration (i.e. 𝐜 = 𝟎). Here, Pr(𝐜 = 𝟎	x	𝐳\]^_, 𝜆_6e, 𝛀, 𝐕, 𝑛𝜎pIX 
captures the probability that none of the predicted expression models included in our analysis 
explain the observed TWAS Z-scores. Lastly, PIPs enable us to estimate the expected number of 
causal genes at a risk region 𝑚p as 𝔼[𝑚p] = ∑ PIPW𝑐� = 1x𝐳\]^_, 𝜆_6e, 𝛀, 𝐕, 𝑛𝜎pIXL

�Q* . 
 
 
Efficient Bayes Factors computation with singular-value decomposition 
Bayes factors provide an alternative approach to measure the evidence of an alternative model 
against the null model. We use a derivation similar to that of SNP fine-mapping work8. Namely, 

BF� =
𝑁(𝐳	| 𝟎, 𝓥𝐃p𝓥 + 𝓥)
𝑁(𝐳\]^_	| 𝟎, 𝓥)

	



=
𝑁(𝐳	| 𝟎, 𝑛𝜎pI𝓥𝒄𝒄𝓥𝒄𝒄 + 𝓥𝒄𝒄)

𝑁(𝐳\]^_	| 𝟎, 𝓥𝒄𝒄)
	

=
|𝑛𝜎pI𝓥𝒄𝒄𝓥𝒄𝒄 + 𝓥𝒄𝒄|[*/I	

|𝓥𝒄𝒄|[*/I
⋅
exp �−12 𝐳𝒄

𝐓(𝑛𝜎pI𝓥𝒄𝒄𝓥𝒄𝒄 + 𝓥𝒄𝒄)[𝟏𝐳𝒄�

exp �−12 𝐳𝒄
𝐓𝓥𝒄𝒄[𝟏𝐳𝒄�

, 

where 𝓥𝒄𝒄 is the 𝑘	 × 	𝑘 sub-matrix of 𝓥 = 𝛀𝐓𝐕𝛀 restricted to 𝑘 causal genes indicated by 𝐜 
(similarly for 𝐳𝒄). Evaluating BF� requires time 𝑂(𝑘�) due to matrix multiplication and inversion. 
Computing the inverse of 𝓥𝒄𝒄 requires full-rank, which may not be the case in practice when 
predicted expression is highly correlated. We account for rank-deficiency in 𝓥𝒄𝒄 by performing 
a singular-value decomposition of 𝓥𝒄𝒄 and rotating 𝐳𝒄 to an independent basis and keeping 
positive singular values similar to that noted in ref9. Posterior probabilities for a causal 
configuration 𝐜 can be computed by Bayes rule (as noted in the main text) or equivalently with 
normalized Bayes Factors8 as, 

Pr(𝐜	x	𝐳\]^_, 𝜆_6e, 𝛀, 𝐕, 𝑛𝜎pIX =
BF�Pr	(𝐜)

∑ BF�}Pr	(𝐜′)𝐜�∈𝒞
. 

In practice, we found that computing PIPs using the Bayes Factor with SVD decomposition was 
much more stable in ill-conditioned settings compared with the naive calculation using Bayes 
rule. If FOCUS is run with the mean term included 𝜆_6e, then we replace 𝐳 above with the residual 
after regressing out the effect of 𝜆�_6e estimated under the null 𝐜 = 𝟎. This approach is 
conservative but avoids estimating 𝜆_6e for each causal configuration 𝐜. 
 
Variance component model to control for pleiotropic SNP effects 
The default model for FOCUS controls for pleiotropic effects by including a mean term (𝛌_6e =
𝟏?𝜆_6e). We infer 𝜆_6e under the null configuration (𝐜 = 𝟎), which leads to more conservative 
PIPs for individual genes. Here, we describe a separate model that accounts for general random 
pleiotropic effects at a region. If we model 𝛌_6e~𝑁(𝟎, 𝐈?𝜎?I) and marginalize out 𝛌_6e our new 
marginal likelihood becomes,  

𝐳\]^_|	𝜆_6e, 𝛀, 𝐕, 𝐜, 𝑛𝜎pI, 𝜎𝑝2		~	𝑁W𝟎, 𝑛𝜎𝑝2𝛀&𝐕𝐕𝛀 + 𝓥𝐃p𝓥 + 𝓥X. 
We investigated performance of this variance components model when 𝜎?I is known. We found 
the performance of the variance components model to produce unbiased credible sets but included 
many more genes on average compared with the mean term model (see Supplementary Figure 
7). In the general setting 𝜎?I would need to be inferred before computing PIPs (either once 
conservatively under the null of 𝐜 = 𝟎 or per individual configuration). 
 
Explicit vs implicit simulations using total gene expression for trait 
Here we describe two strategies for simulating a continuous trait as a function of total gene 
expression. Our model for complex trait 𝐲 (ignoring pleiotropic effects) is given by, 

𝐲 = (𝐗𝐖+ 𝐄)𝛂 + 𝛜= = 𝐗𝐖𝛂 + 𝐄𝛂 + 𝛜= = 𝐗𝐖𝛂 + 𝛜. 



The first strategy is to simulate 𝐲 using a weighted combination of total expression (𝐆 = 𝐗𝐖+ 𝐄)𝛂 
and sampling residual environmental noise 𝛜=	~	𝑁(𝟎, 𝐈>𝜎=HI). The second strategy is to simulate 𝐲 
using a weighted combination of the genetic component of expression 𝐗𝐖𝛂 and sample total 
environmental noise 𝐄𝛂 + 𝛜= = 𝛜	~	𝑁(𝟎, 𝐈>𝜎HI). Simulations are parameterized by the total variance 
in trait explained by predicted (i.e. cis-genetically regulated) gene expression ℎ��I . When ℎ��I  is 
fixed, either simulation can sample enough residual noise 𝛜= or total noise 𝛜 such that ℎ��I  is met. 
We empirically validated this in simulations and found both approaches resulted in similar results 
(Supplementary Figure 24). 
 
 
 
  



Supplementary Tables 
Supplementary Table 1. Resolution in identifying causal genes across methods. See attached 
excel doc. 
 
Supplementary Table 2. Summary of expression reference panels. See attached excel doc 
 
Supplementary Table 3. TWAS results for lipids traits. See attached excel doc. 
 
Supplementary Table 4. Fine mapping for lipids traits. See attached excel doc. 
 
Supplementary Table 5. Posterior probabilities for gene models and 90%-credible gene sets 
at 1p13 locus for LDL. See attached excel doc. 
 
 
  



Supplementary Figures 

 
Supplementary Figure 1. Genes with large average LD tag causal gene TWAS associations. 
Using TWAS results from our simulation pipeline (i.e. 𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, ℎ��I =
0.1, gene expression ℎ�I = 0.2), we computed the correlation between TWAS association 
strength (𝜒I) at non-causal genes with two measures of regional correlation. a) The average LD-
score for SNPs defining a gene model (i.e. 𝑝[*	trace(𝐕𝐕)). b) The “gene-based” correlation 
score considering the LD at a region along with eQTL weights (i.e. (𝓥𝓥)�,�). The dark line 
represents the best-fit regression line and the gray area represents the 95% predictive 
interval. 
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Supplementary Figure 2. Credible gene-sets as a function of 𝝆. We simulated 100 complex 
traits as a function of underlying gene expression (i.e. 𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, ℎ��I =
0.1, gene expression ℎ�I = 0.2). We ran FOCUS on the TWAS summary data using 𝑛𝜎pI = 80 and 
computed 𝜌-credible sets. The posterior density of each credible set was computed as the 
normalized sum of posterior probability for all genes in the credible set. The solid line indicates 
the regression best-fit line and the shaded area is the 95% prediction interval. The dashed line 
indicates the identity. 
 
 
  



 
Supplementary Figure 3. Influence of GWAS sample size in prioritizing causal genes. We 
varied 𝑁���� in our simulation pipeline keeping other parameters fixed (i.e. 𝑁H��. 	= 	500, 
ℎ��I = 0.1, gene expression ℎ�I = 0.2). We ran FOCUS on the TWAS summary data using 𝑛𝜎pI =
80  and computed 90%-credible gene sets. Box-plots indicate the median, upper and lower 
quartiles, and 1.5 inter-quartile range of the proportion of causal genes captured in 90% credible 
gene-sets. Outliers are shown as points. The dashed line indicates 90%. 
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Supplementary Figure 4. Influence of trait-variance explained from predicted gene 
expression in prioritizing causal genes. We varied ℎ��I in our simulation pipeline keeping other 
parameters fixed (i.e. 𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, gene expression ℎ�I = 0.2). We ran 
FOCUS on the TWAS summary data using 𝑛𝜎pI = 80 and computed 𝜌-credible sets. Box-plots 
indicate the median, upper and lower quartiles, and 1.5 inter-quartile range of the proportion of 
causal genes captured in 90% credible gene-sets. Outliers are shown as points. The dashed line 
indicates 90%. 
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Supplementary Figure 5. FOCUS is stable to various settings of prior variance. We used our 
simulation pipeline keeping all parameters fixed (i.e. 𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, ℎ��I =
0.1, gene expression ℎ�I = 0.2). We ran FOCUS on the TWAS summary data varying 𝑛𝜎pI and 
computed 90%-credible gene sets. Box-plots indicate the median, upper and lower quartiles, and 
1.5 inter-quartile range of the proportion of causal genes captured in 90% credible gene-sets. 
Outliers are shown as points. The dashed line indicates 90%. 
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Supplementary Figure 6. Performance of FOCUS using GBLUP versus LASSO for gene 
expression prediction. We modified our simulation pipeline to train predictive models for gene 
expression using LASSO in addition to GBLUP. a) Distribution of the fraction of genes that are 
causal for downstream trait captured in the 90%-credible gene set. b) Distribution of the size of 
the 90%-credible gene sets across all simulations. Box-plots indicate the median, upper and lower 
quartiles, and 1.5 inter-quartile range. Outliers are shown as points. The dashed line indicates 
90%. 
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Supplementary Figure 7. Performance of FOCUS using fixed-effects versus random-effects to 
model pleiotropic effects of SNPs on downstream trait. We compared the FOCUS model that 
accounts for pleiotropic effects with a fixed mean term versus a model that controls for pleiotropy 
using a variance component (i.e. variance term). This latter model is equivalent to modeling 
pleiotropic effects as random. Results shown are for simulations where the prior variance term 
for pleiotropic effects are known. a) Distribution for the fraction of causal genes captured in 90%-
credible gene sets across simulations. b) Distribution of the number of genes in the 90%-credible 
gene sets. Box-plots indicate the median, upper and lower quartiles, and 1.5 inter-quartile range. 
Outliers are shown as points. The dashed line indicates 90%. 
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Supplementary Figure 8. FOCUS maintains performance when using expression in 
correlated proxy tissues. We used our simulation pipeline keeping all parameters fixed (i.e. 
𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, ℎ��I = 0.1, gene expression ℎ�I = 0.2), but here we used 
proxy-tissue gene expression data (also ℎ�I = 0.2) for the eQTL reference panel. We ran FOCUS 
on the TWAS summary data using 𝑛𝜎pI = 80 and computed 90%-credible gene sets. Box-plots 
indicate the median, upper and lower quartiles, and 1.5 inter-quartile range of the proportion of 
causal genes captured in 90% credible gene-sets. Outliers are shown as points. The dashed line 
indicates the proportion captured using simulations in the relevant tissue. 
 
 
  

0.00

0.25

0.50

0.75

1.00

0 0.25 0.5 0.75 1
Genetic correlation of proxy tissue effects  ρg

Pr
op

or
tio

n 
of

 c
au

sa
l g

en
es

ca
pt

ur
ed

 in
 9

0%
 c

re
di

bl
e 

ge
ne

−s
et

.



 

Supplementary Figure 9. Genes sharing a single regulatory variant exhibit similar posterior 
inclusion probability. We simulated expression for a pair of genes regulated by the same eQTL 
across 100 instances, where only one gene mediates risk for downstream trait. We find that the 
computed marginal PIPs are similar for the causal and non-causal gene. a) Results when the prior 
probability for a gene to be causal is set to 𝑝	 = 	1 2¦  (i.e. 1 gene per region in prior expectation). 
b) Results for simulations when the prior probability for a gene to be causal is set to 𝑝 =
1	 × 10[�. 
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Supplementary Figure 10. Size of 90%-credible gene-sets as a function of GWAS size. We 
varied 𝑁���� in our simulation pipeline keeping other parameters fixed (i.e. 𝑁H��. 	= 	500, 
ℎ��I = 0.1, gene expression ℎ�I = 0.2). We ran FOCUS on the TWAS summary data using 𝑛𝜎pI =
80  and computed 90%-credible gene sets. Box-plots indicate the median, upper and lower 
quartiles, and 1.5 inter-quartile range of the number of causal genes captured in 90% credible 
gene-sets. Outliers are shown as points. 
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Supplementary Figure 11. Size of 90%-credible gene-sets as a function of eQTL reference 
panels size. We varied 𝑁H��. in our simulation pipeline keeping other parameters fixed (i.e. 
𝑁���� 	= 	50,000, ℎ��I = 0.1, gene expression ℎ�I = 0.2). We ran FOCUS on the TWAS 
summary data using 𝑛𝜎pI = 80  and computed 90%-credible gene sets. Box-plots indicate the 
median, upper and lower quartiles, and 1.5 inter-quartile range of the number of causal genes 
captured in 90% credible gene-sets. Outliers are shown as points. 
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Supplementary Figure 12. Size of 90%-credible gene-sets as a function of heritability 
explained by causal gene expression. We varied ℎ��I in our simulation pipeline keeping other 
parameters fixed (i.e. 𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, gene expression ℎ�I = 0.2). We ran 
FOCUS on the TWAS summary data using 𝑛𝜎pI = 80 and computed 𝜌-credible sets. Box-plots 
indicate the median, upper and lower quartiles, and 1.5 inter-quartile range of the number of 
causal genes captured in 90% credible gene-sets. Outliers are shown as points. 
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Supplementary Figure 13. Size of 90%-credible gene-sets as a function of causal gene effect-
size variance parameter in posterior inference. We used our simulation pipeline keeping all 
parameters fixed (i.e. 𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, ℎ��I = 0.1, gene expression ℎ�I = 0.2). 
We ran FOCUS on the TWAS summary data varying 𝑛𝜎pI and computed 90%-credible gene sets. 
Box-plots indicate the median, upper and lower quartiles, and 1.5 inter-quartile range of the 
number of causal genes captured in 90% credible gene-sets. Outliers are shown as points. 
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Supplementary Figure 14. Size of 90%-credible gene-sets as a function of heritability at 
proxy-tissue gene expression. We used our simulation pipeline keeping all parameters fixed (i.e. 
𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, ℎ��I = 0.1, gene expression ℎ�I = 0.2), but here we used 
proxy-tissue gene expression data with varying ℎ�I for the eQTL reference panel keeping 𝜌� 	=
	0.9. We ran FOCUS on the TWAS summary data using 𝑛𝜎pI = 80 and computed 90%-credible 
gene sets. Box-plots indicate the median, upper and lower quartiles, and 1.5 inter-quartile range 
of the number of causal genes captured in 90% credible gene-sets. Outliers are shown as points. 
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Supplementary Figure 15. Size of 90%-credible gene-sets as a function of genetic 
correlation for proxy-tissue expression. We used our simulation pipeline keeping all 
parameters fixed (i.e. 𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, ℎ��I = 0.1, gene expression ℎ�I = 0.2), 
but here we used proxy-tissue gene expression data with varying 𝜌� for the eQTL reference panel 
keeping ℎ�I = 0.2. We ran FOCUS on the TWAS summary data using 𝑛𝜎pI = 80 and computed 
90%-credible gene sets. Box-plots indicate the median, upper and lower quartiles, and 1.5 inter-
quartile range of the number of causal genes captured in 90% credible gene-sets. Outliers are 
shown as points. 
 
 
  

3

6

9

0 0.25 0.5 0.75 1
Genetic correlation of proxy tissue effects  ρg

N
um

be
r o

f g
en

es
in

 9
0%

 c
re

di
bl

e 
ge

ne
−s

et



 
Supplementary Figure 16. Adipose-prioritized TWAS for high density lipoprotein (HDL) 
measurements. Manhattan plot of HDL TWAS results. Each point represents the association 
strength of each tested gene. We used a Bonferroni-adjusted transcriptome-wide significance of 
0.05 / 15,277 (indicated by red line). 
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Supplementary Figure 17. Adipose-prioritized TWAS for low density lipoprotein (LDL) 
measurements. Manhattan plot of LDL TWAS results. Each point represents the association 
strength of each tested gene. results. We used a Bonferroni-adjusted transcriptome-wide 
significance of 0.05 / 15,277 (indicated by red line). 
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Supplementary Figure 18. Adipose-prioritized TWAS for total cholesterol (TC) 
measurements. Manhattan plot of TC TWAS results. Each point represents the association 
strength of each tested gene. results. We used a Bonferroni-adjusted transcriptome-wide 
significance of 0.05 / 15,277 (indicated by red line). 
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Supplementary Figure 19. Adipose-prioritized TWAS for triglyceride (TG) measurements. 
Manhattan plot of TG TWAS results. Each point represents the association strength of each 
tested gene. results. We used a Bonferroni-adjusted transcriptome-wide significance of 0.05 / 
15,277 (indicated by red line). 
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Supplementary Figure 20. Fine mapping of lipids TWAS risk regions. a) Histogram of  90%-
credible gene-set sizes. b) Average PIP across risk regions according to ranking within each 
credible set. Points are the average PIP across a given rank and lines represent the 95% confident 
interval estimated across regions. 
 
 
  

0

10

20

30

2 4 6

90%−credible gene−set size

C
ou

nt
a

0.00

0.25

0.50

0.75

1.00

0 20 40 60
Rank of predicted

 expression PIP within region

Pr
ed

ic
te

d
 e

xp
re

ss
io

n 
PI

P

b



 
Supplementary Figure 21. Histogram of expected number of causal genes per risk region 
in lipids. Histogram of the expected number of causal genes in lipids TWAS under our model by 
summing across posterior inclusion probabilities per risk region. Specifically, we can compute 
this quantity at the 𝑗th risk region as ∑ PIP�

L©
�Q*   where 𝑚$ is the number of genes at risk region 𝑗. 
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Supplementary Figure 22. Posterior inclusion probabilities for lipids fine-mapping results 
using different prior variance parameters. We ran FOCUS on the lipids TWAS data using 
𝑛𝜎pI = 80 and compared with our earlier results for 𝑛𝜎pI = 40. Results were highly similar (linear 
regression 𝛽	 = 	0.92; SE = 6.1	 ×	10[�; two-sided t-test 𝑃	 < 	2	 ×	10[*®). 
 
 
  



 
Supplementary Figure 23. FOCUS model is largely consistent with latent generative 
process. We performed a posterior predictive check for each gene (black point) using marginal 
PIPs to compute posterior p-value statistics. Here the null is that the average TWAS statistic for 

the 𝑖th gene is equal to its observed TWAS Z-score (i.e. 𝑍?°±²,� 	=
8f^6(³´µ¶·,�

∗ )	[	³´µ¶·,�
±¹(³´µ¶·,�

∗ )
). The red 

line indicates the identity line. 
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Supplementary Figure 24. Comparison of simulations using total expression with 
genetically regulated expression. We compared performance of FOCUS under two simulation 
scenarios. A two-stage simulation where total expression has a direct effect on trait compared 
with a single-stage simulation where genetically regulated gene expression has a mediated effect 
such that h2GE is fixed to 0.1. We varied ℎ�I in our simulation pipeline keeping other parameters 
fixed (i.e. 𝑁���� 	= 	50,000, 𝑁H��. 	= 	500, ℎ��I = 0.1). We ran FOCUS on the TWAS 
summary data using 𝑛𝜎pI = 80  and computed 90%-credible gene sets. a) Distribution for the 
fraction of causal genes captured in 90%-credible gene sets across simulations. b) Distribution 
of the number of genes in the 90%-credible gene sets. Box-plots indicate the median, upper and 
lower quartiles, and 1.5 inter-quartile range. Outliers are shown as points. The dashed line 
indicates 90%.  
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