S1 Appendix: Technical details

Derivation of approximation formula (7) in the main

text

Preliminary

Here we derive the approximation formula (7) in the main text. We have n samples
with phenotypic value (binary, numeric value, or a factor) denoted by y1,...,yn, and
L genetic variants, g, = (gi.1,...,91.n)" for =1, ..., L, which are to be tested for
association with the phenotype. The tested variables at the Ith locus are generically
denoted as wlj:i = (wy1,...,Wyip), with p variables including the effect of g; itself or
an interaction between g; and an environment variable. We also have ¢ covariates (e.g.
sex or age) z; = (21,...,%q) to be adjusted in common for all L tests. We consider L
hypothesis tests of the null hypothesis Hy; : 5; = 0 under the following regression

model for the conditional mean of y; with transformation,

i = {B(yilwi,2i )} = w6 +2{ m, (S1)
for i =1,...,n, where ) is a monotone increasing function, and ﬂlT =Bi1s---,0p)
and v/ = (Y1, ..,7,4) are the regression coefficients. The above model reduces to

the ordinary linear regression model if 7 is the identity function and y; follows a
Gaussian distribution. The model reduces to the logistic regression model if 7 is the
logit function and y; follows a Bernoulli distribution.

We consider the [th genetic variant g; separately for [ = 1,..., L, where n is the
sample size. Let Fg, denote the expectation with respect to the marginal distribution
of g;. The assumption is that, for a given [, genotypes g; 1, ..., gi,» identically and
independently follow a distribution whose all moments are finite, where the jth

moment is denoted by . ; = Eg (g],)-
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As shown in section “Influence of centering g; ; and coding of x;” of this S1
Appendix, substracting any constant from g; ; does not change the score test for
testing B; = 0. Thus, without loss of generality, we can assume that
1,1 = Eg,(g1,;) = 0 by subtracting the mean. We also denote the variance by
i = al Let u = (u;), Wi = (wy,iq) With wy o = g1:%ia (e =1,...,p), and Z = (2;.)
(c=1,...,q), in which ¢ = 1,...,n, where u depends on phenotype y1,...,Yn, Tiq is
the ath environment variable for ith subject, and z;. is the cth covariate for ith
subject. We denote W, = Q1/2W,, Z = Q/2Z, X = Q1/2X, Q = diag(w:, . .., wn),
the w;s are positive values specific to the regression model. Then, W ;o = §1,iTia
(a=1,...,p). Let Qz = I — P, where P; = Z(iTZ)*liT is the projection onto Z.
For the following arguments, we make assumptions that max; q |Ziq| < 0o and
max; |u;| < oo as n — co. We denote the equality by ignoring O(n~!) terms by ‘~

Let A and By, represent the (a,b)-element of matrixes Al_1 and B, where
Al = W?szl and Bl = VV?I‘I‘TWl,

respectively, in which
r=Qzu.
Now we study the test statistic (1) in the main text,
tr=u"(Qz W) (W Qz W) (Qz W) u

= tr~{(\~7VlTQz\~7Vl)71 (QZWZ)TUUT(QZWZ)}

= tr{ (W QW) (W rrTW,)}

Since we assumed that g;; is centered such that p; = 0,

I
Q
N
-
A
¥

&
Il
N

Egz (Al) gz (Wl szl Z Z 91,i91 JXl )z j i ?(Qz)u

=1 j=1
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and

Eg,(B1) = Eg {(QzW1)Tuu” (Qz W)} = Ey, {Z Zgl,igl,ji,;if(Qzu),;(Qzu)j}

i=1 j=1

=07 Y XX, (Qzu)}.
i=1
Therefore, if the approximation
Eg, (t1) = tr[{Eg, (A1)} " Eg,(B1)}] (52)

holds, the approximation formula (7) in the main text is derived.
In what follows, we verify eq. (S2). To this end, Let A; = Eg, (A;) and
Bl = Egz (Bl) Then,

Egz (tl) = Egz {tr(Alel)}
= Eg, (tr[{A; — (A, — A)} 'B)))
= Eg,(t[A; {1 - A2 (A - ADA;?Y 1A PBY)

= Bg [tr{(I - M) "'N,}]

= Bg [tr{(1+ ) M")Ny}]

m=1
= Eg {tr(N)} + ) F, {tr(M"Ny)} (S3)
m=1
where
Ml =1- Ll, Ll = A;l/zAlA;1/2 and Nl = A;l/QBlAfl/z.
Also, define

L, = Bg (L) = A;?AA;7Y? and N, = By, (N) = A, '/*B,A; 2.
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We express A; op = (Aq)ap and By gy = (By)ap in detail as follows.
Al,ab (Wl QZWZ Z Z lzawl ,Jb Qz)
_Zzgl 1gljxl 'Laxljb QZ Zzgl zglel ab,ijs

=1 j=1 =1 j=1

Bl ab = (W rr Wl ab = wl mwljb rr )J
=1 j=1

n n
—E E 91,191, TiaZjp(rr” § E 91,91, F1,ab,i5»
i=1 j=1

=1 j=1
in which
~ o~ ~ o~ T
Glabij = T1iaT1,j5(Qz)i;  and  Fiapij = T1 el ju(rr )i

Because g; ;s are identically and independently distributed with mean zero and

variance o7, we have

Al ab = Z ZEgl g1 zgl,j Gl ab,ij = 0] Z Gl ab,ii = O] szamzb QZ i1 (84)

i=1 j=1

Bl ab — Z ZEgl 91,:91,5 E ab,ij = O] ZE ab,ii = O] szamzb I‘I' (85)

i=1 j=1

From the assumption that max; 4 |T:q| < 00,

|2Gl abzz| < max|acm| Z QZ i fmax|xm| (nftn O( )

i=1 i=1

which implies that A; = O(n), and hence, A, 12 - = O(n~'/2). Similarly, by

max; |u;| < 0o,

|ZFZ abii] < InaX|xm\ || |? *max\mm| ||Qzu||2
i=1

< max [Fo[?||ul[* < max |7ie|* max [u;|*n = O(n),
i,a i,a 7

which implies that B; = O(n).

Define 7}, = gzl(Al_lm)aciic. By the assumption that max; , |Z;q| < 0o as well
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as that A, 12 = = O(n=1/?), we have

nmemay_cxn—V2y (S6)
Then, let

g 1/2 n 1/

l ab,ij Z Z a<, )bdGl cdij = ijx]b(Qi)ij,
c=1d=

% 1/2 1/2

l ,abij — Z Z ac A )bdﬂ70d7ij = ‘%:a%;b(rrT)ija
1d=1
and then,

Ll,ab = (Al_l/zAlAl_l/Q)ab = Zzgl,igl-szab,ija

i=1j=1
n n
~—1/215 x —1/2 .
Niap = (A, 7"BiA; Ny = § E 91,90, FT ap i
i=1j=1
Therefore, we have
n n
_ 9 « = 2 *
Liap = o E Gl,ab,ii and Ny = 0] E Fz,ab,iia (S7)
i=1 i=1

both of which are of order O(1) by the similar arguments above:

‘ZGI ab, 7.z| < max|$za| O( ) O(l)’

i=1

and
‘ZF‘I ab, 11,| < max|a:m| O( ) O(l)
=1

Derivation

Now recall eq. (S3),

Egl (tl) = Egl {tr(Nl)} + Z Egl {tr(M;an)}'

m=1
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We will show that the first term is the dominant term being of order O(1), and,
consequently,

Egl (tl) ~ Egz {tr(Nl)}v

which is of order O(1).
The first term: We immediately have that
Eg, {tr(N))} = tr(N)) = tr(A; /*BiA; %) = tr(A;1By),
the order of which is O(1) as shown in (S7) below.
The second term: In what follows, we use induction to show that
Eg {tr(M"N))} ~ 0

for any m > 1, which implies that the second term is negligible. As the induction step,
first, we show that Eg, {tr(M;"N;)} ~ 0 for m =1 and 2. Subsequently, assuming that
Eg {tr(M;N;)} =~ 0 is true for any s < m, we show that Eg {tr(M;"N;) ~ 0 holds.

For m = 1: We have that
Egz {tr(MlNl)} = tl"(Nl) — Egz {tr(LlNl)}.

Because g; ;s are independently and identically distributed random variables with zero

mean and finite variance, for given coefficients &; ;, we have

Z Z &, Ee (91,191,5) = Z Z o7& li=y = 0f Z &ii-
1=1

i=1 j=1 i=1 j=1
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Similarly, for given coefficients &; ; and 1); ;, we have

n n n n
Z Z Zz&'l,jl?ﬁi,ngz (91,11 91.5, 91.i91.5)

in=1j1=1i=1 j=1

=D 33> G tidmalimjimizgy + 01 (Limjiimgy + Liimigi=i} + Lin=jzi=i))}

i1=1 j1—1 i=1 j=1

= 4 Zfz Wi + 0 Z Z (&ir,inViyi + &iy iy i + iy iisiy ) (S8)
i=1j=1,

i=1

The second term is expressed as

Eg, {tr(LiNy)}
p p n n n n
= E : § :Egl E § E 91,1 91,5, 91, lglJGl ab zlle‘l ab,ij
a=1b=1 i1=1j1=1i=1 j=1
p p
~ § : § :Egl § : glﬂlgl,]lglﬂgldGl,ab,iljlFl,ab,ij
a=1b=1 i1=j1A£i=j
* * * *
+ E 91,61 91,3190i905Glab iv s Flabij + E gl,hgl,jlgl,igl,sz,ab,iljlFz,ab,z‘j>
i =iF£j1=] =j#j=i
p p
4
~ oy E :E E :Glabni :Flab1l+§ E GlabljF‘labz]—i_E :E :Glabzg l,ab,ji
a=1b=1 i=1 j=1 i=1 j=1
P P n n
~ 4
~ 0y E E E GlabzzE 'Flabzz
a=1b=1 i=1 =1
p p
= E E L avNiap
a=1b=1
= tI‘(]:lNl)

_ tr(Alfl/QAlA;l/QA;1/2BlA;1/2)
= tr(A; P BA )

= tI‘(NZ).

In the above, the approximations in the second and third line is due to (S8) with

gildl Gl ,ab,iqj1 and djl] = lab RYR Mg < OO and
n
—1
Z G?,ab,iz'Flfcd,n =0(n""), (59)
1=1
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for any a, b, ¢,d. (S9) is the special case of (S15) when s =1 given in the following

subsection. The approximation in the fourth line is due to

Z Z Gl avijFlcaij = O(n™), (S10)

i=1 j=1

for any a, b, ¢, d, which is shown in the following subsection. Therefore,
Eg, {tr(MlNl)} ~ tI‘(Nl) — tI‘(Nl) =0.
For m = 2: We have that

Eg, {tr(M{N})} = Eg, [tr{(T — L;)*N;}] = Eg, [tr{(I — 2L; + L})N,}]
= tr(N}) — 2Eg, {tr(LiN;)} + Eg, {tr(L7N;)}

~ —tr(N;) + Eg, {tl"(LZQNl)},

where we used the previous result Eg, {tr(L;N;)} =~ tr(N;).

Let Fa2 m,n be the set of all partitions in which any pairing of two indexes is equal
among 2m + 2 indexes (i1, j1,%2, 52, - - - »bm, Jms 45 J) € {1,2,...,n}2m*TD but different
pairs are distinct, which is equivalent to making m + 1 unordered subset of 2 elements

from 2m + 2 elements. For example,

Faim

={(in, 1,5, 5) €{L.2,....n}* {in=j1 #i=jYU{in =i #j1 =j}U{ir =j # j1 = i}},

which corresponds to the index set appearing in summation in the second line of (S8),
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and

Faom

= {(i1, j1, 2, jo, 5, §) € {1,2,...,n}5

{iv=j1#ia=joFti=j U{iy=j1#io=i#jo=j}U{i1=j1 #io=j # jo =i}U

{i1=j#is=joti=ntU{ii=j#ia=i#jo=jtU{iy=j#is=j1%#jo=1i}U

{i1

{i1

{in=da#i=j#h=jtU{a=ia#i=n#ja=5tU{ii=ta#i=j#ja=5}}
(S11)

JaFia=n #i=j}U{i

JeFie=i#j1 = U{i1 =jaFi2 =7 #j1 = iU

iFia=jpFn=jtU{ii=i#ia=h#j=7tU{i=i#i2=7#jo=j1}U

Analogous to (S8), for given coefficients ¢; ;, ¥, ; and ¢; j, we have

n n n

n n n
SO i Vinin®ii B (91,6290.5: 912 91,2 91,i90.5)

1=1j1=142=1jo=1 i=1 j=1

n n n
i1=1j1=14s=1

~.

n n n

Z Z Z £i17j1 Vi, jo Pij {/’l/l761{i1:j1:i2:j2:i:j}
=1

jo=1i=1 j=1
+ 07 4Ly =y izmjamizi} + Linmjosinmjmii=i} T Linmjiamjamizii} + Hirmia i1=jami=j)
+ Ly =igtia=jo=i=in} + Miz=iztir=ii=jo=j} T Winmjrtir=in=i=j} T L{iz=jortir=j=jr=i}
+ iy=jis=jomi=ji} T Wiziiia=in=in=j} T Lizjatia==in=j} T Lizjzia=jr=ir=4>}
+ Wjimjartio=in=i=j} T Lji=jtiamismizja} T Ljamjtia=ir=i=jr})
+ 07 (Liy =y inminrtizi} T Winmiisiomizin=i} T L{in=jiir=j#ia=i}
+ Yii=jin=josti=j} T Lin=jtin=izin=in} T L{in=jtia=n#ja=i}
+ Viymjortio=in#i=j} + Warmjastiomizin=i} T Wirmjartio=ji=i}
+ Li=igtio=jotin=4} T Lin=igio=ji#in=4} T L{in=iztin=j#io=in}

+ 1{i1=i2¢i=j27éj1=j} + 1{¢1=i27ﬁi=j17éj2=j} + 1{i1=i2¢i=j¢j2=j1})}' (812)
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Using (S12) and (S11), the second term is expressed as

n
* * *
E :gl,ilglu‘lQl,izgl,jzghigl,le,ab,iljlGz,bc,izszz,ca,ij

P
* * *
E :Egz E gl,ilgl,jlgl’izgl,jzglﬂgl’le,ab,iljlGl,bc,igngl,ca,ij
(i1,41,%2,42,4,5) EF2,2,n

n n

p p P n
~ ~6 * * *
~ 0 E E E E E E Gl,ab,ililGl,bc,iQigﬂ,ca,ii

a=1b=1 c=14i;=142=1 i=1
= tr(LIN))
— (A VAAPAC P RACPN)
= tr(L;N;)

= tI‘(NZ).
For the approximation in the second line, we used (S8), (S9) and (S15) when s = 2, i.e.

Z G?,ab,iiGT,bc,iiﬂfca,ii = O(niz)a (S13)

i=1

combined with g6 < co. Also, in the third line, we used (S10) and

Z Z Gl ab,iiGlcdij = O(n™h), (S14)

i=1 j=1

which is shown in the following subsection, making the summations over the

constraints in Fa 2, being of O(n™!) except for the set

{(i1, j1, 42, j2,4,5) 1 i1 = j1 # iz = j2 # i = j}. Therefore,
B (tr(M?N))} & —tr(Ny) + tr(Ny) = 0.
For general m: For induction, assume that

Eg {tr(LiN;)} ~ tr(N;)
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is true for any s < m. Then, by the above induction assumption,

Eg {tr(M;"Ny) } = Eg, [tr{(I — L;)" Nu}]

= Eg, tr{Z(l)SLle}
s=0
m—1
1)°Eg, {tr(LiNy)} + (=1)" Eg, {tr(L;"Ny)}
s= O
m—1

Q

(=1)*r(Ny) + (=)™ Eg, {tr(Li"Ny) }.

w
I
=)

Then, by letting P = {1,...,p} and N = {1,...,n},

m
Eg, {tr(L;"N;)}
= E Eg, ( E 9y 911 9inGljs * " Glim Gl 91905
(a,al,ag,.“,am)er*l (il jl,iz,jg,4..,im,jm,’i,j)€./\/2m+2

* * * *
x leaalfiljl Gl7a1a27i2j2 e Gl7am1a7n77;m,jm,Flaam,avij>

~ E Eg, ( E 91,01 91,519,290z * " Glim U 91,3905
(i1,41,%2,72,

(a,a1,a2,...,0.,)EP™FL 125+ +50m s Jm >80 ) EF2,m,n

* * * *
x G .G G . F .
l,aay,i151 ' l,a1a2,i252 Liam—1am,imim ™ l,ama,ij

~ 2(m—+1) * * * *

~ > o) > Glaar,ivis Glaraziziz " Glam_1amyimim lama,ii
(a,a1,a2,...,0.;,)EP™FL (21,22, yim,0) EN™HL

= tr(f,}”Nl)

= tI‘(NZ),

in which we used (S10) and (S14) as in the case of m = 2. Therefore, for any m, we

have that Eg, {tr(L"N;)} ~ tr(N;), and that

m—1
Eg, {tr(M]"N))} ~ {Z (—1)% + (—1)’"1} tr(N;) = (1 — 1)™tr(N;) = 0.

s=0

Finally, it follows from (S3) that

Egl (tl) ~~ tI‘(Nl) = (A 1Bl) = tI‘(Al (O)Bl (0))
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where the last equality is due to (S4) and (S5), and the elements of A; ) and By ()

are defined by
(Ay0))ab = mexzb Q)i and  (Byo))as = Z%a%b Qzu)
giving the approximation formula (7) in the main text.

Technical results

For any s > 1, because (Qz)i = 1 — (P3)s € [0,1] and hence (Qz);; <1

n
|ZGz*,a1b1,ii"' zk,asbs,ii'Flfcd,izl |Z{ za1~zb1 Qz )i} AT :a5~rb (Qz)u} (7, m?ﬂ?)\
i=1

< max|m |2S+QZ QZ il

i=1
< max |7, [* 2 [[r]?
=0(n " H0(n) = O(n™%). (S15)
Derivation of (S10) To see that (S10) holds, letting viqe = 5,574, by the
Cauchy—Schwarz inequality,
| Z Z Gab Jij cd 7.] ‘ Z Z(xlazchl)(g;bi;drj)(Qi)ij|
i=1 j=1 =1 j=1
= |[VaeQzVudl
= (QzVae)" (QzVsa)|

< 1QzVaclll|Qz Vel |-

Here,

n

1QzVacll® < [IVaell? = Y (FaTiors)®

i=1

< max [, lr[* = max [, Qgul

ial*l

< max |77, |*||ul]* = O(n™*)O(n) = O(n™").
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Thus,
n n
* * _ -1
E E Gl,ab,ijFl,cd,ij =0(Mn"")
i=1 j=1

which is (S10).

Derivation of (S14) To see that (S14) holds,

n n n n
| Z Z sz,ab,ijGT,cd,ij| = | Z Z@faffc)(fjbijd)(Qz)?ﬂ
i=1 j=1 i=1 j=1
n n
<D @) @50 1(Q2)F
i=1j=1
n n
< max[F5, 1 YD (Qg)? = max [#,/tr(QF)

i=1 j=1

= max |7, |%1(Qz) < O(n™*)0O(n) = O(n ™).

Consequently,
n n
Z Z Gl ab,iiGlcdij = O(n™1)
i=1 j=1

which is (S14).

lapproz 18 close to one under correct null model

Consider the score statistic ¢; under the loglikelihood function ¢ = £(ny,...,n,) and
u; = (8/0m)Jw!’? with w; = —(82/9?n;)L. If the model is correct and n is large, by
the Bartlett identity, E[{(0/0n;)¢}{(0/0n:)l}] = —E{(0%/0*n:)}li—ir = wili—i,
then, 377 | X:X7 (Qzw)} = Y01, XX {Qz E(uu")Qg i = 3oL, XX (Qz1Qgz)i =
S %X (Qgz)ii- Hence, tappros approximates p, and lyppros is close to one if the

model is correct.

Marginal association test

If x; = 1 for all + and p = 1, the test reduces to the marginal association test. Then,
tapproz = lappros = tr[{Z?ﬂ(QZ)ii}fl Z:‘L:l(Qiu)?] =

tr[tr(Qz) {1 (Qzu)?}] = [|Qzul[?/(n — ). For Gaussian linear model,

lapproac = Tappro:c = {HQZUHQ/(H - Q)}/HHQZ}’HQ - ||Q2u||2/(n - Q)}/n] =
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{11Qzy11*/(n — a)/I{11Qz¥II* = 11Qz¥|I*/(n — q)}/n]} & 1. Thus, the mean of the test

statistics is approximately one irrespective of what null model is used.

Influence of centering ¢;; and coding of x;

Our model is w; ;3; + z;y; where w;; = g;;X;. Recall that
Z; = (z(lzp)ﬁi,z(l_s_p):q’i) = (xi,z(lﬂ,):q,i). Then, for any constant c,
w18+ Ziv = 91X+ XV 1p + Z(14p)iq,i VL (14p)q =
(g1,i—c)Xi B +Xi (B + Vi,1:p) + Z(14p):q,iV1,(14p):q» Which implies that subtracting ¢ from
g1,; does not alter the regression coefficients 8;. Consequently, the score test for testing
B; = 0 does not change if g;; is centered. The influence is absorbed into the regression
coefficients of x;.

Next, we consider the influence of coding of x;. For any invertible matrix T of size
p X p, denoting its inverse by T~!, we have that
Wi+ 2 = 91iXiB1 + XiVi1p + Z(14p):qi VL (14p)iq =
91 (i T) (T 81) + (i T) (T~ '1,1:p) + Z(14p):q,i M, (14p):q- Then, B = 0 is equivalent to
T~!8; = 0 since T is invertible. Therefore, for any invertible matrix T of size p x p,

replacing environment variables x; by x; T does not alter the hypothesis test.

Technical details of simulation studies

Here, we describe the technical details of simulation studies in the main text.

Simulation scheme common to all scenarios

Phenotypic value y; (i =1,...,n) is modeled by the regression model eq. (1) in “The
approximation formula” section of the main text or eq. (S1), with a given environment
variable x;, q covariates z; = (21,...,24:)" and each variant g;; (I =1,...,L). We
set x; = (1,21,;) (i.e. the first covariate is the environment variable) and used additive
coding for g; ; for each I.

For genotype data, we simulated n samples with L = 2000 variants consisting of 20
independent blocks, each of which had 100 SNPs made by summing two

100-dimensional binary (0 or 1) random variables so that each element takes a value in
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{0,1,2} (i.e. minor allele count). The 100-dimensional binary random variables were
created by thresholding correlated normal random variables using bindata package for
R with a given correlation matrix whose diagonal and off-diagonal elements are one
and p, respectively. That is, the correlation between any pair of genetic variants is
always the same value of p. Minor allele frequency at each variant was generated from
a pre-specified distribution (see below).

Given three effect size parameters bg, bgg and bz as input, we generated
phenotypic value, y;, from the following model having the transformed conditional

mean,

q
n; = 7(91000,:)bc + T(91000,1)21,ibcE + Z 2.i(bz/q), (516)
j=1

in which 7 denotes a given genotype coding of the causal variant, g0, i.e. 1000th
genetic variant. We considered quantitative and binary phenotypes. For quantitative
phenotype, Gaussian linear regression model 7} + ¢; was considered, where
€; ~ N(0,1). For binary phenotype, logistic regression model with success probability
1/(1+ e was considered.

The simulations are carried out for two sample sizes, n = 1000 and 10000, and for
three effect size scenarios, bg = 0,bz = 0,bgg =0, bg = 0,bz = 1,bgg = 0, and
bg =0,bz =0,bgg = 1. For the scenarios where genotypic effect exists, i.e. when
(bg,bz,bcr) = (0,1,0) and (0,0,1), we considered three genotype codings, additive,
recessive, or dominant. We repeated the simulations 200 times to compare lqppror With
lmean-

In the following, we provide the technical details of the simulation scenarios

described in Table 1 in the main text.

Baseline scenario

Base. This is the baseline scenario. It is used to make other scenarios by a slight
modification. The true model is the linear model in (S1) with ¢ = 2 and given
(bg,baE, bz) including one normally distributed covariate variable 2z ;. Environment
variable z ;, covariate variable 25 ; and genotypes are independent, where z; ; and 22 ;
are independent standard normal random variables. Genotypes are in linkage

equilibrium (p = 0 where p is the off-diagonal element of correlation matrix among 100
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SNPs in each of 20 independent blocks) with uniformly distributed minor allele
frequencies in [0.05,0.5]. The null model for all tests is correctly specified.
Other scenarios are created by the baseline scenario with modifications described

below while other settings are unchanged.

Association among environment, covariate variables and/or

genotypes

la. Covariate is associated with genotypes by generating independent standard
normal random variables z;; (environment variable) and z3 ;, and the covarite variable

. "
2y 18 set as 293 = 25 ;/50 + L DIy R

1b. Environment variable is associated with genotypes by generating two
independent standard normal random variables z7 ; and 23, (covariate variable), and

. . . o —-1 L
the environment variable 21 ; is set as 21 ; = 27 ;/50 + L Do i

1lc. Covariate and environment variables are associated with genotypes by generating
two independent standard normal random variables z{ ; and 23 ;, the environment

. . _ L . . .
variable z1 ; is set as z;; = 27,/50 + L 1 lel g1,i, and the covariate variable zj ; is

set as zp; = 23 ;/50 + L1 Zle 9li-

1d. Covariate is associated with environment variable by generating environment
variable z1 ; and covariate variable z ; from a bivariate normal distribution with mean

zero, variance one and correlation 0.5.

Misspecified null model

2a. Covariate associated with genotypes is missed. The data is generated in the

same way as scenario la, but the covariate z; is ignored in the null model.

2b. Covariate associated with genotypes and environment variable is missed. The
data is generated in the same way as scenario lc, but the covariate z; ; is ignored in

the null model.
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2c. Linear null model is incorrectly specified. Given (bg,bar,bz), data is generated
from the quadratic conditional mean model,

1 = 7(91000,:)bc + T(g1000,1)#1,ibcE + Z?Zl 25.i(bz/2) — zfl rather than the linear
model (S1).

2d. One outlier is involved. It is in the first index taking a value of 99, while the

other data is generated from the linear model (S1) for ¢ = 2 and given (bg, bgg,bz).

2e. Ten outliers are involved. These are in the first ten indexes taking a value of 99,

while the other data is generated from the linear model (S1) for ¢ = 2 and given

(b baE,bz).

Environment /covariate variable distribution

3a. Environment variable z; ; and five covariates 2y, ..., 26, are independent

standard normal random variables.

3b. Environment variable z; ; and one covariate z ; are uniformly distributed in

[0, 5].

3c. Environment variable z; ; and one covariate zp; are binary variables from

independent Bernoulli distribution with success probability 0.5.

3d. Environment variable z; ; and one covariate z ; are ordinal variable from
independent binomial random variables with success probability 0.5 with number of

trials 3.

Genotype distribution

4a. Genotypes are in linkage disequilibrium (p = 0.5 where p is the off-diagonal
element of correlation matrix among 100 SNPs in each of 20 independent blocks) with

uniformly distributed minor allele frequencies in [0.05,0.5].

4b. Genotypes are in linkage equilibrium (p = 0) with minor allele frequencies from

Beta(1,10) distribution where values outside of [0.05,0.5] are truncated at the limit.
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4c. Genotypes are in linkage disequilibrium (p = 0.5) with minor allele frequencies
from Beta(1,10) distribution where values outside of [0.05,0.5] are truncated at the

limit.
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