Supporting Information to:
A Modern Maximum-Likelihood Theory
for High-dimensional Logistic Regression

Pragya Sur* Emmanuel J. Candés*f

June, 2018

1 Main Mathematical Ideas

In the main text of this supplementary information, we describe some of the key mathematical ideas in the
arguments, relying as much as possible on published results from [33]. Our detailed proofs are relatively long
and we defer them to Appendix H.

1.1 The bulk distribution of the MLE

To analyze the MLE, we introduce an approximate message passing (AMP) algorithm that tracks the MLE
in the limit of large n and p. Our purpose is a little different from the work in [28] which, in the context of
generalized linear models, proposed AMP algorithms for Bayesian posterior inference, and whose properties
have later been studied in [25] and [3]. To the best of our knowledge, an AMP algorithm for tracking the
MLE from a logistic model has not yet been proposed in the literature. Our starting point is to write down
a sequence of AMP iterates {S*, 3'},50, with §* € R", 3! € RP, using the following scheme: starting with
an initial guess B°, set §Y = XB° and for ¢t = 1,2, ..., inductively define

61‘/ — Iét—l + K/_lX/\Ilt,]_(y,St_l)

t 2t t—1 (1)
S'=Xp _\Ijtfl(yvs )

where the function ¥, is applied element-wise and is equal to

Ui(y, s) = ATt =Y — P/(PVOXAtp()\ty +5)). (2)

Observe that the evolution (49) depends on a sequence of parameters {\;} whose dynamics we describe next.
This description requires introducing an augmented sequence {ay, oy, At }1>0. With these two extra pa-
rameters (o, 01 ), we let (Q%, Q%) be a bivariate normal variable with mean 0 and covariance matrix X (o, o¢)
defined exactly as in Equation M-6." Then starting from an initial pair ag, oo, for t = 0,1, .. ., we inductively
define \; as the solution to
20'(Q1)

14 Xp” (prox, ,(Q5))
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and the extra parameters ay41,0.41 as
1
Qi1 = Q¢ + 2 E [20'(Q)Q1Aep! (proxy, ,(Q5))]

(4)
1
ot = 5 E [20/(Q) (Aer(proxy,, Q1))
To repeat, we run the AMP iterations (49) using the scalar variables {\;} calculated via the variance map
updates (19)—(20).
In the regime where the MLE exists (see Figure M-6), the variance map updates (19)—(20) converge (as
t — 00) to a unique fixed point (ay, oy, Ax). Note that by definition, (., o4, Ay) is the solution to our system
Equation M-5 in three unknowns. From now on, we use ag = o, 09 = 0, so that the sequence {ay, ¢, At}
is stationary; i. e. for all ¢ > 0,
O = Qy, Op =04, M=

With this stationary sequence of parameters, imagine now initializing the AMP iterations with a vector BO
obeying
lim A — o, =
n,p—00 P
It is not hard to see that if the proposed AMP algorithm converges to a fixed point {.S,, ,3*}, then it is such
that Vé(ﬁ*) = 0 (see Appendix B); that is, B, obeys the MLE optimality conditions. This provides some
intuition as to why the above algorithm would turn out to be useful in this context.

The crucial point is that we can study the properties of the MLE by studying the properties of the
AMP iterates with the proviso that they converge. It turns out that the study of the sequence {S?, ,C:]t} is
amenable to a rigorous analysis because several transformations reduce the above algorithm to a generalized
AMP algorithm [25], which in turn yields a characterization of the limiting variance of the AMP iterates:
for any function ¢ as in Theorem M-2, we have as n — oo,

P

LY 0B BB S Elw(enZ,0), 5)
j=1
where 3 is drawn from the distribution IT (see Theorem M-2) independently of Z ~ N(0,1), and o, is
as above. To summarize, the asymptotic behavior of the AMP iterates B! can be characterized through
a standard Gaussian variable, the distribution II and the scalar quantity o, determined by the iteration
(19)—(20). The description of our AMP algorithm and large sample properties of the iterates are understood
only when we understand the behavior of the scalar sequences {ay, oy, At }1>0, which are known as the state
evolution sequence in the literature; this formalism was introduced in [5,16-18]. From here on, an analysis
similar to that in [33] establishes that in the limit of large iteration counts, the AMP iterates converge to
the MLE, that is,
lim lim — Zw — o f5,65) = lim 721/) — o fB5,65),

t—oo n—o0 p n—o0 p

which is the content of Theorem M-2.

1.2 The distribution of a null coordinate

We sketch the proof of Theorem M-3 in the case where the empirical limiting distribution II has a point
mass at zero. The analysis in the general case, where the number of vanishing coefficients is arbitrary, and
in particular, o(n), is very different and may be found in Appendix C.

Now consider Theorem M-2 with (¢, u) = t?1(u = 0). Strictly speaking, this is a discontinuous function
which is not pseudo-Lipschitz. However, we can work with a smooth approximation 1),, instead, obtained



using standard techniques for smoothing an indicator function, such that the error ||t — .|| is arbitrar-
ily small. For simplicity, we skip the technical details underlying this approximation, and motivate the
subsequent arguments using v directly. Theorem M-2 then yields

1

1
p jEW: B =0

Z B} =% Py [8 = 0]

J€[p]:B;=0

ool (6)

[p]:8;=0
Without loss of generality, assume that the first k£ coordinates of 3 vanish, and that 3 is partitioned as
B8 = (O[k], ﬁ_[k}) and similarly for 3. From the rotational distributional invariance of the X;’s, it can be

shown that for any fixed orthogonal matrix U € R¥** 3 2 (Ué[k]76_[k}). Consequently, ﬁ[k]/\|ﬁ[k]|| is

uniformly distributed on the unit sphere S¥~1 and is independent of || B[k} |. Thus, any null coordinate ;
has the same distribution as \|,@[k]|| Z;/\|Z||, where Z ~ N(0,I}), independent of ﬁ[k]. From (6) and the

weak law of large numbers, we have ||,é[k] /1Z] 5o, leading to @ N N(0,02).

1.3 The distribution of the LRT

Once the distribution of Bj for a null j is known, the distribution of the LRT is a stone throw away, at least
conceptually; that is to say, if we are willing to ignore some technical difficulties and leverage existing work.
Indeed, following a reduction similar to that in [33], one can establish that

20 = —— B2 + op(1), (7)

where A\[_j := Tr {VQ(E[_j] (B[_j]))*l} /n in which ¢;_j is the negative log-likelihood with the j-th variable
removed and B[_j] the corresponding MLE. Put A = Tr[V2(¢(8))~"]/n. Then following an approach similar

to that in [33, Appendix IJ, it can be established that A\_; = A + op(1) L A«. This gives that 2A; is a
multiple of a x? variable with multiplicative factor given by ko2 /.

This rough analysis shows that the distribution of the LLR in high dimensions deviates from a x? due
to the coupled effects of two high-dimensional phenomena. The first is the inflated variance of the MLE,
which is larger than classically predicted. The second comes from the term A, which is approximately equal

to Tr (H‘l(,é)) /n, where H(B) = V2((8) is the Hessian of the negative log-likelihood function. In the

classical setting, this Hessian converges to a population limit. This is not the case in higher dimensions and
the greater spread in the eigenvalues also contributes to the magnitude of the LRT.
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A Fisher information

We work with the model from Section M-4 and introduce the Fisher information matrix defined as

1(8) =E

)3 p“(X;mXin] = nE [ (XB)X.X]).

With X; ~ N(0,n7'I), it is not hard to see that the (k,j)th entry of the matrix np”(X/3)X;X] is
distributed as 4
(v X)Xk X, Xp,..., X, RTN(0,1).

From here on, a reasonably straightforward calculation gives

I(B) =v(I +dun’), u=pB/|B]

where
E[p"(yX1)XF] - Elp"(yX1)]

E[p"(7X1)]

v=E[p"(vX1)], § =
This implies that
)
I—l —_ —1 I _ /
B)=v ( s 6uu) ,

which means that the classically predicted variance of Bj is equal to

a8 B
’ (1 0787 )

When §; = 0, the predicted standard deviation is v=1/2 =266 for v2 = 5.
Statistical software packages base their inferences on the approximate Fisher information defined as
> 0 (X({B)X; X (or small corrections thereof). This treats the covariates as fixed and substitutes the

value of the unknown regression coefficient sequence 3 with that of the MLE B (plugin estimate).

B Properties of fixed points of the AMP algorithm

In this section, we elaborate on the connection between the fixed points of (49) and the MLE 3. From (49),
we immediately see that if (8., S,) is a fixed point, the pair satisfies

X'{y — p'(proxy, ,(\y + 8,))} =0
Ay + 8.) = Aep (proxy Ay + 5.)) = XB..

Since by definition of the proximal mapping operator, z — Ap’(prox, ,(z)) = prox,,(z), we have that X B, =
proxy, ,(A+y + S,) which implies

X'y - p/(X,C:L)} =0.
Hence, the fixed point B* obeys V@(B*) = 0, the optimality condition for the MLE.



C Refined analysis of the distribution of a null coordinate

The AMP analysis is useful to analyze the bulk behavior of the MLE; i.e. the expected behavior when
averaging over all coordinates. It also helps in characterizing the distribution of a null coordinate when the
limiting empirical cdf does not have a point mass at zero, as we have seen in Section 1.2. However, the study
of the behavior of a single coordinate when there is an arbitrary number of nulls requires a more refined
analysis. To this end, the proof uses a leave-one-out approach, as in [20,21,33]. The complete rigorous
technical details are very involved and this is a reason why we only present approximate or non-rigorous
heuristic calculations.

Fix j such that 3; = 0. Since the corresponding predictor plays no role in the distribution of the response,
we expect that including this predictor or not in the regression will not make much difference in the fitted
values, that is, A R

XiB~ X ;B-j; (8)
here, X; _; is i-th row of the reduced matrix of predictors with the j-th column removed and ,é[_j] is the
MLE for the reduced model. On the one hand, the approximation (8) suggests Taylor expanding p/(XZ(,é)
around the point X{,_jﬁ[,ﬂ:

P(XiB) ~ p' (X _;Bj1) + 0" (X _;By)) [Xij/éj + X (5’—;’ - B[—j])} ,

where B—j is the full-model MLE vector, however, without the j-th coordinate. On the other hand, we can
subtract the two score equations V£(8) = 0 and VL _j (B[_j]) = 0 (¢, is the negative log-likelihood for
the reduced model), which upon separating the components corresponding to the j-th coordinate from the
others, yields

> X (yz- - p’<X;é>) =0
1=1
ST X {0(X(B) - 0/(X] B} = 0.
=1

Plugging in the approximation for p/(X!3) yields two equations in the two unknowns 3; and (8_; — B[,j]).
After some algebra, solving for Bj yields

X Xy (yi - P'(Xé,fjé[—j])>
X,;DV2(B_;)HD'?(B_;)) X.;

i +op(1),
where H = I—Dl/z(ﬁ[_ﬂ)X.,j (V%E,j (B[_j]))_lXﬁ_lem(ﬁA[_j]) and D(B[_]—]) is an nxn diagonal matrix
with i—th entry given by p"(X] _;8_j;). Above X,; is the j-th column of X and X,_; all the others. It

was established in [33] that the denominator above is equal to /A +op(1), where, we have see in Section
1.3 that

1 .
A=) = TV (Bi—)) ')
Note that since 8; = 0, y and X,_j, ﬁ[,j] are independent of X,;. This gives the approximation

A_i185 1 & 2

b= 2 op(1), 8= (0= (X BLs) (9)
i=1

where Z is an independent standard normal. In Section 1.3, we saw that )\[, n E> .. It remains to understand

the behavior of s;. Looking at s;, the complicated dependence structure between B and (y, X ) makes this a



potentlally hard task. This is why we shall use a leave-one-out argument and seek to express the fitted values
,8[ j] in terms of X ,8[ il,[-4]» Where ,@ 1,|—;) is the MLE when both the j-th predictor and the i-th

observatlon are dropped. The independence between X; _; and 5[—@]7[—1'] will simplify matters. Denote by
VAl i) =] (B[*i}y[*j]) = 0 the reduced score equation and subtract it from the score equation for B to obtain

Xi—j (yz — P (X! _;B-y) ) ZXk - ( (Xt iBioig—g) — (Xl/c,—j/é[—j])) =0.

We argue that since the number of observations is large and the observations are i.i.d., dropping one obser-
vation is not expected to create much of a difference in the fitted values, hence X,fc)_j,@[_i]7[_j] R~ X,'€7_j6[_j].

A Taylor expansion of P'(lec,fj,é[—j]) around the point Xl’ﬁﬁj,é[,i])[,j] yields
’ A A ’ 2 3 -1 ! A
Xij (ﬂ[—ﬂ - ﬁ[—ﬂ,[—ﬂ) ~ X [V b=, =3 (fB[—iH—j])] Xi—j (y —p (Xi,fjﬁ[—j])> :

Since X; _; and ,é[ i,—j] are independent, by Hanson-Wright inequality [29, Theorem 1.1], the quadratic
form above is approximately equal to Tr {V i), -4) (ﬁ[_z] = 1}. Recall that A\|_;; = Tr[Vzﬂ[_j] (B[_j])*l]

and again, for a large number of i.i.d. observabtlons7 we expect these two quantities to be close. Hence, the
fitted values can be approximated as

B~ X B + M (v = (XL B -

Recalling the definition of the proximal mapping operator, prox,,(z) + Ap'(prox,,(2)) = z, note that the
above relation gives a useful approximation for the fitted values,

Xi—jPrg) = Proxy (N—ﬂ% + Xi,fjﬁ[—i],[—ﬂ) :
Further, by the triangle inequality we can show that
PrOXx 10 ()‘[—j]?/i + Xz{,ij[—i],[—j]) ~ProXs, (A*yi + Xﬁ,fjﬁ[—ﬂ,[—j]) :
It can be shown that the residuals {y; — p'(prox, ,(Asyi + X _],8[ i]=j1)) Yi=1,...n are asymptotically in-

dependent among themselves, which implies that averaging over the squared reblduals as in (93) should
converge in probability to the corresponding expectation, leading to

A q )\2 R 2
ﬁj — ./\/(07 02)’ 0‘2 ; nh~>m E |:y7, (proxA*p (A*yl + Xz(,fjﬁ[—i],[—j])>i| .
To complete the analysis, it remains to characterize the asymptotic joint distribution of X ,6' =

and X3 or, equivalently, X _ ;iB—; (B—; is the true signal with the j-th coordinate removed) since ,8] =0.
Instead, we find the joint distribution of (X _;8_;, X] _J(,C:)’[ I,[—j] — @«B—;)) and denote this pair as
(Q%,Q3%). The asymptotic variance of Q¥ is given by 2, that of Q3 by o2, while the asymptotic covariance
is equal to

lim </é[—i],[—j] - Oé*ﬁfj,ﬁfﬁ — & lim lim (ﬁt — mﬂﬁ)

n—oo n t—oo n—oo p

=0, (10)

by an application of (5). Hence, writing y; = 1(U; < p'(X| _,;B-;)), where the U;’s are ii.d. U(0,1)
independent from anything else, we have

lim Var(f;) = *2/\3 E [1(U; < p/(Q1) = o/ (proxy,,(xQF + Q5 + A 1(U: < p/(QD)]

n— oo



Using this later fact, the above expression can be simplified to
1 * * * 2
S E[20/(=Q1) (\p/(proxs,, (0. Q7 + @3))]

Note that the joint distribution of (—Q7F, a,Q} + Q3) is precisely the same as X(ay,0,) as specified by
Equation M-6. Hence, recalling Equation M-5, we obtain the asymptotic variance of §; to be a2,

D Comparison with existing finite sample approaches

As mentioned in Section M-3, an extensive body of work has been developed to improve the accuracy
of maximum-likelihood theory in finite samples. In this section, we will compare the performance of our
inference procedure with two of the popular finite sample methods—the Bartlett correction method [4] for
the LRT, and Firth’s bias reduction method [22] for the MLE.

It has been observed in the literature that the chi-square approximation to the LRT does not yield accurate
results in a finite sample setting. One correction to the LRT that is frequently used in finite samples is the
Bartlett correction, which dates back to Bartlett [4] and has been extensively studied in several subsequent
works (e.g. [7,8,12,13,26]). In the classical regime where p is fixed and n diverges, this correction can be
described as follows [27]: compute the expectation of the LRT up to terms of order 1/n; that is, obtain a
parameter « such that

« 1
E2A;] =1+ - +0 (n2>
If o), is an accurate estimator of «, the aforementioned approximation suggests that the corrected LRT
statistic
2A;
14 2o

(11)

is closer in expectation to a x? distribution than the original LRT statistic for finite samples. For GLMs,
Cordeiro [12] derived an explicit formula for the Bartlett correction factor «. Using this formula, we obtained
p-values based on the x? approximation to the Bartlett corrected LRT statistic in a setting where n = 2000
and p = 400. Here, half of the regression coefficients vanish while the remaining half have constant magnitude
chosen such that 42 = Var(X/3) = 5. The distribution of the covariates remains the same as in Section M-4.
Figure 1(b) shows the Bartlett corrected p-values for a null variable whereas Figures 1(a) and (¢) show the
corresponding classical p-values and the p-values obtained on using our rescaled x? approximation. Clearly,
there is less of a spike near zero and, therefore, the Bartlett correction is indeed effective in reducing the
non-uniformity. However, the Bartlett corrected p-values are still far from uniform whereas the p-values
based on our theory are in perfect agreement with a uniform distribution. Based on these findings, we
conclude that such first-order finite sample methods for the LRT (developed under the classical assumption
that p is small and n is large) have some use. However, the corrections provided by these methods are not
entirely adequate in a high-dimensional setting.

In several practical applications, the MLE has been observed to be biased in finite samples and, histor-
ically, this bias has been attributed to a small sample effect. To address this issue, Firth [22] proposed a
general approach for reducing the finite sample bias of the MLE. This approach is also a first-order method
in the following sense: in the classical setting where p is fixed and n diverges, the asymptotic bias of the
MLE may be expressed as

bi(B) | b2(B)
n

E[B — 8] =: b(B) =

The work [22] proposed a general approach for bias reduction with the aim of removing the O(1/n) term
above. Figure 2 compares Firth’s bias reduction procedure with the bias corrected MLE proposed in [32]—
that is, 8 /a,—in the setting of Figure M-2 for two different dimensions. Observe that for many of the points,
the blue circles (bias corrected MLE) are almost masked by the red circles (Firth coefficient estimates).

+7+....
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Figure 1: Histograms of p-values for logistic regression under i.i.d. Gaussian design, when n = 2000, p = 400
and k£ = 0.2. (a) classically computed p-values; (b) Bartlett-corrected p-values; (¢) adjusted p-values by
comparing the LRT statistic to the rescaled chi square distribution from Theorem M-4.

Thus, Firth’s correction works well in this setup, with only some of the blue circles being closer to the
true regression coefficients than the corresponding Firth corrected estimates. However, Firth’s approach is
computationally infeasible for higher dimensions. For instance, the runtime for Firth’s approach for Figure
2(b) was approximately 10 minutes and a similar implementation of the method for n = 2000 and p = 400
required over 2.5 hours. Thus, although Firth’s approach has performance comparable to our proposed bias
correction method, it appears not scalable to high-dimensional datasets.

In conclusion, the finite sample correction methods are certainly useful for bias correction and improve the
validity of p-values. However, either these methods are not scalable to higher dimensions or the improvement
they provide over classical theory is not sufficiently adequate in a high-dimensional setting.
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Figure 2: True signal values f5; (black lines), scaled ML estimates Bj /o (blue circles) and Firth corrected
ML coordinates (red circles). (a) Dimensions: n = 500,p = 100,k = 0.2. (b) Dimensions: n = 1000,p =
200, K = 0.2.
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E Misspecified models

The theory ensuring the validity of our proposed p-values relies on a logistic model for the response given the
covariates, which may fail to hold in practice. Hence, it is important to study the robustness of our procedure
to model misspecification. We first consider a setting where the response is drawn from a logistic model, but
we do not observe all of the relevant predictors. To this end, consider n = 2000 i.i.d. draws {(y;, X;)}1<i<n
such that y; ~ Bernoulli(c(X," 3)), where o(-) is the usual sigmoid function, X; ~ N(0, I, /n) and p = 300;
the first 100 entries of B are i.i.d. draws from N(6,8) while the remaining are zero, and hence the signal
strength 72 := Var(X," 8) = 5. Suppose we fail to observe one-fourth of the relevant predictors, so that the
sample we obtain is of the form (y;, Xi)lgigm where X; € RP~20 and contains all but the first 20 coordinates
of X;. We then fit a logistic regression to this reduced sample and compute the log-likelihood ratio (LLR)
statistic corresponding to a specified null coordinate. Using the observed LLR, we calculate p-values based
on both the classical Wilks’ theorem and the rescaled 2 distribution proposed in Theorem M-4, which we
refer to as adjusted p-values. This experiment is repeated 5 x 10° times. Note that calculating the rescaling
constant requires solving the system of equations in Eq. M-5, which takes as input two parameters—the
aspect ratio k and the signal strength ~. To determine the latter, we apply the ProbeFrontier (Section M-5)
method on two independent samples generated from the aforementioned model, and obtain an estimate of
the signal strength in each case. We solve the system of equations where = is set to be the average of these
two estimates and k = (p — 20)/n. The resulting rescaling constant is then used to correct the p-values in
all the 5 x 105 replicates. The results are displayed in Figure 3(a). Notice that the classical p-values visibly
deviate from uniformity, whereas the adjusted p-values remain approximately valid.

Next, we investigate the empirical performance of the adjusted p-values in a setting where the link
function is misspecified. Consider the scenario y; ~ Bernoulli(p(X," 3)), where p(z) = 1 — exp(— exp(z)),
the complementary log-log link. We draw n = 2000 i.i.d. observations {(y;, X;)}1<i<n from this model,
with X; ~ N(0,I,x,/n) and p = 300, using the same regression coefficients as above. As before, we then
fit a logistic model to the observed sample and calculate the classical and adjusted p-values for a given
null coefficient, based on the LLR. This experiment is repeated 5 x 10° times. To calculate the rescaling
constant required for the adjusted p-values, we solve the system of equations Eq. M-5 with x = 0.15 and
estimated using the ProbeFrontier approach, as described in the preceding experiment. Figure 3(b) depicts
the empirical CDFs of the p-values. The classical p-values deviate from a uniform distribution whereas the
adjusted p-values remain in close agreement, despite the fact that the truth differs from a logistic model.
Here, our theory clearly provides a better approximation to the true distribution of null p-values than the
standard approximation.

F Real data inspired designs

Our theoretical results assume i.i.d. Gaussian entries for the covariate matrix. However, these may apply to
a broader class of covariate distributions, as demonstrated in Section M-4.g. In this section, we investigate
the performance of our method for non-Gaussian designs generated from real data. Our experiments are
based on three datasets:

e A genome-wide association study (GWAS) on Crohn’s disease (Source: Wellcome Trust Case Control
Consortium, WTCCC, [11])

e A subset of the million song dataset [6], called the YearPredictionMSD data (Source: UCI machine
learning repository [19])

e The Physical Unclonable Functions (PUFs) dataset (Source: UCI machine learning repository [19])

The first dataset comprises genetic information on cases and controls for Crohn’s disease (CD), with
n = 4913, p = 377,749, and has been used previously to benchmark variable selection methods (see for
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Figure 3: Empirical CDFs of classical p-values (green) and adjusted p-values (blue), based on the LLR
statistic from a logistic regression fitted to the sampled data in two settings. (a) The true model is a logistic,
but we fail to observe one-fourth of the non-null variables. (b) The true model has a complementary log-log
link. The red line represents the diagonal.

instance, [9,30]). In this case, the design matrix contains information on single nucleotide polymorphisms
(SNPs) and all entries lie in {0, 1, 2}. Further, neighboring sites are highly correlated. We will now generate
data sets that mimic this CD data in order to study the performance of our proposed p-values. To this end, we
first obtain a subsample from the CD data with dimensions n = 3930, p = 514, adopting the same processing
step as in [30, Section 7.1]. The processing step allows us to pre-specify a threshold ¢ such that the correlations
among the features in the created subsample will lie below ¢; we chose ¢ = 0.1. The resulting subsample
contains two parts: a 3930 x 1 response vector that we will call gy and a 3930 x 514 design matrix that we
will call X. Next, we approximate the distribution of X using a Hidden Markov Model (HMM), as has been
widely done in GWAS (see [30] and the references cited therein). In particular, we use the HMM implemented
in the fastPHASE [31] fitting algorithm, which is parametrized by three vectors (7, , @), and we denote the
corresponding distribution by HMM(r, e, 8). Applying fastPHASE to X provides estimates (7, &, 8) of the
parameters, so that HMM(#, & é) approximates the distribution of X. Turning to the response, it is harder
to mimic the generation of g, since the underlying relation between y and X is unknown. For the purpose
of this simulation, we fit a logistic regression of § onto X to obtain the MLE [3 We then set one-fourth
of the coordinates of ﬁ to be zero and keep the remaining coefficients intact; denote the resulting vector
by Bo. Putting these two parts together, we generate n = 2500 independent observations (y;, X;)1<i<n by
first taking X; ~ HMM(f',éz,OA)7 with X; € R4 and then sampling y; ~ Bernoulli(o(X,"Bo)). Finally, we
center and scale the design matrix so that each column has zero mean and unit norm. With this synthetic
sample, we fit a logistic regression model to obtain classical and adjusted p-values based on the LLR for a
given null variable, and then we repeat this procedure for a total of 1000 replicates. Note that calculating
the adjusted p-values requires an estimate of the signal strength 72 = Var(X,’ B3y), which we obtain via the
ProbeFrontier method, applied in the same manner as in Section E. The empirical CDFs of the p-values
are shown in Figure 4(a). Observe that the classical p-values are far from uniformly distributed, but the
adjusted p-values remain reasonably close to uniform.

The YearPredictionMSD data contains measurements on the timbre of n = 515,345 audio files with
p = 90 features. The features are continuous, and the empirical average absolute correlation between the
features is 0.1093. To study the performance of our procedure, we split the rows of X and obtain 858
subsamples {Xl, e 7)~(858}, each containing n = 600 rows. We center and scale each subsample so that
the columns have zero mean and unit norm. Next, we generate regression coefficients 3 € R such that
one-third of the coordinates are i.i.d. draws from N (6,8) and the remaining are zero. For each subsample X s
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we then generate a synthetic response vector y; from a logistic model with design matrix X ; and regression
vector 3. Lastly, we fit a logistic regression to each (y;, X ;), and compute the classical and adjusted LLR-
based p-values for a specified null coordinate. As with the previous data set, we use the ProbeFrontier
method to estimate the signal strength needed to compute the adjusted p-values. The results are displayed
in Figure 4(b); again, the classical p-values deviate from uniformity whereas the adjusted p-values show
closer agreement.

Lastly, we consider the PUFs data, which is generated from ‘XOR Arbiter PUFs’ simulations (see [2]
for details). The design matrix is tall and skinny with n ~ 2.4 million, p = 64, and entries taking values
+1. The average absolute correlation between the features in this case is 0.0005. We split the rows of the
design matrix to obtain 1000 subsamples, each containing n = 427 rows. For each subsample we conduct
experiments in the same fashion as in the preceding example, and the results are presented in Figure 4(c).
The classical p-values again deviate from the uniform distribution. For the adjusted p-values, the empirical
CDF fluctuates mildly around the diagonal, but remains reasonably close throughout.
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Figure 4: Empirical CDFs of classical p-values (green) and adjusted p-values (blue) for the (a) CD-data-
based experiment (b) YearPredictionMSD-data-based experiment (¢)PUFs-data-based experiment. The red
line is the diagonal.

To conclude, we emphasize that the covariates considered in the aforementioned numerical experiments
arise from widely different applications; in particular, they do not fall within the framework covered by our
theory. Nonetheless, the p-values based on the calculations we presented exhibit a close agreement with
the uniform distribution, and better approximate the true distribution of null p-values than their classical
counterparts, across all three settings.

G  Small aspect ratio and moderate sample size

We have observed that for large n and p, classical null p-values depart from uniformity in a predictable
way. However, Figure M-7 suggests that, when the number of features is very small compared to the sample
size, the classical and adjusted p-values should be approximately equal. Here, we demonstrate this with a
traditional data set. We consider the low birthweight data from [23] with n = 189,p = 9, and we center
and scale each feature to have zero mean and unit norm. We then calcuate the classical and adjusted p-
values for each variable; the adjusted p-values are calculated using the ProbeFrontier method. The results
are displayed in Figure 5(a), and as suggested in Figure M-7, the adjusted p-values are very similar to the
classical p-values in this setting.

Next, we compare the classical and adjusted p-values in a simulated setting with moderate n and p.

14



We choose n = 200 and p = 20 and then generate samples from a logistic model with the same covariate
distribution as in Figure 3: half of the regression coefficients are i.i.d. draws from A/(6,8) and the remaining
half are equal to zero, so that the signal strength is 42 = 5. Figure 5(b) displays the empirical CDFs of the
classical and adjusted p-values for a null variable across 1000 replicates. Unlike the settings with larger n and
p (Section M-1, Appendix E), here the classical p-values are close to a uniform, albeit with minor deviations.
The adjusted p-values are in close agreement with a uniform distribution. Thus, although our theory provides
asymptotic guarantees only, the corresponding p-values may serve as a rather good approximation to null
p-values under moderate sample size and feature dimension.

0.8 1.00

a 7

20.6 %O 5

= )

T =

50.4 £0.50

2 S

g g

kol L

202 0.25

0.0 0.00/ ‘ ‘ ‘ ‘
0.0 0.2 0.4 0.6 0.8 0.00 0.25 0.50 0.75 1.00

Classical p-values t

(a) (b)

Figure 5: (a) Scatterplot of adjusted p-values versus classical p-values, computed based on the LLR statistics
for the nine variables in the low birthweight data [23]. (b) Empirical CDFs of classical p-values (green) and
adjusted p-values (blue) in a setting with n = 200, p = 20. The red line is the diagonal.

H Detailed Proofs

For the convenience of the reader, the subsequent sections are intended to be as self-contained as possible.
We first recall our main results, that is, Theorems M-2, M-3, M-4, and subsequently provide detailed proofs.
Along the way, we delineate all the mathematical ingredients we build our results upon.

H.1 The results
We recall Theorems M-2, M-3 and M-4 below.?

Theorem 1. Assume the dimensionality and signal strength parameters k and 7y are such that v < gyLg(k)
(the region where the MLE exists asymptotically as characterized in [10]).> For any pseudo-Lipschitz function
1 of order 2, the marginal distributions of the MLE coordinates obey

Y0 (B aBin) S ER@.ZA), Z~N(01), (12
j=1

where 8 ~ 11, independent of Z.

2Notations are the same as in [32].
3See [10] for a definition of gLy (7).
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Theorem 2. Let j be any variable such that B; = 0. Then in the setting of Theorem 1, the MLE obeys

B; < N (0,02). (13)
For any finite subset of null variables {i1,...,ix}, the components of (Biu . ,BA“) are asymptotically inde-
pendent.

Theorem 3. Consider the LLR Aj = ming .y, —o £(b) —ming £(b) for testing 3; = 0, where £(b) is the negative
log-likelihood function. In the setting of Theorem 1, twice the LLR is asymptotically distributed as a multiple
of a chi-square under the null,

* N

KOy o
. 14
X, X1 ( )

Also, the LLR for testing i, = Bi, = ... = Bi, = 0 for any finite k converges to the rescaled chi-square
(ko2 /X)) X3 under the null.

20; L

In the aforementioned results, (ay, o4, Ay) is a solution to the system of equations:

o = S E[2/ (@) (W (prox, (@2)))7]
0=E[p'(Q1)Q1 0 (prox,, (Q2))] (15)

20/ (Ql)
L+ Ap” (prox,, (Q2))

where (Q1,Q2) is a bivariate normal variable with mean 0 and covariance

1—-rk=E

2 2

I —ary

2(0470) = [ —oryz a2'yz+m72 } . (16)

It can be easily checked numerically that in the regime v < gyrLe(k) the system (15) admits a solution.

Hence, we omit proving this fact. However, we establish that in the aforementioned regime, if (15) admits a

solution then the solution must be unique.* Thus, the parameters (ay, o4, \s) are well-defined in our setup.
The proximal mapping operator for any A > 0 and convex function p is defined via

prox,, (2) = argrtréiﬂg {/\p (t) + % (t — 2)2} ) (17)

In the subsequent text, it will be useful to note that the proximal mapping operator satisfies the relation:

Ao’ (proxy, (2)) + prox,, () = 2. (18)

H.2 Road map to the proofs

This section presents the key steps in the proofs of each theorem. Detailed proofs are provided in Appendices
H.4-H.6. At a high level, the proof of Theorem 1 has the following ingredients:

1. Introduce an iterative algorithm that has iterates {Bt}tzo, with the aim of tracking the large sample
behavior of the MLE. This was already done in Section M-4.1.

2. Characterize the asymptotic distribution of {Bt}tzo for each fixed ¢, in the large sample limit. (See
Theorem 6). Here, we resort to existing results in the generalized approximate message passing (G-
AMP) literature [25]. However, to apply these results, one needs to establish that the algorithm
introduced in the first step can be cast in the framework of a G-AMP algorithm. This is a highly
non-trivial step and forms the core of the proof of Theorem 6.

4See Remark 2 for a detailed explanation of this fact.
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3. Establish that in the large sample and large iteration limit, ﬁt converges to the MLE B in an appropriate
sense (see Theorem 7). In conjunction with the previous step, this provides the desired result.
In the logistic model, the MLE is far from exhibiting any closed form expression. In fact, all information
about it is contained in the optimality condition V/(3) = 0. Thus, the analysis of a single null coordinate
is hard. To circumvent this difficulty, we resort to the following two stage-approach:

1. Replace the MLE by a surrogate which is amenable to explicit mathematical analysis (Theorem 8). In
turn, this approximation yields a convenient representation of a null coordinate. This step is based on
the leave-one-out techniques introduced in [20,21] for studying such high-dimensional estimators.

2. Characterize the asymptotic distribution of the aforementioned representation. This is the content of
the rest of the arguments in Appendix H.5.

Finally, we arrive at Theorem 3, the proof of which can be summarized in the following two steps:

1. In Theorem 9, we establish that if §; = 0, the quantity of interest 2A; can be approximated as follows:

where Bj denotes the j-th coordinate of the MLE, and A_j defined later in (95) is a function of the
Hessian of the negative log-likelihood.

2. Theorem 2 already established that Bj 4 N(0,02). Thus, it suffices to show that Al=j] LN Ax. This is
achieved in Theorem 10, deploying techniques similar to that in [33, Appendix I] and [20].

H.3 Crucial building blocks

This section gathers a few important results that will be useful throughout the manuscript. Let Cy, C1, .. .,
co,C1, ... denote positive universal constants, independent of n and p, whose value can change from line to
line. We start by recalling a recursion from [32], and expressing it in an equivalent form.

H.3.1 A Useful Recursion

In [32], the authors introduced a sequence of scalar parameters: {ay, oy, At }1>0, defined recursively as follows.
Let (Q}, Q%) be a bivariate normal variable with mean 0 and covariance matrix X(ay, o) specified by (16).

Starting from an initial pair «ag, 09, for t =0, 1, ..., inductively define \; as the solution to

92 / t

,/p (Ql) - -1 K, (19)

1+ Ap” (proxy, (Q5))
and define ay41,0¢41 as
1
Oyl = O + TVQ E [210/ (Qi) Qﬁ)\tp/ (PrOXAtp (Qg))] )
(20)

o = 5 B [20 (@) (e (proxs,, (@1)))7]

Our goal is to express the aforementioned recursive system in an equivalent form. To this end, we introduce
a new sequence of scalar parameters {da, o, S\t}tZO defined as follows. Let ( ~’i, Qtz) be a bivariate normal
variable with mean 0 and covariance matrix 3(—dy, 6). Further, let W ~ Unif(0, 1), independent of (Q?, Q%)
for all t > 0. Define the function

h(z,y) = 1y<p(z), where p(z) = . (21)
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Starting with initial conditions o, &, for each ¢ > 0, obtain \; by solving

1
EW,Q&,Q =1-k. (22)

Sl (proxs, (W (@1, W) +@3))

Subsequently, &yy1,0:41 are updated via

o1 :at+ﬁ%z1E {Qﬁ@t (~§,W,Q§)], (23)

T = B9 (01 .04)]
where
i (g w,0) = A [h () = o' (proxs,,, (Aeh (a1, w) + a2) )| (24)

~ We propose simplifying the right-hand side (RHS) of the first equation in (23) by first conditioning on
(Q%,Q%). This gives

By gt.ay |QL0(QL W, Qb))
= E[#(QD@ (A = A/ (proxs, ,(0@2)) | — E [(1 = #/(Qu))Quder(proxs, ,(@2))] -
One can easily verify the following identity

prox,, A+u) = —prox,, (—u).

This yields

A = Aup'(proxs, ,(Ae + Q5)) = A — A (—proxs,,(—Q5)) = Mg/ (proxs, ,(—Q5))-

Combining the above relations, we have
Euapap |@10(Q5 W, Q)] (25)
= E |5/ (@)Q4p (proxs, ,(~Qh)| — E [(1 = p/(@1) @4 A (proxs, ,(Q5))]
= —E [0/ (~@) QA (proxs, ,(@4)] ~E[(1 = p'(@) @A (proxs, ,(Oh)]
= —2E [0/ (~QD@i A (proxs, ,(Q5))] -
Performing similar calculations it can be shown that

5 [85,@4W,Q0] = |91G {proxs (-0} | 42—/ (D) (o @) ) |

— & |2/(-Q) (s pross, @) ) | (26)
Similarly,
E . L _ (27)
1+ )\tp”(pFOXj\tp()\th(Qﬁa W) + th))
A ]HE BEvACH ]
1+ Aep” (=proxs, ,(—=Q5)) L+ Aep” (proxs, ,(Q5))
20/ (—Q})

=K — . 28
))] (28)

1+ 5\,5,0”(prox5\tp(Qt2
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Placing together (25), (26) and (27), we have effectively established that, if ag = &g, 09 = 79, then for
allt >0, -
o =y, 0L =04, A= Mg (29)
Remark 1. We remark that (22) and the second equation in (23) can be related to the equation system
derived in [21, Equations S1,52] in the context of M-estimation for linear models.

H.3.2 When is the MLE bounded?

It was established in [10] that if v < gmLe(k) (resp. v > guLr(x)), the MLE exists asymptotically with
probability 1 (resp. 0). [10] further characterized the width of the window in which the phase transition
occurs, in terms of the sample size. However, for establishing our main results Theorems 1-3, a stronger
version of the phase transition phenomenon is necessary. We require that with exponentially high probability,

181 _
% =0

in the regime v < gyrLe(k). This is the content of the theorem below.

(1)

Theorem 4. If v < gumLr(k), there exists Nog = No(y, k) such that, for all n > Ny, the norm of the MLE Jé;
obeys

P <”\% < Cl> >1—Cyn 9, (30)

where § > 1.

Proof: By arguments similar to that in Section 5.2.2 from [32], it can be deduced that, for any € > 0,

Vn T g2

where o denotes the usual Hadamard product and A is a cone specified by

P<|B”<410g2>zp({yo(Xb)b€Rp}ﬂA{0})7 (31)

A= qu e R max{-uj,0} < e*/nllul| ;. (32)
j=1

Thus, it suffices to establish that the complement of the RHS of (31) has exponentially decaying proba-
bility. This is established in the remaining proof.

By rotational invariance, we can assume that all the signal lies in the first coordinate, that is,
B = v/n(Vn,0,0,...,0), where v,, = ||3]|*>/n. Letting X, denote the i-th row of X, we have,

d
inio = (‘/,)(27 .. Xp) 5

where V' £ 4, X1, with density given by 2y’ (vnt)p(t) (¢(-) denotes the standard normal density), and
VA (X,,...,X,). Denote T = [V, X,9,..., X,p|, that is, it is the matrix with the 2 through p-th columns
same as that in X, and the first column given by (V4,...,V,,) where V;’s are i.i.d. copies of V. Then,

P{yo(Xb)|beRP}NA#{0}) =P{ThbecRP}NA#{0}). (33)

With G defined to be the event
G := [span(V)) N A # {0}],

we can decompose the required probability as
P{{TbbecRP}NA#{0}) =P(G)+P(G°N[{Tblbe R’} NA#{0}]).

The following lemma ensures that P (G) decays to zero exponentially fast in n.
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Lemma 1. Let V be a continuous random variable with density 2p' (y,t)d(t), where v, = ||8]|/v/n. Suppose
Vi, Vi are iii.d. copies of V and V = (Vi,...,V,,). There exists a fized positive constant &1 such that,’
foralle <eq,
P (span(V') 1A # {0}) < Co exp(—con).
Henceforth, let € < £1. Thus,
P({Tblbe RP}NA#{0}) <P(G°N[{Tblb € RP} N A +# {0}]) + Coexp(—con). (34)

Further, we restrict ourselves to a high probability event on which there is entry-wise control over the random
vector V' in a sense specified below. The reasons for this restriction would become evident in later parts of
the analysis. To this end, note that since V' has sub-Gaussian tails, for any ¢ > 0,

P [max V2 > glogn] < nP [|V1| > s/Clogn}

1
< Cyiexp (logn — clizgzn) ,

where K is the sub-Gaussian norm of the random variable V and ¢ > 0 is a universal constant. We choose
¢ > 2K?/c and define the event

Fy 1= {maxV? < Clogn}, (35)
that satisfies
P[Fy]>1-Cin~?, (36)
where 6 > 1. Thus,
P(G° N [{Th|b € RP} N A £ {0}]) < P(G°N Fy N [{Th|b € R} N A £ {0}]) + C1n~°. (37)

Regarding the cone A, [33] established that, there exists a collection of N = exp(2e2p) closed convex cones
{Bi]1 < i < n} that form a cover of A with probability exceeding 1 — exp(—C1e2p), for some universal
positive constant C. Thus, by the union bound,

PG NFy N{Thbe R’} NA£{0}]) <P(G°NFy N{B;|1 <i< N} does not form a cover of A)
N
+3 P(G°NFv N [{Tblb € R} N B; # {0})). (38)
i=1
For any fixed subspace W € R", introduce the convex cones
C; (W) = {w+d\w ewW,de Bl}
Denoting £ = span(Xas, ..., Xep), observe that the following events are equivalent,
[GN{{Tblb e RP} N B; #{0}}] < [G°N{LNC;(span(V)) # {0}}].
Hence, (38) reduces to
P(G°NFv N[{TblbeRP}NA#£{0}]) <P({B;]1 <i< N} does not form a cover of .A)

N
+ Z]P> (Fv N[LNCi(span(V)) # {0}])
i=1

< S B(Fy N1LNC(span(V)) # {0}]) + exp (~Cie%p) . (39)

-

1=1

5Recall that the definition of A in (32) involved a choice of e.
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To analyze the above, we will resort to ingredients from the literature on convex geometry. Using the
approximate kinematic formula [1, Theorem I, [33] argued that, for any closed convex cone C for which the
statistical dimension® obeys §(C) <n —§(L) =n—p+1,

2
]P’(EOC#{O})gﬁlexp{—(npSa(C))}. (40)
n
For any event Gy measurable with respect to the sigma-algebra generated by V/,
P(Fv N LNCi(span(V)) # {0}) < Ev [1gynz P (LN Ci(span(V)) #{0HV)[+P(Gy) . (41)
Here, the following lemma will be crucial.

Lemma 2. There exists an event Gy in the o-algebra generated by V' and there exists a fived constant vy > 0
such that for all 0 < v < vy, the following two properties hold:

1. Gy has exponentially high probability, that is,
P(Gyv)>1—Ciexp(—cin), (42)
for positive universal constants C1,cy.

2. For allv € Gy N Fy,
§ (Ci (span(v))) <n (1 = gyrp() +v +o(1)) . (43)

Choose v < min{vy, g&iE(v) —k} in Lemma 2. Since, we are in the regime v < gmpLe(k), for v € Gy NFy,
we then have
0 (C; (span(v)) <n—p+ 1.
Applying (40) and Lemma 2 leads to

Lgynr B (£NC (pan(V)) # {0}|V) € 4ucgy iy o5 [ T ]

<4exp [—% (gvre(y) — K —v+ 0(1))2} .
Thus, from (41), we have
P (Fyv N[LNC;(span(V)) # {0}]) < dexp [—% (gvip(y) — K — v+ 0(1))2} + Cyexp(—cin).

Consider n > 8log4/ (gl\_/[iE(fy) —K—V+ 0(1))2 and choose ¢ such that,

1 log 4
26?2k < min {c, 3 (gvrp() — K —v+ 0(1))2 _ 05} .
Then Zfil P(LNC;i(span(V)) # {0}) decays exponentially fast in n. Thereby, recalling (33), (34),(37) and
(39) completes the proof. [ |

We defer the proofs of Lemmas 1-2 until Appendix H.7.

H.3.3 Ingredients from G-AMP

As discussed in Appendix H.2, the proof of Theorem 1 will require elements from the G-AMP literature.
In this section, we provide a brief exposition of a key result established in [25] that will be central to our
analysis in Appendix H.4. For convenience, we adhere to the same notations as in [25].

A G-AMP algorithm comprises iterates {z'}¢>0, where ' € V,xn = (R?)", for some fixed ¢ € N, and N
is a function of the sample size n.” Define A = G+ G’, where G € RV *¥ has i.i.d. entries from N (0,1/2N).

6The statistical dimension of a convex cone is defined to be §(C) = E|/Il¢(Z)||?, where Z ~ N(0,I,), and Il¢ is the
projection onto C.
7One can think of an element a € Vg, N as an N—vector (€e1, ... TeN) With entries in RY.
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Consider a collection of mappings F = {f* : k € [N]}, such that f*: R? x N — RY, is locally Lipschitz in
the first argument for all k& € [N]. Then, starting from some initial condition ° € V, n, a G-AMP algorithm
updates each element of x! as follows:

N
t+1 ZAljf oga - Zaf opt fl( izl’t_l) (44)

where any term with negative t-index is considered 0. Here, %—’: denotes the Jacobian of f7(-;t) : R? — RY.
The authors in [25] characterize the asymptotic variance of the iterates x, for each ¢, as n — oco. To
describe the characterization, we require a few additional notations which we introduce next:

1. Consider an integer ¢’ such that for each N, a finite partition C{¥ U...UCJ = [N] exists and for each
acld],
CN
li > =c, €(0,1).
m - =c (0,1)

N—00

2. There exists Y := (Yo1,...,Yen) € Vg~ such that for each a € [¢'], the empirical distribution of
{Yeiticon, denoted by P, converges weakly to P,; that is,

N| Z Oyes 4 P,.
ieCl
Y, ||?*~2 is bounded for some k > 2, and

Ep, (IIYal*"7%) = Ep, ([¥al*72).

Further, suppose Ep,

3. There exists a function g : RY x R? x [¢'] x N U {0}, such that, for each r € [¢'],a € [¢{],t €
N U {0}, g-(...,a,t) is Lipschitz continuous. Further, for each N > 0, each a € [¢/] and each i € CJ,

x € RY, 4

fl ($,t> :g($7y0i7a7t)' (45)
This requirement basically states that the functions f7(-;¢) in (44) can only be of the aforementioned
form.

4. For each a € [¢'], define 3 to be the limit (in probability),

lim |CN| Z .7;7y0i7a30) g (w(o)i?yoi;a70)T = 21(10)' (46)

N—00
1€CN

For each ¢t > 1, define a positive semi-definite matrix X*) € R?%4, obtained, by letting,

’

E(t) = Zcbggt_l)a ig) =E [Q(Z(tuYa, aat)g(ZZ7Y;a avt)T] ’ (47)
b=1

where Y, ~ Py, Z, ~ N (0,%1") and Y, I Z!.
Under the above assumptions, asymptotic distribution of marginals of 2! can be characterized as follows:

Theorem 5 ( [25] Theorem 1). For allt > 1, each a € [¢'], and any pseudo-Lipschitz function ¢ : RIxRY —
R of order k, almost surely,

N OV \cN| 2 Ul e) =E{v (20, Y0)} (48)
jecy

where Z ~ N (0, E(t)) 1s independent of Y, ~ P,.

22



H.4 Asymptotic average behavior of MLE

To begin with, we recall the iterative algorithm that [32] introduced for tracking the MLE. Starting with an
initial guess B°, set §© = X3° and for t = 1,2,..., update {8, 8'};>1, with §* € R”, 3" € RP, using the
following scheme:

B =B+ kXY, (y, 8" 1)

R (49)
§'=XpB' 0,y (3.5
where the function ¥, is applied element-wise and is equal to
Uy (y,8) =Mre, re=y—p (proxy,, (\ey +5)), (50)

and \; is described via the recursions (19)—(20). However, from (29), we know \; = A;, where ), is described
via the update equations (22)—(23), when

Qo = C~¥0, oy = 50. (51)
Suppose we initialize the scalar sequence (;\0,&0) in the aforementioned way. This leads to an alternate
characterization of the function ¥, which will be useful in Appendix H.4.1. Note that the response variables
can be expressed as

where h(zx,y) is specified via (21) and wy,...,w, Lig- U(0,1), independent of all other random variables.

Rewriting ¥, in terms of these quantities and recalling definition (24), we observe that

H.4.1 State Evolution Analysis

In this section, we characterize the asymptotic average behavior of the AMP iterates (Bt, St), for each fixed
t, in the large sample limit. In this regard, the scalar sequence (ay, oy, A¢) introduced in (19)—(20) proves to
be useful, as is formalized in the theorem below.

Theorem 6. Suppose the initial conditions for the AMP iterative scheme (49), and the variance map updates
(19)—(20) satisfy
1 30 1 -
ag = — lim (B ’ﬁ>, of = lim 2;|\ﬂ0 —apB%. (54)

Y4 n—oo n n,p—roo

For any pseudo-Lipshcitz function v of order 2,

p
nh~>nolo % Zi/) (Bjt — a3y, Bj) S E[(0:Z,8)]
j=1

1 X!8] [wi]\ as. Q1 [w
e (5] [6]) = = (3] [o])] )
where B ~ I, W ~ U(0,1) independent of each other® and independent of

(@1, Q%) NN(O, [ v, D (56)

2 2,2
oy KOi + az7y

8Recall IT is the weak limit of the empirical distribution of {Biti1<i<p-
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Proof: Introduce a new sequence of iterates {v', R'} defined as follows: starting with initial conditions
_ [0 _ 0_ g0
V9 = 3% — o83, R° = S°,

vh=q (Vt_l + Oétflﬂ) —aB+ XV (?Jv Rt_l)

57
R' =X (Vt + Oétﬁ) — Wy (%Rtil) ) &7
where
Ny R
a = o Z‘I’t (?szRi)
ap = oy = i 2 h(a, W;), Ri™") for t>1, (58)
’ Kn da ' =7

a=X/3

U} is the derivative w.r.t the second coordinate of ¥;. The difference between this recursion and that in
(49) is the introduction of the new variables {q:,a:}, and the regression coefficients 8. It turns out that
the recursive equations for {vf, R'}, introduced in (57), fall under the class of G-AMP algorithms. Hence,
asymptotic average behavior of {v*, R'} can be established by appropriately using Theorem 5. This leads
to the following lemma.

Lemma 3. For any t > 1, under the assumptions of Theorem 6, the recursions {v', R'} introduced in (57)
satisfy

,};Hgo,;zw Vi, 8) 2 Bl (0.2, 8)]
e (P [5]) == (8] [5D)]

Finally, Theorem 6 is established by noting the equivalence of the recursions {vf, R'}, and the appropri-
ately centered versions of the original recursions, that is, {3% — a3, S}, which is formalized next.

Lemma 4. Under the assumptions of Theorem 6, and the assumptions on the initial conditions v° =

B° — apB, R = S°, for any fized t > 1,
1
lim S8 — B2 = 0, lim ~[IS' — R =, 0.
n—o0o N

’ﬂ*}OO

Since 1 is a pseudo-Lipschitz function of order 2, we have

S|

1< 1 1&
52_: ( atﬂjvﬁj)_gg J?B] Ez_:‘ ( atﬁ],ﬁj)—tb(V;,ﬁj)’
1 p
5; (14 116BE = s, B + Nwhs BN ) |8 = By — v
p
< ;1) S (14 103 — s, 57)] + I Jvﬂnn) 18" — B — ).

Jj=1
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By definition, ||3]|//p is bounded. Putting together Lemma 3 and 4, we obtain ||,3t||/\/13 is bounded for all
t. Hence, from Lemma 4 and the above inequality, we have

p p
Jim % Z¢ (Bjt - atﬂpﬁj) = nh—{I;o;lwa (v, 85) -
j=1 Jj=1

This establishes the first relation in (55). A similar argument holds for the other relation. |

It remains to prove Lemmas 3—4, which we focus on next.

H.4.2 Proof of Lemma 3

Our first goal is to reduce the recursion (57) to the G-AMP form (44). Thereafter, computing the covariances
3t from (47) and an application of Theorem 5 will complete the proof.

To this end, fix ¢ = 2k° + 1 for some large arbitrary integer k%, and let N = n + p. In the subsequent
analysis, restrict ¢ € {0,...,¢}. Define ' € V, x such that ° = 0 and the values for other choices of ¢ are
defined as follows: for the odd iterates t = 2k + 1 (k > 0), for each ¢ = 1,...n, define

t—1 /
b, = [Zi,o,R?,o,R},...,RF,0,0,...} . (59)
For even iterates t = 2k (k > 1), for each i =n+1,...,n+ p, define
+ ’
zl, = [o, vl 002 0,02, w2 0,0, .. } . (60)

Let all other entries of ' be 0. Let Y € V, n have the first two rows defined via

Ylo _ W17 WQa RN W?“m 517 527 ey Bp (61)
Yool | O O  SUNE” PR 74

and the rest of the entries are all 0. Note that, the functions f in (45) are allowed to be functions of the
elements of Y. For the odd iterates t = 2k + 1 (k > 0), let f(x;2k+1) =0fori =n+1,...n+ p. Let
h=+/N/n. Fori=1,...,n, define

, h h h
fl($,2k+ ].) = |:07 E@o(h($1,Yu),(L‘3),07 E\Iq(h(xl,Yu),a%),. cey E\Il%(h(thu),xtH),O,O, e . (62)

For the even iterates t = 2k (k > 0), let f'(x;2k) =0 fori=1,...,n and fori =n+1,...,n + p, define

fH(@;2k) = [hY1;,0,h(Ya; + apY1:), 0, Az + a1Y15), 0, h(zg + 2Y1;),0, ..., h(zy + a4 /2Y14),0,0, .. -}/-
(63)
Let A € RVXYN be a symmetric matrix with A; = 0,4; = %Xm-_n forl<i<nandn+1<j<n+p,
and all other entries A;; with ¢ < j are i.i.d. A'(0,1/N). With these definitions in place, the following result
can be established.

Lemma 5. For even iterates with column indices i = n+ 1,...,n + p, and for odd iterates with column
indices i = 1,...n, zi; defined via (59)-(60) satisfies the recursion (44), with the collection of functions
fi(,;t) given by (62)—(63) and A as described above.

Proof: The proof follows directly from matrix multiplications and is, therefore, omitted.
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Let & be a new sequence of iterates in Vq’N such that % = 0. For all 1 < t < ¢, if a column ¢ of =t is
non-zero, set the corresponding column of ! as !, . If a column of x? is zero, set the corresponding
column of &! as follows: ] ZJ LA fI(225t) and for t>1,

.Z .j’

~t 1 a 7 t
= ZAwf 45t Za’; (®e;5t) | (@0t —1),

=1

where any term with negative t-index is zero. Then, from Lemma 5 we trivially arrive at the following
conclusion.

Lemma 6. The sequence of iterates {Z'}1<i<, satisfies the recursion (44) with the choice of functions f*
specified in (62) and (63).

Thus, we have reduced the recursion in (57) to the G-AMP form (44). Theorem 5 then tells us that the
asymptotic covariance structure of &' can be obtained by carrying out the iterative scheme in (47), with
g defined via (62) and (63). We systematically list properties of £(*) that will be crucial for establishing
the proof. Fort =1,i =1,...n, &} ; has first and third entries Z; R?, with all other entries 0. From the
definitions (46) and (47), it is easy to check that

1 1 . 2 . 430
[EE1;1) 251;3)] _ [hmn—mo 1B lim,, o 820
1 1 = 30 3002 | »
2(371) 2(373) <ﬁf ) Hﬁnl\

(64)

lim,, o0 limy, o0

which is consistent with the asymptotic covariance structure we expect to see in this case, since Z; =
X!B,R) = S8 = X!B°. Computing X(?), using the formula (47) and applying Theorem 5 yields,

> ¥ (v}, 8;) > B (nZ,8)], where 712:%15[@%@( 0,U),Q9)], (65)

Jj=1

and (QY,@QY) is multivariate normal with mean 0 and covariance matrix specified in (64).

Note that, for (3| the first 3 x 3 sub-block would be the same as in (64). Among the rest, the distinct

non-trivial entries are ZE??@, 2835), 2835), given by

30
EE?)E)) = a17?, 2(3)5) =a; lim (6.8 >, n®

3 i (5 = K71+ ady”.

From Theorem 5, this immediately yields,

1 X:B w; W
lim = | [ RO |, |0 | < E|v|29 |0 , (66)
neen i R} 0 0
where o
72 hmn%oo ('Bnﬁ ) 04172
ZB® N 0, |lim,, oo (517?0) lim,, o0 HBATOLH? oy lim,, s (ﬁf()) )
04172 aq hmn—)oo (ﬂnﬁ ) "f7—12 + 04%72

W~ U(0,1)1LZ®).
Computing 3*, we obtain



2
where Z4 ~ N (O7 [Tl /)122}), with

P12 Ty

= gu et (n(A0.0). 47)]

We continue similar calculations to obtain 3) and (). The 5 x 5 principal sub-matrix of X(%)
Other distinct non-zero entries are listed below:

to 23,

(5)
2(1 7) _a2’7 )

1o = % E [\1/0 (h (Zf”), U) 7z;3>) U, (h (ZS’), U) ,zg3>)} .

(68)
, is identical

EE??) = Kkp12 + a1y,

30
Z(3)7) = oy lim b5 >7 Z(?)n = k75 + a3y’
n—oo n
Hence, we have
RS R) | 0] ] as = |0
nlggoﬁzlib R ol | FEZ7 0] || (69)
h R? 0 0
where W ~ U(0,1)1.Z®) and
42 lim,, o (ﬁf°> a1 gy
30 0 30 30
Z(5) ~N1lo lim,, s o0 <ﬁf ) lim,, o0 Hﬁn”A o limy, o0 <ﬁf ) o limy, o0 <ﬁf )
a1y a1 limy, 0 B " A%) /-@7'12 + a%'yQ Kp12 + 041052’}/2
aoy? oo limy, oo <ﬁn ) Kp12 + aazy? kT3 + a37?
Computing (% we obtain
1
1 vil o [P
> vl |0 %E{w (Z“),[ﬁm, (70)
P 3 0 0
Jj= V;
T12 P12 P13
where Z(®) ~ N | 0, |p1a 73 po3| |, with
P13 P23 7'9?
1 1
H=—E [qu (h (Zf’), U) ,Zf’))] . pm=E [\IJH (h (255) U) Zl(i)l) U,y (h (2}5) U) ijil)}
(71)

Repeating the above procedure and reading off the relevant entries in the covariance matrices, we arrive at

the following results: for all ¢t < g,

1 p
Jim p: Z W (V). 65)

ﬂ&nzwaﬂ{ﬂ>

where (Z(QtH) Zﬁg”) ~N (0,2 (—a;, 7)) and 77

a.s

E[y(rZ, )]

Z(2t+1) W
(L) o))

is defined by the relation

I

SR

1 2t— 2—1
= el (n (270 0).2807)],
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t+1
sequence {7}, first to the sequence {7;} defined in (23), and thereafter to the sequence {o;} in the statement
of Theorem 6. To this end, recall the initial conditions on {«;, o:} imposed via the relations

_ L (8%8) o o 118° = aoB?
ag = — lim , oy = lim ——.
Y4 n—oo n n—oo p

with (Z{Zt_l), Z<2t_1)> ~ N (0, (—ay—1,7—1)) and (e, 0) as in (16). The final step is to relate the scalar

(72)

It is easy to check that, with this choice, the covariance in (64) is precisely X(—aq, 0¢) = X (—dyo, 6¢), since
(G, 00) was initialized to (ag,09) (recall (51)).

The equivalence between the functions ¥; and ¥, from (53), and the definition of &, from (23) then leads
to 77 = &7, which subsequently yields 72 = 6;%. The equivalence between {5;} and {o;} established in (29),
then completes the proof.

H.4.3 Proof of Lemma 4

The proof partly follows along lines similar to [14, Lemma 6.7], but has some additional ingredients which
we detail here. Denote 8" = 3 — ;3. Comparing the recursive equations in (57) and (49), and using the
triangle inequality we obtain,

|R" = S*| < [IX |[o" = 0| + [|@en (w, R™) = Wi (3, 8"
Applying [14, Proposition 6.3], we obtain

6\111‘/ (ya 5) _/\t pl/(x) |ac:prox()\ty+s)

= . (73)
ds L+ X\ p//(x)‘prox()\ty+s)
Hence, ¥(y, -) is Lipschitz continuous with Lipschitz constant at most 1, which yields
|R =S| < IXI1][" = 0" + [| R — ). (74)

Similarly, comparing (57) and (49) again, we obtain
v —0"=q (VF1 + Oét—lﬁ) -8 — Btﬂ +aB+r" (X/‘Ift—l(% R - X'W, (ya Stil))
= (Vt_l - at_l) +(gt—1 — 1) (Vt_l +o18) +(ap —a) B+ (X' (y, Rt_l) - X'V (y, St_l)) )
where the second equality is obtained after appropriate rearranging. Using the triangle inequality,
1
[vf =6 || <|v' " =0 + g1 — 1 || + a1 B + |ow — ae] |BI] + p IX|||RY =8 (75)

Since v? = 0°, iterating (74) and (75), it can be established that there exists a constant C, depending on ,
such that

t—1 t—1
v — 6] < (X (Z PSTY D[Sy ||ﬂ||> . (76)
1=0 1=0
Using Lemma 3, the definition of ¢; and (73), we have,

ly —Aep” ! . t
lim g, = lim _Z{ Aep” (prox (Aeh (X8, wi) + RY)) }

n=ro0 n—oe kn = | 1+ Ap” (prox (Ach (X[B, w;) + RY))
1 1
=E|Z{¢1— 77
- e ea@ e 7

28



where (Q%, Q%) ~ N (0,X(—ay,04)). The equivalence (29) yields

1 1
lim ¢ =E |- ¢1— =1,

n—00 K 1+ S\tp” (prOX (S\th (Qtp U) + Qé))

where (Qﬁ,@g) ~ N (0,% (—dy,6,)), and the last equality follows from the definition of A, in (22). Note

that to obtain (77), we applied Lemma 3 to the function 0¥ (y, s)/ds which is not necessarily continuous,
but a smoothing argument similar to that in the proof of [14, Lemma 6.7] helps circumvent this technicality.
Now, recall that for each n, we have a matrix of covariates X = X (n) that has dimension n x p and
iid. N(0,1/n) entries. Since, lim,_, || X|| < oo and |[v*|/\/p is bounded for all ¢, we arrive at

1 t—1
lim — (C | X[)* > |g — 1} ||v* + B = 0. (78)

n—oo p =0

It remains to analyze the second term in the RHS of (76). To analyze the large sample limit of a; defined in
(58), we invoke Lemma 3 once again, in conjunction with the smoothing techniques from [14, Lemma 6.7],
which yields

. 1
lim a; = — E
n—oo K

2\I't_l (h(a, W), s)

%a (79)

t—1 t—1
a=Q) " ,5=Q, ]

In order to analyze (79), we will invoke Stein’s lemma, which states that if X ~ A (u,0?) and h is a function
for which Eh(X)(X — u) and 0? Eh/(X) both exist,

Eh(X)(X —p) = e ER/(X). (80)

To this end, it will be useful to express Qg_l in terms of Qﬁ_l and an independent standard Gaussian Z, as

shown below
Q571 = at—lQ§71 + \/ "{O-tQ—lz = f (Qgila Z) B

since (Qﬁ_l,Qg_l) ~ N (0,% (—a¢—1,0¢—1)). Thus, one can represent ¥;_; as

Ui (R QU W), Q1) = T (R (QU W), £(QT,2)).

Obviously,
i) o
E af\:[/tfl (h(a, W), S) = EW,Z ]EQt—l af\:[/tfl (h(a, W), S) W, 7 .
a a:Qi’l,szQ;’l 1 L a a:Qtfl,s:f(Qifl,Z)
Since Q'™ is independent of (W, Z), (80) immediately gives
0 _ _ 1 _ _ _
PEgr | gt e (@) 7 (@1 2))| W 2] =B (@ W (0 Q4 W) 5 (@4 2)) W 2).
1 ]
The LHS can be decomposed using the chain rule as follows
0 1 _
Eoi |:6Q§1\Pt1 (h (W), f(Q) 172))‘ w, Z}
0]
:EQt—l 7\1115,1 (h((l, W),S) W,Z
1 Oa a=Q37178=f(Qt1717Z)
0
+Ott_1 EQi—l 5Wt_1 (h(a, W),S) W,Z .
s a=Q{  s=f(Q17".2)
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Putting these together,

0
EQ?FI f\I/tfl (h(a,W),s)

W,z
Oa ’

a=Q} ',s=f(Q}"".2)

1 -1 -1 —1
:?EQﬁ_l [Qi \Ilt—l(h( i 7W)7f(Q§ vZ))|W’Z]
0
— a1 Egi 8—\11,5,1 (h(a, W), s) W,Z| .
B a=Q} " 5=/ (Q1",2)
Marginalizing over W, Z and recalling (79), we have
lim a; = — E Q1w 4 (n(QU W), Q)] - 2Lk Q\I/t_l (h(a, W), s) .
n—o0 k2 ! b TR s S a=Qi ,s=Q5 "
Combining (27) and (73), we obtain
1 20 (—Qi7! 1 |0
~[1-E /(=@ )H = ——E| =¥, (h(a,W),s) .
K 1+ )‘p// (pI’OXAp (QQ )) K da a:Qifl,s:Qéfl

Since (—Qfl, Qt{l) ~ N (0,% (a¢y—1,0¢_1)), comparing with (19), we obtain that the LHS equals 1. Fur-
ther, from (25), we have

B [20/ (~Q11) (~Q47) A (pross,, (Q57))] = E[Q4 Wi (1 (@), 05 7)]
Thus,

Jim o= ars + SB[ (01 (-Q1) M (pross,, (Q57)] =
where the last equality follows directly from the definition of oy in (20). Hence, for any finite ¢,

lim |Ott — at| = O,
n—o00

which leads to

t—1
) 1
Jim S (CIX)* D e — el 18] = 0.
=0

Combining this with (76) and (78), we obtain

lim —— || — 6] = 0.

n—00 \/ﬁ

The scaled norm of R — S is then controlled using (74) and the fact that lim,, . || X is finite almost
surely. This completes the proof.

H.4.4 Convergence to the MLE

In this subsection, we establish that the AMP iterates {Bt} converge to the MLE B, in the large n and
t limit. As mentioned earlier, it can be checked numerically that the system of equations (15) admits a
solution in the regime v < gyrg(%). In addition, we can establish the following result.

30



Lemma 7. Given a pair (a,0), the equation

2p" (Q1)

1-rk=E
1+ Ap” (prox)\p (QQ))

has a unique solution in A, where (Q1,Q2) ~ N(0,X(a, 0)), with the covariance function specified in (16).

We defer the proof of Lemma 7 to Appendix H.7, and proceed with the rest of the proof here. The
aforementioned results together establish that if the variance map updates (19)—(20) are initialized using
Q) = Qy, 00 = 0y, the iterates (ay, 0y, A¢) remain stationary, that is, for all ¢,

At = Oy, Ot = Ox, At = )\*7

where, recall from Appendix H.1 that (ay, o4, As) refers to a solution of (15). In the subsequent theorem,
we adhere to this particular initialization.

Theorem 7. Suppose v < gmLe(k) and assume that the AMP iterates are initialized using

1 8.8
ap = R lim < >7 7”/8 _04*/3”2
y* n—oo n np—>oo

where (Qy, Oxy Ay) @ a solution to (15). Then the AMP trajectory and the MLE can be related as

1 .
lim lim —||ﬁt Bl =a.s. 0. (81)

t—00 n—o0

Proof: The proof can be established using techniques similar to that in [33, Theorem 6]. The details are
therefore omitted. The crucial point is that, invoking these techniques requires that the following three
properties are satisfied:

e Almost surely, the MLE obeys
]l
n~>oo f

This follows from Theorem 4, and an application of Borel-Cantelli.

< 0. (82)

e There exists some non-increasing continuous function 0 < w(.) < 1 independent of n such that

P[v%(ﬁ) (”\ﬁf) I for all ﬂ] =1—cre ",

where c1, co are positive universal constants. This was established in [33, Lemma 4].

e The AMP iterates satisfy a form of Cauchy property:

1 ~ ~
lim lim — Hgt“ —5fH — o 0

t—00 Nn—+00

lim lim — HSt'H StH =as. 0

t—o0o n—o0 p

This can be established by straightforward modifications of [14, Lemma 6.8, Lemma 6.9], using the
covariances for Z* derived in the proof of Lemma 3.

Finally, we are in a position to complete the proof of Theorem 1.
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Proof of Theorem 1: Start the variance map updates at ag = an, 09 = 0y, so that ay = «ag,0¢ = 0.
Choosing 9(x,y) = 2% in Theorem 6, it directly follows that for every ¢ > 0,

2t at
i 180 18 =Bl Bl s

3t
= lim lim 4] < 0. (83)

t—00 n—00 \/ﬁ

Since 1) is a pseudo-Lipschitz function of order 2, by the triangle inequality and Cauchy-Schwartz,

P P

12¢(8j_atﬁjaﬁj) . ¢(5§_atﬁjaﬁj)

Pi= Pi=

A N 20 A N
<O [0 (14— ausio )| + [ - ausym]) |6 -]
j=1
(84)
Using (83), (82) and invoking Theorem 7, we arrive at
I~ (5 I~ (5
Ay 3 (B et By) = Jim fim 0550 (B -ty ) =Bl (02,9

This completes the proof. |

Remark 2. Theorem 1 in conjunction with Lemma 7 leads to the following crucial result: in the regime
v < guLi(k), the system of equations (15) admits a unique solution. To see this, note that Theorem 1 tells
us that for any solution (a, oy, Ax),

: 15 4
_ hmp—>oo D Zi:l 51

T 1 p .
hmp%oc D i=1 57,

iy

Since for each n,p the MLE B € RP is unique, the RHS above must be unique. Hence, o, has to be unique.

Similarly, since
2
b

B-a.p|

1

02 = lim -

n—oo p

and the RHS above must be unique, we obtain that o, is unique. Then, Lemma 7 establishes that A, must
also be unique.

H.5 Asymptotic behavior of the null MLE coordinates

This section presents the proof of Theorem 2. To begin with, we introduce a few notations that will be
useful throughout.The reduced MLE, obtained on dropping the j-th predictor is denoted by B_;. Define

X.j, Xe_; to be the j-th column and all the other columns of X respectively. Set D(,[:)[,j]), D(B) to be
the n x n diagonal matrices with the i-th entry given by p”(X{ﬁjB[_j]) and p”(X/B) respectively, where
X _j, X; denote the i-th row of X,_; and X respectively. Suppose the negative log-likelihood obtained on

removing the j-th predictor be represented by ¢_;. Introduce the Gram matrices

G=VB),  Gry=Vie,(By). (85)
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Further, let ,3[,1-][,]-] be the MLE obtained on dropping the ¢-th observation and the j-th predictor and
¢_; _; denote the corresponding negative log-likelihood function. Analogously, denote B[,ik][,j} to be the
MLE obtained when both the i-th and the k-th (¢ # k) observations are dropped, and in addition, the
j-th predictor is removed. Suppose ¢_; _; is the corresponding negative log-likelihood function. Define the
respective versions of the Gram matrices

Gl =V ara (Braca),  Grmia =V (Brwia)- (86)

Before proceeding, it is useful to record a few observations regarding the differences and similarities
between our setup here and that in [33]. Analogues of Theorems 2 and 3 were proved in [33] under the
global null, that is, 3 = 0 and under the assumption that the matrix of covariates X has i.i.d. N(0,1)
entries. Along the way, [33] established some important generic properties of the logistic link function p(z)
and the Hessian of the negative log-likelihood function. The logistic link is naturally the same in both the
cases, while the Hessian of the negative log-likelihood here has the same distribution as the scaled Hessian
V24(B)/n from [33].% Thus, the properties of these objects established there will be extremely useful in the
subsequent discussion. Moreover, as we go along the proofs here, we will see that sometimes it is necessary
to generalize certain results in [33] to the 3 # 0 setup. In such scenarios, often the proof techniques from [33]
will go through verbatim when particular terms defined therein are replaced by more complicated terms that
we will define here. In these cases, we explain the appropriate mapping between the quantities in [33] and
those defined here. We leave it to the meticulous reader to check that after such a mapping, the proofs of
the corresponding results here indeed go through similarly.

In addition, note that Appendix C described the skeleton of the proofs for Theorems 2 and 3. In the
aforementioned outline, the authors provide a brief sketch of some of the intermediate steps and prove some
others rigorously. In Appendices H.5-H.7 of this manuscript, we will only provide rigorous proofs of the
steps for which the details were left out from Appendix C. Thus, it may be convenient for the reader to
proceed with the rest of this manuscript with [32] and [33] by her side.

The mathematical analyses in this and the subsequent section crucially hinge on the following fact: the
minimum eigenvalues of these different versions of G are bounded away from 0 with very high probability.
This is established in the following lemma.

Lemma 8. There exist positive universal constants A\i,, C' such that
P Amin (G) > Ap] > 1—Cn™°,
where § > 1. The same result holds for G|_j1, G|_j (-1, G[—ik],[—5 for any j € [p| and for alli, k € [n],i # k.

Proof: In [33, Lemma 4], it was established that with exponentially high probability, for all sufficiently
small € > 0, the Hessian of the negative log-likelihood satisfies

Amin (V24(B)) > ( | linfmH p”(z)> Cle),
z:|z|< Ve

where C(e) is a positive constant depending on € and independent of n. This, in conjunction with Theorem
4 completes the proof. ]

Through the rest of this manuscript, for any given n, we restrict ourselves to the event:

Dy = {Auin(G) > A} N {Amin(Gj1) > A} N AN Amin (Gloig,—51) > A} 0 {Amin (Glo2y,—51) > A | -
(87)
By Lemma 8, D,, occurs with high probability; to be precise,

P[D,] >1—Cn~ "1,

9This is simply due to the difference in the variance of the entries of X in the two setups.
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Later, in Lemma 13 we will use the fact that for any given pair k,[ € [n] with k # [, P [Amin(G[,le,ﬂ) > /\lb} >
1—Cn~°. In this context, without loss of generality, one can choose k = 1,1 = 2 and this explains the choice
of the last event in (87).

We are now in a position to begin the proof of Theorem 2. To this end, note that the MLE has an implicit
description via the KKT conditions and is, therefore, potentially intractable mathematically. To circumvent
this barrier, we introduce a surrogate bj_j for B that would be more amenable to mathematical analysis.

Define
b { 0 ]+b { ! } (88)
—il = | A —5],1 | _ -1 5
(=] ,B[—j] [—J] G[_j]'w
where
w = X:—jD(B[—j])Xon
Xy — 0 (XeiBi_j)

b_jj1 = - - ; (89)
= X, ;D(B_;)Y?HD(B_;)'/? X.;

with the convention that p' is applied element-wise and H := I — D(B[_;)"/?X._ iGL j]X D(ﬁ[ D2
Inspired by [20], an analogous surrogate was introduced in [33] for studying the MLE when 8 = 0, and the
choice was motivated in detail. Although the surrogate has a different definition here, the same insight is
applicable. Thus, we refer the readers to [33] for the reasoning behind this particular choice. As mentioned
earlier, the surrogate is constructed with the hope that B ~ b|_;. This is formalized in the subsequent

theorem.

Theorem 8. The MLE 3 and the surrogate bi_j) defined in (88) satisfy

P18~ byl S n /20 =1 o(1),

P { sup |X/bj_;) — X! _;B-j| < n1/2+°(1)} =1-o(1). (90)
1<i<n
The fitted values satisfy
IP’[ sup | X| ;85— X8| §n1/2+°(1)} =1-o(1). (91)
1<i<n
Further, we have
P[18; — byl S 0 /20] = 1—o(1). (92)

Proof: The proof of (90) follows upon tracing out the steps in [33, Theorem 8] verbatim using b1, 01
and ,@ (] defined in (88) instead of b,b; and B respectively. In [33], b is the surrogate for the MLE and b, is

the first coordinate of the surrogate, whereas ,8 refers to the MLE obtained on dropping the first predictor.
Now, note that the terms G|_ W and b_j), involve D(B[ 41) and p'(Xe_ Jﬁ —j1)- They differ from their

corresponding counterparts since ﬁ[ —j and ﬂ have different distributions. However, the only properties
pertaining to these objects that are used in the proof of [33, Theorem 8] are the following:

1. p'(z),p"(x) are bounded, a property we have by virtue of the logistic link,

2. the minimum eigenvalue of G'|_j) is strictly positive with very high probability, a fact we have estab-
lished in our setup in Lemma 8.

Thus, the techniques from [33, Theorem 8| are applicable here for establishing (90). Next, note that by the

triangle inequality,

sup [X_,By - XIB < sup Xy - X(| + sup
1<i<n 1<i<n 1<i<n

X[ B — X[b_j
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Combining this inequality with (90) and the fact that sup; || X;|| = O(1) with high probability, we have the
required result (91). Finally, (92) follows trivially from (90). [ ]

Henceforth, whenever necessary, we describe suitable correspondences between the terms here and their
appropriate analogues in [33], for the convenience of the reader. To keep the subsequent discussion concise,
we will no longer recall the definitions of the relevant terms in the context of [33].

Applying Theorem 8 we have the approximation

B‘ _ X:J(y - p/(Xo—jB[fj]))
’ X‘J'D(B[*j])1/2HD(B[7J‘])1/2X.]‘

+op(1). (93)

At this point, recall from (93) that the above expression can be simplified to the following form:

X (y— 0 (XeeiBy) _ A8

s L 17 + op(1), (94)
X;D(B1-;)Y?HD(B_j)'/? X, K

where

o Ny =0 (Xe ;B i) 1 1
53 = - and Al—j] = nTr (G[_j]) . (95)

Later, in Theorem 10, we will establish that A[_; R Ax, where A, is part of the solution to the system of
equations (15). Hence, it remains to analyze the terms s;. For convenience of notation, denote the residuals
as

ri =y — P (X! _;B-j) (96)

which implies
Z r2. (97)
i=1

Since X; _; and ,5'[, ;1 are dependent, the analysis of s; hard. To circumvent this issue, we express the fitted

3=

2 _

values X;yfj,ﬁ[_j] as a function of y;, X; _; and B[_i],[_j], where recall that B[—%’L[—jl is the MLE obtained
on removing the i-th observation and the j-th predictor. Such a representation of the fitted values makes
things more tractable since X; _; and ﬁA[_i],[_j] are independent. This reduction relies heavily on a leave-
one-observation out approach [20,33], in which one constructs a surrogate for ,é[,j], starting from ,é[ﬂ“, s
as is done below.

Lemma 9. Suppose B[,j] is the MLE obtained on dropping the j-th predictor, and B[,i]’[,j]] is the MLE

obtained on further removing the i-th observation. Define q;, I;[_j} as follows:
R / —1 .
G = Xi G o X
bi—j = Br-i () + Gy X (yi -0 (Pfoxqip(Xé,fjﬂ[_i],[_ﬂ + Qiyi))) : (98)

where G_;) ;) is specified by (86). Then B[_j],i)[_j] satisfy

P 1811 — bl S =2+ 0] =1 o(1).
Proof: The proof follows using techniques from [33, Lemma 18], with the choice of ¢; specified in (98) and
l;[,j] in place of b in [33]. Note that, G|_;,—; and p’ (proxqip (X;yfj,é[,i],[,j] + qiyi)) differ in distribution

from the corresponding quantities there, but once again, the properties required in the proof are simply
boundedness of p’ and the eigenvalue bound for G|_; ;) established in Lemma 8. ]
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We are now in a position to express the fitted values X (,_ ﬁ[_j] in a more convenient form.

J
Lemma 10. The fitted values leﬁjﬂﬁ[,j] are uniformly close to a function of

{yi, Xz(7—j/é[fi][fj]}i:1,‘..n7 in the following sense:

4 A P
sup (X B proxy, (Xz(,fjﬁ[fi][fj] + A*yi) = 0. (99)
Further, the residuals can be simultaneously approximated using
5 P
' slup i — {yi — pl (prox/\*p (Xz{,—jﬁ[fi][fj] + A*ZJ@))}‘ — 0. (100)
i=1,...,n

Proof: Since p” is bounded, (100) follows from (99) trivially. Thus, it suffices to show (99). From the
definition of b_;; in (98), it directly follows that

X[ jbg) = X B + avi — 6 (pr°xqip(X5,ijHu—j] + qiyi)) '

Comparing the above with relation (18) that involves the proximal mapping operator, we obtain

Xi—jbij) = Proxg,, (Xé,—jﬁ[—il,[—jJ + qwz‘) :

Applying Lemma 9, since sup, || X; ;|| = O(1) with high probability (see [33, Lemma 2| for a formal
statement), we have

< g l/2te(m) (101)

Sup ’X;,,jﬁ[,j] — Proxg,, (Xi—jﬁ[ﬂ'],[fﬂ + qz'yi)

with high probability. For (99), it then suffices to establish that

A 5 P
sup ‘proxqip (X;y_jﬁ[,i]’[,j] + qiy,») — prox, , (X{,_jﬂ[,i][,j] + /\*yi) = 0. (102)
To this end, we first examine the differences |¢; — A\«|. By the triangle inequality,
sup |g; — M| <sup g — A\—j| 4 A=) — Al (103)

Using ¢;, \[—;) instead of G;, & in [33, Lemma 19| and following the proof line by line in conjunction with
Lemma 8, we have
sup g — A5 S p /2 +e() (104)

with high probability. Further, it can be shown that Aj_;; = A, +0p(1). This is established later in Theorem
10. For now, we assume this result and proceed with the rest of the arguments. Thus, we have

P
sup |g; — x| = 0.
3

The partial derivatives of the proximal mapping operator are given by [15, Proposition 6.3]

i o @
1—|—bp”(x) ) %PI’OXbp(Z) - 1—|—bp”(.13) ;

T=Pprox,,(2)

%proxbp(z) = (105)

T=Prox,,(z)
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for b > 0. By repeated application of the triangle inequality,

sgp ’prOXQiP (Xz{,—j/é[—i],[—j] + %%) — Proxy,, (Xz(,—jlé[—i][—j] + )\*yz)

< sup ‘Pfoxqip (Xi,fjﬁ[—i1,[—j1 + qy) Proxg, , (Xz B + A*yz)

+ sup ‘proxq 0 (XZ _ ﬂ[ -7 T )\*yl) proxy, , (Xl ﬂﬂ[ -] T+ )\*yz)

< sup lgi — A { } ; (106)

where g; lies between ¢;y;, A y; and \; lies between ¢; and \,. From (105), note that the partial derivatives
are both bounded by 1 since g;, A; > 0. This establishes (102). Combining with (101), we have the required
result (99).

9 R
—-Prox,, (X _;B1—i—j) + A¥i)

o

proqup( 2)

2=q;Yi b=X;

Recall from (94) and (97) that in order to analyze Bj, we require to study the average of the squared
residuals, that is, >_i_, 7?/n. Note that the residuals are identically distributed. Hence, we have

i=1"%
1< 1<
2|
Var(n E TZ-) =3 E Var(r;) + 2 E Cov (1, J
i=1 i=1 i#j

= %Var(r%) + (n )Co (r2,r2).

The first term above is o(1). From (96), observe that each residual r; implicitly depends on n. We argue
in the subsequent text that

lim Cov (r?,r3) = 0. (107)
n—oo
From (100), we know that 1,72 are close in probability to functions of {y1, X _J,é 1),[—;1} and

{y2, X5, jﬁ[ 2),—j]} respectively. Thus, the entire dependence between r; and 7y seeps in through the

dependence between ﬁ 1],[-5] and ﬂ[ 2],(—j]- To tackle this dependence structure, we will use a leave-two-
observation out approach that is inspired by [20,33]. To this end, we establish a crucial result below.

Lemma 11. For any pair (i,k) € [n], let /6[_ Ll=4l> ,6[ k],[—j) denote the MLEs obtained on dropping the i-th

and k-th observations respectively, and, in addition, removmg the j-th predictor. Further, denote ﬁ[,zk ,1=4]
to be the MLE obtained on dropping both the i-th, k-th observations and the j-th predictor. Then the following
relation holds

P [max{‘Xé),j (,é[fi],[fj] - B[fik],[fj]) )

= (Bewiea = Brania)|f s o720 = 1- o).

Proof: We focus on one of the indices, say ¢. To this end, we will rely heavily on Lemma 9. Define l;[,ik]’[, n
analogously to (98) as follows:

bloil,[-g] = Broinl, () + G iy g1 Xk, (yk 4 (proqup(X;’c,fjﬁ[_m],[_j] + fjkyk))> :
where ¢, = X, k. jG_ [ ik], [ ]X k,—j- An application of Lemma 9 establishes that with high probability

18—t -5 = bi-ip-g1ll S 7 V/2H0). (109)
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Hence,
1% (Bracs = Brmi-a) | S 1XimilBra g — braal + | Xi Gy -y Xems|.

The first term is controlled using (109) and the fact that || X; _;|| = O(1) with high probability. For the
second term note that, conditional on X; _;, G[ilik] (4]’ it is a Gaussian random variable with mean zero

and variance leﬁjG[__Qik] (1 Xi,—j/n < 1/n. Hence, the second term is O(n~1/?+°()) with high probability.
This completes the proof for index i. A similar argument works for index k, hence the result. |

We are now in a position to establish (107). From (100), we have that for each ¥, > 0, there exists N
such that for all n > N,

IE”{ sup

1=1,....,n

Ty — {yi _ p/ (proxA*p (Xz{,fj/é[—i][—j] + )\*yl)) }‘ § 19:| 2 1 — 5 (110)
Let &,& denote the high probability event in (108) and the event in (110) respectively. Denote H =
D, N & N &y, where D, is defined via (87). Then,

|Cov(r%,r§)| < |IE (r% — Er%) (r% — Er%) 17{‘ + P(H°),

since [r? — Er2| is at most 1. Define for [ = 1,2,

FOMy ) == (i — p' (proxs.,, (My + M) = E (90 — o (proxs,, (M + M)
where M; := chfjﬁf[leL[fj]' Combining (108) and (110) we obtain that for any ¥, § > 0, for every n > N,
[Cov(r}, r3)| < E f(My,y1)f(Ma,y2) + C9 + 4, (111)
where C' > 0 is an absolute constant. By arguments similar to that in [20, Lemma 3.23], one can show that
E it (Miy)+iw' (Ma,y2) g it (M1,y1)  giw’ (Ma,y2) )
Thereafter, repeated applications of the multivariate inversion theorem to obtain densities from characteristic

functions yields
E f(My,y1)f(Ma,y2) — E f(My,y1) E f(Ma,y2) — 0.

From (111), we have E f(M;,y;) = 0, by definition. Then (111) leads to the required result (107). By
Chebyshev’s inequality, we have effectively established that

1o 1o P
EZT?—EZE@—M} (112)
i=1 i=1
Since, the residuals are identically distributed, the approximation to 3; derived in (93) and (94) yields that

for a null j and any m € [n],
A MAVET2 Z
Bj = *% +op(1).

Appealing to (110) and using arguments similar to that for establishing (107), we have

lim Er2 = HILII;OE {ym -0 (prox)\*p (X;ny,jﬁ?[_m][_j] + )\*ym)) }2 .

n— 00

Now, the discussion at the end of Appendix C rigorously established that

~ 2
Xl oo B {ym = o' (proxa.., (Xi - Bmis + At ) ) }

2 =07}
K

* 7
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which leads to Bj AN (0,02) by Slutsky’s theorem. This completes the first part of the proof of Theorem 2.

Next, we investigate the joint distribution of multiple null MLE coordinates. Without loss of generality
assume f3; = f; = 0 for some j,l € [p|. From the relations in (93) and (94) in conjunction with Theorem 10,
it follows that

[5:]:| _ %Esz yi —p' Xz{,—j/é[—j]>>
bi 223 Xa (vi— o' X{}#B[—l]))

Let X |_j; be the i-th row of X without the j and I-th entries. Further define ﬁ[_jl] to be the MLE obtained
on dropping the j-th and I-th predictors. In (91) we established that if any one of p predictors is dropped,
the fitted values before and after are close with high probability. Applying this result to the p — 1 predictors
in [p]\{j} we obtain that on further dropping the I-th predictor, the fitted values satisfy

+op(1). (113)

P [WP ‘Xz{,fjﬁ[fj] - Xz{,f[jl]/é[fjl]‘ S n_1/2+°(1)] =1-o0(1).
Similarly, we have
P [S@P ’Xz(,flé[fl] - Xz{,f[jl]B[fjl]‘ < n_1/2+°(1)} =1-o0(1).

Combining with (113), this implies that

[BJ} 230 X5 (% -/ (Xz{,—[jl]ﬁ[—ﬂ]

~ = N + OP(l)
B /\TQ > X (?Jz 4 (Xg,f[jl]ﬁ[—jl]
Assiiy [Z;
=% |z T
where Z;, Z; are independent standard normals and
1« . 2
2
sty == > (v =o' (X b)) -
i=1
By arguments similar to that for establishing (112), one can establish that s[zjl] LN Esfjl] =: S4. Then we
have
Bj A*S* Z]
J| = 1
|:Bl K Zl + OP( )7
which in turn implies that
[@'] 4 N (0,02T) .
B
For any finite subset of null coordinates, say i1, ..., %, similar calculations can be carried out as above to

obtain that (3;,,...,5,.) N N(0,021).

H.6 Asymptotic distribution of the LRT

Finally we turn to the proof of Theorem 3. To this end, the following approximation to the LLR is extremely
useful.
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Theorem 9. Suppose j is null, that is, B; = 0. If v < gmiLr(k), the log-likelihood ratio statistic A; =

U(Bi—;1) — £(B) can be approzimated as follows:

K32
2A; = —= +op(1), (114)
Al-4]

where \j_j) is defined in (95).
Proof: Using the KKT condition V¢(3) = 0 and Taylor expansion, we arrive at

2A; = <X.7j5'[7j] - Xﬁ)TD(B) (Xofjﬁ[fj] - Xﬂ) + % z":pm(%) (Xz{,fj/é[fj] - X@{ﬁA)S, (115)
i=1

where ~; lies between X;_jB[_j] and X;_j,BA[_j]. Invoking Theorem 8 and the fact that |p"’|,, is bounded,
we obtain that the cubic term in (115) is op(1). Subsequently, it can be checked that calculations similar to
those in [33, Section 7.3] go through in this setup on using Theorem 8. This completes the proof. |

To establish Theorem 3, it remains to analyze A\[_j. To this end, the following lemma and an application
of Slutsky’s theorem completes the proof.

Theorem 10. If v < guie(k), the random variable \_; defined in (95) converges in probability to a
constant. In fact,

i) = A,
where X\, is part of the solution to the system (15).

Proof: The proof follows by arguments similar to that in [33, Appendix I| with some modifications. First,
we establish that A[_; is an approximate zero of a random function 4, (), in a sense that is formalized
below.

Lemma 12. Define B[—i],[—j] to be the MLE obtained when the i-th observation and the j-th predictors are
removed and X[ _; to be the i-th row of the matriz X, with the j-th column removed. Let d,(z) be the
random function

J

1

1
Su(z) =L —14= - (116)
" i L4 (proxzp (X{,_jﬁ[—i][—j] + myz))
Then, \_; obeys
S (A_j)) = 0.
Proof of Lemma 12: Upon replacing & by Aj_j] in the proof of [33, Proposition 2], we obtain
I 1
LA . o. (117)
" niS e (XD Be) Ao
We claim that the fitted values X{ﬁ jB[_j] can be approximated as follows:
sup X;,,jﬁ[,j] —Proxy_ (Xl(ﬁj,é[,i]y[,j] + )\[—j]yi) < n—1/2—s-o(1)7 (118)

with high probability. The claim is established by comparing (101), (104), and by arguments similar to that
in (106), with A, replaced by Aj_j}.
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Using the fact that ‘14-% — ﬁ‘ < |z —y| for z,y > 0, we obtain

1 & 1 1 & 1
D3 S

=1 1+ (Xz{,fjﬂ[*j]) Mg ) s LA (PFOXA[,,-W (Xz{,fjfa[*i]’[*j] + A[—ﬂyi)) Al

< il 10™ oo sup ‘X;’,j,é[_ﬂ —proxs,_p (XEjBa i + Moawi) |-

On the event D,, defined in (87), [A\_;;| < p/(nAw). Further, p"" is bounded. Hence, from (118) we have the
desired result.
|

The next stage is to show that the random function 4, (x) converges in a uniform sense to a deterministic
function A(z).

Lemma 13. Define A(x) to be the deterministic function

1
1+ zp” (proxxp (xh(@l, W) + Qg))

Alz) =k —1+4+E (119)

where (Q1,Q2) ~ N(0,2(—ay,0,)), W ~ U(0,1)IL(Q1,Q2), X is specified via (16) and (cv,0,) form part
of the solution to the system (15). Then, for any B > 0,
sup |6, (z) — Alz)| = 0. (120)
z€[0,B]

Proof of Lemma 13: As a first step, using compactness of the interval [0, B] and the definitions of §, (x)
and A(z) in (116) and (119) respectively, it can be established that for (120), it suffices to show the following;:
for any given x € [0, B]

16,(2) — G(@)| 2 0, (121)
Gn(z) — A(z)| = 0, (122)

where G,,(z) = E (d,,()). (We refer the interested reader to the proof of [33, Proposition 3| for a detailed
analogous computation in the simpler setup 3 = 0).

We first establish (122). To this end, we seek to express G, (x) in an alternative, more convenient form.
Denote by B_; the vector of regression coefficients without the j-th coordinate. Recall that the discussion
at the end of Appendix C rigorously established the following fact:

* 2 ~
[gj i>N<0, [70 KSQD, where Q7= X/ 8, Q5=X|_;(Ban-oB,).  (123)

As mentioned in (52), the responses can be expressed as y; = h(Q7,w;), since we operate under the null
B; = 0, where w; ~ U(0,1) is independent of both Q7 and Q3. In terms of these random variables, G (z)
can be expressed as

Gn(m)zg—l—i—E

n

1
1+ zp” (proxxp (Q3 + . QF + xh ( {,w,)))] .

Now, the function
1

L+ ap” (prox,, (I + ot + zh (t,w)))

(t,1,w) =
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is bounded with the discontinuity points having Lebesgue measure zero. Note that (Q7, @5, w;) arise from a
continuous joint distribution. Hence, from (123) we can conclude that

1
14 zp” (proxxp (Q5 + Q7 + zh (QF, wl)))

1
— E ,

1+ zp” (proxzp (QQ + xh (Ql, W)))

where Q1,Q2, W are as in the statement of the lemma. This completes the proof of (122).
To analyze (121), note that

n

1 «
On(z) = Gplz) = — Zf(Mia yi), where M; = X[ _;B_ij—;,

i=1

1
1+ xp” (proxxp (M; + .Tyz)) -

J(Mi,y;) =

1
1+zp” (proxxp (M; + Iyz))] .

Since {f(M;,y;)}i=1..n are identically distributed this immediately gives,

Var Z zyyz Z]E Zvyz Mjayj)]
i=1 i#£]
E [£%(

Ml,yl)} n(n —1)
n2

E[f(My,y1)f(Ma,y2)].

It suffices to establish that E [f(My,y1)f(Ma,y2)] — 0, since it ensures §,(x) L3 Gr(x). To this end, we
resort to the leave-two-observation-out approach discussed in Appendix H.5. By routine arguments using
the triangle inequality, properties of the partial derivatives of the proximal mapping operator (105), the fact
that || ]l < 1, and invoking the approximations in Lemma 11, we arrive at

F(My,y1) f(Ma, y2) — f(Xi,_j/é[—m],[—j],yl)f(Xé,_jB[—m],[—j], Y2) B,

From arguments similar to [20, Lemma 3.23] and the multivariate inversion theorem, we obtain

E f(Xi,_jB[—lzL[—j],yl)f(Xé,_jB[—12]7[—j],y2)]—E [f(X{,—j/é[—12]7[—j]ay1):| E [f(Xé,_jB[—lz},[—j],y2) — 0,
which yields the desired result, since f is centered. |

Putting together Lemmas 12 and 13, since A\[_;; < p/nAj, on the high probability event D,, defined in
(87), we obtain that

P
A1) = 0.
To complete the proof, recall from (27) that A(z) can be alternatively expressed as
20’ (—Q1)
1+ xp” (proxm (Qg))

Alx)=k—1+4+E

From Lemma 7, we know that A(x) = 0 has a unique solution. Comparing with the system of equations in
(15) and noting that (—Q1,Q2) ~ N (0,3 (4, 0x)), we obtain that A, is the unique solution to A(z) = 0.

Hence, )\[,j] ﬂ As-
[ |
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H.7 Proof of Supporting Lemmas

In this section, we provide proofs of Lemmas 7, 2 and 1.

H.7.1 Proof of Lemma 7
Let a = —a,b = \/ko and denote the function

20’ (1)

G\) =E
) L+ Ap"(proxy ,(aQ1 +bZ)) |’

where Z ~ N(0,1)1L.Q; and A > 0. It is required to show that
1-G\) =« (124)

has a unique solution. Note that A — G()) is continuous. To prove the lemma, it suffices to show that G is
strictly increasing and that

lim (1 G(\) =0 (125)
lim (1-G) = 1. (126)

To this end, define the function
Kx(p,s) :== Ap' (proxy, (p+5)) -

The partial derivative of the above with respect to the second argument is given by [14, Proposition 6.4]

K;\(p s) — 8K>\(p,3) _ )\p”(proxAp(p+3)) .
) 85 1 + )\p//(prox)\p(p ¥ S))

(127)

Hence, G()) can be expressed as
G(\) =E[20/(Q1) (1 — K}(aQ1,b2))]. (128)

Applying Stein’s formula (80), one can check that
1 (o)
E[K}(aQ1,b2)|Q1] = _5/ K (aQ1,b2)¢ (2)dz,

where ¢(-) is the standard normal density. Plugging this back in (128) and differentiating with respect to A,

we obtain ) © 9K )
G0 = ;B [2r/Qn) [ PRI e

Define f(-) to be the function

fo =g [ PN .

—00
A result analogous to Lemma 7 was proved in [33, Lemma 5| for a different choice of the function G. In the
proof, it was established that f(0) < 0. One can check that, in order to study f(q) for any fixed ¢ € R, the
same arguments go through and we have f(gq) < 0 for all ¢ € R. Since p/(-) > 0, this implies G'(\) < 0.
Hence, the function 1 — G(\) is strictly increasing.

To show (125), note that for A > 0, z — Ax/(1 4+ Az) is strictly increasing in . Hence, for any (g1, 2),

0 < K} (aqq,bz) < Mo <1
- T LA e T
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This implies that for any (¢i,2), when A\ — 0, K4 (aqi,bz) — 0. Further, since p’ is bounded, by the
dominated convergence theorem, we have

lim (1-G(A) =1-E[20'(Qu)],

recalling the expression for G(\) provided in (128). Now, we know that p'(z) =1 — p/(—xz) and Q1 4 —Q1,
which yields

2Ep (Q1) =Ep'(Q1) +1-Ep' (—Q1)
=Ep(Q1)+1-Ep'(Q1)
= 1-2E/p'(Q:) =0,

thus establishing (125).
Finally, we turn to the proof of (126). To this end, note that [33, Remark 3] established the following
crucial property regarding the logistic link function p: for any (g1,2) € R?,

Ap” (PVOXAP (aqr + bz)) — oo when A — oo.

Hence, for any (g1, z) recalling (127), we obtain that K} (agi,bz) — 1 when A — co. Again, by the dominated
convergence theorem, we have

E[20(Q1) (1 — K} (aQ1,bZ))] — 0 when A\ — oo,

proving (126).

H.7.2 Proof of Lemma 2

Proof: For any v € R", denote C;(span(v)) = C?. From the definition of the statistical dimension,

6(CY) = E [Ty

2 2 . . 2

=E — —tv — 129
] lgl® ~ mmin min lg — tv —ul®|, (129)
where g ~ N(0,I). It can be checked that an approach similar to that in [33, Appendix D.2| leads to the
lower bound

min min g — tv — ul|

i

> min i — tu; 2 max i — tu; 2 _92y2e%4 g — to||? , 130
> mj i:(glgko(g ) Sc[n]:m:wgn;(g ) lg —to] (130)

where € > 0 is a small constant. In the remaining proof, we carefully analyze the RHS of (130). To this end,
define G¥(t) = F¥(t) — ”(t), where

U= Y (g )

i:(gi—tv;)<0

V() = 7,7151,24>2\f23/4 ¢ 2' 131
O = s e, 20— )+ 22 g — ol (131)

Further, define f¥(¢t) = E[F”(t)] and let ¢y and ¢, be the minimizers of f¥(t) and F(t) respectively. At this
point, it is useful to record a crucial observation that follows from [10, Section 3.3]:

L) D gl (). (132)

We require the following lemma to complete the proof.
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Lemma 14. There exists a fized positive constant g such that for all € < €y, there exists an event Gy in
the o-algebra generated by V' satisfying condition (42) and the following property: for all v € Gy N Fy, with
high probability,'®

sup  [e*(t)] <nf(e), (133)
teto—M to+M)]
Voot [to— Mo+ M G(t) > ngye(), (134)

where ¥ (t), G¥(t) are defined via (131). Above, M = M(g) is a positive constant independent of n, Fy is
the event defined in (35), f(x) is a smooth function such that lim,_,o f(z) = 0 and f(x) is increasing on
[0750}'

Let v9 = f(g09). Then for all 0 < v < v, applying Lemma 14 it can be established that, with high probability
for all v € Gy N Fy,

G (t) > Fo(t) — sup e’ (1)

min > min
teto— M, to+M)] teto—M to+M)] te[to—M to+M]

> F¥(t.) —nv +op(1) = n(gyp(v) — v + op(1)),

where the last inequality follows from (132). Here, op(1) denotes a random variable that converges to zero in
probability as n — oo, under the law of g. Combining this with the high probability lower bound for G¥(t)
on the complement of [tg — M, to + M] obtained from Lemma 14 yields that, for all ¢ and for all 0 < v < vy,

G(t) = n(gyrp(y) — v +op(1)).
In conjunction with (130), this yields that with high probability,

in min [lg — tv — u)|? > n(gyie(y) - 1)).
min min llg —tv — ull” 2 nlguwe(y) —v +o(1))

Denote this high probability event by M. Since

E |min mi —tv — u|?*| > E |min mi —tv — ul*1
Iggﬂgggg;ﬂg v UII}_ [rggﬂgqggg}llg v —ul[ "I,

recalling (129), we have
3(CP) < n—nlgyrp(y) — v +o(1)),
thus completing the proof. |

It remains to prove Lemma 14, which is the focus of the rest of this subsection.

Proof of Lemma 14: To begin with, we will specify the event Gy . Since V has sub-Gaussian tails, by an
application of [24] and the union bound, for a(e) = 2max{2/eH(2/¢)},

P Vvi<C >1— e HEVEN 135
v S:lggxﬁn; < Cina(e)| > 1—e (135)

where H(z) = —zlogx — (1 —x)log(1 —z) and Py denotes the probability under the law of V. From results
on the norm of a random vector with independent sub-Gaussian entries, [?, Sec 3.1], it can be established
that

Py [[V]2 < Civa] > 1 - 2exp(—cin), (136)

10Here, the probability is over the law of g.
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where V' denotes the random vector V' = (V4,...,V,). Since, |V| — E|V]| is sub-Gaussian, applying the
Hoeffding-type inequality [34, Proposition 5.10], we have

n

D il < Cin

i=1

Py >1—Chexp(—cin). (137)

Next, note that V2?1yso — E V2115 is sub-exponential and from the Bernstein-type inequality [34, Propo-
sition 5.16], it can be shown that

n

> VPlyso > Cin

i=1

>1—2exp(—cin). (138)

Let Gy denote the high probability event formed by the intersection of the events in (135),(136),(137)
and (138). Thus, any v € Gy N Fy satisfies the following properties:

max Zv < Chna(e |v]|? < Can, Z |v;| < Csn, Z v? > Cyn, maxv? < Clogn.
SCn:|s|=2v/en 4 - 50 '
(139)
We are now in a position to establish (133) and (134). To this end, recall that,
e’(t) = max (gi — tv;)? + 2v/2e%/||g — tw||?
SC[n]:\S’|:2\/Eni26; L
< max 2Y g2+ max 22y " 0?2 + 2v23 4 g|? + t2|v|?}.
SC[n]:|S|=2en ; ScC[n]:|S|=2en ;
To control the above, note that similar to (135) and (136), we have
ma < Cina(e 2 < Con,
st IS‘XQ\MZQZ 1 lgll” < Cs
with high probability. Putting these together, for all ¢,
e¥(t) < n (L +12) (Crale) + Coe®*), (140)

with high probability. Hence, for any positive universal constant M, for all v € Gy N Fy, with high
probability,
sup  £”(t) < nf(e),
te[t()*M,t[)JrM]

where f(z) is specified in the statement of the lemma.

It remains to lower bound G¥(t) outside the finite interval [to — M, to + M] where M is any positive
constant independent of n. Consider ¢ > 1. In this case, invoking (140) we have for all v € Gy N Fy,

GU(t)> > (gi—tv;)® — nt*(Cha(e) + Cae®*) (141)

1:9; <tv;

with high probability. Observe that {i:v; > 0,9, <0} C {i:¢; — tv; < 0}. Thus,

Yoot = > -2 Y fug| > Y v?f2ti|vigi|. (142)
i=1

1:g9; <tv; v >0,9, <0 2:v;>0,9, <0 i:v;>0,9; <0
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Since g — Y1, |g;v;| is Lipschitz with Lipschitz constant at most ||v||, by Gaussian concentration of
Lipschitz functions and from the properties of v € Gy N Fy described in (139), we have

Z |givi| < Can (143)
i=1

with high probability.

Thus, it only remains to analyze the first term in the RHS of (142). Note that the v;’s are deterministic
in this term and g is the random variable. So, v?1,,0,.4,<0 — v?1y,50/2 is a centered multiple of a Bernoulli
random variable and from [34, Proposition 5.10] we have,

2
< Cirexp (—%) ;
n (max; v?)

Pg[ > Uflgigo—% >0}

1:0; >0 :0; >0
where Py denotes the probability under the law of g. This is where the control over max; v, that is ensured
by restricting v to Fy defined via (35), is crucial. Recalling the properties of v from (139), we can choose
t = C'in such that

>t

Z U?lg,igo Z CQTL (144)

i:0; >0
with high probability. Combining (143), (144) and recalling (142), we finally arrive at

G (t) > C1t?n — 2tCyn — nt? (Csa(e) + Cue®/t)

for all v € Gy N Fy with high probability, when ¢ > 1. If ¢ is sufficiently small, one can choose a positive
constant M such that tg + M > 1 and for all t >ty + M the RHS in the above inequality exceeds ngl\_/liE('y).
This establishes the desired result for all ¢ > tg + M. The case of t < tg — M can be analyzed similarly and
is, therefore, omitted.

|
H.7.3 Proof. of Lemma 1
The event {span (V)N .A # {0}} occurs if and only if
3 a # 0 such that aV € A.
Hence,
Plspan (V)N A# {0} <P[da>0st.aV eA+P[Ta<0s.t. aV € A]. (145)
From the definition of A in (32), it follows that
P[H3a>0st.aVeA=P Z Villy,<0 < 2Vn|V|| <P Z [Vi|1y,<0 < €°n| + Cyexp (—cin),
Jj=1 j=1
(146)

where the last inequality follows from (136). Since |V;|1v,<o — E|V;|1y, <o is sub-gaussian, applying [34,
Proposition 5.10] we obtain

(EVi[1y, <o) n

. 3 (E|Vallyy<o) m
2 2

n
< Z [Villy, <o < >1—Chexp(—cin). (147)

i=1
Combining (146) and (147) yields that for sufficiently small ¢,
P[Ha>0st. aV e A < Cyexp(—cin).

The second term in the RHS of (145) can be analyzed similarly.
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