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S1. Discrete model simulation

In this section, we describe how to perform simulations with the discrete model.

(a) Discrete equations

Here, we describe the method to solve Equation (S1.1), governing the discrete model, with

m springs per cell, for the position of each spring boundary, xgy), for i=1,2,..., N and
vr=1,2,...,mand “75\171-1 The equations are included here for convenience:
wa” o w) (SL.1)
n ar =f i - fi ; :
fi('/) = kg”fl) (1’21’) - :cgyil) - az(.uil)) . (S1.2)

(b) Converting cell density into initial positions

We now explain how to convert an initial distribution of density, go(z), into an initial condition

for the discrete model by determining the initial spring boundary positions, xl(.u) = ;cgy) (0), for
1)

i=1,2,...,Nand v=1,2,...,m, and zn, - To solve for these positions we use the Matlab
fsolve function [1] applied to the system of the equations
2V =0, (S1.3)
1 1
D) T D
X — Ty T 9q0(x) _
oD oD -m =0, (51.4)
xiy - :Biy Oz w:;v‘i’
2
2\, = L. (S1.5)

Equations (51.3) and (S1.5) arise from the fixed boundary conditions. Equation (S1.4) arises from

equating the approximate numerical gradient of the density from the discrete system at a position
R
the midpoints of the domains =

with the gradient of ¢o(z) at the same position. To evaluate the numerical gradient we use
O g <2 and o)
domain is given by 1/ [m (wl(-y) - :cl(-”_l))} and similarly 1/ [(m(xgy—i_l) - xl(-y)ﬂ for the second

domain (Figure S1).

and z; ' <z < a:z(-flrl). The density in the first

(c) Assigning spring properties

In this section we explain our approach to assigning spring properties assuming that we know the

@)

initial cell boundary positions, z,’, the initial cell stiffness distribution, ko (z), and initial resting

cell length distribution, ag(z). Here we consider the cell stiffness initial condition and note that
the same ideas apply to assign the resting cell length. We consider spring v in cell 4, located at

(

) iy . . . .
W <z < miVH); let 7;  be the position of the median of ko(z) in this domain, and use this to

i
define the discrete spring stiffness as kl('/) =mko (El(.”)) (Figure S2). For the resting cell length this
(v) (v)

would be a;”’ =ag i(-y) m. This median position, 7/, is solved for by equating the integral
i i p i Yy €q g g
of the initial condition spring stiffness function in wgy) <z< 5551/) and igy) <z< xEV'H),
) 2 (VD

J ., ko(@) da :J " k() da. (S1.6)
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Figure S1. Schematic to determine the approximate numerical gradient of the density from the discrete system at position

v
Ty
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)

Figure S2. Schematic to determine the position z;

cell 4, kE") =mko (55”).

used to define the discrete spring stiffness value for spring v in

(d) Numerical methods

This discrete model, with m springs per cell, is governed by Equations (51.1) with the fixed
1)

boundary conditions mgl) =0, zy’ ; = L. Appropriate scalings of the cell properties are required
7

to determine the spring properties, kg”) =mko (:?gu)) and agy) =ag (:?(V)) /m. The viscosity

coefficient must also be scaled appropriately through n") =n/m. These form a system of Nm — 1

ordinary differential equations, with the two boundary conditions, and initial conditions for the

@) ) )
i i

1, and viscosity coefficient for the system, 7). We solve this system using Matlab odel5s [2].

Alternatively, this system can be analysed with an eigenmode decomposition which is convenient

positions, x; "/, spring stiffnesses, k:f” , and resting spring lengths, a; ’/, of each spring v in cell

to determine the steady state.

H
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S2. Continuum model simulation

Here we describe the numerical method used to solve the partial differential equations associated
with the continuum description.

(a) Discretisation scheme

For convenience we re-state the governing equations:

Ogq(z,t) _ 10*f(z,t),

80 _ 18408, (S2.1)
Bkgi, ) _ % y ; . % 6kg; t); (S2.2)
aag? t) _ _% q(xl, - g% 6a((9fz, t); (S2.3)

flz,t) = k(z,t) (ﬁ — a(a, t))- (52.4)

The first step is to substitute the interaction force from Equation (52.4) into Equations (S2.1),
(S2.2) and (52.3). We solve Equation (52.1) implicitly, and we solve Equations (52.2) and (S2.3) for
the cell stiffness and resting cell length, respectively, explicitly [4]. First, we uniformly discretise
the domain with nodes spaced Az apart. The nodes are indexed j=1,..., R, where R is the
total number of spatial nodes. We apply an upwinding scheme using a numerically determined
velocity at each node, which is defined for node j and time step n as v;L, given by

1 1
ki1 <T - a;‘lﬂ) —kj_1 (T - aﬁl)]- (52.5)
T4+ 951

We use non-constant time stepping for efficiency with the timestep to advance the numerical
solution from timestep n to timestep n + 1 denoted At™. The value of this timestep is determined

=t
7oong}

based on the maximum numerical velocity across all nodes at time n, maxj(v?), and is chosen

as At" = min (O.OOl(Az)Q, 0.00001(Az)?/ max]»(vg")), where Az =0.01 to produce Figure 4 and

Supplementary Figures S3, S4 and S6, and Az = 0.05 otherwise.
We solve Equation (S2.1) using a Crank-Nicolson approximation. At the central nodes we have

n+1 n
4G ~% _ 1 1 {k?Jrl( L 1)_2ﬁ(i_an>+ ﬁl( L » 1)}
At 2(A2)2 | m \qry, 7F n\qr no\q, 77

ntl

Jj+1 J

j=3,...,R—2,n=0,...T,

where we use the approximation
1
147
P ] (52.7)

2 b
G (4)

for the terms at timestep n + 1 on the right-hand side of Equation (S2.6). This approximation
allows us to write the discretised system of equations in tridiagonal form. For the boundary

condition at « =0, corresponding to node j =1, we apply a second order forward difference

n+1 n+1
11 {kﬂl ( 1 —a”“) 72]9] ( 1 fa’?“) " ki < 1 n+1
20822 | n \gyl n \gtt n \gfl
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stencil so that

47 (1 /1
T=1 T+ -2 (= —ab ) -3 (= —df)|. .
a / {al - 3ky (qS a2) 3k \qp (528)

To obtain the equation for node j = 2 we set j = 2 in Equation (52.6) and replace ¢7* with Equation
(52.8). Similarly, to obtain an equation for node j = R at the right boundary « = L we apply a
second order backwards difference stencil,

n 1/ n %72 1 n + 4k}ﬂ%71 1 n (SZ 9)
qr = ap — —— —aR_ —ap_ . .
R R 31{:% qu-k\ffz R-2 3/€7é ql%,1 R—1

This allows us to form an equation for node j = R — 1 also. Now we use the Thomas algorithm [3]
to advance one time step for the equations governing nodes j =2,..., R — 1. Using the results

for nodes j=2,..., R — 1 and Equations (52.8) and (S2.9) we can update the boundary nodes
gt

While performing each temporal step we must also update the cell stiffnesses, k7', and resting
cell lengths, a?, at each node. At the boundaries, + =0 and = = L, corresponding to nodes

j=1 and j =R, these cell properties are fixed so k' =k} and a =a{ for n=1,...,T. For
the interior nodes j =2,..., R — 1, we apply an explicit method with upwinding. The sign of
max; (v]') determines whether we apply forward or backward difference stencils. For example, if
max;(vj') >0 then we apply a backward first order difference to the cell stiffness, Equation (52.2),

+1
L L /= 1 Y S e —a )| i=2. R0
Atn n (Am)2 J q;l J J— q;l_l J— ’ ’ ’

(S2.10)

Cell properties are constant along cell boundary trajectories. Therefore, if we have a cell property
which is initially homogeneous it will remain homogeneous. The numerical method can then be
simplified by not simulating the related cell property equation and replacing its appearance in
the other equations with its constant value.
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S3. Steady state analysis for two tissue model

We obtain an analytical expression for the steady state position of the interface, S, between
two distinct adjacent tissues. Suppose that the left-most tissue is characterised by N7 cells with
stiffness k1 and resting spring length a1, for 0 <2 < S. Similarly, suppose that the right-most
tissue is characterised by N2 cells with stiffness ko and resting spring length as for S <z < L.
Considering the continuum system given by Equations (S2.1), (52.2), (S2.3), and (S2.4) for each
tissue at steady state, the equations governing the evolution of the cellular properties are trivially
solved as we have a homogeneous cell population in each tissue. However, solving Equation
(52.1) and applying the no flux density boundary conditions gives, for the first tissue,

ﬁ(i—m):cl, o<z <S, (S3.1)
n \q1
where c; is an arbitrary constant. At steady state the forces at the interface, x =S, are at
equilibrium, giving,
ﬁ(i _a1> :@(i _az), (S32)
n \q1 n \q2
Relating this mesocopic density to the microscopic density for the tissue we have
Ny No
1 -2 S3.3
n=5 2 75 (53.3)
Substituting Equation (S3.3) into Equation (S3.2) and rearranging gives
k L
]1;;1 + E — a2
S= T T (S3.4)
koN1  No

S4. Breast cancer detection case study: model implementation

Here we present our method to obtain a user specified steady state cell stiffness histogram
consistent with the initial k; by choosing the initial condition for the resting spring length, a;.

(a) Choosing the resting spring length to choose the steady state

The possible final steady state spring stiffness histogram distributions must be consistent with
the initial k; as spring properties are constant along cell trajectories. For illustrative purposes we
choose the steady state spring stiffness histogram distribution we wish to obtain as guided by
experimental results [5]. With this choice we can read off the histogram frequencies that describe
the coverage of the each histogram interval at steady state. For simplicity, we assume that cells
with k; in the same histogram interval are of equal length at steady state. Then the length of each
cell in a histogram interval is given by the total length of cells in the histogram interval divided by
the number of cells in the interval. As we have an initial ordering of the cells and each cell length
at steady state we can now readily determine the steady state cell boundary positions. Returning
to Equation (S1.1), with a single spring per cell, at steady state and the fixed boundary conditions
21 =0,zN41 = L, we now know every z; and k; and we can solve this system of N + 1 nonlinear
equations to find each a;, using fsolve in MATLAB [1]. A simulation is then initiated with these
a;. This simulation reaches the steady state spring stiffness histogram distribution we chose to
obtain.
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S5. Supplementary Figures

In this section we present the supplementary figures which are referenced in the main text.
Heterogeneous k and homogeneous a. Even though a is homogeneous, the resting cell length
is still a key factor as it determines whether the system is, on average, in extension or in

)
K3
value, acrit = L/(mNN), which is the average length of a spring. In Figure 3 we consider a < acyit
so that on average cells are in extension. We present other cases, where a = a,ity and a > acyit,
in Supplementary Figures S3 and S4. We choose the initial cell stiffness distribution to be
ko(z) =1+ 0.1[z — (L/2)]?. Figure S3, depicts how the system relaxes to a uniform density
distribution, due to the combination of a = ac,i; and the cell stiffness heterogeneity, as the velocity
field u tends to zero.

It is notable that even for low m we have excellent agreement between the discrete density and
the continuum density especially at the centre of each spring. However, agreement at the spring
boundaries does not hold as well for low m.

compression. This is determined by comparing the resting spring length, a,”’, with the critical

Heterogeneous a. We see similar discrete-continuum agreement when we consider examples
with homogeneous k and heterogeneous a, and heterogeneous k and heterogeneous a, see
Supplementary Figures S5 and S6, respectively. We observe higher cell density in regions of lower
a which agrees with the steady state solution to the coarse-grained model, Equation (3.2) in the
main paper.

H
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Figure S3. Results for heterogeneous cell stiffness and homogeneous cell spring length for cells in extension, with N =
10, ko(z) =1+ 0.1(z — 5)2, and ag(x) = 1. (a,b) Characteristic diagram for spring boundary position evolution for
0.00 <t < 16.25 with m = 4 so that every fourth trajectory represents a cell boundary. Colour denotes (a) cell density,
(b) cell stiffness. In (a,b) black lines and dots represent times for snapshots in (c-h). (c,e,g) Cell density snapshots at
t =10.00, 2.50, 15.00. (d,f,h) Cell stiffness snapshots at ¢ = 0.00, 2.50, 15.00. In (c-h) lines display results from m =1
(blue), 2 (red), 4 (yellow), and continuum system (black). (/) Characteristic diagram for spring boundary position evolution
for 0.00 <t < 0.10. Colour denotes velocity. (j) Velocity snapshots at ¢ = 0.00 (blue), 0.05 (green), 2.50 (yellow), 15.00
(magenta). Dashed/solid line represent solutions from discrete model with m = 4 and continuum model, respectively.
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Figure S4. Results for heterogeneous cell stiffness and homogeneous resting cell length, for cells on average in
compression, with N = 10, ko(z) = 1 + 0.1(xz — 5)2, and ag(x) = 2. (a,b) Characteristic diagram for spring boundary
position evolution for 0.00 <t < 16.25 with m =4 so that every fourth trajectory represents a cell boundary. Colour
denotes (a) cell density, (b) cell stiffness. In (a,b) black lines and dots represent times for snapshots in (c-h). (c,e,g) Cell
density snapshots at ¢ = 0.00, 2.50, 15.00. (d,f,h) Cell stiffness snapshots at ¢ = 0.00, 2.50, 15.00. In (c-h) lines display
results from m = 1 (blue), 2 (red), 4 (yellow), and continuum system (black).
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Figure S5. Results for homogeneous k and heterogeneous a for cells on average not in extension or compression,

with N =10, ko(z) =1, and ag(z) = 0.05z. (a,b) Characteristic diagram for spring boundary position evolution for

0.00 <t < 16.25, with m = 4 so that every fourth trajectory represents a cell boundary. Colour denotes (a) cell density,

(b) resting cell length. In (a,b) black lines and dots represent times for snapshots in (c-h). (c,e,g) Cell density snapshots
at t =0.00, 2.50, 15.00. (d,f,h) Resting cell length snapshots at t = 0.00, 2.50, 15.00. In (c-h) lines display results from
N =10 with m =1 (blue), 2 (red), and continuum system (black).
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Figure S6. Results for heterogeneous cell stiffness and heterogeneous resting cell length, with N =10,
ko(x) =1+ 0.1(z — 5)2 and ao(x) = 0.05z. (a,b,c) Characteristic diagram for spring boundary position evolution for
0.00 <t <16.25 with m = 4 so that every fourth trajectory represents a cell boundary. Colour denotes (a) cell density,
(b) cell stiffness, (c) resting cell length. In (a,b,c) black lines and dots represent times for snapshots in (d-/). (d,g.j)
Cell density snapshots at ¢t = 0.00, 1.25, 15.00. (e,h,k) Cell stiffness snapshots at ¢ = 0.00, 1.25, 15.00. (fi,/) Resting
cell length snapshots at ¢ = 0.00, 1.25, 15.00. In (d-/) lines display results from m =1 (blue), 2 (red), 4 (yellow), and
continuum system (black).
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