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1 Supplemental Figures

Figure S 1: Linkage disequilibrium block structure for ABCA?7.

Each plot represents a non-overlapped region of the genotype data used in our simulations studies.



Figure S 2: Training R? by DPR and PrediXcan in simulation studies.
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Under various simulation scenarios with the proportions of true causal SNPS peousai =
(0.001,0.01,0.1,0.2) and expression heritability h? = (0.05,0.1,0.2,0.5).



Figure S 3: Manhattan plots for TWAS of neurofibrillary tangle density (Tangles).
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Figure S 4: Manhattan plots for TWAS of 3-amyloid load (Amyloid).
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Figure S 5: Quantile-Quantile (QQ) plots for univariate and multivariate TWAS.
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Figure S 6: Manhattan plot for multiphenotype TWAS of Tangles and Amyloid.
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2 Supplemental Method

2.1 Nonparametric Bayesian Dirichlet Process Regression Model

Consider the following additive linear regression model for estimating the cis-eQTL effect-sizes,
Eg = XnxpWpx1 + €, € ~ N(0,0%I), 62 ~ IG(a,,b,), (1)

where vector E; denotes the gene expression levels for gene g, X, x, denotes the genotype
matrix for n samples and p cis-SNPs (encoded as the number of minor alleles), w denotes the
corresponding cis-eQTL effect-size vector, vector € denotes the error term, and I denotes an identity
matrix. The intercept term is dropped in model (1) for assuming both E; and X are centered at 0.
The error variance o2 is assumed with an Inverse Gamma (IG) prior distribution.

Following the latent Dirichlet process regression (DPR) model [1], we assume a normal prior
N(0,02%02) for the cis-eQTL effect-sizes and a Dirichlet process (DP) prior [2] for 2. That is,

w; ~ N(0,06%02), 02 ~ D, D~ DP(IG(a,b),&), i =1, ,p, (2)

where the prior distribution D deviates from the D P with base distribution as an Inverse Gamma
distribution and concentration parameter . In particular, different from the notation in the main
text, the prior effect-size variance is assumed to be scaled by the inverse of the error variance
(62)~! for computational simplicity. Here, o2 can be viewed as a latent variable and integrating
out o2, will induce a nonparametric prior distribution on w;, which is equivalent to the following
DP normal mixture model [3, 4],

400 k—1
w; ~ TN(0,0%07) + Z?TkN(O, o2(or + ad)), T = v H(l —1); €))
k=1 =0

v ~ Beta(1,£), & ~ Gammal(ag,be), of ~ IG(ay,bg), k=0,1,---,+oc.

Here, the nonparametric prior distribution on w; is equivalently represented by a mixture
normal prior that is a weighted sum of an infinitely number of zero-mean normal distributions.
The variance terms of these normal distributions are assumed to be scaled by the inverse of the
error variance (02)~! and centered by —o? for those corresponding to k > 0. Note that the o2 can
also be viewed as the smallest variance component, such that other variance components can be
written as (o7 + 03). The weight parameter y, is determined by {v;,1 =0, --- , k} with a Beta prior,
where the parameter £ determines the number of components with non-zero weights (¢ is the same
concentration parameter as in (2)). Generally, the hyper parameters {ay, b, ac, b} in the Inverse
Gamma distributions can be set as 0.1 and (a¢, b¢) in the Gamma distribution can be set as (1,0.1)
to induce non-informative priors for (02,02, €).

For computational convenience, following previous Bayesian models [1, 5], we group the effect-
sizes corresponding to the first normal component that has the smallest variance term, N (0, 0203),



as a random effect term w. Then the above model (1, 3) is equivalent to

Eg = Xw+u+e; u~N(0,0203K), e ~ N(0,0%I), 02 ~ IG(a,, b,); 4
k—1

w; = Zﬂ'kN ak Wk—UkH 1—y), k=1, , +o0;
1=0

v o~ Beta(l,{), & ~ Gamma(ag, be); a,% ~ IG(ag,br); k=0,1,,--+,400;

where K = X X’ /p is the Genetic Relatedness Matrix (GRM) [1, 5]. Note that the random effect
term can be written as

u=X¢ G~ N(0,0l05/p), i =1,..p; (5)
where (; denotes the random effect-size for SNP i. Our computational algorithms will be derived
with respect to model (4) for estimating (w, ¢), which will then give estimates for the cis-eQTL
effect-sizes w = w + ¢ as in model (1).

Based on model (4), the joint conditional posterior function for all parameters in the model is
given by
P(’I.D,’U,,I/,f,O'EQ,O'g,O'%,"',O']%,""EQ,X,K)O( (6)
P(Ey|X,K,w,u,0?)P(wlv,0},-- 0%, )P(ulo?, 0, K)
(ITiZ5 P(oRlar, br)) P(v[€)P(Elag, be) P(02|ac, be).
One convenience for considering model (4) is that one can integrate out the random effect term u

from (6) and then implement Gibbs sampling [6] for improved mixing in the Markov Chain Monte
Carlo (MCMC) sampling. Specifically,

P(w,v,&,02,08,0%,- - ,a,%,-~|Eg,X,K [ P(w,u,v & 02,0802, ,O']%,---|E9,X,K)d’u,
= [ P(E4| X, K, w,u,0?)P(ulo?, 0, K)dux
P(wlv,0f,--- 07, ) (T2 P(o}lak, b)) P(V|€) P(¢lag, be) P(o2]ac, be), 7
where

~ _1
| PEX K. @u,0))Plulo?, o K)du o |o2H] zexp{ 507

1 ~
(Eqg — Xw)H™ (Eg—Xw)},
H = I+0K.
The following MCMC Sampling and Variational Inference algorithms will be derived based on the
joint conditional posterior density function (7).

2.2 MCMC Sampling

To facilitate MCMC sampling, for each SNP i, we assume a corresponding indicator vector v; =
{vir € {0,1},k = 1,...,+o0} that indicates if the kth normal component contributes to the effect-
size distribution. Consequently, v;; has a Bernoulli(my) prior. Let v denote the indicator vectors



{vi,i=1,---,p}. Consequently, the joint conditional posterior density function (7) becomes

P(ﬁ,’)’,l/,§70‘€2,0‘870%,--- O-].;;a' |Eg>X7K)O<
02H|" % exp {—ﬁ(Eg — Xw)yH Y (E, — X{E)} x
P<w"77o-e270'%7 e 7013;7 o ) ( ::O?) P(Ulg;|ak7bk)) P<7|V)P(V‘€)P(§’a§7bg)P(Uzla&bE) o8
02 H|™% exp {—L(E — Xw)H Y (E, — X{E)} x
(IT7= TTEZ 7N (wins 0, 020)) (125 1G (07: an, b))
( P TIESS Bernoulli(yig; i = vi leo (1-— 1/1))> ( 120 Beta(vg; 1,¢)) x
Gamma(g; ag,bg)IG(Uf;ae,be). (8)
Denoting w; = Y125 VikWik, Wi ~ N(0,0202), Then the log joint conditional posterior density
function is given by
log(P(w,~, 1/,5,0’62, 08,0%, e O']%, - |Eg, X, K)) =
C — log|lo?H| — 5 (Eg — Xw)H Y(Eg — Xw)+

20-2
1 ST ik [ slog(a?) — 3log(a}) — Qwék 2} + S [ (ar + 1)log(c?) — CbT%} +
Zz 1 Zk 1 [%k (ZOQ(Vk) + Zz 0 log(l - Vl)) + (1 — vix)log (1 — Vg Hé:ol(l — ) )}
220 [(€ = Dlog(1 — vg) + 1og(€)] + (ag — 1)log(€) — be€ — (ac + 1)log(a?) — 25, 9)

where C denotes a normalization constant that is free of parameters. Based on the log conditional
posterior density function (9), the following MCMC sampling scheme is derived for obtaining the
posterior estimates for w.

2.2.1 Gibbs Sampling Scheme

From (9), for each parameter in the model, we derive the log conditional density function
conditioning on other parameters as follows:

e w;, and v,

The log joint conditional density function for w;, v, is given by,

log(P(wik, ik |-)) = C = S0 (Wi + Qi) + ey H - (By = X0, @50, wi +

—2
Yik |:_§l09(0-6) - flog(ak) - 212?0,%} +
i (zogm) + X fog(1 =) + (1= yalog (1= [I5 (1 -w). (10)



Then the log conditional posterior distribution for (wx|y;x = 1, -) is given by

— 92
x; H lx; 9 Wik

log(P(winlyie = 1,))) = C — 37 T 3537 + ;m iH ™ (Bg — ) aji; — @ity ) Wir
¢ J#i
e, H lz;+0,° _ 1 _ ~ —
= Cc-= 201 k wlk2 + 2% (H (B, — ijwj — T Wi(—k) ) Wik;
JF#i

P(wilyie =1,-) ~ N(m, si,),
B w,iH_l(Eg - Zj;éi Tjw; — LiW;(—))
mie = — ) )
o, H 1x; + o

0.2

2 €
ik z;H 1z; + 0, >

After integrating out w;;, from (10), the conditional probability for (;;, = 1|-) is given by
Pou=1) = mu= [ P(@ 7 = 1)

k—1
1
exp {—2log(06) - flog(ak) + log(vy) + Zlog 1-— Vl)} X

=0

o H 'z, +o,7 | —
/exp -= 20; k wzk2 + —a: LH! Z:cjw] T Wik ) Wik ¢ dwig, X
¢ J#i

k—1

1 m?
exp {—2log(a ) — flog(ok) + log(v) + Zlog (1-— I/l)} \/2msy 2;5
k

1=0
2 k—1
\/ 272 exp {72n2 flog( 2) — flog(ak) + log(vg) + Zlog 1-— Vl)}

exp { (@2 — 2m;p Wik + m?k:) } dw;p, o<

1=0
’I’)’L2 k—1
exp { 2;5 (sk) —log(oe) —log(oy) + log(vy) + Z log(1 — Vl)} , (12)
k 1=0
where [ F exp{ (wm — 2mpwiE + m k) } dw;; = 1 because the integrand is just

the density function of N (wik; Mk, S k).

Vi



The log conditional density function for v is given by,

P 4oo k-1
log(P(ui-)) = > > [’sz (log Vi) + Zlog (1-w ) (1 =ik )log (1 —u JJ(1 - Vl)) +
=1 k=1 1=0
+oo
> (€= Dlog(1 —w) +C,
k=1
= Z%klog vk +Z Z virlog(1 — vg) +
i=1 i=1l=k+1
P +oo -
Z Z —7ij)log (1 — v H(l - 1/1)> + (£ = 1)log(1 —vg) + C,
=1 j—k 1=0
p p +oo
~ Z%klOg(Vk) + ) viklog(l =) + (€ = Dlog(1 — ) + C,
i=1 i=1l=k+1
p p +oo
P(wl) ~ Beta(rr &), k= ¥r+1 &=>_ > ta+é& (13)
i=1 i=1 I=k+1

° G,%, k>0
The log conditional density function for o7, k > 0 is given by,

—2 +00
log(P(a,%\-)) = C+ZZ’M [ Slog( Uk) wzk] +Z [—(ak —|—1)log(a,§) — 3];]

22
i=1 k=1 2080}, k=0 k
u 1 T o bk
— €k k

1y 2 S0 (ki) 1
= C— <2Z%k +ag + 1) log(oy) — (w + by, U—g,

i=1
Z€:1 (%k@%

952 + bg. (14)

N R ~
P(oil-) ~ IG(akby), ai = §Z’Yik+aka b, =
i=1

e ¢ The log conditional density function for ¢ is given by,

log(P(¢§]-)) = C+ Z — Dlog(1 — vg) + log(€)] + (ag — 1)log(€) — be&
+oo +oo
= C+ (ag + Z 1 — 1) log(&) — <b§ - Zlog(l - l/k)> £
k=0 k=0

+o00 +00
(P(E) ~ Gammal(dgbe), Ge = ag+ > li, be =be — Y log(1—1).  (15)
k=0 k=0



. o2

The log conditional density function for o2 is given by,

1 _ ~
log(P(o?])) = C — gloglo?H| — By~ X@)H(By — X@) +
P +oo 1 /UT/Q
YD ik [—5log(0?) — 55— | — (ac + Diog(o?) —
Pl 2 20207}

P +oo
= C—log(o ( + 5 E:E:%k+ae+l>

=1 k=1

O¢

P(c?) ~ IG(d.,b.),

n 1 P +oo
ac = 5"‘522%%4‘@57

i=1 k=1
_ 1 p oo
be = 5By - Xw)H ' (Eg— X®)+ Y > v
i=1 k=1
e 032
The log conditional density function for o3 is given by,
1 _ ~
log(P(ag]-) = C—*log\H\ 553 (Bg = X®) H ' (Eg - Xw) —

6

H = I+0K.

1 (1 .
2<2<E9—X'w>’H By~ X0+ 30

=1 k=1

2
T
=+ be.
20},

(a0 +1)log(0p) — =,

be
o2
€

(16)

bo
o)
(17

Because the conditional density function (17) is of an unknown distribution, Metropolis-

Hastings algorithm is needed to generate posterior samples for o.

2

For improved mixing

property, we will re-parametrize o3 to h? = J;’_-il, such that h? has domain [0,1]. Based
0
on the probability density function for change of variables P(h?|-) = d0§£Z2)P(a§|~), the log

conditional density function for h? is given by

log(P(h?|)) = log(a5(h?)|-) — 2log(1 — h?),

where log(cg(h?)|-) is given by (17) with o3 (h?) = £ h2

sample h? based on (18) and then obtain the 0(2) sample from 00 =

(18)

In the MCMC sampling, we will first
h2

1

_h2 .

e The above conditional posterior density functions will be used in the Gibbs sampling

algorithm to generate posterior samples with respect to each parameter in turn. As a result,

the average of the posterior samples will be taken as the posterior Bayesian estimate for the

corresponding parameter.



2.2.2 Estimate ¢

Recall that the random effect term u can be represented by the random effect-size vector ¢ as in
(5). The posterior conditional distribution for ¢ is given by

P(¢l) o P(Eg|X,w,¢,07)P(Clo?, o5)
loptons

2 2
x MVN (Eg; Xw+ X(, 02I) x MVN (g; 0, —< I>
p

1 2 -
X exp {—2 [—chlX'(Eg - Xw) —l— —

x exp{—; [C/<012X,X+02p )C_QC (EU XUJ)]}

P(Cl) ~ MVN(uc, %),

X'(Ey— X 5 .
we = X4 - w)ZC—(;OX'(Eg—Xw)H_l, (19)
€
1 -1 2 2 B 252 X'X
N = (QX'X+ fz> = 2N (RK+T) =T H K=" H=0}K+1.
o loptons p p p

Instead of sampling ¢ in the MCMC algorithm, we take the Row-Blackwell approximation for the
conditional posterior mean of ¢ as the posterior estimate. That is,

MZUO (B, — Xw™)(H™)~L, (20)

where M denotes the total number of MCMC iterations and (m) denotes the corresponding sample
value for the mth MCMC iteration.

2.2.3 Estimate cis-eQTL Effect-sizes w for TWAS

Note that the random effect term u is generally specific for the training samples. That is, the random
effect-size ( is likely to be over-estimated for the training data. We investigated using either the
fixed effect-sizes Zzﬁj’ vikWik , or the additive effect-sizes Zf{;’? Yik Wik + fl as our cis-eQTL effect-
size estimates w;. Our simulation studies show that using only fixed effect-sizes resulted slightly
higher prediction R? and similar TWAS power in test data. Because our real TWAS analysis with
ROS/MAP data includes training samples, we used the additive effect-size estimates to generate
TWAS results.

2.2.4 Computation bottleneck for MCMC

To improve the computational efficiency of MCMC sampling, the previous DPR paper [1] utilized
multiple techniques, e.g., approximating the infinite normal mixture by a truncated normal mixture



with K normal components as in [3], implementing an eigen decomposition for K = UDU’
and transfer the gene expression levels and genotype as U’E4, U’ X such that the random effects
become independent across samples, and taking the random scan Gibbs sampling algorithm [7, 8]
to prioritize a set of 500 cis-eQTL that have the most significant marginal p-values for associated
with E,. However, the MCMC sampling still takes ~10 hours to run 50,000 iterations per gene
(p ~ 10,000) for the ROS/MAP data with n = 499 samples. Thus, we take the variational inference
algorithm [1, 3, 9, 10] to fit the nonparametric Bayesian model (4), and then obtain the Bayesian
estimates for cis-eQTL effect-sizes w.

2.3 Variational Inference Algorithm

Besides the computational expensive MCMC algorithm, the variational inference algorithm [1, 3, 9,
10] provides an alternative, deterministic methodology for approximating likelihoods and posterior
density functions for a Bayesian model such as (4). Following the derivations by [1, 3], we will
use a particular class of variational methods known as mean-field methods, which is based on
optimizing Kullback-Leibler (KL) divergence with respect to a variational distribution.

Let 0 = {w,~,u,v,{,02,08,0}, - ,0%,---} denote the parameters of interest from model
(4). Let q(8) = [],q(¢;) denote a variational distribution that assumes independence among
parameters {¢;} and approximates the joint posterior distribution for . We aim to identify a
variational distribution such that the KL divergence between the variational distribution ¢(@) and

the joint posterior distribution P(8|E4, X, K) is minimized. In particular,

KLGO)IPOLE. X.K) = Ey 1o (550 % 5 ) @

= Eqo) [log(q(0))] — Eqe) [log(P(6, Eq, X, K))| + log(P(Eg, X, K)).

Since P(E4, X, K) in (21) is independent of ¢(#), minimizing the KL divergence (21) is equivalent
to maximizing the evidence lower bound (ELBO),

ELBO = Eyqg) [log(P(0, Eg, X, K))] — Eyg)[log(q())] - (22)

Because of the independence among {¢(f;)}, a gradient ascent algorithm [11] can be taken to
maximize (22) by maximizing the ELBO with respect to each ¢(6;) in turn. We can derive the partial
derivative of ELBO with respect to ¢(6;) as follows,

OELBO (fq Ey(—0,)[log(P(8, By, X, K))|d0; — [ q(6;)log(q(6;))d0; — [ a(9; C,]d9>
dq(0;) 9q(6;)

= EQ(*Gj)[log(P(evEg7XﬂK))] - log(Q(ej)) - C—j7 (23)
where E,) [log( (O] = Eyo) [S5100(a(65))] = Eyo)llo9(a(65))] + ooy S loala(6r))] =

Eq) [log(q(8;))] + [ q(8 C_]dﬁj, and C_; is a constant free of ¢(¢;). By setting the partial



derivative (23) equal to zero, we obtain the following variational distribution for 6;,
a(6;) o< exp { Eyq_,)[10g(P(6, Eg, X, K))I} o< exp { Eyy_)log(P(010-5, By, X, K))]},  (24)

where 6_; denotes other parameters excluding ¢;, and ¢(¢_;) denotes the variational distribution
for 6_;.

As a result, the optimal variational distributions per #; can be obtained by the gradient ascent
algorithm with a partial derivative quantity (23). The ELBO quantity (22) will be used to check
convergence of the gradient ascent algorithm. Then the posterior mean of the corresponding
optimal variational distribution ¢(6;) from the last iteration will be taken as the Bayesian estimator
for ;.

2.3.1 Joint Posterior Distribution for 6

Because the ELBO quantity (22) is difficult to compute if the variational distributions are of
unknown distributions, we will derive the variational inference algorithm without integrating out
the random effect term w. For computational convenience, we transform the model (4) as follows,

UE; = UXw+Uu+e n=Uu~N(0,0203D); K = XpX/ =U'DU, (25
where D is a diagonal matrix and prior distributions for {w, 03, o2} are the same as in model (4).
With indicator vectors =, the joint conditional posterior function for 6 is given by,
PO|Ey, X, K) = P(tﬁ,’y,n,u,ﬁ,a?,aé,a%, e ,a,%, < [Eg, X, K) o (26)
P(U'Ey|U'X, D, w,n, ) P(wly,v,08, -+ ,0f, - )P(nlo?, o5, D)
(TT525 P(oRlar, b)) P(0?|ac, be) P(y|v) P(v|¢) P(¢|ag, be).
Consequently, the log joint posterior density function is given by
log(P(w,~,n,v,&,02,08,08,-+ 07, |Eg, X, K)) =
C — §log(0?) = 5,3(U'Eg —U'X®w — ) (U'Eg - U'X® — 1)+
P Y ik | ~blog(o?) — log(o}) — 32 | — Blog(0?) — §log(af) — §n' (o203 D) 'n+
25 [~ax+ Diog(o}) — 8| = (ac+ Diog(0?) — L+
P e (tog () + o Hog(1 = m) + (1 = yalog (1 - e T (1 = w)) | +
i25 16 = Diog(1 = ) + log(€)] + (ag — Diog() — bek, 27)

where C' denotes a normalization constant that is free of parameters.



2.3.2 Variational Distribution for 0;

Based on the above log joint posterior density function (27), the following variational distributions
are derived with respect to each 6;.

e w;, and ;i

N 1 N o
log(a(wi, %)) = C =5 Elo |l UU i (W, + 2w By _r)]) +

=0
k—1
(1 —~ix)E |log (1 — v H(l - Vﬂ)] , (28)

=0

where wz(_k) = Zﬁék @U

Then q(w;x|vix = 1) is given by

_ 1 _ 1 _
q(wiglvik=1) = C— iE[UEQ]ngU'wiwikQ - iE[a;2]E[0k_2}wik2 +

Elo?|lziU | U'Eg - Y (U'mE[w)) — Eln] — U'z; E[i;_y)) | wir
14
Elo?]

€

(2iU'Uz; — Eloy2) wir” +

EloaiU’ | UE, — Z(U'fﬂlE[ile]) — En] — U'z; E[w;_p)] | wik
12
q(Wiklvie =1) ~ N(ma,sp,),
w;UWU'Eg — 3, U'miE[w] — En] — U'z; Elw; )

mo; = Y
" 2{U'Ux; + E[o; ]

1
Elo (2 UU'z; + E[0,?])

2
Sik —

(29)

Similar to the derivation for (12), after integrating out w;; from (28), the variational



probability for (v;; = 1) is given by

(i = 1) = by — / o(@r, o = 1)diig o

m2, k-1
exp { +log(sy,) — Ellog(oe)] — Ellog(oy)] + Ellog(v)] + ) Ellog(1 — Vz)]} :
1=0

2g 2
(30)
® V.
log(q(vg)) = C+ZE%1c log(vy, +Z Z [Yir)log(1 — vg) + (E[€] — 1)log(1 — vy,),
i=1 l=k+1
p
qg(vk) ~ Beta(rg, &), wr = Y Elvik] +1, ék—z Z [yl + B[ (1)
i=1 =1 l=k+1
e 0i, k>0
1< P Elyiwwin]Elo 2 1
log(a(e?)) = C - (ZE[vik]+ak+1> log(a?) — (Zl—l i)l ]+bk> =
=1 k
g(op) ~ IG(ax,by), ar = ZEm +ap, by = ZE%szk |Blo7%) + by, (32)
=1
° ¢

+o0 +oo
log(q(§)) = C+ (as +> - 1) log (&) — (bs — Y Ellog(1 - w:)]) &
k= k=
~0 400 . ’ 400
q(€) ~ Gammal(ag,be), ag = ag + Y 1r, be = bg — Y Ellog(1 —w)].  (33)
k=0 k=0



(LN )

P +o©
log(q(?)) = C —log(o ( +5 ZZE%k +ae+1>
=1 k=1
252 (U'E U'XE[w] — E[n])(U'Eg - U'XE[w] — E[n]) — (34
1 SN 1 & ER|EloyY 1
2 Z Z fY@szk - 902 Dio - pbe;
9¢ D1 k=1 € =1 v €
q(0?) ~ IG(acbo), (35)
n P +oo
dve = 5 ZZ 71]@ + a,
1=1 k=1
b = (U'E, - U'XE[@] - Fly 1>'<U’E9—U'XE[61 — Eln)) +
1 P 2
(ZZE%W}M [0 +Z >+b
=1 k=1
[ ] 0'(2)
1 <& E[ni]?E[0:? b
oglalof) = € Gloa(ed) — 52 3 I~ (ao 4 Wiogtof)
2 1 - Emi)*Elo?]
q(ao) ~ IG(CL(], bo) ap 7+a0, bo QZDiero (36)
i=1 (4
°
E[OJZ] ’ ’ ~ / ’ ’ ~
loglg(m)) = C—-——(UE;-UXE[w] —n)(UEg - U XE[w] —n) —
1
5N El(oéog D) n;
a(m) ~ MVN(py, 3p),
py = (Elog|D™' + )" (U'E, - U' X E[w)),
_ (Blog®lD™ + D)7
2"'l - E[O’e 2] 3 (37)

where X, is a diagonal matrix. That is, {q(n;);i =1, --

,p} are independent of each other.



e Evaluations of the expectations in the above variational distributions:

Elnl = py;
Byl = G =1, p k=1,2;

E[’Yzmz] = Z@k zk + Szk Z¢zkmzk7 1= 1
Ellog(v)] = ¢(/€k) — (kK + &); Ellog(1 — Vk)] = (&) — (ke +&); k=01,
Elioglor)] = 3(log(h) — v(@): Eloi?) = % k=0,1,.--

b
loglod) = 5 og(b) — ¥(@)); Eloc?) =
Ellog(€)] = () — log(be); El] = i

where ¢(z) = 1;(( )) is the digamma function and the expectations are taken with respect to
each variational distribution ¢(6;).

2.3.3 Evaluate the ELBO

Recall the formula (22) for ELBO, we will need to calculate the expectation quantities
Ey) [log(q(@))] and Eq) [log(P(0, Eg4, X, K))]. In particular,

Eqyo) llog(a(0))] = D Eyo llog(a(6;)

p +oo p
= Y By llog(a(@i, 7))l + Y Eyyllog(a(m))] +
=1

i=1 k=1

ZE ) [log(q(vr)) +ZE o2)llog(q (o)) +

k=1
q(ag)[log( ( e))] +Eq(§)[log(q(§))]7 (38)

where

“+o00

By yon llog(q(wi, vi))] = Z birElog(q(wi, i = 1)) Z bir(Ellog(q(wi|yi = 1)q(vi = 1))])
k=1
+oo

- Z bk (log(dir) + Ellog(q(wi|vi = 1))])

k=1

+o00 . 2 )
- Z Pik <l09(¢ik) - §l0g(27rsik) — 2> :

k=1

1 1
Eqmollog(a(m))] = —Zlog(2m3y,) — 5, i =1, ,p;



Eywllog(a(v))] = log(T' (kg + &) — log(T'(kk)) — log(T'(&k)) +
(k — 1) Eflog(vk)] + (§ — 1) E[log(1 — vy)]
= log(L'(kk + &) — log(L(ky)) — log(T'(&k)) +
(k= 1) (¥(kr) — (kK + &) — (& — (k5 + &) — ¥(Ek));
Ey2)llog(a(o})] = axlog(by) — log(T'(ar)) — 2(d + 1) Ellog(on)] — i B0y, %]
log(

= dilog(by) — log(T () — (ay, + 1) (log(by) — (ax)) — di, k=1,2,---;
Eyo2)llog(a(0?)] = aclog(be) — log(T(e)) — (e + 1) (log(be) — v(ae)) — d;
Eyollog(a(€))] = daglog(be) — log(T(de)) + (Gg — 1)Ellog(€)] — be ElE]

(T
= log(be) — log(T(d¢)) + (@ — 1)¥(dg) — de.
And

E, ) llog(P(6, Eg, X, U, D))] (39)
= Eye) [log(P(Eg|0, X, U)P(ily, 02, 0%, k =1, )P(n| D, 0?,05) P(v|v) P(v[§) P(S))]
= Ey(o)[log(P(Eqg|0, X)] + Eqye)llog(P(t]y, 02, 0%, k = 1 --~))] + Eq(e)[log(P(n| D, 02, 05))]+
Eqo)llog(P(v[v)] + Eq)llog(P(v[€))] + Eq(e)[log(P(£))]- (40)

2.3.4 Gradient Ascent Algorithm

Starting with initial parameter values 0y, we will iteratively evaluate the above variational
distributions and take the variational means as the corresponding parameter values in next
iteration. Iterations will stop when the ELBO quantity converges.

The variational means from the last iteration will be taken as the Bayesian estimates for
corresponding parameters, e.g., @,ﬁ. Recall that 7 = U’X(, then the Bayesian estimate for ¢
is given by ¢ = (U’X)~17. Thus, the Bayesian estimate for cis-eQTL effect-sizes is given by
@ =w+C.
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