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1 Supplemental Figures

Figure S 1: Linkage disequilibrium block structure for ABCA7.

Each plot represents a non-overlapped region of the genotype data used in our simulations studies.



Figure S 2: Training R2 by DPR and PrediXcan in simulation studies.
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Figure S 3: Manhattan plots for TWAS of neurofibrillary tangle density (Tangles).
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Figure S 4: Manhattan plots for TWAS of β-amyloid load (Amyloid).
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Figure S 5: Quantile-Quantile (QQ) plots for univariate and multivariate TWAS.
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With phenotypes of Tangles and Amyloid using individual-level ROS/MAP data and imputation
models by DPR (A, B, C) and PrediXcan (D, E, F).



Figure S 6: Manhattan plot for multiphenotype TWAS of Tangles and Amyloid.
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2 Supplemental Method

2.1 Nonparametric Bayesian Dirichlet Process Regression Model

Consider the following additive linear regression model for estimating the cis-eQTL effect-sizes,

Eg = Xn×pwp×1 + ε, ε ∼ N(0, σ2ε I), σ2ε ∼ IG(aε,bε), (1)

where vector Eg denotes the gene expression levels for gene g, Xn×p denotes the genotype
matrix for n samples and p cis-SNPs (encoded as the number of minor alleles), w denotes the
corresponding cis-eQTL effect-size vector, vector ε denotes the error term, and I denotes an identity
matrix. The intercept term is dropped in model (1) for assuming both Eg and X are centered at 0.
The error variance σ2

ε is assumed with an Inverse Gamma (IG) prior distribution.
Following the latent Dirichlet process regression (DPR) model [1], we assume a normal prior

N(0, σ2
εσ

2
w) for the cis-eQTL effect-sizes and a Dirichlet process (DP) prior [2] for σ2

w. That is,

wi ∼ N(0, σ2
εσ

2
w), σ2

w ∼ D, D ∼ DP (IG(a, b), ξ), i = 1, · · · , p, (2)

where the prior distribution D deviates from the DP with base distribution as an Inverse Gamma
distribution and concentration parameter ξ. In particular, different from the notation in the main
text, the prior effect-size variance is assumed to be scaled by the inverse of the error variance
(σ2
ε )
−1 for computational simplicity. Here, σ2

w can be viewed as a latent variable and integrating
out σ2

w will induce a nonparametric prior distribution on wi, which is equivalent to the following
DP normal mixture model [3, 4],

wi ∼ π0N(0, σ2
εσ

2
0) +

+∞∑
k=1

πkN(0, σ2
ε (σ

2
k + σ2

0)), πk = νk

k−1∏
l=0

(1− νl); (3)

νk ∼ Beta(1, ξ), ξ ∼ Gamma(aξ, bξ), σ
2
k ∼ IG(ak, bk), k = 0, 1, · · · ,+∞.

Here, the nonparametric prior distribution on wi is equivalently represented by a mixture
normal prior that is a weighted sum of an infinitely number of zero-mean normal distributions.
The variance terms of these normal distributions are assumed to be scaled by the inverse of the
error variance (σ2

ε )
−1 and centered by −σ2

0 for those corresponding to k > 0. Note that the σ2
0 can

also be viewed as the smallest variance component, such that other variance components can be
written as (σ2

k +σ2
0). The weight parameter πk is determined by {νl, l = 0, · · · , k} with a Beta prior,

where the parameter ξ determines the number of components with non-zero weights (ξ is the same
concentration parameter as in (2)). Generally, the hyper parameters {ak, bk, aε, bε} in the Inverse
Gamma distributions can be set as 0.1 and (aξ, bξ) in the Gamma distribution can be set as (1, 0.1)

to induce non-informative priors for (σ2
k, σ

2
ε , ξ).

For computational convenience, following previous Bayesian models [1, 5], we group the effect-
sizes corresponding to the first normal component that has the smallest variance term, N(0, σ2

εσ
2
0),



as a random effect term u. Then the above model (1, 3) is equivalent to

Eg = Xw̃ + u + ε; u ∼ N(0, σ2ε σ
2
0K), ε ∼ N(0, σ2ε I), σ2ε ∼ IG(aε,bε); (4)

w̃i =
+∞∑
k=1

πkN(0, σ2
εσ

2
k), πk = νk

k−1∏
l=0

(1− νl), k = 1, · · · ,+∞;

νk ∼ Beta(1, ξ), ξ ∼ Gamma(aξ, bξ); σ
2
k ∼ IG(ak, bk); k = 0, 1, , · · · ,+∞;

where K = XX′/p is the Genetic Relatedness Matrix (GRM) [1, 5]. Note that the random effect
term can be written as

u = Xζ; ζi ∼ N(0, σ2
εσ

2
0/p), i = 1, ..., p; (5)

where ζi denotes the random effect-size for SNP i. Our computational algorithms will be derived
with respect to model (4) for estimating (w̃, ζ), which will then give estimates for the cis-eQTL
effect-sizes w = w̃ + ζ as in model (1).

Based on model (4), the joint conditional posterior function for all parameters in the model is
given by

P (w̃,u,ν, ξ, σ2
ε , σ

2
0, σ

2
1, · · · , σ2

k, · · · |Eg,X,K) ∝ (6)

P (Eg|X,K, w̃,u, σ2
ε )P (w|ν, σ2

1, · · · , σ2
k, · · · )P (u|σ2

ε , σ
2
0,K)(∏+∞

k=0 P (σ2
k|ak, bk)

)
P (ν|ξ)P (ξ|aξ, bξ)P (σ2

ε |aε, bε).

One convenience for considering model (4) is that one can integrate out the random effect term u

from (6) and then implement Gibbs sampling [6] for improved mixing in the Markov Chain Monte
Carlo (MCMC) sampling. Specifically,

P (w̃,ν, ξ, σ2
ε , σ

2
0, σ

2
1, · · · , σ2

k, · · · |Eg,X,K) =
∫
P (w̃,u,ν, ξ, σ2

ε , σ
2
0, σ

2
1, · · · , σ2

k, · · · |Eg,X,K)du

=
∫
P (Eg|X,K, w̃,u, σ2

ε )P (u|σ2
ε , σ

2
0,K)du×

P (w|ν, σ2
1, · · · , σ2

k, · · · )
(∏+∞

k=0 P (σ2
k|ak, bk)

)
P (ν|ξ)P (ξ|aξ, bξ)P (σ2

ε |aε, bε), (7)

where∫
P (Eg|X,K, w̃,u, σ2

ε )P (u|σ2
ε , σ

2
0,K)du ∝ |σ2

εH|−
1
2 exp

{
− 1

2σ2
ε

(Eg −Xw̃)′H−1(Eg −Xw̃)

}
,

H = I + σ2
0K.

The following MCMC Sampling and Variational Inference algorithms will be derived based on the
joint conditional posterior density function (7).

2.2 MCMC Sampling

To facilitate MCMC sampling, for each SNP i, we assume a corresponding indicator vector γi =

{γik ∈ {0, 1}, k = 1, ...,+∞} that indicates if the kth normal component contributes to the effect-
size distribution. Consequently, γik has a Bernoulli(πk) prior. Let γ denote the indicator vectors



{γi, i = 1, · · · , p}. Consequently, the joint conditional posterior density function (7) becomes

P (w̃,γ,ν, ξ, σ2
ε , σ

2
0, σ

2
1, · · · , σ2

k, · · · |Eg,X,K) ∝

|σ2
εH|−

1
2 exp

{
− 1

2σ2
ε
(Eg −Xw̃)′H−1(Eg −Xw̃)

}
×

P (w|γ, σ2
ε , σ

2
1, · · · , σ2

k, · · · )
(∏+∞

k=0 P (σ2
k|ak, bk)

)
P (γ|ν)P (ν|ξ)P (ξ|aξ, bξ)P (σ2

ε |aε, bε) ∝

|σ2
εH|−

1
2 exp

{
− 1

2σ2
ε
(Eg −Xw̃)′H−1(Eg −Xw̃)

}
×(∏p

i=1

∏+∞
k=1 γikN(w̃ik; 0, σ2

εσ
2
k)
) (∏+∞

k=0 IG(σ2
k; ak, bk)

)
×(∏p

i=1

∏+∞
k=1Bernoulli(γik;πk = νk

∏k−1
l=0 (1− νl))

) (∏+∞
k=0Beta(νk; 1, ξ)

)
×

Gamma(ξ; aξ, bξ)IG(σ2
ε ; aε, bε). (8)

Denoting w̃i =
∑+∞

k=1 γikw̃ik, w̃ik ∼ N(0, σ2
εσ

2
k), Then the log joint conditional posterior density

function is given by

log(P (w̃,γ,ν, ξ, σ2
ε , σ

2
0, σ

2
1, · · · , σ2

k, · · · |Eg,X,K)) =

C − 1
2 log|σ

2
εH| − 1

2σ2
ε
(Eg −Xw̃)′H−1(Eg −Xw̃)+∑p

i=1

∑+∞
k=1 γik

[
−1

2 log(σ2
ε )− 1

2 log(σ2
k)−

w̃ik
2

2σ2
εσ

2
k

]
+
∑+∞

k=0

[
−(ak + 1)log(σ2

k)−
bk
σ2
k

]
+∑p

i=1

∑+∞
k=1

[
γik

(
log(νk) +

∑k−1
l=0 log(1− νl)

)
+ (1− γik)log

(
1− νk

∏k−1
l=0 (1− νl)

)]
+∑+∞

k=0 [(ξ − 1)log(1− νk) + log(ξ)] + (aξ − 1)log(ξ)− bξξ − (aε + 1)log(σ2
ε )− bε

σ2
ε
, (9)

where C denotes a normalization constant that is free of parameters. Based on the log conditional
posterior density function (9), the following MCMC sampling scheme is derived for obtaining the
posterior estimates for w̃.

2.2.1 Gibbs Sampling Scheme

From (9), for each parameter in the model, we derive the log conditional density function
conditioning on other parameters as follows:

• w̃ik and γik

The log joint conditional density function for w̃ik, γik is given by,

log(P (w̃ik, γik|·)) = C − xiH
−1xi

2σ2
ε

(w̃ik
2 + 2w̃ikw̃i(−k)) + 1

σ2
ε
x′iH

−1(Eg −
∑

j 6=i xjw̃j)w̃ik+

γik

[
−1

2 log(σ2
ε )− 1

2 log(σ2
k)−

w̃ik
2

2σ2
εσ

2
k

]
+

γik

(
log(νk) +

∑k−1
l=0 log(1− νl)

)
+ (1− γik)log

(
1− νk

∏k−1
l=0 (1− νl)

)
, (10)

where w̃i(−k) =
∑

l 6=k w̃il.



Then the log conditional posterior distribution for (w̃ik|γik = 1, ·) is given by

log(P (w̃ik|γik = 1, ·)) = C − xiH
−1xi

2σ2
ε

w̃ik
2 − w̃ik

2

2σ2
εσ

2
k

+
1

σ2
ε

x′iH
−1(Eg −

∑
j 6=i
xjw̃j − xiw̃i(−k))w̃ik

= C −
xiH

−1xi + σ−2
k

2σ2
ε

w̃ik
2 +

1

σ2
ε

x′iH
−1(Eg −

∑
j 6=i
xjw̃j − xiw̃i(−k))w̃ik;

P (w̃ik|γik = 1, ·) ∼ N(mik, s
2
ik),

mik =
x′iH

−1(Eg −
∑

j 6=i xjw̃j − xiw̃i(−k))

xiH−1xi + σ−2
k

,

s2
ik =

σ2
ε

xiH−1xi + σ−2
k

. (11)

After integrating out w̃ik from (10), the conditional probability for (γik = 1|·) is given by

P (γik = 1|·) = πik =

∫
P (w̃ik, γik = 1|·)dw̃ik ∝

exp

{
−1

2
log(σ2

ε )−
1

2
log(σ2

k) + log(νk) +
k−1∑
l=0

log(1− νl)

}
×

∫
exp

−xiH−1xi + σ−2
k

2σ2
ε

w̃ik
2 +

1

σ2
ε

x′iH
−1(Eg −

∑
j 6=i
xjw̃j − xiw̃i(−k))w̃ik

 dw̃ik ∝

exp

{
−1

2
log(σ2

ε )−
1

2
log(σ2

k) + log(νk) +
k−1∑
l=0

log(1− νl)

}√
2πs2

k exp{
m2
ik

2s2
k

} ×∫
1√
2πs2

k

exp

{
− 1

2s2
ik

(
w̃ik

2 − 2mikw̃ik +m2
ik

)}
dw̃ik ∝

√
2πs2

k exp

{
m2
ik

2s2
k

− 1

2
log(σ2

ε )−
1

2
log(σ2

k) + log(νk) +

k−1∑
l=0

log(1− νl)

}
∝

exp

{
m2
ik

2s2
k

+ log(sk)− log(σε)− log(σk) + log(νk) +

k−1∑
l=0

log(1− νl)

}
, (12)

where
∫

1√
2πs2k

exp
{
− 1

2s2ik

(
w̃ik

2 − 2mikw̃ik +m2
ik

)}
dw̃ik = 1 because the integrand is just

the density function of N(w̃ik;mik, s
2
k).

• νk



The log conditional density function for νk is given by,

log(P (νk|·)) =

p∑
i=1

+∞∑
k=1

[
γik

(
log(νk) +

k−1∑
l=0

log(1− νl)

)
+ (1− γik)log

(
1− νk

k−1∏
l=0

(1− νl)

)]
+

+∞∑
k=1

(ξ − 1)log(1− νk) + C,

=

p∑
i=1

γiklog(νk) +

p∑
i=1

+∞∑
l=k+1

γiklog(1− νk) +

p∑
i=1

+∞∑
j=k

(1− γij)log

(
1− νj

j−1∏
l=0

(1− νl)

)
+ (ξ − 1)log(1− νk) + C,

≈
p∑
i=1

γiklog(νk) +

p∑
i=1

+∞∑
l=k+1

γiklog(1− νk) + (ξ − 1)log(1− νk) + C,

P (νk|·) ∼ Beta(κk, ξk), κk =

p∑
i=1

γik + 1, ξk =

p∑
i=1

+∞∑
l=k+1

γil + ξ. (13)

• σ2
k, k > 0

The log conditional density function for σ2
k, k > 0 is given by,

log(P (σ2
k|·)) = C +

p∑
i=1

+∞∑
k=1

γik

[
−1

2
log(σ2

k)−
w̃ik

2

2σ2
εσ

2
k

]
+

+∞∑
k=0

[
−(ak + 1)log(σ2

k)−
bk
σ2
k

]

= C +

p∑
i=1

γik

[
−1

2
log(σ2

k)−
w̃ik

2

2σ2
εσ

2
k

]
− (ak + 1)log(σ2

k)−
bk
σ2
k

= C −

(
1

2

p∑
i=1

γik + ak + 1

)
log(σ2

k)−

(∑p
i=1(γikw̃ik

2)

2σ2
ε

+ bk

)
1

σ2
k

;

P (σ2
k|·) ∼ IG(ãk, b̃k), ãk =

1

2

p∑
i=1

γik + ak, b̃k =

∑p
i=1(γikw̃ik

2)

2σ2
ε

+ bk. (14)

• ξ The log conditional density function for ξ is given by,

log(P (ξ|·)) = C +

+∞∑
k=0

[(ξ − 1)log(1− νk) + log(ξ)] + (aξ − 1)log(ξ)− bξξ

= C +

(
aξ +

+∞∑
k=0

1k − 1

)
log(ξ)−

(
bξ −

+∞∑
k=0

log(1− νk)

)
ξ;

(P (ξ|·)) ∼ Gamma(ãξ, b̃ξ), ãξ = aξ +

+∞∑
k=0

1k, b̃ξ = bξ −
+∞∑
k=0

log(1− νk). (15)



• σ2
ε

The log conditional density function for σ2
ε is given by,

log(P (σ2
ε |·)) = C − 1

2
log|σ2

εH| −
1

2σ2
ε

(Eg −Xw̃)′H−1(Eg −Xw̃) +

p∑
i=1

+∞∑
k=1

γik

[
−1

2
log(σ2

ε )−
w̃ik

2

2σ2
εσ

2
k

]
− (aε + 1)log(σ2

ε )−
bε
σ2
ε

= C − log(σ2
ε )

(
n

2
+

1

2

p∑
i=1

+∞∑
k=1

γik + aε + 1

)
−

1

σ2
ε

(
1

2
(Eg −Xw̃)′H−1(Eg −Xw̃) +

p∑
i=1

+∞∑
k=1

γik
w̃ik

2

2σ2
k

+ bε

)
;

P (σ2
ε |·) ∼ IG(ãε, b̃ε), (16)

ãε =
n

2
+

1

2

p∑
i=1

+∞∑
k=1

γik + aε,

b̃ε =
1

2
(Eg −Xw̃)′H−1(Eg −Xw̃) +

p∑
i=1

+∞∑
k=1

γik
w̃ik

2

2σ2
k

+ bε.

• σ2
0

The log conditional density function for σ2
0 is given by,

log(P (σ2
0|·)) = C − 1

2
log|H| − 1

2σ2
ε

(Eg −Xw̃)′H−1(Eg −Xw̃)− (a0 + 1)log(σ2
0)− b0

σ2
0

,

H = I + σ2
0K. (17)

Because the conditional density function (17) is of an unknown distribution, Metropolis-
Hastings algorithm is needed to generate posterior samples for σ2

0. For improved mixing
property, we will re-parametrize σ2

0 to h2 =
σ2
0

σ2
0+1

, such that h2 has domain [0, 1]. Based

on the probability density function for change of variables P (h2|·) =
dσ2

0(h2)
dh2

P (σ2
0|·), the log

conditional density function for h2 is given by

log(P (h2|·)) = log(σ2
0(h2)|·)− 2log(1− h2), (18)

where log(σ2
0(h2)|·) is given by (17) with σ2

0(h2) = h2

1−h2 . In the MCMC sampling, we will first
sample h2 based on (18) and then obtain the σ2

0 sample from σ2
0 = h2

1−h2 .

• The above conditional posterior density functions will be used in the Gibbs sampling
algorithm to generate posterior samples with respect to each parameter in turn. As a result,
the average of the posterior samples will be taken as the posterior Bayesian estimate for the
corresponding parameter.



2.2.2 Estimate ζ

Recall that the random effect term u can be represented by the random effect-size vector ζ as in
(5). The posterior conditional distribution for ζ is given by

P (ζ|·) ∝ P (Eg|X, w̃, ζ, σ2
ε )P (ζ|σ2

ε , σ
2
0)

∝ MVN
(
Eg; Xw̃ +Xζ, σ2

ε I
)
×MVN

(
ζ; 0,

σ2
εσ

2
0

p
I

)
∝ exp

{
−1

2

[
− 2

σ2
ε

ζ′X′(Eg −Xw̃) +
1

σ2
ε

ζ′X′Xζ +
p

σ2
εσ

2
0

ζ′ζ

]}
∝ exp

{
−1

2

[
ζ′
(

1

σ2
ε

X′X +
p

σ2
εσ

2
0

)
ζ − 2ζ′

X′(Eg −Xw̃)

σ2
ε

]}
;

P (ζ|·) ∼ MVN(µζ ,Σζ),

µζ =
X′(Eg −Xw̃)

σ2
ε

Σζ =
σ2

0

p
X′(Eg −Xw̃)H−1, (19)

Σζ =

(
1

σ2
ε

X′X +
p

σ2
εσ

2
0

)−1

=
σ2
εσ

2
0

p

(
σ2

0K + I
)−1

=
σ2
εσ

2
0

p
H−1; K =

X ′X

p
, H = σ2

0K + I.

Instead of sampling ζ in the MCMC algorithm, we take the Row-Blackwell approximation for the
conditional posterior mean of ζ as the posterior estimate. That is,

ζ̂ =
1

p
X′

1

M

M∑
m=1

(σ2
0)(m)(Eg −Xw̃(m))(H(m))−1, (20)

where M denotes the total number of MCMC iterations and (m) denotes the corresponding sample
value for the mth MCMC iteration.

2.2.3 Estimate cis-eQTL Effect-sizes w for TWAS

Note that the random effect term u is generally specific for the training samples. That is, the random
effect-size ζ is likely to be over-estimated for the training data. We investigated using either the
fixed effect-sizes

∑+∞
k=1 γikw̃ik , or the additive effect-sizes

∑+∞
k=1 γikw̃ik + ζ̂i as our cis-eQTL effect-

size estimates ŵi. Our simulation studies show that using only fixed effect-sizes resulted slightly
higher prediction R2 and similar TWAS power in test data. Because our real TWAS analysis with
ROS/MAP data includes training samples, we used the additive effect-size estimates to generate
TWAS results.

2.2.4 Computation bottleneck for MCMC

To improve the computational efficiency of MCMC sampling, the previous DPR paper [1] utilized
multiple techniques, e.g., approximating the infinite normal mixture by a truncated normal mixture



with K normal components as in [3], implementing an eigen decomposition for K = UDU ′

and transfer the gene expression levels and genotype as U ′Eg,U ′X such that the random effects
become independent across samples, and taking the random scan Gibbs sampling algorithm [7, 8]
to prioritize a set of 500 cis-eQTL that have the most significant marginal p-values for associated
with Eg. However, the MCMC sampling still takes ∼10 hours to run 50, 000 iterations per gene
(p ≈ 10, 000) for the ROS/MAP data with n = 499 samples. Thus, we take the variational inference
algorithm [1, 3, 9, 10] to fit the nonparametric Bayesian model (4), and then obtain the Bayesian
estimates for cis-eQTL effect-sizes w.

2.3 Variational Inference Algorithm

Besides the computational expensive MCMC algorithm, the variational inference algorithm [1, 3, 9,
10] provides an alternative, deterministic methodology for approximating likelihoods and posterior
density functions for a Bayesian model such as (4). Following the derivations by [1, 3], we will
use a particular class of variational methods known as mean-field methods, which is based on
optimizing Kullback-Leibler (KL) divergence with respect to a variational distribution.

Let θ = {w̃,γ,u,ν, ξ, σ2
ε , σ

2
0, σ

2
1, · · · , σ2

k, · · · } denote the parameters of interest from model
(4). Let q(θ) =

∏
j q(θj) denote a variational distribution that assumes independence among

parameters {θj} and approximates the joint posterior distribution for θ. We aim to identify a
variational distribution such that the KL divergence between the variational distribution q(θ) and
the joint posterior distribution P (θ|Eg,X,K) is minimized. In particular,

KL(q(θ)|P (θ|Eg,X,K)) = Eq(θ)

[
log

(
q(θ)

P (θ|Eg,X,K)

)]
(21)

= Eq(θ) [log(q(θ))]− Eq(θ) [log(P (θ,Eg,X,K))] + log(P (Eg,X,K)).

Since P (Eg,X,K) in (21) is independent of q(θ), minimizing the KL divergence (21) is equivalent
to maximizing the evidence lower bound (ELBO),

ELBO = Eq(θ) [log(P (θ,Eg,X,K))]− Eq(θ) [log(q(θ))] . (22)

Because of the independence among {q(θj)}, a gradient ascent algorithm [11] can be taken to
maximize (22) by maximizing the ELBO with respect to each q(θj) in turn. We can derive the partial
derivative of ELBO with respect to q(θj) as follows,

∂ELBO

∂q(θj)
=

∂
(∫

q(θj)Eq(−θj)[log(P (θ,Eg,X,K))]dθj −
∫
q(θj)log(q(θj))dθj −

∫
q(θj)C−jdθj

)
∂q(θj)

= Eq(−θj)[log(P (θ,Eg,X,K))]− log(q(θj))− C−j , (23)

where Eq(θ) [log(q(θ))] = Eq(θ)

[∑
j log(q(θj))

]
= Eq(θ) [log(q(θj))] + Eq(θ)

[∑
l 6=j log(q(θl))

]
=

Eq(θ) [log(q(θj))] +
∫
q(θj)C−jdθj , and C−j is a constant free of q(θj). By setting the partial



derivative (23) equal to zero, we obtain the following variational distribution for θj ,

q(θj) ∝ exp
{
Eq(θ−j)[log(P (θ,Eg,X,K))]

}
∝ exp

{
Eq(θ−j)[log(P (θj |θ−j ,Eg,X,K))]

}
, (24)

where θ−j denotes other parameters excluding θj , and q(θ−j) denotes the variational distribution
for θ−j .

As a result, the optimal variational distributions per θj can be obtained by the gradient ascent
algorithm with a partial derivative quantity (23). The ELBO quantity (22) will be used to check
convergence of the gradient ascent algorithm. Then the posterior mean of the corresponding
optimal variational distribution q(θj) from the last iteration will be taken as the Bayesian estimator
for θj .

2.3.1 Joint Posterior Distribution for θ

Because the ELBO quantity (22) is difficult to compute if the variational distributions are of
unknown distributions, we will derive the variational inference algorithm without integrating out
the random effect term u. For computational convenience, we transform the model (4) as follows,

U′Eg = U′Xw̃ + U′u + ε; η = U′u ∼ N(0, σ2ε σ
2
0D); K =

XX′

p
= U′DU, (25)

where D is a diagonal matrix and prior distributions for {w̃, σ2
0, σ

2
ε } are the same as in model (4).

With indicator vectors γ, the joint conditional posterior function for θ is given by,

P (θ|Eg,X,K) = P (w̃,γ,η,ν, ξ, σ2
ε , σ

2
0, σ

2
1, · · · , σ2

k, · · · |Eg,X,K) ∝ (26)

P (U ′Eg|U ′X,D, w̃,η, σ2
ε )P (w|γ,ν, σ2

1, · · · , σ2
k, · · · )P (η|σ2

ε , σ
2
0,D)(∏+∞

k=0 P (σ2
k|ak, bk)

)
P (σ2

ε |aε, bε)P (γ|ν)P (ν|ξ)P (ξ|aξ, bξ).

Consequently, the log joint posterior density function is given by

log(P (w̃,γ,η,ν, ξ, σ2
ε , σ

2
0, σ

2
1, · · · , σ2

k, · · · |Eg,X,K)) =

C − n
2 log(σ2

ε )− 1
2σ2
ε
(U ′Eg −U ′Xw̃ − η)′(U ′Eg −U ′Xw̃ − η)+∑p

i=1

∑+∞
k=1 γik

[
−1

2 log(σ2
ε )− 1

2 log(σ2
k)−

w̃ik
2

2σ2
εσ

2
k

]
− n

2 log(σ2
ε )− n

2 log(σ2
0)− 1

2η
′(σ2

εσ
2
0D)−1η+∑+∞

k=0

[
−(ak + 1)log(σ2

k)−
bk
σ2
k

]
− (aε + 1)log(σ2

ε )− bε
σ2
ε
+∑p

i=1

∑+∞
k=1

[
γik

(
log(νk) +

∑k−1
l=0 log(1− νl)

)
+ (1− γik)log

(
1− νk

∏k−1
l=0 (1− νl)

)]
+∑+∞

k=0 [(ξ − 1)log(1− νk) + log(ξ)] + (aξ − 1)log(ξ)− bξξ, (27)

where C denotes a normalization constant that is free of parameters.



2.3.2 Variational Distribution for θj

Based on the above log joint posterior density function (27), the following variational distributions
are derived with respect to each θj .

• w̃ik and γik

log(q(w̃ik, γik)) = C − 1

2
E[σ−2

ε ]x′iUU
′xi(w̃

2
ik + 2w̃ikE[w̃i(−k)]) +

E[σ−2
ε ]x′iU

U ′Eg −∑
l 6=i

(
U ′xlE[w̃l]

)
− E[η]

 w̃ik +

γik

[
−1

2
E[log(σ2

ε )]−
1

2
E[log(σ2

k)]−
1

2
E[σ−2

ε ]E[σ−2
k ]w̃ik

2

]
+

γik

(
E[log(νk)] +

k−1∑
l=0

E[log(1− νl)]

)
+

(1− γik)E

[
log

(
1− νk

k−1∏
l=0

(1− νl)

)]
, (28)

where w̃i(−k) =
∑

j 6=k w̃ij .

Then q(w̃ik|γik = 1) is given by

q(w̃ik|γik = 1) = C − 1

2
E[σ−2

ε ]x′iUU
′xiw̃ik

2 − 1

2
E[σ−2

ε ]E[σ−2
k ]w̃ik

2 +

E[σ−2
ε ]x′iU

U ′Eg −∑
l 6=i

(U ′xlE[w̃l])− E[η]−U ′xiE[w̃i(−k)]

 w̃ik

= C − E[σ−2
ε ]

2

(
x′iU

′Uxi − E[σ−2
k ]
)
w̃ik

2 +

E[σ−2
ε ]x′iU

′

UEg −∑
l 6=i

(U ′xlE[w̃l])− E[η]−U ′xiE[w̃i(−k)]

 w̃ik

q(w̃ik|γik = 1) ∼ N(mik, s
2
ik),

mik =
x′iU(U ′Eg −

∑
l 6=iU

′xlE[w̃l]− E[η]−U ′xiE[w̃i(−k)])

x′iU
′Uxi + E[σ−2

k ]
,

s2
ik =

1

E[σ−2
ε ](x′iUU

′xi + E[σ−2
k ])

.

(29)

Similar to the derivation for (12), after integrating out w̃ik from (28), the variational



probability for (γik = 1) is given by

q(γik = 1) = φik =

∫
q(w̃ik, γik = 1)dw̃ik ∝

exp

{
m2
ik

2s2
k

+ log(sk)− E[log(σε)]− E[log(σk)] + E[log(νk)] +
k−1∑
l=0

E[log(1− νl)]

}
.

(30)

• νk

log(q(νk)) = C +

p∑
i=1

E[γik]log(νk) +

p∑
i=1

+∞∑
l=k+1

E[γik]log(1− νk) + (E[ξ]− 1)log(1− νk),

q(νk) ∼ Beta(κk, ξk), κk =

p∑
i=1

E[γik] + 1, ξk =

p∑
i=1

+∞∑
l=k+1

E[γil] + E[ξ]. (31)

• σ2
k, k > 0

log(q(σ2
k)) = C −

(
1

2

p∑
i=1

E[γik] + ak + 1

)
log(σ2

k)−

(∑p
i=1E[γikw̃ik

2]E[σ−2
ε ]

2
+ bk

)
1

σ2
k

;

q(σ2
k) ∼ IG(ãk, b̃k), ãk =

1

2

p∑
i=1

E[γik] + ak, b̃k =
1

2

p∑
i=1

E[γikw̃ik
2]E[σ−2

ε ] + bk. (32)

• ξ

log(q(ξ)) = C +

(
aξ +

+∞∑
k=0

1k − 1

)
log(ξ)−

(
bξ −

+∞∑
k=0

E[log(1− νk)]

)
ξ;

q(ξ) ∼ Gamma(ãξ, b̃ξ), ãξ = aξ +
+∞∑
k=0

1k, b̃ξ = bξ −
+∞∑
k=0

E[log(1− νk)]. (33)



• σ2
ε

log(q(σ2
ε )) = C − log(σ2

ε )

(
n

2
+

1

2

p∑
i=1

+∞∑
k=1

E[γik] + aε + 1

)
−

1

2σ2
ε

(U ′Eg −U ′XE[w̃]− E[η])′(U ′Eg −U ′XE[w̃]− E[η])− (34)

1

2σ2
ε

p∑
i=1

+∞∑
k=1

E[γikw̃ik
2]E[σ−2

k ]− 1

2σ2
ε

p∑
i=1

E[η2
i ]E[σ−2

0 ]

Dii
− 1

σ2
ε

bε;

q(σ2
ε ) ∼ IG(ãε, b̃ε), (35)

ãε =
n

2
+

1

2

p∑
i=1

+∞∑
k=1

E[γik] + aε,

b̃ε =
1

2
(U ′Eg −U ′XE[w̃]− E[η])′(U ′Eg −U ′XE[w̃]− E[η]) +

1

2

(
p∑
i=1

+∞∑
k=1

E[γikw̃ik
2]E[σ−2

k ] +

p∑
i=1

E[η2
i ]E[σ−2

0 ]

Dii

)
+ bε.

• σ2
0

log(q(σ2
0)) = C − n

2
log(σ2

0)− 1

2σ2
0

p∑
i=1

E[ηi]
2E[σ−2

ε ]

Dii
− (a0 + 1)log(σ2

0)− b0
σ2

0

,

q(σ2
0) ∼ IG(ã0, b̃0), ã0 =

n

2
+ a0, b̃0 =

1

2

p∑
i=1

E[ηi]
2E[σ−2

ε ]

Dii
+ b0 (36)

• η

log(q(η)) = C − E[σ−2
ε ]

2
(U ′Eg −U ′XE[w̃]− η)′(U ′Eg −U ′XE[w̃]− η)−

1

2
η′E[(σ2

εσ
2
0D)−1]η;

q(η) ∼ MVN(µη, Ση),

µη = (E[σ−2
0 ]D−1 + I)−1(U ′Eg −U ′XE[w̃]),

Ση =
(E[σ−2

0 ]D−1 + I)−1

E[σ−2
ε ]

; (37)

where Ση is a diagonal matrix. That is, {q(ηi); i = 1, · · · , p} are independent of each other.



• Evaluations of the expectations in the above variational distributions:

E[η] = µη;

E[γik] = φik, i = 1, · · · , p, k = 1, 2, · · · ;

E[γiw̃i
2] =

∑
k

φik(m
2
ik + s2

ik); E[w̃i] =
∑
k

φikmik; i = 1, · · · , p

E[log(νk)] = ψ(κk)− ψ(κk + ξk); E[log(1− νk)] = ψ(ξk)− ψ(κk + ξk); k = 0, 1, · · ·

E[log(σk)] =
1

2
(log(b̃k)− ψ(ãk)); E[σ−2

k ] =
ãk

b̃k
; k = 0, 1, · · ·

E[log(σε)] =
1

2
(log(b̃ε)− ψ(ãε)); E[σ−2

ε ] =
ãε

b̃ε
;

E[log(ξ)] = ψ(ãξ)− log(b̃ξ); E[ξ] =
ãξ

b̃ξ
;

where ψ(x) = Γ′(x)
Γ(x) is the digamma function and the expectations are taken with respect to

each variational distribution q(θj).

2.3.3 Evaluate the ELBO

Recall the formula (22) for ELBO, we will need to calculate the expectation quantities
Eq(θ) [log(q(θ))] and Eq(θ) [log(P (θ,Eg,X,K))]. In particular,

Eq(θ) [log(q(θ))] =
∑
j

Eq(θ) [log(q(θj))]

=

p∑
i=1

+∞∑
k=1

Eq(w̃i,γi))[log(q(w̃i, γi))] +

p∑
i=1

Eq(ηi)[log(q(ηi))] +

+∞∑
k=1

Eq(νk)[log(q(νk))] +

+∞∑
k=1

Eq(σ2
k)[log(q(σ2

k))] +

Eq(σ2
ε )[log(q(σ2

ε ))] + Eq(ξ)[log(q(ξ))], (38)

where

Eq(w̃i,γi))[log(q(w̃i, γi))] =

+∞∑
k=1

φikE[log(q(w̃i, γi = 1))] =

+∞∑
k=1

φik(E[log(q(w̃i|γi = 1)q(γi = 1))])

=
+∞∑
k=1

φik (log(φik) + E[log(q(w̃i|γi = 1))])

=
+∞∑
k=1

φik

(
log(φik)−

1

2
log(2πs2

ik)−
1

2

)
;

Eq(ηi)[log(q(ηi))] = −1

2
log(2πΣηii)−

1

2
, i = 1, · · · , p;



Eq(νk)[log(q(νk))] = log(Γ(κk + ξk))− log(Γ(κk))− log(Γ(ξk)) +

(κ− 1)E[log(νk)] + (ξk − 1)E[log(1− νk)]

= log(Γ(κk + ξk))− log(Γ(κk))− log(Γ(ξk)) +

(κ− 1)(ψ(κk)− ψ(κk + ξk))− (ξk − 1)(ψ(κk + ξk)− ψ(ξk));

Eq(σ2
k)[log(q(σ2

k))] = ãklog(b̃k)− log(Γ(ãk))− 2(ãk + 1)E[log(σk)]− b̃kE[σ−2
k ]

= ãklog(b̃k)− log(Γ(ãk))− (ãk + 1)(log(b̃k)− ψ(ãk))− ãk, k = 1, 2, · · · ;

Eq(σ2
ε )[log(q(σ2

ε ))] = ãεlog(b̃ε)− log(Γ(ãε))− (ãε + 1)(log(b̃ε)− ψ(ãε))− ãε;

Eq(ξ)[log(q(ξ))] = ãξlog(b̃ξ)− log(Γ(ãξ)) + (ãξ − 1)E[log(ξ)]− b̃ξE[ξ]

= log(b̃ξ)− log(Γ(ãξ)) + (ãξ − 1)ψ(ãξ)− ãξ.

And

Eq(θ) [log(P (θ,Eg,X,U,D))] (39)

= Eq(θ)

[
log(P (Eg|θ,X,U)P (w̃|γ, σ2

ε , σ
2
k, k = 1, · · · )P (η|D, σ2

ε , σ
2
0)P (γ|ν)P (ν|ξ)P (ξ))

]
= Eq(θ)[log(P (Eg|θ,X)] + Eq(θ)[log(P (w̃|γ, σ2

ε , σ
2
k, k = 1, · · · ))] + Eq(θ)[log(P (η|D, σ2

ε , σ
2
0))]+

Eq(θ)[log(P (γ|ν))] + Eq(θ)[log(P (ν|ξ))] + Eq(θ)[log(P (ξ))]. (40)

2.3.4 Gradient Ascent Algorithm

Starting with initial parameter values θ0, we will iteratively evaluate the above variational
distributions and take the variational means as the corresponding parameter values in next
iteration. Iterations will stop when the ELBO quantity converges.

The variational means from the last iteration will be taken as the Bayesian estimates for
corresponding parameters, e.g., ̂̃w, η̂. Recall that η = U ′Xζ, then the Bayesian estimate for ζ
is given by ζ̂ = (U ′X)−1η̂. Thus, the Bayesian estimate for cis-eQTL effect-sizes is given by
ŵ = ̂̃w+ ζ̂.
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