
Supplementary material

Appendix A

A.1 Estimation of ρ in the BB model

In this section, we give detailed derivations of the four estimators of ρ introduced in

Section 4.5.

Method-of-moments estimator

Denote by σ2j (ρ) = Var(θ̂j) the variance of log(RR) given in Equation (20). Then

σ2j (ρ) = σ2j (0) + ajρ, where σ2j (0) is the variance under the fixed-effect model and

aj = (π−1
T − 1)(1 − n−1

jT ) + (π−1
C − 1)(1 − n−1

jC ). The inverse-variance weights are

wj(ρ) = σ−2
j (ρ). Cochran’s statistic is Q =

∑
ŵj(θ̂j − θ̄w)2, where ŵj = σ̂−2

j (0)

and θ̄w =
∑
ŵj θ̂j/

∑
ŵj . Under the null hypothesis of no over- or under-dispersion

(ρ = 0), the Q-statistic has approximately a chi-squared distribution with K − 1

degrees of freedom, so E(Q) = K − 1. Using the theoretical weights wj = wj(0)

instead of ŵj , the derivation of the expected value of Q yields

E(Q) =
∑

wjσ
2
j (ρ)−

∑
w2
jσ

2
j (ρ)∑
wj

.

After substitution of σ2j (ρ) = σ2j (0) + ajρ, this becomes

E(Q) = K − 1 +

[∑
wjaj −

∑
w2
jaj∑
wj

]
ρ.

The DerSimonian-Laird-inspired estimator of ρ, denoted by ρ̂MoM , is obtained by

substituting Q for E(Q) and the estimated weights ŵj for the theoretical weights

wj and solving the resulting equation for ρ.

Modified Mandel-Paule estimator

Similarly, the modified Mandel-Paule estimator, ρ̂MP , is obtained by considering

Q(ρ) =
∑
ŵj(ρ)(θ̂j − θ̄w(ρ))2 and solving the equation Q(ρ) = K − 1. The weighted

mean is θ̄w(ρ) =
∑
ŵj(ρ)θ̂j/W (ρ), where W (ρ) =

∑
ŵj(ρ).

Restricted-maximum-likelihood estimator

Following Kulinskaya and Olkin1, the REML equation for ρ is

(W (ρ))−1
∑

ŵj(ρ)
aj

1 + ajρ
+
∑

ŵj(ρ)(θj − θ)2
aj

1 + ajρ
=

∑ aj
1 + ajρ

, (A1)

and an iterative procedure readily yields a solution, denoted by ρ̂REML.
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Inverting the modified Breslow-Day test

The Breslow-Day test for homogeneity of odds ratios is based on the statistic

K∑
j=1

(YjT − YjT (ψ̂))2

Var(YjT |ψ̂)
,

where YjT (ψ̂) and Var(YjT |ψ̂), respectively, denote the expected value and the

asymptotic variance of the number of events in the treatment group of Study j

based on the Mantel-Haenszel2 (MH) estimate of the odds ratio, ψ̂. We apply the

same approach to the risk ratio.

The expected number of events, given RR ψ̂ and the total number of events Yj ,

is

YjT (ψ̂) =
ψ̂njTYj

nj − njT + ψ̂njT
.

The MH estimate for the relative risk is

ψ̂ =

∑
yjTnjC/nj∑
yjCnjT /nj

,

and the asymptotic variance3 of YjT is

Var(YjT |ψ̂) =
[

1
YjT (ψ̂)CjT

+ 1
(Yj−YjT (ψ̂))CjC

+

1
(njT−YjT (ψ̂))CjT

+ 1
(nj−Yj−njT+YjT (ψ̂))CjC

]−1
,

(A2)

where Cji = 1 + (nji − 1)ρ̂ are correction factors; i = C, T ; j = 1, . . . ,K. The

Breslow-Day statistic has a χ2
K−1 distribution, and this modification of it can be

used for testing the homogeneity of RRs. Equating the BD statistic to K − 1 yields

the Mandel-Paule-type estimate for ρ, denoted by ρ̂BD.
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A.2 Function for meta-analysis of relative risk using

bbmle

############grp− l e v e l outcome data######################

### | Event |No event |
### Treatment | a i | b i |
### Contro l | c i | d i |
### K i s the number o f s t u d i e s

### ai and c i are number o f even t s in T and C arms

###requ i r ed packages : bbmle and emdbook

##i n i t i a l parameters

my bbmle<−function ( ai , bi , c i , d i ) {
require ( emdbook )

require ( bbmle )

##i n i t i a l parameters

pT0<−sum( ( a i +0.5)/ ( n i +1) )/k

pC0<−sum( ( c i +0.5)/ ( n i +1) )/k

rho0<−0 .01

#########################################

### nega t i v e log− l i k e l i h o o d f unc t i on s f o r

### a pa i r o f beta−b inomia l d i s t r i b u t i o n

mtmp <− function ( probT , sizeT , theta , probC , s i zeC ) {
−sum( dbetabinom ( ai , probT , sizeT , theta , log=TRUE) )

−sum( dbetabinom ( c i , probC , sizeC , theta , log=TRUE) )

}
m0 <− suppressWarnings ( try ( mle2 (mtmp, start=l i s t ( probT=pT0 ,

theta=rho0 ˆ(−1)−1,probC=pC0) ,data=l i s t ( s i zeT=ni , s i zeC=ni ) ) ,

s i l e n t=TRUE) )

i f ( ( ! ( inherits (m0, ” try−e r r o r ” ) ) ) ) {
i f ( ( ! ( i s .na( stdEr (m0) [ [ 1 ] ] ) ) )&( ! ( i s .na( stdEr (m0) [ [ 3 ] ] ) ) ) ) {
probT1<−coef (m0) [ [ 1 ] ]

probC1<−coef (m0) [ [ 3 ] ]

varT1<−( stdEr (m0) [ [ 1 ] ] ) ˆ2

varC1<−( stdEr (m0) [ [ 3 ] ] ) ˆ2

varlogRR<−(1/probT1 ) ˆ2∗varT1+(1/probC1 ) ˆ2∗varC1

RR1<−( probT1 )/ ( probC1 )

log RR<−log (RR1)

logRRL<−log RR−qnorm( . 9 7 5 )∗sqrt ( varlogRR )

logRRU<−log RR+qnorm( . 9 7 5 )∗sqrt ( varlogRR )

rhoEst<−1/ ( coef (m0) [ [ 2 ] ] + 1 )

return ( l i s t ( rhoEst , log RR, logRRL , logRRU) )

}}
}
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A.3 Function for meta-analysis of relative risk using

gamlss

##R ver s i on 3 . 5 . 0

############grp− l e v e l outcome data######################

### | Event |No event |
### Treatment | a i | b i |
### Contro l | c i | d i |
### K i s the number o f s t u d i e s

### ai and c i are number o f even t s in T and C arms

###requ i r ed packages : gamlss

my gamlss<−function ( ai , bi , c i , d i ) {
require ( emdbook )

require ( gamlss )

r<−c ( ai , c i )

N<−c ( ni , n i )

y<−cbind ( r ,N−r )

arm<−c ( rep ( ”T” , t imes=k ) , rep ( ”C” , t imes=k ) )

arm<−as . factor (arm)

sink ( tempfile ( ) )

modelGamlss <− suppressWarnings ( try ( gamlss ( y˜arm−1, sigma .

formula=˜1 , family=BB) , s i l e n t=TRUE) )

sink ( )

i f ( ! ( inherits ( modelGamlss , ” try−e r r o r ” ) ) ) {
####f i t t i n g the model us ing gamlss##############

sink ( tempfile ( ) )

r e s<−suppressWarnings (summary( modelGamlss , save=TRUE) )

sink ( )

pC3<−exp( modelGamlss$mu. coef f ic ients [ [ 1 ] ] ) /(1+exp(

modelGamlss$mu. coef f ic ients [ [ 1 ] ] ) )

pT3<−exp( modelGamlss$mu. coef f ic ients [ [ 2 ] ] ) /(1+exp(

modelGamlss$mu. coef f ic ients [ [ 2 ] ] ) )

s t . e r r o r 1<−( r e s$coef . table [ , 2 ] [ [ 1 ] ] )

s t . e r r o r 2<−( r e s$coef . table [ , 2 ] [ [ 2 ] ] )

varC3<−(1/(1+exp( modelGamlss$mu. coef f ic ients [ [ 1 ] ] ) ) ˆ2) ˆ2∗ ( s t

. e r r o r 1 ) ˆ2

varT3<−(1/(1+exp( modelGamlss$mu. coef f ic ients [ [ 2 ] ] ) ) ˆ2) ˆ2∗ ( s t

. e r r o r 2 ) ˆ2

RR3<−pT3/pC3

logRRgamlss<−log (RR3)

varRR3<−varT3+varC3

logRRL gamlss=0

logRRU gamlss=0
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i f ( ! i s . null ( s t . e r r o r 2 ) ) {
logRRL gamlss<−logRRgamlss−qnorm( . 9 7 5 )∗sqrt (varRR3)

logRRU gamlss<−logRRgamlss+qnorm( . 9 7 5 )∗sqrt (varRR3)

}
rhoEst<−exp( modelGamlss$sigma . coef f ic ients [ [ 1 ] ] ) /(1+exp(

modelGamlss$sigma . coef f ic ients [ [ 1 ] ] ) )

}
return ( l i s t ( rhoEst , logRRgamlss , logRRL gamlss , logRRU gamlss ) )

}
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A.4 Function for meta-analysis of relative risk using ρDL

##R ver s i on 3 . 5 . 0

############grp− l e v e l outcome data######################

### | Event |No event |
### Treatment | a i | b i |
### Contro l | c i | d i |
### K i s the number o f s t u d i e s

### ai and c i are number o f even t s in T and C arms

###requ i r ed packages : None

my DL function g e n e r i c<−function ( ai , c i , bi , d i ) {
p1i<−( a i +0.5)/ ( a i+bi +1)

p2i<−( c i +0.5)/ ( c i+di +1)

p s i i<−( a i +0.5)∗ ( ( c i+di ) +0.5)/ ( ( c i +0.5)∗ ( a i+bi +0.5) )

y i <− log ( p s i i )

vi <− 1/ ( a i +0.5)−1/ ( a i+bi +0.5)+1/ ( c i +0.5)−1/ ( c i+di +0.5)

n1 i<−a i+bi

n2 i<−c i+di

n i<−n1i+n2i

Ri<−n1i/n2i

a i<−( Ri∗n i / ( Ri+1) )∗((1+ p s i i−2∗p1i )/ ( Ri∗(1−p1i )+p s i i−p1i )

)−1

wi<−1/vi

W<−sum( wi )

thetabar<−sum( y i∗wi )/W

Q<−sum( wi∗ ( yi−thetabar ) ˆ2)

barn w<−sum( a i ∗wi )/W

barn<−sum( a i )/k

rho M<−max( (Q−k+1)/ ( k∗barn−barn w) ,−1/max( ni−1) )

###est imated we i gh t s

w M<−wi/(1+a i ∗rho M)

thetabar M<−sum( y i∗w M)/sum(w M)

Ltheta M<−thetabar M−qnorm( . 9 7 5 )/sqrt (sum(w M) )

Utheta M<−thetabar M+qnorm( . 9 7 5 )/sqrt (sum(w M) )

return ( l i s t ( rho M, thetabar M, Ltheta M, Utheta M) )

}
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A.5 Function for meta-analysis of relative risk using

ρMP

##R ver s i on 3 . 5 . 0

############grp− l e v e l outcome data######################

### | Event |No event |
### Treatment | a i | b i |
### Contro l | c i | d i |
### K i s the number o f s t u d i e s

### ai and c i are number o f even t s in T and C arms

my MP function g e n e r i c<−function ( ai , c i , bi , d i ) {
k<−length ( a i )

fMP<−function ( g , sigma2 , theta , a i , k ) {
sum( ( theta−sum( theta/ ( sigma2∗(1+a i ∗g ) ) )

/sum(1/ ( sigma2∗(1+a i ∗g ) ) ) ) ˆ2/ ( sigma2∗(1+a i ∗g ) ) )−(k−1)}
p1i<−( a i +0.5)/ ( a i+bi +1)

p2i<−( c i +0.5)/ ( c i+di +1)

p s i i<−( a i +0.5)∗ ( ( c i+di ) +0.5)/ ( ( c i +0.5)∗ ( a i+bi +0.5) )

y i <− log ( p s i i )

vi <− 1/ ( a i +0.5) − 1/ ( a i+bi +0.5) + 1/ ( c i +0.5) − 1/ ( c i+di

+0.5)

wi<−1/vi

n1i<−a i+bi

n2 i<−c i+di

n i<−n1i+n2i

Ri<−n1i/n2i

a i<−( Ri∗n i / ( Ri+1) )∗((1+ p s i i−2∗p1i )/ ( Ri∗(1−p1i )+p s i i−p1i )

)−1

l l<−max(−1/max( a i ) ,−1/max( n1i−1) ,−1/max( n2i−1) ) +0.00000001

uu<−1000

i f (fMP( l l , sigma2=vi , theta=yi , a i=a i , k=k )∗
fMP(uu , sigma2=vi , theta=yi , a i=a i , k=k )<0)

{
rho MP<−as .numeric (uniroot (fMP, c ( l l , uu ) , t o l = 0 .0001 ,

sigma2=vi , theta=yi , a i=a i , k=k ) [ 1 ] ) }
w MP<−wi/(1+a i ∗rho MP)

thetabar MP<−sum( y i∗w MP)/sum(w MP)

i f ( rho MP==(−1/max( ni−1) ) | i s .na( thetabar MP) | ( rho MP==(−1/

max( ni−1) )&is .na( thetabar MP) ) ) {
y i maxni<−y i [ n i==max( n i ) ]

wi maxni<−wi [ n i==max( n i ) ]

thetabar MP<−sum( y i maxni∗wi maxni )/sum( wi maxni )

w MP<−wi [ n i==max( n i ) ]
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}
Ltheta MP<−thetabar MP−qnorm( . 9 7 5 )/sqrt (sum(w MP) )

Utheta MP<−thetabar MP+qnorm( . 9 7 5 )/sqrt (sum(w MP) )

return ( l i s t ( rho MP, thetabar MP, Ltheta MP, Utheta MP) )

}
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A.6 Function for meta-analysis of relative risk using ρBD

##R ver s i on 3 . 5 . 0

############grp− l e v e l outcome data######################

### | Event |No event |
### Treatment | a i | b i |
### Contro l | c i | d i |
### K i s the number o f s t u d i e s

### ai and c i are number o f even t s in T and C arms

###requ i r ed packages : None

my BD function g e n e r i c<−function ( ai , c i , bi , d i ) {
nT<−ni

nC<−ni

XT<−a i

XC<−c i

k<−length ( a i )

p1 i<−( a i +0.5)/ ( a i+bi +1)

p2i<−( c i +0.5)/ ( c i+di +1)

p s i i<−( a i +0.5)∗ ( ( c i+di ) +0.5)/ ( ( c i +0.5)∗ ( a i+bi +0.5) )

y i<−log ( p s i i )

vi<−1/ ( a i +0.5)−1/ ( a i+bi +0.5)+1/ ( c i +0.5)−1/ ( c i+di +0.5)

wi<−1/vi

n1i<−a i+bi

n2 i<−c i+di

n i<−n1i+n2i

Ri<−n1i/n2i

a i<−( Ri∗n i / ( Ri+1) )∗((1+ p s i i−2∗p1i )/ ( Ri∗(1−p1i )+p s i i−p1i )

)−1

###########################################

###########Breslow−day method##############

rho BD<−numeric (1 )

###Breslow−Day t e s t conf . i n t e r .

rho BDU<−numeric (1 )

rho BDL<−numeric (1 )

l l<−max(−1/max( a i ) ,−1/max( n1i−1) ,−1/max( n2i−1) ) +0.00000001

uu<−1000

##Mantel−Haenzse l e s t imator o f r e l a t i v e r i s k

psiMH<−sum( (nC∗XT)/ (nC+nT) )/sum( (nT∗XC)/ (nC+nT) )

i f (psiMH==1) {X1j=(( a i+c i )∗n1i )/ ( n1 i+n2i ) } else {
X1j<−psiMH∗n1i∗ ( a i+c i )/ ( ( n1 i+n2i )−n1i+psiMH∗n1i )

}
#func t i on f o r the Standard Breslow day t e s t

f<−function ( rho ,X 1 j , X1j , xj , n1j , n2j , nj , k ) {
var j<−( (1/ ( X1j∗(1+( n1j−1)∗rho ) )+1/ ( ( xj−X1j )∗(1+( n2j−1)∗rho ) )
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+1/ ( ( n1j−X1j )∗(1+( n1j−1)∗rho ) )+1/ ( ( nj−xj−n1j+X1j )∗(1+( n2j

−1)∗rho ) ) ) ˆ−1)

var j0<−( (1/ ( ( X1j +.5)∗(1+( n1j−1)∗rho ) )+1/ ( ( xj−X1j +.5)∗(1+( n2j

−1)∗rho ) )+1/ ( ( n1j−X1j +.5)∗(1+( n1j−1)∗rho ) )+1/ ( ( nj−xj−n1j+

X1j +.5)∗(1+( n2j−1)∗rho ) ) ) ˆ−1)

var<−i f e l s e ( i s .na( va r j ) , var j0 , va r j )

var<−i f e l s e (var==0, varj0 , var )

sum( (X 1 j−X1j ) ˆ2/var )−k+1

}

i f ( f (uu , ai , X1j , a i+c i , n1i , n2i , n1 i+n2i , k=k )>0){ rho BD<−1}
i f ( ( f ( l l , a i , X1j , a i+c i , n1i , n2i , n1 i+n2i , k=k )>0)&( f (uu , ai , X1j ,

a i+c i , n1i , n2i , n1 i+n2i , k=k )<0) ) {
rho BD<−as .numeric (uniroot ( f , c ( l l , uu ) , t o l =0.00001 ,X 1 j=ai ,

X1j=X1j , x j=a i+ci , n1j=n1i , n2j=n2i , nj=(n1i+n2i ) , k=k ) [ 1 ] )

}
###Upper Limit

f 1<−function ( rho ,X 1 j , X1j , xj , n1j , n2j , nj , k ) {
var j<−( (1/ ( X1j∗(1+( n1j−1)∗rho ) )+1/ ( ( xj−X1j )∗(1+( n2j−1)∗rho ) )

+1/ ( ( n1j−X1j )∗(1+( n1j−1)∗rho ) )+1/ ( ( nj−xj−n1j+X1j )∗(1+( n2j

−1)∗rho ) ) ) ˆ−1)

var j0<−( (1/ ( ( X1j +.5)∗(1+( n1j−1)∗rho ) )+1/ ( ( xj−X1j +.5)∗(1+( n2j

−1)∗rho ) )+1/ ( ( n1j−X1j +.5)∗(1+( n1j−1)∗rho ) )+1/ ( ( nj−xj−n1j+

X1j +.5)∗(1+( n2j−1)∗rho ) ) ) ˆ−1)

var<−i f e l s e ( i s .na( va r j ) , var j0 , va r j )

var<−i f e l s e (var==0, varj0 , var )

sum( (X 1 j−X1j ) ˆ2/var )−qchisq ( 0 . 0 2 5 , k−1)

}

i f ( f 1 (uu , ai , X1j , a i+c i , n1i , n2i , n1 i+n2i , k=k )>0){ rho BDU<−1}
i f ( ( f 1 ( l l , a i , X1j , a i+c i , n1i , n2i , n1 i+n2i , k=k )>0)&( f 1 (uu , ai , X1j

, a i+c i , n1i , n2i , n1 i+n2i , k=k )<0) ) {
rho BDU<−as .numeric (uniroot ( f1 , c ( l l , uu ) , t o l =0.00001 ,X 1 j=ai ,

X1j=X1j , x j=a i+ci , n1j=n1i , n2j=n2i , nj=(n1i+n2i ) , k=k ) [ 1 ] )

}
##Lower Limit

f 2<−function ( rho ,X 1 j , X1j , xj , n1j , n2j , nj , k ) {
var j<−( (1/ ( X1j∗(1+( n1j−1)∗rho ) )+1/ ( ( xj−X1j )∗(1+( n2j−1)∗rho ) )

+1/ ( ( n1j−X1j )∗(1+( n1j−1)∗rho ) )+1/ ( ( nj−xj−n1j+X1j )∗(1+( n2j

−1)∗rho ) ) ) ˆ−1)

var j0<−( (1/ ( ( X1j +.5)∗(1+( n1j−1)∗rho ) )+1/ ( ( xj−X1j +.5)∗(1+( n2j

−1)∗rho ) )+1/ ( ( n1j−X1j +.5)∗(1+( n1j−1)∗rho ) )+1/ ( ( nj−xj−n1j+

X1j +.5)∗(1+( n2j−1)∗rho ) ) ) ˆ−1)

var<−i f e l s e ( i s .na( va r j ) , var j0 , va r j )
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var<−i f e l s e (var==0, varj0 , var )

sum( (X 1 j−X1j ) ˆ2/var )−qchisq ( 0 . 9 7 5 , k−1)

}

i f ( f 2 (uu , ai , X1j , a i+c i , n1i , n2i , n1 i+n2i , k=k )>0){ rho BDL<− l l }
i f ( ( f 2 ( l l , a i , X1j , a i+c i , n1i , n2i , n1 i+n2i , k=k )>0)&( f 2 (uu , ai , X1j

, a i+c i , n1i , n2i , n1 i+n2i , k=k )<0) ) {
rho BDL<−as .numeric (uniroot ( f2 , c ( l l , uu ) , t o l =0.00001 ,X 1 j=ai ,

X1j=X1j , x j=a i+ci , n1j=n1i , n2j=n2i , nj=(n1i+n2i ) , k=k ) [ 1 ] )

}
####Inver se var iance es t ima t ion o f t h e t a us ing rho BD

##################

w BD<−wi/(1+a i ∗rho BD)

thetabar BD<−sum( y i∗w BD)/sum(w BD)

Ltheta BD<−thetabar BD−qnorm( . 9 7 5 )/sqrt (sum(w BD) )

Utheta BD<−thetabar BD+qnorm( . 9 7 5 )/sqrt (sum(w BD) )

return ( l i s t ( rho BD, rho BDL, rho BDU, thetabar BD, Ltheta BD,

Utheta BD) )

}
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Appendix B

B.1 Estimation of the between-studies variance when

τ 2 = 0.1 and the data are generated under the point-

mass option and the truncation option
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Figure B.1: Relation of estimates of the between-studies variance τ2 to the overall

log-risk-ratio (θ) in K studies, each of total sample size n, when data come from the

binomial-normal model with point mass for τ2 = 0.1 and πjC = 0.1 (solid lines) and

0.3 (dashed). The Mandel-Paule (circle), REML (triangle), and DerSimonian-Laird

(plus) estimation methods are compared with the true variance (cross). Light grey

line at 0.1.
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Figure B.2: Relation of estimates of the between-studies variance τ2 to the overall

log-risk-ratio (θ) in K studies, each of total sample size n, when data come from the

binomial-normal model with truncation for τ2 = 0.1 and πjC = 0.1 (solid lines) and

0.3 (dashed). The Mandel-Paule (circle), REML (triangle), and DerSimonian-Laird

(plus) estimation methods are compared with the true variance (cross). Light grey

line at 0.1.
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B.2 Figures for studentized residuals when K ≥ 10
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Figure B.3: Normal Q-Q plot of the 129 studentized residuals for the studies from

11 REM meta-analyses of RR with θ̂ ≥ 0, τ̂2 > 0 and K ≥ 10 in Cochrane Library

Issue 4.

16



<0.05 0.05−0.15 0.15−0.25 0.25−0.35 0.35−0.45 0.45−0.55 0.55−0.65 0.65−0.75

−
2

−
1

0
1

2

Probability of truncation

S
tu

d
e
n
ti
z
e
d
 r

e
s
id

u
a
ls

Figure B.4: Boxplots of 129 studentized residuals by truncation probability, for the

studies from 11 REM meta-analyses of RR with θ̂ ≥ 0, τ̂2 > 0 and K ≥ 10 in

Cochrane Library Issue 4.
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Figure B.5: Scatterplot (vs. log-risk-ratio from FEM) of the meta-analytic estimates

of log-risk-ratio obtained by:(a) REM, for the 11 REM meta-analyses of RR with

K ≥ 10, θ̂REM ≥ 0 and τ̂2 > 0; (b) bbmle, for the 24 meta-analyses of RR with

K ≥ 10, θ̂bbmle ≥ 0 and ρ̂ > 0; (c) Difference between log(RR) from REM and

bbmle for the 11 meta-analyses with K ≥ 10, ρ̂ > 0 and θ̂bbmle ≥ 0 and τ2 > 0 and

θ̂REM ≥ 0.
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