Surfing on the seascape: Adaptation in a changing environment S1

Supporting Information
S1 Derivation of results for linear fitness
S1.1 Fitness

In the main analysis, we assumed fitness to be linearly dependent on the number of loci adapted to the current
environment. Linear fitness measures the Hamming distance (number of mismatched bits) dg of z to the
currently selected optimum aj, j € {1,...,k}, for each of the k blocks (traits) of length ¢, and the genotype’s
fitness is directly proportional to the number of matching alleles, defined as
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flz)=1 (S1)

where z[I] denotes a bit string (genotype) = consisting only of the values at the indices i € I C {1,...,n}, and

B= Ulfnzl {(m—1)¢+1,...,mt} is the index set of all blocks. Note that in the first model, only one block is

under selection, while other blocks have undefined target sequences and thus do not contribute to the fitness.

Fax represents the maximum Hamming distance possible between the current genotype and the threat, and

thus allows scaling of the fitness between 0 and 1. To scale the fitness equally for all three models, we define

Fmax = £ in the first model and Fmax = k€ = n in the other two models. Note that in simpler terms, fitness is
z

also directly proportional to the fraction of adapted loci F = f = 7 if only a single trait is under selection, or

F=f= % if all traits are under selection.

S1.2 Single trait under periodic selection

Here we focus on a single trait encoded by ¢ loci and assume that alleles denoted 1 are adaptive, while alleles
denoted 0 are not. Each iteration, one mutation occurs in the genome of length n. During the strong-selection
phase, any mutation occurring in a trait is either positive and fixes in the population within a short time (one
iteration) with probability p, or negative and does not fix in the population. In the presence of selection pressure,

the number of adapted loci z is increasing and the expected increase in fitness—drift—in one iteration is
{—x

Aw) =p =2 (52)

n

Assuming that steps are small (n is large), we can approximate the discontinuous process by a continuous (and

integrable) path, stating ¢ ~ A(z). Therefore, we can calculate the expected number of adapted alleles at time

t1:
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where 1 and z¢ denote the number of adapted alleles at time ¢1 and tg, respectively, and At =1 —tg. The

expected gain of adaptive alleles is thus
AP @) =21 —a0 = (L—x0) (1L —e A (S4)

In the absence of selection, all mutations within the trait are effectively neutral and fix with a probability

of 1/N. The expected gain of alleles 1 under no selection pressure is given by the difference between 0 alleles

mutating and fixing in the population, 61\7—57 and alleles 1 mutating to 0 and fixing, +7;:

do _fl-z @
dt =~ Nn Nn
{—2x
= Nn (S5)
The expected number of adaptive alleles at time t1 is
T 11
/ de _ [T L g
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Thus, the expected change in the number of adapted loci for arbitrary At is
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A2 (2) = oy — 2 = (1 — = ) (g_m), (S7)

Equation (S3) shows that the number of adapted alleles converges to £ in the presence of selection, while
equation (S5) shows that in its absence it converges to £/2, which is expected, as all alleles are neutral in the
absence of selection.

If we assume that a trait is periodically under selection pressure for 71 iterations but the selection is then
absent for ¢ iterations, we can find the maximum expected number of adapted alleles (at the end of the selection
period) and its minimum (at the end of the no-selection period), denoted by zmax and xmin, respectively, and

thus their magnitude z a:

P71

27
Defining A=e~ = and B = e~ ~n and solving the system of equations leads to

JA(L-B)+(1- A)

Tmax = 1_ AB ) (88)
1
o s1-B)+(1-A)B
and the magnitude of oscillations is
_ _(1-A4Q0-B)
LA = Tmax — Tmin — WZ . (SlO)

The fraction of adapted alleles is easily obtained by dividing the number of adapted alleles by the maximum
possible number of adapted alleles ¢.

To find the maximum time required for the population to climb the fitness peak (all alleles are adapted), we
use the variable drift theorem and the expected progress to the optimum when a trait is under selection (S2).
Theorem 1 (see Methods; Johannsen 2010) applies to the decreasing the number of zeros y = ¢ — z (the number

of remaining mutations that need to be accumulated), thus, h(y) = BZ:
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where we assumed a worst-case scenario, no adapted loci at the beginning, or Topy < %(1 + log%) if we

assumed that half of the loci were adapted by chance.

To find the maximum expected time required for the population to get to the proximity of the fitness peak

(for instance, 90% alleles adapted), we use generalised version of the variable drift theorem (A2):
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assuming that the required distance from the peak is a = 0.1¢

< %(10 +1og 10) , (S13)

To find the time it takes to lose adaptation completely (from 100 % of adapted alleles to 50 %), we find the

time necessary to gain £/2 zeros in the trait. In each iteration, the expected gain of zeros is Ay = EK,Z?” = h(y).

Now we substitute z = £/2 — y and use the variable drift theorem, where h(z) = £%:

(S14)
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where a = 1 is the last step before reaching y = (1/2)¢ and b = ¢/2 is the maximum number of zeros we have

to accumulate.
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S1.3 Multiple traits under periodic selection
We consider the following three scenarios of time dependent fitness landscapes:

1. Scenario 1: There is a single optimal response to all threats; adaptation to any given threat is independent
of adaptation to any other threat (Figure S1A).

2. Scenario 2: Threats have different optimal responses, but adaptations to any two threats overlap in all except
two traits (Figure S1B).

3. Scenario 3: Threats have conflicting optimal responses; better adaptation to one threat implies worse adap-

tation to all other threats.

V _d

G- 1) (1, -1/, 1)
- (1,1, -1/k)

\J \J

(A) Scenario 1 (B) Scenario 2

Fig. S1: Scheme of the first two scenarios. Different colors represent different directions of selection. In the first
scenario, the optimum is a plane, defined only by a single trait. In the second scenario, the optimum is only one
point, a tip of an arrow.

We implement these scenarios as follows: let, for all ¢, g;: {0, 1}i — R be a monotone function, that is, we
assume, for all z,y € {0,1}" with Vj < i: 2; < y;, that g;(z) < g;(y). For each model, we define a collection
(fi)i<k of k fitness functions on {0,1}" (or, for Model 3, on {1,...,k}"), where k is a parameter of the model;

we suppose that k divides n and write k¢ = n.

1. Scenario 1: For i < k and all z € {0,1}",
fi@) = ge(a L+t i+ 1))]) -

Note that each f; only depends on a single part of the bit string, and the parts on which the different f;

depend on are disjoint. The all-1 bit string is optimal for each 1.
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2. Scenario 2: For i < k and all z € {0,1}",

filz) = igg(x[{uie,...,(H1)4}}) 7294(1[{1—1—1'5,..4,(1'—&—1)(}]).
j=1

Note that the term which is subtracted twice already appeared once in the sum; subtracting it twice leads
to this term being minimized (rather than maximized). For each of the different i, we have that they depend
on all bits, and setting the bits to 1 is optimal except for those in {1+ (¢ —1)¢,...,4¢}, which need to be set
to 0. Thus, setting bits to 0 is in conflict with what is better for all other i-s.

3. Scenario 3: For i < k and all z € {1,...,k}",

fi(x) = gn([z]=i)

where [z]—; is the bit string of length n which is set to 1 for all those positions j where z; = i. Note that

each ¢ has as optimum the all-i string, and every non-i is equally bad.

S1.4 Scenario 1: Selection acting at different traits in different environments

We assume k traits encoded by ¢ non-overlapping biallelic loci, represented by a bit string of length n = k¢
divided into k blocks. At each time point ¢ € N, the fitness of an individual is given by a function f; of a number
of suitable alleles (represented by ones) encoding the trait under selection, and is independent of all the other

traits.

Optimal response 1 [1[1[1]t]t]a[a[ift]a]-T-T-T-T-T-[-T-T-T-T-T-T-T-T-T-T-T-T-T-]

v v v
Trait 1 Trait 2 Trait 3
Optimal response 2 [- [- [-[-T-[-T-T-T-T-[u[u[a[afaafafafa]a-T-T-T-T-T-T-T-T-T-]
v N v
Trait 1 Trait 2 Trait 3

Fig. S2: In this scenario, only one trait is under selection at each time. Other traits do not contribute to fitness
and thus do not have a unique optimal response.

As there is no correlation between different environments and traits are completely independent, we can
treat this scenario as k single-traits scenarios. Each trait experiences selection pressure during time period 7,
and no selection during (k — 1)7 (see Figure S3). Substituting this time periods into equations for a single trait
scenario (5), (6) and (7), we can estimate the oscillations in the fraction of adapted loci, by stating 71 = 7 and

T0=(k—1)T:
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Fig. S3: The number of adapted loci and fitness varies in time. Different background colours represent different
environments (k = 10). Upper figure: number of adapted loci of randomly selected three traits. If a trait is under
selection, all loci quickly adapt. However, if no selection pressure is applied, adaptation is slowly lost. Bottom
figure: fitness or fraction of loci that are adapted.

11-B)+(1-A)B
fmin =2 1_AB 5 (815)
1AQ1-B)+(1-A)
fmax =2 1_ AB 5 (816)
and the magnitude of the oscillations is
i1-4)Q1-B
fa = 2 1_)513 ) (S17)

_pT _2(k=1)T
where A=e” » and B=e~  Nn

Furthermore, equations (8) and (9) derived for the single-trait scenario can be directly used to determine
the maximum expected time necessary for a trait to climb the fitness peak or to lose the adaptation completely.
Thus, if the environment oscillates with periods longer than %(1 + log¥), the population has enough time to

nN

climb the fitness peak. If the period is longer than 23*(1 + log %), adaptations to individual threats are

forgotten and only half of the alleles remain adapted in expectation.

Frequent environmental change

Another extreme case of environmental change is the environment changing every iteration, i.e., at the same
time scale as new mutations appear in the population. To simplify the analysis, we focus at the whole genome
at once. In the following theorem, we state the expected level of adaptation (expected number of adapted loci)

to which the population converges if the environment changes at the same timescale as new mutations occur
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Fig. S4: The dependence of the level of adaptation on the period of environmental change. Green depicts the
expected maximum, red the expected minimum, blue the size of oscillations. Lines show analytical results, dots
the simulation results. Mean and standard deviation of 100 periods, taken after stable oscillations were achieved.
k=10, £ =50, N = 100, p = 0.9.

in the genome. Furthermore, we provide an estimate of the number of adapted alleles as a function of elapsed
time since the beginning of adaptation, assuming no loci were originally adapted. In the proof of the theorem,
we first estimate the expected change—drift A(X)—in the number of adapted alleles across the whole genome,
denoted by X. By finding a threshold value of X allowing for positive drift, we can determine the number of

one bits (adapted alleles) of the whole genome.

Theorem 5 Let Y (t) be the number of 1-bits in the current genome of the SSWM in any iteration t € N when applied
to the uncorrelated blocks problem with a constant k > 2 number of blocks, where the current block is chosen uniformly

at random in every iteration, i.e., T = 1. Then for any constant € > 0, there ezists a constant ¢ > 0 such that

n(k —1+ N(ke +p)) —Q(n)
> = .
Pr (151222(0”1/@) > (1+4¢) 30— 1)+ Np e

Furthermore, for any ¢ € (0,1), SSWM obtains a genotype with at least

n(k—1+ Np(1+44)/2)
2(k—1)+ Np

1-bits in expected time at most

knN§
(1-0)2(k—1)+Np) -

Proof Let Y;(t), i € [n/k] U{0} be the number if 1-bits in the i-th block of SSWM at time ¢. We apply Hajek’s
theorem (2.8) to Y (¢) := Zle Y;(t), i.e., the total number of 1-bits in the bit string, and define A(t + 1) :=

Y(it+1)-Y(2).



Surfing on the seascape: Adaptation in a changing environment S9

To check condition (C1), we let p be the probability that SSWM accepts a new genotype when the fitness

has increased by one, and 1/N the probability that SSWM accepts a genotype with identical fitness.

E[A(t+1) | Y(#)] :zk: (%) (1,%) (n/k—nYi(t) _ Yiﬂ) +p(%) (M)

=1
k
_Zk—l-i-Np_ 2(k—1)+NpY_(t)
i - NEk2 NEkn ¢
1=
1 2(k—1)+ Np
= W% </<; 14+ Np p” Y(t)) . (S18)

The first part of equation (S18) describes the probability of a neutral mutation occurring and fixing in the
population, while the second part describes the probability of positive mutations occurring in the selected trait
and fixing in the population.

Hence, for an arbitrary constant € > 0, if

(k—1+ N(p+ke))

Y 2 2(k —1) + Np

=:a(n),

then the drift is
E[A(t+1)|Y(#)] < —-.

Condition (C2) is trivially satisfied because the number of 1-bits changes by at most one. Assuming that

Y (0) < a(n), Hajek’s theorem (2.8) implies for any ¢ > 0 that
Pr(Y(t) > a(n)(1+¢)) =e ?M (S19)

Note that a(n) > n(1 + €)/2, hence by a Chernoff bound, the assumption Y (0) < a(n) holds with probability
e~ (") pecause the initial genotype is sampled uniformly at random. The first statement now follows by a union
bound with respect to the time t.

For the second statement, it suffices to note that for ez := (1 — §)p/(2k)

n(k—1+ N(p — kea))

YO < = Sa-1+ Ny

= b(n) (S20)

the expected drift from (S18) is bounded by

E[Ai+1;Y: <b(n) | Yi] > e2. (S21)
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Hence, the expected time to reach b(n) 1-bits starting from a uniformly chosen genome is by the additive drift

theorem at most

2 e2(A(k— 1)+ 2Np) (1 -0)2(k —1)+ Np)’

E {b(n) - Y(O)} _ b(n) —n/2 _ nN(p — 2ke2) knNd§

A little oversimplified, Theorem 5 implies that the population quickly obtains approximately

_n(k—1+ Np)
T 2(k—1)+ Np
adapted alleles. However, from this level, it takes exponential time to adapt significantly more alleles.
The following proposition states that there is a simple linear relationship between the expected number of

adapted alleles and the expected fitness.

Proposition 1 Let F(t) be the fitness and Y (t) be the number of adapted alleles of SSWM in any generation t € N
when applied to the uncorrelated blocks problem, where the current block is chosen uniformly at random in every
generation (i.e., 7 =1). Then

E[F()] = E[Y (1)) /k . (522)

Proof The fitness F(t) equals the number of adapted alleles in the current block in generation ¢. For all i € [k],
let Y;(t) be the number of adapted alleles in block i at time ¢, and Y (t) = Zle Y;(t) be the total number of
adapted alleles in the genome. Let the random variable K(t) € [k] denote the current block in generation t.

Since, the current block is chosen uniformly at random in each generation, the expected fitness conditional on

the number of adapted alleles in each block is

k k
E[F() [ Va(t),... Yu(0)] = Y Pr(K = ) Yi(t) = > i)k = V() (523)
Finally, by the tower property of expectation,
E[F@)] =E[E[F@)[Yi(t),.... kO] =E[} (O] /k . (524)

As the environment changes every iteration, all adapted alleles are uniformly distributed across the all traits,
resulting in the expected number of adapted alleles in a currently selective trait z(t) = %:

n(*5 +p)

~ N TP (S25)
k(2ED 4 p)

We can obtain this result also by substituting 7 = 1 into equations (S16) and (S15) and assuming that n is

large enough such that A — 1. Limits of both equations lead to equation (S25).
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Fig. S5: Time to find the temporal optimum in scenario 1, and its dependence on various parameters. Red lines
depict analytical results, blue dots simulation results. Mean and standard deviation of 100 independent trials.

S1.5 Scenario 2: Selection acting at all traits, with partial overlap between different environments

In this scenario, each trait is under selection at all times and every mutation that occurs is either positive and
fixed with probability p, or negative and does not fix. Selection acts in one direction (denoted as ‘principal
direction’) on all traits except one trait specific for each environment, which is then under selection in opposite
direction (Figure S6). As there are k different threats, the number of alleles 1 increases during time (k — 1)7, it

decreases during time 7.

Optimal response 1 [0JoJoJoJoJofoJofofoJx afaa]aa]aaaafaa]aaaa a2 a]1]

v v v
Trait 1 Trait 2 Trait 3
Optimal response 2 [1[1[1]1]1]t]1]1]1]tJoJoJoJoJoJoJoJoJo o] t]aJa e aa e e 1]

v v v
Trait 1 Trait 2 Trait 3

Fig. S6: In this scenario, all traits are under selection at all times. However, optimal responses to all threats are
similar to each other.

As all traits are independent, we can begin by looking at a single trait. As in the previous scenario, we

estimate the expected increase in number of ones if this trait experiences selection in the principal direction

Alx)=p , (S26)
and their decrease when trait is experiencing selection pressure in the opposite direction

Aw) = —pZ (527)

i
n
where z is a number of ones in a given trait.

Following the approach as in the single-trait scenario, using equation (S26), we can estimate the expected
gain of ones in a trait that is under selection in the principal direction. The increase is given by equation (S3),

where At = (k—1)7:
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21 =L — (£ —zo)(e”n*DTy

Alfa) = (£ =o)L — e 7*7DT)

where ¢ and z; denote the number of alleles 1 at the beginning and the end of the period, with selection
acting in principal direction.
Similarly, using equation (S27), we can calculate the expected gain of alleles 0 (or rather loss of alleles 1)

when a trait experiences selection in the opposite direction during time 7:

_dz P
Ax TR
xr1 to+7
[
xo T to n
T p
1 =-=
og(a)| | =Er
21 =wo(e 7). (S28)
Expected loss of alleles 1 is thus
Alz) =21 —mo =z0(e "7 —1) . (S29)

We can find the minimum and the maximum number of ones that each trait is expected to reach by solving

the following set of equations

Zmax = £ — (€ — Zmin) (e~ 7 F~D7) and

_P
Tmin = Tmax€ "

pr _p—r
0

Defining A=e¢™» and B=¢e = A%*=1) and solving the equations leads to

(1-B)t 1-—4k1
1-AB ~ 1- Ak
_A(l—B)K_A—A’“e
Tmin =4 T 1 AR

¢ and

Tmax =

Note that the expressions above give us only the minimum and the maximum number of ones in each trait,
or, dividing by ¢, the minimum and maximum fraction. To find the minimum, maximum and the magnitude

of fitness oscillations, we cannot simply compare the gain and the loss of alleles in a single trait, as all the
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other traits are in various stages of adaptation. Furthermore, one trait is always under selection in the opposite
direction, and alleles denoted 0 contribute positively to the fitness and are thus adaptive in this trait. Hence,
to find the total fraction of the alleles that are adaptive, we have to sum them up over the number of periods
that passed since the change in the selection direction.

The maximum fraction of alleles that are adaptive at the and of each period is

1| — Ak A— Ak
Fmax(r) =~ ( — )H;( ( Tl Z)A)

1] A— Ak A— AF
=~ ( 17Ak)e+ —1£+£Z(<17Ak—1>,4)
el A-a i i
~n k,1 Ak Alc ZA ZA
S k+A A% (1+ZA>—ZAi

L =1
L k+A—Ak L AmAR) Ao
T n | 1- Ak 1-A 1-4
_ e[, AN
_n_ 1— AF
2 A— Ak
=1-7 7% (S30)

where the first term in the first line is the fitness contribution of a trait that is under selection in the opposite
direction. Using the same approach, it is possible to calculate the expected minimum fitness, right after the
environmental change.

We expect that the trait that was longest under selection pressure in the principal direction will come under
selection pressure in the opposite direction. Thus, its fitness contribution will be given only by ¢ — zmax loci.
The trait that was under selection in the opposite direction until now will contribute only z,i, loci. Other traits
had already from 1 to k — 2 periods of selection in the one direction, thus their contribution can be found by
using equation (S3) with a time of i - 7, where 7 is the number of periods that each trait spent under selection

in the principal direction.
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foin(7) =

S

A— Ak
|:£ — Zmax T Tmin + Z —

1— AF
( A Ak (1—Ak—1)
e

(kAk“—2A’“+1—A’“+A2—Ak+2A>
—aF 1—ar T A(AF —1)

1]t
n

n (A -1)
2 1-AM!
=1 T T (S31)
where A =¢~ 7. Resulting oscillations in fitness are
Af(7) = fmax(7) = fmin(7)
_2 AA 2 1-A!
o E 1—AF ko 1- Ak
2 (1-4)(1-4F1
== . 2
k- 1— Ak (832)

Frequent environmental change

To find out what happens if the environment changes frequently, i.e., every iteration, we can substitute 7 = 1
into the equations (S30), (S31) and (S32). However, to get a better idea how the resulting state depends on the
number of loci ¢ and traits k, we assume that n >> p and thus A — 1 and find the limit of the minimum and

maximum fitness/fraction of adapted loci across all traits:

. L A (k=124
Jim (1) = Jm foin(1) = =
(k* =2k +2) ¢ 11
= =12 - ) (S33)

See Theorem 7 for a proof that, after a sufficiently long time, the fraction of adapted alleles converges into

the solution above, regardless of the initial state, if the environment changes frequently.
Rare environmental change

To find the time necessary for the adaptation, we denote the number of alleles matching the current threat

(regardless whether they are ones or zeros) X, and determine the expected change in each iteration

A= M . (S34)

n
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We define decreasing number of all non-matching alleles h(Y) = % and use the variable drift theorem:

1 26
opt < v ——
Tpt—hu)*/l G

n 2t n
~+ —dy
P /1 pY

5 (1+10g(20))

IN

IN

where we assumed that at the beginning, 2¢ loci were not adapted, or
Topt < %(1 +logn) , (S35)

where we assumed that no loci were adapted at the beginning. Thus, the equation above sets a limit to the
maximum expected adaptation time in this scenario.
Upon environmental change after this time, 2 traits are expected to be completely maladapted, thus the

fitness is reduced by 2/k. See Theorem 9 for the proof.
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Fig. S7: Time to find the temporal optimum in scenario 2, and its dependence on various parameters. Red lines
depict analytical results, blue dots simulation results. Mean and standard deviation of 100 independent trials.

S1.6 Scenario 3: Adaptations in different environments are completely antagonistic

In this scenario, we assume that all traits are under selection at all times. However, every environment requires
a specific response (allele) at each locus, thus there are as many alleles per locus as there are threats. Threats
are completely dissimilar, adaptation to one of them means maladaptation to the rest of them (Figure S8).

As all traits are under selection in the same direction, we look at the whole genome at once. The probability
of a positive mutation occurring is n’(’k;_xl), where X is the total number of alleles across all traits adapted to
the current threat, and the factor (k — 1) comes from the fact that only one in (k — 1) possible mutations at

each locus is positive in a given time. As all traits are under selection in the same direction, we can apply the
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Optimal response 1[AJA[AJAJATATATATAJAJAJAJAJATATATATAJAJAJATATATATATATATATATA]

Trait 1 Trait 2 Trait 3
Optimal response 2 [B[B[B[B[B[B[B[B[B[B[B]B[B[B[B][B]B[B[B[B[B[B[B[B[B]B[B[B[B][B]

v v v
Trait 1 Trait 2 Trait 3

Fig. S8: All traits are under selection at all times. Optimal responses to all threats are not compatible.

same approach as we used for a single trait to the whole genome. Thus, the expected gain of adaptive alleles in

each time step is

AX = % : (S36)

The expected number of adaptive alleles after time period 7 is

dx P
@ - X)
X1 to+T
/ dx :/ Py
x, n—X t n(k —1)
1 o) I
og(n - X)| ' = ™
- X
g (P=Xo\_
Og<n—X1) n(k—1)"
n— XO p—-E—
— en(k—1)
Tl*Xl ¢
X1 =n—(n—Xo)e "EDT (S37)

where X; and Xy denote the number of adapted alleles at the beginning and the end of the period T,

respectively. The expected gain of adaptive alleles is thus
AN X) = (n— Xo)(1 —e 70D (S38)

Again, we assume that a trait is periodically under selection pressure in one direction for 7 iterations, but
under selection in a different direction (we have k directions, as there are k alleles per locus) for (k — 1)
iterations, thus the expected change of alleles of a particular type (denoted by X) in each time step is

pX X (k—2)

AX =D V(= 1)

(S39)

where the first part is a loss due to positive mutations occurring and fixing, while the second part captures the

loss of alleles due to neutral mutations to other possible alleles. In time (k — 1)7, the change is



Surfing on the seascape: Adaptation in a changing environment S17

X X L k-2
a ~ ak-n\PT N

X, to+(k—1)7 k=2
ax _ _/ PN 4
Xo X to "(k - 1)
X, P+ k-2
log(X ‘ = PTN
og(x)[ | = ~Eg k- 1)r
k=2
log (&) = PR
Xo n
X _ o,
Xo
X1 = X067 n T , (840)

where X; and Xy denote the number of type X alleles at the beginning and the end of the period, when this
allele was not suitable for the environment.

The expected loss of adaptive alleles is thus

pt kL2 pt+ kL2

A X)=Xo—Xoe 7 T=Xo(l-e 7). (S41)

We can find the maximum expected number of adapted alleles in the whole genome (at the end of the selection
period) and its minimum (at the end of the no-selection period), denoted by Xmax and Xmin, respectively, and

thus their magnitude X a:

Xmax =n — (Tl - Xmin)67 n(kp_l

77 and

Xmin = Xmax(e_ " T) .

. __pr _ pNtk—2
Defining A =e »*-D and B=¢e¢ N

3

and solving the system of equations leads to

1-A

Xmax = 750 and (S42)
- _(1-4B
Xmin = 1_AB n., (843)
and the magnitude of oscillations is
x,=0-A0-5) (S44)

1-AB
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The total fraction of adapted loci can be found by dividing the results above by n, as we were looking at

the whole genome.

Rare environmental change

As before, we use variable drift theorem to find the maximum expected time to adapt all loci across all traits.

Defining h(Y) = n”(ﬁ}),

IN

1 L |
Topt m*/l ok
_(k=1)n /"(k—l)n
=—r+ | —=dy

D pY
(k—1)n

=-—"(1+logn), (S45)
p
where we assumed the worst case scenario, when no adaptive alleles are present at the beginning. After

this time, it is expected that all loci are adapted to the current threat, and if the environment changes, the

population is completely maladapted to the environment.
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Fig. S9: Time to find the temporal optimum in scenario 3, and its dependence on various parameters. Red lines
depict analytical results, blue dots simulation results. Mean and standard deviation of 100 independent trials.

S2 Adding stochasticity to environmental change

To simplify the calculations above, we assumed that the environment changes periodically and different threats
follow in the same order. However, as our results are expectations, they apply to more general scenarios as well,
where different threats arise in random order. We still assume that they are all equally likely and of the same
length. In such a case, each environment repeats in expectation every (k — 1)1 iterations, and our results hold.
However, the variance in the minimum and the maximum fraction of adapted alleles is increased.

Figure S10 shows analytical results (solid line) and simulations of threats arising in random order.
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Fig. S10: Minimum (red), maximum (green) and magnitude of the fitness oscilations (blue) in all three models,
when environments change in random order. Lines depict analytical calculations, dots mean and standard
deviation of 200 periods taken after stable oscilations were achieved.

S3 Generalized fitness landscape—mnon-linear fitness

Here, we generalize our results by relaxing assumptions on the fitness landscapes. We assume the fitness to be
an arbitrary monotone function increasing with the size of the mutation effects, and thus larger mutations are
more likely to get fixed in the population. Several cases of epistasis can be incorporated into the model.

We develop a general framework for the analysis of an arbitrary monotone fitness function, then work out

another specific saturating fitness function.

S3.1 Probability of a given state

The following lemma is due to Randall (2006) and will be used in the upcoming proofs. It says that, after a
mixing time of at most 7(¢), the probability to be in either state of a two-state Markov chain is only by e off
from its stationary distribution. This lemma is useful to determine the fraction of adapted alleles in all three

scenarios and is independent of the fitness function, as it only deals with probabilities of fixations.

Lemma 1 Assume a two-state Markov chain (Figure S11) with transition probabilities x and y. For all t € N, let
z(t) and y(t) be the probabilities of being in state 0 and 1 at time t, respectively, and let ©* = lim¢—o0 z(t) and

y* =limt—oo y(t). Then

Further, for e > 0, let 7(e) denote the first point in time such that, for allt > 7(e), |z(t) —2*| < e and |y(t) —y*| < ¢,

) = o(xiy log (pig) ) .

and let p* = min{z*,y*}. Then
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Y

Fig. S11: Markov chain with two states, representing the value of any bit.

In the lemma above, state 0 means that a position has a specific value, and state 1 that it is not this specific
value. The lemma then states that the transition probabilities = and y are (after a certain mixing time) very

close to the limit probabilities of being in state 1 or 0, respectively.

S3.2 Saturating fitness

In this example, we assume that the fitness landscape is saturating due to some kind of epistasis, with adaptive
mutations having diminishing fitness effects where new adaptive mutations contribute less to the trait value
than the previous ones resulting in fitness gain diminishing with the number of adapted loci in each trait. Note
that fitness contributions across traits are additive:

3 pegs 2 @BhalB)

fay=1- = ,

(S46)

where F = k - 2¢. Note that the fitness here is scaled to go from 0 to 1 — 1/F.

We derive our results for extreme scenarios of environmental change, when the environment changes fre-
quently, every iteration, or rarely, after the population fully adapted to the current threat. While analytical
calculations only deal with these special cases, numerical simulations provide insight into scenarios with inter-
mediate frequencies of environmental change.

Further, we assume that the probability of fixation is given by the fitness contribution, thus the probability
of fixation of the first positive mutation is the largest, denoted pmax, and the probability of the fixation of the

last positive mutation is the smallest, denoted p;. Neutral mutations fix with probability pg = 1/N.

S3.3 Scenario 1: Selection acting at different traits in different environments

For saturating fitness
Y pes 9du (z[B],a[B])
F ,

f@)=1- (347)

we use Lemma 1 to derive bounds on the expected fraction of alleles that are adapted. The transition probability

z to mutate from allele 0 to allele 1 is % + (k:l?p 0 where the first term is the probability that the locus

is currently under selection, mutates and is fixed with probability given by probability pr dependent on its

contribution, while the second term is the probability that it mutates when the trait is not under selection
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(neutral mutation). This transition probability can be bounded by

L (14 (b= Dpo) < @ < L (pma+ (b~ 1)) - (S48)

Mutation from allele 1 to allele 0 can occur only if no selection is present, and is thus given as y = ’“n*kl Po-

According to Lemma 1, we get the probability * that a locus is adapted

p1+ (k= Dpo

Pmax + (k — 1)]00
Q(k' — 1)])0 + Pmax

<z*<
= 7 2(k—1)po+p

(S49)

If we assume the linear scenario, p1 = pmax, and the expected probability that the locus is adapted (which is
equal to the fraction of adapted alleles) goes to 1 for small k¥ and to 0.5 with increasing k, which is in agreement
with our previous calculations.

From equation (S49), we can derive bounds on the expected fitness F. If pg < p1 << pmax, the upper bound
on the fraction of adapted alleles approaches 1. On the other hand, the lowest fraction of adapted alleles is
expected when po & p1 & pmax, setting the lower bound of the expected alleles to be > 0.5. Thus, the expected
fitness is

20— 282 < p <2t (S50)

or, if we want to express it as scaled fitness,
1-272<F<1. (S51)

We now bound the maximal fitness that can be obtained in the case of saturating fitness. Following Section

S3.2, the fitness at time ¢ is given by

2f=Yi(t) 1 1
k2t E2Yi(®) ’

F(t)=1- (S52)

where Y;(t) is the number of 1-bits in the ‘active block’ in iteration t. We assume that the fixation probabilities

of positive mutations are monotonically decreasing in the fitness, and at most pmax.

Theorem 6 Let F(t) be the saturating fitness of the SSWM in any iteration t € N when applied to the uncorrelated
blocks problem with a constant k > 2 number of blocks, pmax be the largest probability of fixation of a positive mutation,
and where the current block is chosen uniformly at random in every iteration, i.e., T = 1. Then, for any constant

€ > 0, there exists a constant ¢ > 0 such that

1 — o2
Pr (131?22(«:" Fit)y>1- W) =e , (S53)
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where
n(k—1+ N(pmax + k%))
k(2(k — 1) + Npmax)

a(n) := (Sb4)

Proof We use the same notation and ideas as in the proof of Theorem 5. In addition, we define for each block

i € [k], the drift in the number of adapted alleles in the block, by

Ai(t+1) =Y (t+1) = Y;(t) . (S55)

Using similar derivations as in the proof of Theorem 5, we get

]f_l"'Npmax 2(k_l)"‘]vpmaux
. . < _ . .
E[A;(t+1)|Y;(1)] < o N Y;(t)

Hence, for any constant € > 0, if

n — max 28
Yi(t) 2 (Z(z(lzijf)(i Np:i) )= ato. (556)

then the drift is
BAi(t+1) | ()] < — . (857)

Note that a(n) > (n/k)(1 +¢)/2 = £(1 4+ €)/2, hence, by a Chernoff bound, the assumption Y (0) < a(n) holds

with probability e ("

), because the initial genotype is chosen uniformly at random. Condition (C1) is therefore
satisfied on the interval a(n) < Y (t) < a(n)(1 + €). Conditition (C2) is trivially satisfied because Y;(¢) changes

by at most one in each iteration. Hajek’s theorem (2.8) now implies for any ¢ > 0 that

Pr(Y;(t) > a(n)(1 +¢)) =e 2 (S58)
Furthermore, a union bound over all the blocks and time iterations 0 < ¢t < e“"* yield
Pr < max max Y;(t) > a(n)(1+ e)) < keTem ) = =02 (S59)
0<t<ecn 1<i<k

assuming that ¢ > 0 is a sufficiently small constant. This now yields the statement of the theorem, because

>1— a(n)(1+e) < . > .
Pr (022?3(6" Ft)>1-1/(k2 )| <Pr ogr?gz{cn 1rg%xk Yi(t) > a(n)(1+¢) (S60)
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S3.4 Scenario 2: Selection acting at all traits, with partial overlap between different environments

We formalize the model 2 described above by defining a set A C {0,1}", |A| = k of k different optima q;

( €{1,...,k}) defined as follows:

aj = 1(j71)€0€1(n*j)l )

Note that for each bit position, there is only one a; that has a 0 at that position.

Frequent environmental change

We first focus on a case when the environment changes every iteration.

Using Lemma 1, we show that, after some time T = £2(nlog(nk)), the population in the SSWM regime
reaches a state where the probability of being adapted is (almost; in the limit it is exactly) the probability of a
trait being under selection pressure. It says that if a position is optimal with probability ¥, then, in the limit,

the probability of having an optimal value at that position is y as well.

Lemma 2 Consider SSWM optimizing a monotone function f that changes its optimum each iteration. After at least
Q(n/(pmax) log(nkpmax/pl)) iterations, for each i € {1,...,n}, for the probability z* to have a 0 at bit position i,

we have

and, for the probability y* to have a 1 at bit position i, we have

1 Pmax * 1 P1
1o o) Pmax cx (- 2 .
( k) Y ‘< k)pmax

Proof We model the event of bit i being 0 or 1 as a two-state Markov chain as depicted in Figure S11. State 0

means that the current bit is 0, and state 1 means that the current bit is 1. We are now going to estimate the
probabilities x and y of how likely it is to change from one state to the other.

First, consider z, i.e., the probability of bit ¢ being flipped from 0 to 1. Hence, bit ¢ has to be chosen for
mutation by SSWM and the result has to be accepted. The probability of mutating bit ¢ is 1/n. Since Af cannot
be 0 in this setting, the probability to accept such a mutation is comprised of the probability that the current

optimum has a 1 at position 4, and of the fixation probability, which is at least p1 and at most pmax-

b1 1 Pmax 1
;(1—E)§x§7<l—g). (S61)

Thus, we get
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For y, we can argue analogously: Bit 7 has to be flipped, the momentary optimum has to have a 0 at bit i,

and the offspring has to be accepted. Hence, we have

<ygPmex I (S62)

By applying Lemma 1, we end up with

b1

=

Pmax

1
k
1 Pmax * 1 p1
1-= <y < (1-= , and
( k) oY ‘( k)pmax

k Pmax
— 0 " log (K. Pmax]) )
T(E) (pmax o8 (5 P ) )

If we choose € = 2(1/poly(n)), we get 7(¢) = O(n/(pmax) log(nkpmax/p1)). That means that we can get polyno-

mially close to the stationary distribution of the Markov chain after a mixing time of Q(n/(pmax) log(nkpmax/pl)),

The lemma generalizes our previous results (S33), where we stated what fraction of alleles is expected to be
adapted if the environment changes every iteration. If we assume that the probability of accepting a positive
mutation is the same, regardless of the fitness contribution (or that all alleles contribute equally to the fitness),
Pmax = P1, we obtain exactly the same results as previously in section S1.5: Equations (S61) and (S62) show
that z = 1/k and y = 1 —1/k. As we want zeros in 1 trait, and ones in (k— 1) traits, the total fraction of adapted

alleles is

1(1, k-1 (W -2642)¢ (1 1
- kR2)

fﬁ(E”T(’“W): o

The following theorem states that, after a sufficiently long time (¢mix), the number of adapted loci converges
to the solution given by (S63) if we assume equal contributions of fitness. The probabilities bound how likely
it is that there is a point in time (during ¢* rounds; at least tyix) such that the total number of adapted loci

_ k®>—2k+2+4ek—¢
= 3

deviates by a constant factor from (1 & ¢)k*¢, where k* . Since € can be arbitrarily close to 0

(not dependent on n and k), the number of adapted loci is basically the solution given above.

Theorem 7 Consider SSWM optimizing f1, changing its current optimum a; every iteration. Let sy denote the cur-
rent solution of SSWM in iteration t, and let k*(u,v) = k—(u+1)+(u4v)/k. After at least tmix = 2(n/(p1) log(nk))

iterations, for any € = Q(l/poly(n)) < 1 and any t* > tmix, it holds, for any constant § > 0,

_ 8%0k* (14e,14¢)
3

Pr (at, tmix <t <t fi(se) > (14 8)(1+e)lk™ (1 —¢, 1)) < (" —tmix + 1)e ,

and, for any constant 0 < § < 1,

_ 8%0k* (14e,14¢)
2

Pr (Elt,tmix <t<t* fi(se) < (1—8)(1 - e)ek™ (1, 1)) < (¢ = tanix + 1)e
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Proof In the following, let 2’ be z* from Lemma 2 with a factor of 1 +¢ denoting the difference to its limit, i.e.,
' = (1+e)z" = (14¢) - 1/k. Note that pmax = p1 because we optimize fi.

Let t* > tmix- We will only bound the probability of fi(s:) deviating too much for any single ¢t with
tmix < t < t*. The statement then follows by a union bound over all possible values of t.

First, we bound Pr (f1(s¢) > (140)(14¢e)¢k*(1—¢,1)) < Pr(fi(s¢) > (146)clk*(c,c)) via a Chernoff bound,
where we assume ' = ¢/k with ¢ € {1+¢,1 —}. Note that then E[fi(s¢)] = n/(k)2’ + n(k—1)/(k)- (1 —2') =
' + (k= 1)0(1 = 2') = tk*(c,c) < cl(z* + (k — 1)(1 — cz™)) = clk*(c, 1).

We get

_ 8%0k* (ci0) _ 820k* (14e,14¢)
3 3

Pr(fl(st)z(l—i—é)ﬁk*(c,c))ge 7% <e

Second, we bound Pr(fi(st) < (1 —6)(1 —e)tk*(1,1)) < Pr(fi(st) < (1 = 86)tk*(c,c)), for 0 < 6 < 1,

analogously. We get

52¢k* (c,c)
2

Pr <f1(st) < (1- 8)ek*(c, c)) <e” <e

_ 620k* (14e,14¢)
2

The following theorem considers diminishing fitness gain of new adaptive alleles in each trait. It states that

with high probability, the fitness is at least (k — 1)2°.

Theorem 8 Consider SSWM optimizing fa with £ = o(kpy /pmax) and k = W (pmax/p1)N0(2%), changing its optimum
every iteration. Let s; denote the current solution of SSWM in iteration t. After at least tmix = 2(n/(pmax) log(nkpmax/p1))

iterations, we get

Pr (Elt,tmix <<t false) > k20— o(2f)> < ("~ tmix + 1) (O(ZZ?;") n e—W))

and, for any constant 0 with 0 < § <k —1,

Pr (3t tmine < ¢ < 1% fose) S k-2 = (148)2°) < (7 — tunix + 1)0(£§?ax) 4
p1

Proof In the following, we are going to use z* = O(c/k), where ¢ € [p1/Pmax;Pmax/p1], and y* = 1 — z* from
Lemma 2 instead of z* £+ 1/poly(n) and y* £ 1/poly(n) as the probabilities of being having a 0 or a 1 at any bit
position, respectively, after ¢myix rounds of SSWM because the © incorporates these offsets.

We are now going to look at the expected fitness and bound it after ¢mix time has passed. Let a; be an
arbitrary optimum, and let ¢ > t;ix. Again, as in the proof of Theorem 7, we only prove the probabilities for a

single ¢. The probabilities stated in the theorem then follow by applying a union bound.
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E[f2(s:)] = [k oY 2@@43],%[31)}

BeB

— k.2t _ Z E [gdH(St[B]a%‘[B])] )
BeB

2du(st[Bl,a;[B]) i 5 yandom variable whose distribution is dependent on B: If B is the block B, of a; containing
only zeros, di(s¢[Bz)], aj[By]) is going to be very big because s¢[B,]| contains 0s only with probability ©(c/k). On
the other hand, this will lead to dy (s¢[B], a;[B]) being small for all other blocks since they contain almost only

1s anyway. We first look at all blocks B but B,. In this case, the Hamming distance increases if there is a 0 at

a bit position in s¢[B].

¢
du(s¢[B,a;[B)] _ i€\ wnig wnb—i
E|2 ’ ];z(l)(x)(y)
:(23:*+y*)€

=(1+a")".

We get (1+2*)¢>1and (142°)° <e ! = P(%) = O(1), because we assume ¢ = o(kp1/pmax). Hence,
(1+2%)¢ =©(1) and thus
E |:2dH(St[B],a][B]):| —o(1) .

For the second case, we are going to focus on s[B,]. With an analogous calculation (swapping z* and y*)
and noting that (1 +¢*)¢ > (2- @(c/k))e > (1- 0(1))22, because k = W(pmax/p1), We get
(1 _ O(l))2£ <E [QdH(St[Bz]an [Bz])} < 25

= )

where the upper bound follows trivially from all bits being set incorrectly.

Note that the results hold for an arbitrary a;. Overall we get

E[f2(st)] > k-2° 2" —0(k) > k- 2° — (1+0(1))2" and

E[f2(se)] < k-2 — (1 —0(1))2° —6(k) < k-2° — (1 -0(1))2",

since we assume k = o(2°).
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Now we first bound the probability that ZBeB’ 2du (s:[B.a;[B]) dpes not deviate too strongly from its mean
O(k), where B’ = B~ {B,}, i.e., that it is in 0(2°). We do so by using Chebyshev’s inequality. For calculating

the variance, we have

2
) 2@(3,,[31,%[3])} _

BeB’

2
Var ( > de“f[BW[BD) —E <Z QdH(St[B],aj[B])> _E

BepB’ BepB’
The minuend can be split up into two cases: one, where the random variables are independent, and the

other, where they are not. This results in

2
E (Z ZdH(St[B],aj[BD) = ¥ E[zdmstlBJ,aJ[B])]E[dem[B'Laj[B'])] +

BeB’ BeB’ B'eB’
B'#B

Z E [4d11(8t[B],“J[B])} .
BenB’

Substituting this in our equation for the variance leaves us with

Var < 3 2dH<St[BLaj[Bl>> = (E [4%(8431,«1]-[3})] _E [Qdﬁm[m,%[g])r) :

BeB’ BeB’

b

Using the binomial theorem, we can expand (1 + a)® = >ico a'(®

;) and we get

B [4dH<st[B1,aj[B])] _E [zdmstlBJ,aa [B])r — (1432 — (124
* * * * * 12
=1+ 32"+ O((z*0)?) - (1-1-293 (+0((a £)2)) =0(z") = @(%) ,

where O((z*€)?) = o(z*(), because 2*¢ = 0(cp1/pmax) = o(1), due to our assumptions. This results in

Var ( Z 2dH(St[B]’af[B])> =0(cl) .

Bep’

According to Chebyshev’s inequality, we can now bound

Pr ( > 02 = Q(\/@j{%)) < O(%) < O(@f‘:‘) .

For the upper concentration bound, we have to bound the probability of E [2‘1‘*(3‘[32]’“3' [BZ])} taking values

S odutsilBles(B) _ g(y)
BeB’

in 0(2£). We do not have to bound the probability of it getting too large for the lower concentration bound
because we already made the maximally pessimal assumption of 2¢ in that case.
To calculate the desired probability, we use a Chernoff bound to show that it is unlikely that w(1) bits in

B are set incorrectly, i.e., 1. Note that the resulting fitness would then be in 2t—w(®) = 0(25). Let X, denote
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the number of Os in B, then E[X.] = y*¢ = ©(¢) because z* = o(1) due to our assumptions. We get

(170(1))2@(1)

Pr (Xz <o(0) =o(1)O(¢) = (1 -(1- o(l)))@(f)) <e Tz =00

sQj [B]

Note that the upper concentration bound on ZBGB’ 9t (5:[B] ) is an upper bound for this case as well.

Hence, by a union bound over both events, the proof is completed.
Rare environmental change

The following theorem looks at the fitness of the population upon environmental change that occurred after a
long time tmix > (2n/p1) Inn, and states that at least 2 traits will be completely maladapted, both in the case
of linear and saturating fitness. We show that t,ix iterations are enough for SSWM to fully optimize for the
current optimum a; with probability at least 1 — 1/n. If the optimum then changes to another optimum, this
will result in a change of fitness from two traits, as they will be completely maladapted. Thus, the fraction of
the lost fitness in both cases is 2/k.

The terms 1 — 1/n® and 1 — 1/k* follow from SSWM fully optimizing for a; during an interval of tmix

iterations (i.e., not failing at least once during a tries) and from the new optimum being different from the

current one (i.e., not getting the same optimum during a tries), respectively.

Theorem 9 Consider SSWM optimizing fi1 or fa, changing its current optimum aj only after at least tmix >

2n/(p1) Inn iterations. Let s; denote the current solution of SSWM in iteration t. For any a € N, we have

—~~ 1 1
Pr(ﬂtﬁa-tmixzfl(st)g il —2@)2 1= — ) (1= ) and

1 1
Pr(ﬂtgwtmix:fg(st)§k~2é—2~2‘ﬂ') > (1—?7&) <1—ﬁ) .

Proof This proof makes use of drift theory. Hence, we define a potential over the process and then determine
its expected hitting time.

Let X denote the number of incorrectly set bits of sy (with respect to the current optimum a;) at time
point t’, and assume that a; has not been reached yet. Note that a; has been reached if Xy =0, i.e., Xp < 1.
We are going to bound the expected progress of X, and, thus, the expected time it takes until SSWM fully

optimizes for a;. Note that X1 < Xy holds because we cannot get worse in fitness.

Xy
EXy — Xy | Xe] = E[Xy — Xpy1 | X, Xop > Xpra] > Tt “p1,

as we have a chance of X;//n to mutate one incorrectly set bit, and accept the mutation with probability at

least p1. The resulting change in potential is always 1, as we can only change exactly one bit.
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Using the multiplicative drift theorem (Theorem 3), we bound the expected time T until X;, = 0, given that

SSWM started with an individual having O(n) bits set incorrectly at an earlier point in time ¢":

14 niXy) Jrliil(Xt”) < 2 Inn .

E[T | Xpr] <
n pl

We now upper-bound the probability that SSWM will not have fully optimized for a; in tnmix iterations,
using Theorem 4. By choosing ¢ = Inn, we get

Pr <T>2nlnn2 %
p1

Xt”) S eflnn _ l )

n n

This concludes the proof.

S3.5 Scenario 3: Adaptations in different environments are completely antagonistic.
Frequent environmental change

In the following lemma, we state and prove the probability of having a specific allele at each locus if the
environment changes frequently. We define p1 to be the smallest and pmax to be the largest probability of a
positive mutation fixing in the population, while pg is the probability of a neutral mutation fixing. The theorem
states that in the case of equal fitness contribution of all mutations (p1 = pmax), the probability that a given
allele is adapted to the current optimum is 1/k. For the more general scenario (p1 7 pmax), We give a probability

interval of having a particular fraction of alleles adapted to the current optimum.

Lemma 3 Consider SSWM with pmax < kp1 + (k — 1)(k — 2)po optimizing a monotone function f that changes
its optimum each iteration. After at least Q(nk/ (pmax + (k- 2)p0) log (nk (pmax + (k- Q)po)/(pl + (k- 2)p0)>>
iterations, for each i € {1,...,n}, for the probability z* to have a specific value j € {1,...,k} at position i, we have

. Pmax + (k - 2)130

p1+(k*2)po <93*§1
ko p1+(k=2)po

1
k Pmax + (k? — 2)p0 -
and, for the probability y* to have another value at position i, we have

1_1.pmax+(k*2)po gy*gl—l- p1+ (k—2)po .
ko pr+(k—2)po k pmax + (k= 2)po
Proof This proof is similar to the one of Lemma 2. We are, again, going to use Lemma 1 and consider a two-
state Markov chain (cf. Figure S11). Consider a value j € {1,...,k}. State 0 of the Markov chain means that

component ¢ of the momentary solution is 7, and state 1 means that the component is not j.
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Consider z, i.e., the probability that component i is not j, given that it was j. For this to happen, component
i has to be chosen for mutation, mutated to another value than j, and the current optimum must not be aj,
since else the mutated individual would not be accepted.

Assuming that the current optimum is not a;, the mutated individuals gets accepted with probability at
least p1 and at most pmax if the new value of the mutated component is the same as the current optimum, and

it gets accepted with probability po if the value is different from the current optimum. Hence, we get

E—11 1 k—11k—2 E—11 /1 E—2

> . — = _ —_

e e k n(kp1+ k po) and
E—11 /1 E—2

< ——— | =Pmax [ .

r= kn(kp“‘“L kpo)

Analogously, we can compute y as follows:

11 1 E—21 1 1 1/1 k-2
>2.2.2 oAl =222
e X A Tl<kp1+- k Zm) and
<111 k=2
y_k n kpmax % Po .

Applying Lemma 1 leads to

1o pA(k=2po _ w1 pmaxt (k= 2po
k pmax+(k_2)p0 - ~k p1 +(k—2)p0 ’
1 pmax“v‘(k*Q)pO * 1 p1+(k72)p0
1— 2. 222 L Py <l — - 22 and
k p1+(k—2)po =¥ = k pmax+(k_2)p0

k k pmax+(k*2)po)
=0 71710 .= - R
@ <P1+(k—2)P0 (2t
where 2% < 1 if pmax < kp1 + (kK — 1)(k — 2)po.

For any ¢ = £2(1/poly(n)) < 1, we get 7(¢) = O<nk/(p1 + (k — 2)po) log (nk(pmax + (k= 2)po)/(p1 + (k —

2)p0)>>.

The following theorem states that if all new positive mutation contribute equally to the fitness and fix with
equal probability (p1 = pmax), the expected number of adapted loci is ¢, thus a 1/k fraction of all loci, regardless

of the trait they belong to.

Theorem 10 Consider SSWM optimizing f1, changing its current optimum a; every iteration. Let s¢ denote the
current solution of SSWM in iteration t, and let k* (u,v) = k— (u+1) + (u+v)/k. After at least tmix = 2(nk/(p1+

(k- 2)p0) log(nlc)) iterations, for any € = Q(l/poly(n)) <1 and any t* > tmix, it holds, for any constant § > 0,

_ 8%ek*(14e,14e)
3

Pr <3tatmix S t S t*: fl (St) Z (1 + 6)(1 + 5)5]43*(1 — €&, 1)) S (t* — tmix + 1)6
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and, for any constant 0 < § < 1,

* * * _ 8%k (ge 1)
Pr (Elt,tmix <t<t fi(se) < (1—6)(1—e)ek™ (1, 1)) < (¢ = tanix + e :
Proof This proof is completely analogous to the one from Theorem 7, the only difference being the mixing time.
Because pmax = p1 when optimizing f1, we get z* = 1/k. From then on, all following calculations are exactly

the same because the limit distribution is the same.

The following theorem states that if the fitness contribution of new positive mutations diminishes and, as
a consequence, they are less likely to fix in the population (p1 < pmax), after a sufficiently long time tyix, the
expected fitness of the population is concentrated around k(1 — 0(1))2£ , where o(1) describes a term that goes

to 0 as n goes to infinity.

Theorem 11 Let d = (pmax + (k — 2)po)/(p1 + (k — 2)po). Consider SSWM optimizing fo with { = o(kd™") and
k = w(d), changing its current optimum a; every iteration. Let sy denote the current solution of SSWM in iteration t.
After at least tmix = Q(nk/(pmax—i-(ka)po) log(nkd)) iterations, for any e = (Z(l/poly(n)) < 1 and any t* > tmix,

it holds, for any constant § > 0,

Pr (Ht,tmix <Lt fa(se) > k(1 - 0(1))2[) < (" — tix + 1)@
and, for any constant 0 < § < 1,

Pr (Ht,tmix <t <t*: fa(s) < (1— 5)2"*12) < (t* = tmix + 1)0(%) .

Proof This proof is similar to the one of Theorem 8. We assume that already tmnix rounds have passed. Let z’
be an approximation of z* up to a factor of 1 &+ ¢ for any ¢ = Q(l/poly(n)) < 1, ie., 2’ = ¢/k, where c €
[(1 —€)d™1, (1 +¢)d]. Further, let 4 = 1 — 2’. As before, we only provide the calculations for a single ¢ > tmyiy.
The Theorem then follows by applying a union bound.

Let a; be an arbitrary optimum. We then get:

E[fa(st))] = E [k 28— 3 gtnledBle [31)}

BeB

—k-2' = 3 B [pl P )]
BeB

As in the proof of Theorem 8, we want to bound E [QdH(st[B]’aJ [B])]. For this, note that 29u(st[BL.as[BD) ig 5

binomially distributed random variable with success probability 3/, i.e., with probability ¥, a single value is set
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incorrectly. Thus, we get

E [de(st[B],aJ } 22 <) )E—i

_ (2y/ + x/)f
= (1+y)"
=(@2-2)"
e .
-3 (e
=0
where we used the binomial theorem twice and that z’ +3’ = 1. Expanding the first two terms of the sum leads
to
(2—&7/)[:2[ 2@ 1 / +Z<>2Zz /)i.
We first upper-bound this term. Note that ’¢ = o(1), due to our assumptions. Thus, (z'¢)""" = o((2"¢)")
for all 7 > 1.
-2 )
2-a) <2 =270 + 6('0) > 21 (a'h)
i=0

<20 271 0) + 0(1)27 1 (2'0)

=2~ (1-0(1))2 (=0 .

For our lower bound, we proceed analogously:

-
2-a) >2 -2 () — o) 2 N 2N (e
0

V]

%

> 2° 271 (2'0) — 0(1)2 H(2'0)

=2~ (1+0(1))2 ' (20) .
Combining both cases, we get:
—(1+ 0(1))2#1(%%) <E [QdH(Sf[B]aaj[B])] <of _ (1- 0(1))2@1(”) .
This results in the following bounds for the expected fitness of s;:

k(1 —o(1))2° 7 (2"6) < E[fa(se)] < k(1 +0(1))2°7 (20) .
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For the lower concentration bound, we want to apply Chebyshev’s inequality, as in the proof of Theorem 8.

Deriving the variance is completely analogous to that proof, hence we have
Var (Z 2dH<s4B],aj[Bl>> -y (E [4dH<sf[B].,aj[B]>] _E [Qdm.st[BLaj[BD]Q) ,
BeB BeB

We now bound the difference to bound the variance, using the binomial theorem multiple times, as we did

before.

B 4dH(St[BLaj[BJ>} _E [ZdH@ABLaj[B])]Z — (143y) = (14 )%
=(4-32) - (2-2)%

=4%— 3.4 1(2"0) £ 0(1)4" (2'0)

— (4" — 45(2"0) £ 0(1)4 (/1))

=0(4(0) .

This gives us

Var (Z odu(s:[Bla; [BD) =0 (k-4'('0)) = 0(4"ct) .

BeB
We now bound the probability of } 2du(s:[BL:a;[B]) gotting into the dimensions of k(1 + 6)2¢7 1 (2/¢) >
(14 6)2°71(¢/d), where § > 0 is a constant. Since the expected value of Y Ben 2du(st[BL.a; [B)) ig in the order of

(1+ 0(1))25_1(1'8), the difference to that has to be in the order of §k2¢~1(2"¢) = 2k 2Z(x’€)) = 0(2%).
cl

d
of4).

For the upper concentration bound, let X, denote the number of values in a single block B € B that differ

D (s [BlaslBD) _ 11 4 o(1))2 7 («0)
BeB

> (2% = Q(Qf\/&\/@) < O(l)

IN

from the current optimum, i.e., the number of wrong values. Only if the value of X, for each block is sufficiently
small, the expected fitness of s; can be in the order of (k: — 0(1))24. To get to this value, per block, Xy has to
be in the order of o(¢) since then the contribution of this block subtracts at most 2°() from the fitness. We
use a Chernoff bound to bound this probability. Note that E[Xw] = v’ = O(¢) because ' = o(1), due to our
assumptions.

Pr <XW <o(f) =o(1)0(¢) = (1 _ (1 _ 0(1))>@(£)> < ef(“#)z@“) ECION

The upper bound follows from only considering a single block.
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Rare environmental change

In the following theorem, we show that tuyix > (2nk/p1)Inn iterations are enough for SSWM to fully optimize
for the current optimum. If the optimum then changes to another optimum, all loci will be maladapted, both

in the case of linear and saturating fitness.

Theorem 12 Consider SSWM optimizing f1 or fa, changing its current optimum a; only after at least tmix >

2nk/(p1) Inn dterations. Let sy denote the current solution of SSWM in iteration t. For any a € N, we have

Pr (Elt < atmix: f1(st) = 0) 2 (1 - rTch) (1 B ki“) an
Pr (31& < atmix: fa(st) = 0) =z (1 - nia> (1 N ki“) '

Proof This proof is similar to the one of Theorem 9, and we are going to use the same notation. We get

X1

EXy —Xpp | Xe] = E[Xy — Xp g1 | Xo, X > Xp 1] = n P

where the 1/k factor is due to the mutation choosing the correct out of the k different values.
Using the multiplicative drift theorem, we bound the expected time T until Xy = 0, given that SSWM

started with an individual having O(n) components set incorrectly at an earlier point in time ¢*:

LX) <oy,

E[T| X4 <
nk p

Bounding the probability of SSWM not fully optimizing for a; completes the proof:

Pr <T>2nklnn21nn—|;}n)(t” Xt”) Seflnn:l.
p1 nk n

S3.6 Simulations of multitrait scenarios with saturating fitness

Simulations for saturating fitness for a range of 7 are shown below. We carried out simulations for small values
of k=5 and ¢ = 10, as well as larger ones with ¥ = 10 and ¢ = 20. Both cases used threats changing in random
order. In the first case, we did not see any qualitative difference between the effect of saturating and linear
fitness functions (see Figure 7). However, in the second case, we observed that the achieved level of adaptation
was greatly reduced and differed from the analytical results obtained for the linear fitness function, even when

a lower probability of fixation was assumed (Figure S12).
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Fig. S12: Dependence of the level of adaptation (fraction of adapted alleles) on the period of environmental
change. Green depicts the expected maximum, red the expected minimum, blue the size of oscillations. Dots
depict simulation results. Mean and standard deviation of 200 periods, taken after stable oscillations were

achieved. k = 10, £ = 20, N = 100. Lines depict analytical results for the linear scenario assuming A) p = 0.15,
B)p=06,C)p=0.09.
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Fig. S13: Dependence of the level of adaptation (fraction of adapted alleles) on the number of traits. Blue dots
depict simulation results. Mean and standard deviation of 200 trials. £ = 20, N = 100. Red dotted lines depict
lower and upper bounds. Green lines are fitted using the lower bounds and probability of fixation A) pieg = 0.78,
B) prer = 0.68 , C) Pleff = 1.

S3.7 Summary of model assumptions

As mentioned throughout the main article and the supplementary material, we made several assumptions in
order to derive our results. We summarise them here again to assist the reader.

The model assumes the following:

— Monomorphic population with constant size N.

— Haploid genome of length n. It is not necessary that n is the total size of the genome, but that n is the total

number of loci under consideration. However, we assume that mutation rate is 1/n.

Strong selection and probability of fixation of positive mutations (p).

— Mutations are rare when compared with generation time and the time necessary for the fixation of positive
mutations.

— Generation time is short compared to frequency of environmental changes

Each trait is affected by multiple loci ¢. Fitness is affected by k multiple traits (subject to scenarios), and

ké =n.
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S3.8 Simulations

All simulations were programmed in Python. The code is available on GitHub under https://goo.gl/k7eqzX.

Main simulations

We carried out 3 main simulations, that were identical for each scenario except for: definitions of genotypes
(biallelic loci in the first two scenarios, k alleles in the third one); corresponding mutation definitions; and the

calculation of fitness.

Simulations for variable 7 The aim of these simulations was to find the expected minimum and the maximum
level of adaptation (fitness, or fraction of adapted alleles) when environment changes every 7 iterations. After
initialization, the population was allowed to adapt in a fluctuating environment for sufficiently long time, until
it reached stable oscillations in fitness. This time depended on k and ¢, as longer and more numerous traits took
longer to adapt to this stable level. After stabilization, the minimum level of adaptation (just after environmental
change) and the maximum level (just before the change) were recorded. Means for both the minimum and the

maximum levels of adaptation were calculated from 200 records.

Simulations of frequent environmental change We run simulations for frequent environmental change, when en-
vironment changes every iteration 7, for varying parameters k and ¢. After initialization, the population was
allowed to adapt in a frequently changing environment for a sufficiently long time, until it reached a stable level
of adaptation. This time depended on k and ¢, as longer and more numerous traits took longer to adapt to
this stable level. After stabilization, values of the level of adaptation were recorded for 1000 cycles (iterations).

Calculated mean was compared to analytical results.

Simulations of rare environmental change The aim of these simulations was to find the time necessary to achieve
complete adaptation to the given environment. After initialization, the population was allowed to adapt in a
stable environment using SSWM algorithm (A.1), for as long as it was necessary to achieve the full adapta-
tion. Due to the stochasticity of the SSWM algorithm, we simulated 100 trials for each given parameter set.
The number of iterations was recorded for each trial and mean was compared to the analytically calculated

expectations.

Generalizations

Stochastic environment - generalization In our main simulations, environment varied in a regular manner (different
threats followed a defined order). To make the simulations more realistic, we added stochasticity into the order

of threats and simulated variable 7 and frequent environmental change as described above.
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Saturating fitness generalization In the final generalization, we replaced linear fitness function in each scenario
by the saturating one, as described in section S3.2. Then we carried out simulations for variable tau, rare and

frequent environmental change, as described above.

S3.9 Extinction simulations

As we discussed in the main manuscript, our theoretical results suggest that under some circumstances, rapid
environmental fluctuations can prevent population from extinction, that would occur if the environmental
changes were less frequent. This is most likely when long time period lead to high fitness loss upon environmental
change, such as in Scenario 3. Below, we simulate and analyse a few examples of this scenario. Simulations below
are intended to serve as an illustration and a proof that such scenarios may occur. We do not provide extensive
analysis of such events, as it is out of scope of our manuscript. However, we list detailed description of additional
parameters that should be investigated in future studies below.

We simulated evolving populations in Scenario 3 with linear fitness as described above. However, population
size was not kept constant, but changing according to the population fitness in a given time. If the fitness
was above a given threshold Thr, population increased by 1, if it was below, it decreased by 1 and remained
the same otherwise. Furthermore, population size change affected the probability of fixation of new mutations.
For each parameter set, we simulated 20 times 50 trials and recorded the fraction of simulations that lead to
extinction for a given parameter set. Examples of simulation runs (evolving fitness and changing population
size) are shown in figure S14. Note that the time scale is in iterations, thus, this change of the population size
is very slow in generation time.

Figure S15 A shows the dependence of the extinction rate on 7 for different values of k& and ¢, assuming
threshold for population growth rate Thr = 1/(k + 2). As predicted, populations are more likely to become
extinct if the environmental change is slow. If the environmental change is frequent, populations can survive
in the changing environment. Figure S15 A shows the dependence of the extinction rate on threshold Thr. A
small change in the threshold leads to dramatically increased extinction rate. However, frequent environmental
change enable at least some populations to survive.

Below, we list multiple functions and variables that affect the resulting simulations and should be investigated

in detail in the future studies.

— Initial size and the level of adaptation of the population: If the initial population size is too small, or the
initial level of adaptation is too small, extinction is more likely to occur as the population does not have
time to adapt before becoming extinct. In our simulations, we used initial population size of 100 individuals.

— Carrying capacity: If the population reaches the carrying capacity of the environment, it can no longer grow

even if the population is fully optimized for the given condition. Upon environmental change, decreased
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Fig. S14: Examples of simulation of evolving population. Fluctuatin fitness (top) and changing population size
(bottom). k =5, £ =10, Thr = 1/(k + 2). Starting population size No = 100. A: 7 = 1, B:7 =100, C:7 = 100
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Fig. S15: Extinction rate depends on the length of the period 7, as well as growth rate function. Starting

population size Ng = 100.

fitness will cause the population shrink, until it adapts sufficiently. However, if the carrying capacity is

small, it can become extinct before adapting. Larger carrying capacity will create a buffer and may prevent

population from extinction. We expect that surviving in an environment with a small carrying capacity will

require more frequent environmental changes. In our simulations we considered unlimited carrying capacity

of the environment.

Dependence of the population growth rate on fitness: Fitness as defined in our model depends on the number

of loci adapted to the current environment. It is necessary to determine how this definition of translates

into the number of offspring,

or population growth rate. In our simulation, we used the simplest definition:

If the fitness was about a given threshold, population increased by 1, while if it was below, it decreased by



Surfing on the seascape: Adaptation in a changing environment S39

1, otherwise it remained the same. This threshold was set to 1/(k + 2). However, many other functions are
possible and reasonable to use, for instance growth rate proportional to fitness.

— Dependence of population on the size of the population. We assumed constant population growth rate,
thus linear growth of the population. Exponential, or logistic growth would be reasonable options to use,

depending on the modeled species.

S3.10 Available data

Complete simulations described above take long time and need multiple repetitions. Therefore, partial results
of the simulations are available upon request. These raw data are available as text files and contain complete
information from each trial: fitness and fractions of adapted alleles, total number of alleles of different types,

and many other, for each iteration of each trial.



