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SUPPLEMENTARY NOTE 1 : GREEN’S FUNCTION

We calculate the Green’s function of the following Eq. (1) of the Main Text. To do this, we solve it with the
right-hand side term δ(x)δ(t), where δ is the Dirac Delta function. We first perform a Fourier transform in the
spatial domain and the Laplace transform in the time domain defined as

û(q, s) =

∫ +∞

−∞
dx

∫ +∞

0

dtu(x, t) exp(iqx− st) (S1)

We find
1

c2
s2û(q, s) + q2û(q, s)− 2εiqû(q, s) = 1, (S2)

where we have assumed that p = 1 without loss of generality and u|t=0 = ut|t=0 = 0, u|t=+∞ = ut|t=+∞ = 0
as well as u|x=±∞ = ux|x=±∞ = 0. Eq. (S3) has a solution of the form

û(q, s) =
1

s2

c2
+ q2 − 2εiq

. (S3)

To find the solution in real space, we first invert the spatial Fourier transform

ū(x, s) =
1

2π

∫ ∞
−∞

dq
e−iqx

s2

c2
+ q2 − 2εiq

, (S4)

We calculate this integral by using a contour integral. The poles are at q = i(ε ±
√
s2/c2 + ε2). For x > 0

(x < 0), the integrand converges only if the contour is chosen in the lower (upper) half complex plane. We
restrict our attention to ε > 0, therefore using Jordan’s Lemma for contour integrals, the integral becomes

ū(x, s) =


−iRes

(
e−iqx

s2

c2
+q2−2εiq

; q = i(ε−
√
s2/c2 + ε2)

)
for x > 0

iRes
(

e−iqx

s2

c2
+q2−2εiq

; q = i(ε+
√
s2/c2 + ε2)

)
for x < 0

, (S5)

which leads to

ū(x, s) =
eεx

2

e−
|x|
c

√
s2+c2ε2

√
s2 + c2ε2

. (S6)

Then, we invert the Laplace transform

u(x, t) =
eεx

2

1

2πi

∫ γ+i∞

γ−i∞
ds
est−

|x|
c

√
s2+c2ε2

√
s2 + c2ε2

, (S7)

where γ is an arbitrary positive real number. We will again integrate this equation using contour integrals. For
t < |x|/c, the integral is zero because there is no residue in the contour that converges. For t > |x|/c, we
integrate using the contour C (See Supplementary Figure 1a), and find that

u(x, t) = Θ

(
t− |x|

c

)
eεx

4πi

∫
C
ds
est−

|x|
c

√
s2+c2ε2

√
s2 + c2ε2

, (S8)

where Θ is the Heaviside step function and the poles are s = ±icε are encircled in the contour C. To solve
that integral, we follow similar steps as in Goldstein [1] and perform the change of variables

s = c
ε

W

(
ξ − W 2

4ξ

)
, (S9)
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Supplementary Figure 1. Contours used to integrate Eq. (S8) (panels A and B) and Eq. (S10) (C).

where W = ε(ct − |x|), which is necessarily positive. The Jacobian of the variable change is J =
ε
W

(
1 + W 2

4ξ2

)
. Additionally, the integral does not change if we choose another contour, that encircles the

poles, for instance C ′ (See Supplementary Figure 1b). Upon variable change, C ′ maps to Cξ (See Supplemen-
tary Figure 1c), which encircles three poles at ξ = 0, ξ = −iW/2 and ξ = iW/2. In addition, note the identity√
s2 + c2ε2 = cεξ

W

(
1 + W 2

4ξ2

)
. Therefore the new integral reads

u(x, t) =
eεx

2
Θ

(
t− |x|

c

)
1

2πi

∫
Cξ

dξ

ξ

(
1 + W 2

4ξ2

)
(

1 + W 2

4ξ2

)eξ−Y 2

4ξ , (S10)

where Y = ε
√
c2t2 − |x|2 and where the contour Cξ is depicted in Supplementary Figure 1c. Recall that the

Bessel-Schläfli integrals definitions of the Lommel functions of two variables read (see Watson [2], section
16.58, p. 548)

U0(W,Y ) =
1

2πi

∫
Cξ

dξ

ξ

1

1 + W 2

4ξ2

e

(
ξ−Y

2

4ξ

)
, (S11)

U2(W,Y ) =
1

2πi

∫
Cξ

dξ

ξ

W 2

4ξ2

1 + W 2

4ξ2

e

(
ξ−Y

2

4ξ

)
, (S12)

and that, alternatively (see Watson [2], section 16.5, p. 537 or Gradshteyn and Ryzhik [3], section 8.578, p.
987)

U0(W,Y ) =
1

2πi

∞∑
m=0

(−1)m
(
W

Y

)2m

J2m(Y ), (S13)

U2(W,Y ) =
1

2πi

∞∑
m=0

(−1)m
(
W

Y

)2m+2

J2m+2(Y ), (S14)

where Jk are Bessel functions of the first kind. Therefore the final solution is

u(x, t) =
eεx

2
Θ

(
t− |x|

c

)(
J0

(
ε
√
c2t2 − |x|2

)
− (ct− |x|)2
c2t2 − |x|2J2

(
ε
√
c2t2 − |x|2

))
. (S15)

For p 6= 1, ε can be substituted by ε/p in the previous equation and we obtain

u(x, t) =
eεx/p

2
Θ

(
t− |x|

c

)(
J0

(
ε

√
c2t2 − |x|2

p

)
− (ct− |x|)2
c2t2 − |x|2J2

(
ε

√
c2t2 − |x|2

p

))
. (S16)



SUPPLEMENTARY NOTE 2 : SUPPLEMENTARY FIGURES
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Supplementary Figure 2. (a) Computer-Aided Design (CAD) of one building block. The 3D printed arm used to mecha-
nically connect each unit cell with elastic beams is shown in red. The motor and its shaft (both the inner shaft and the
aluminium shaft extension) are shown in blue. They are surrounded by a heatsink (in dashed grey). The angular encoder
is shown in yellow. The integrated circuit at the bottom (in green and black) depicts the microcontroller and the UART
connections. The structural fixture of the unit cell is shown in light grey. (b) Photograph of one unit cell. The 3D printed
arm (in white, now rotated by 90◦) is connected with its neighbors by the elastic beams. (c) Close-up on one of the two
elastic beams mounted on the robotic mechanical metamaterial and schematic of a part of a non-stretched beam.

2 cm

Supplementary Figure 3. Picture of the servomotor (Hitec D930DW) attached to the heatsink of one unit cell and
mechanically connected to the left oscillator via two green rubber bands (rectangular shape, 6 mm thick, Elite double
32)
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Supplementary Figure 4. Schematic of the torque and calibration measurements. (a) Calibration of the stiffnessC via the
measurement of the torque due to the bending and the stretching of the elastic beams as a function of the displacement
of one unit cell. (b) Calibration of the stiffness C ′ via the measurement of the torque due to the bending of the elastic
beam as a function of the displacement of both other unit cells (θL = θR). (c) Calibration of the feedback loop via the
measurement of the torque applied by the servomotor as a function of the displacement of one unit cell.
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Supplementary Figure 5. Stiffness measurements. (a) Sketch of the (ab) Output torque measurement as a function of the
angular displacement on two unit cells for α = 0 (a) and α = 0.43 (b) for left (red) and (right) actuations. (c) Stiffness
deduced from the slope of the torque measurements as a function of the frequency of actuation for left (red) and right
(blue) actuations.

Supplementary Figure 6. Maximum of the real part of the eigenvalues of the matrix −L as a function of the feedback
parameter α. The system is unstable when at least one eigenvalue has a positive real part, namely for α > 0.93 (grey
shaded area).
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Supplementary Figure 7. Contour plots of the angular displacement vs. space coordinate and time for a feedback para-
meter α = 0.62, upon pulse excitation on the left edge of the metamaterial (Extended time frame of Fig. 4d of the Main
Text).
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