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Supporting Information Text

A. Assumptions on the Objective Function U. Assumptions on U : R* — R (local nonconvexity):
1. U(x) is L-Lipschitz smooth and its Hessian exists ¥x € R<.
That is: U € C*(RY), ¥x,z € R?, |[VU(x) — VU (2)|| < L ||x — 2||; ¥x € R, V2U(x) exists.
2. U(x) is m-strongly convex for ||x|| > R.

That is: V(x) = U(x) — % l|x||3 is convex on Q = R?\ B(0, R)*. We then follow the definition of convexity

on nonconvex domains (1, 2) to require that Vx € Q, any convex combination of x = A1x1 + - - + A\px with
X1, ,Xg € §Q satisfies:

V(X) < )\1V(X1) 4+ -+ )\kV(Xk)
We further denote the condition number of U on Q as k = L/m.

3. For convenience, let VU(0) = 0 (i.e., zero is a local extremum).

B. Proofs for Sampling.

Theorem 1. For p* « eV, we assume that U satisfies the local nonconvexity Assumptions 1-3. Consider the
unadjusted Langevin algorithm (ULA) and the Metropolis adjusted Langevin algorithm (MALA) with initialization
P’ =N (0, %]Id) and error tolerance € € (0,1). Then ULA satisfies

2 od d
Tura(e,p’) <O (632LR K n (?)) . 1]
For MALA,
e40LR2 1 3/2
Tvarale,p’) <O (mHS/le/z (dlnfi—i—ln (7)) > . 2]
€

Remark 1. Assumptions 1-3 can be shown to imply that the nonconvex region will have small probability mass in
high dimensions. The theorem quantifies the consequences of this small mass on ULA and MALA, showing essentially
that their mizing time is not perturbed qualitatively by the nonconvexity. It is the coupling of this result with the
exponential complexity of optimization, as shown in Theorem 2, that is our main result. The assumptions have been
chosen to make this comparison as simple as possible. But it is noteworthy that we can weaken the assumptions and
still obtain rapid mizing for ULA and MALA. In particular, note that we assumed that the Lipschitz parameter L is
uniformly bounded by a constant over the entire RZ. This assumption is in fact not necessary in our proofs. Indeed,
we can allow the Lipschitz parameter L and strong convezity parameter m outside of the region B(0, R) to scale with
the dimension d (while U is still L-Lipschitz smooth inside B(0, R) and L does not scale with d). In that setup, the
probability mass inside the nonconvez region B(0, R) no longer shrinks as a function of d.

Moreover, in that setup we can repeat the constructive proof in Lemma 1 (via choosing a smaller smoothing radius
0 = O(kR/d)) and demonstrate that py > Le 16LE* follows that the computational complexity for ULA becomes
(in terms of dimension d and accuracy ¢): O(d®/e?), where the extra d* factor is due to the fact that the step size h
scales inversely with L> = O(d?). A similar result holds for MALA.

This more general setup highlights the value of our general approach to analyzing MCMC algorithms via the properties
of weighted Sobolev spaces. It naturally allows us to combine convergence rates for sampling strongly log-concave
posteriors and those for sampling smooth posteriors in a bounded region. Indeed, our upper bounds on convergence
rates generalize existing results for strongly log-concave posteriors (3-10) and also strengthen recent work using the
Wasserstein metric to the KL divergence (11-14).

We begin by proving the basic log-Sobolev inequality that underlies our results. We then prove convergence of ULA
and MALA respectively in Sec. B.2 and B.4.

*Here we let B(0, R) denote the closed ball of radius R centered at 0.

Yi-An Ma, Yuansi Chen, Chi Jin, Nicolas Flammarion and Michael I. Jordan
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B.1. Log-Sobolev Inequality.
Proposition 1. For p* o« e~V where U satisfies Assumptions 1-3 in Appendiz A,

me—lf)‘LRz . [3]

pU22

Proof First note that for m/2-strongly convex U € C*(R%) with V2U (x) exists on the entire R?, distribution e~ U0
satisfies the Bakry-Emery criterion (15) for strongly log concave density and have:

po > g
Next we invoke Lemma 1 that such U exists and satisfies sup (U(x) — U(x)) —inf (U(x) = U(x)) < 16LR2.
Then we use a result from Holley-Stroock (16) and obtain:
pu > %ef|sup(U(x)7U(x))*inf(U(x)fU(x))| > @ewaR?. [5]
|

Lemma 1. For U satisfying Assumptions 1-3, there exists Uect (RY) with a Hessian that exists everywhere on R?,
and U that is m/2-strongly convez on R%, such that sup (U(x) — U(x)) — inf (U(x) — U(x)) < 16LR%.

Proof of Lemma 1 Similar to Assumptions 1-3, denote Q@ = R? \ B(0, R). Also denote U(x) = U(x) — % lIx]I?.

We follow (2) to construct U(x) — % ||X2 || € C*(R?) with Hessian defined on R? so that it is convex on R% and differs
from U(x) less than 16 LR

First we define the function V as the convex extension (17) of U from domain Q to its convex hull Q°:

l
V(x) = inf ANU(xi) p, VxeQe =R 6
()= nf {Z_j ( >} 6]
.

Zi A’:l}’
s.thi AiX;=X

V(x) is convex on the entire domain ~Rd. Also, since U (x) is convex in Q, V(x) = U(x) for x € Q. By Lemma 2, we
also know that Vx € B(0, R), infs—r U(X) < V(x) < supz_y U(X).

~ 4
Next we construct V(x) to be a smoothing of V on B (O, §R)‘ Let ¢ > 0 be a smooth function supported on the ball
m R

R
B(O, 5) where 6 = fﬁ < E such that fqb(x)dx = 1. Define

V(x)= /V(y)¢(x —y)dy = /V(x —¥)o(y)dy. 7]

Then V is a smooth and convex function on R?. The second expression in Eq. (7) implies that V (x) is %—strongly
3

4 ~ 4
convex in R4\ B (0,R+6) D B (07 QR) \B (07 gR) Also note that the definition of V implies that V ||x|| < gR,

iI}lf V(E) <V(x) < sup V().

4
%Il < 5 R+ x|l <= R+
3 Ixl<g

And by Lemma 2,

inf U(%) < V(x) < sup 0®), Vx| < %R‘ 8]

4 4
xcB (073R+5> \B(0,R) %€B <0,3R+5> \B(0,R)
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Finally, we construct the auxiliary function U (x):
~ 3
(x), x| >R

T6) + (1 )70, SR<Ixl<3r . g

I
Q

- 4
Vx), Ixl<3zR

where a(x) = % cos <31677r H;! 614;) +=. Here we know that U (x) is %—strongly convex and smooth in R¥\B (0, R);

_ 4 4
V(x) is %—strongly convex and smooth in R? \ B (0, §R)' Hence for §R < |Ix] < %R,

v (U(x) -z Hx2|\)

~ V2a(x) (V(x) - U(x)) - 2Va(x) (VV(x) - VU (x))"

X
- ~ ~ T
X

= My Via(x) ( (x) — U(x)) — 2Va(x) (VV(X) — VU(X))

2
4
Note that for gR < |Ix]| < R

[VV(x) - VU (x)|| = / |VU(x —y) = VU(x)|| ¢(y)dy < L.
- - - - 3
V0~ 00 = [ (0x~y) - U60) o)y < LS
Therefore, when 7R < |Ix]| < ;
1 2 m LS 2 LS Lo
- - 1 ity (NS S =
( (x) — 4||x ||> = Gl 3l = 54n’ =T = (2 SOOR)]I
Since § = m R & (U( ) — o HX2H) is positive semi-definite for éR <|x|| < §R. Hence V2 (U(x) - szH)
L 1600’ 4 m 3 2 4
is positive semi-definite on the entire R%, and U(x) — 7T ||x2 || is convex on R%.
From Eq. (8), we know that for ||x| < gR,
inf U(x) < U(x) — % 2] < sup U(x).
3
x€B (072R+5> \B(0,R) %€B <O,ZR+6) \B(0,R)
Therefore,
sup (U(X) — U(x)) — inf (U(x) — U(x))
A m A m ~
= sup (U(x) -7 HX2H - U(x)) — inf (U(x) -7 HxQH - U(x))
<2 sup U(x) — inf U(x)
%€B (0 R+6> \B(0,R) xeB (0 R+5> \B(0,R)
<2 sup U(x) — inf U(x)
2B <0,§R+5> x€B <O R+5)
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Since U is L-smooth, U is (L + %)-smooth and VU(0) = 0. Hence

[06) — 0(0) = (x, VOO)] < (5 + 5 ) Ixl2.

So for ¥ ||x|| < (§R+ 5),

sup U(x) — inf U(x) < 8LR*.
3 3
%€EB <2R+5> xeB <2R+5>

sup (U(x) - U(x)) — inf (U(x) - U(x)) < 16LR>.

Hence

Lemma 2. For function V defined in Eq. (6), ¥x € B(0, R), infjxj—r U(X) < V(x) < SUP||x| =R U(x).

Proof of Lemma 2 First, from the definition of V' inside B(0, R):

l
V(ix) = inf U (%
W=, (S
Ziki:l}
s.t.,zi AiX; =X

1
< inf U (x5
< L {Z;A U(x)}
{Ai Zixizl} B

s.t., g AiX; =X
i

< sup U(x), VxecB(0,R),
Ixl|I=R

{Ai

where the first inequality follows from the fact that 9Q C Q and that any x € B(0, R) can be represented as a convex

combination of elements of 0f2.

Next we prove that Vx € B(0, R), V(x) > infxj—=r U(X). Assume that at x € B(0, R), V(x) is equal to a linear
combination of {x;} C Q = R4\ B(0,R): V(x) = > AiU(xi). We hereby prove that for any x; € {x;}, such

that |lx;|| > R, there exists a new convex combination {x;}(J{X;} \ {x;} with [|%;| = R, such that V(x) >
NUR5) + 30, MU (%)
J\; < \j < 1, such that %; defined below is a linear combination of x and x; satisfying ||%;|| = R:

)_{] = 1_)\jX—|— J 'jX]'.

Then X, is a convex combination of {x;}:

< 1— X
o (1) (5
1#]

U(x;) < AU (x5) + G — ij) (Z AiU(Xi)> :

i#j

and since U is convex on {2,

On the other hand, we can reexpress x as a convex combination of {x;} ([ J{X;}\ {x;}:
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and that

y\‘g

=) ANT(x) > 2

HE) ()

I
>

itj
Using an inductive argument, we obtain that Vx € B(0, R), V (x) is bigger than or equal to a certain convex combination
of U(%;), where {X;} C 0. Therefore, Vx € B(0, R), V(x) > inf|x—r U(X). |
For reader’s convenience, we state the Holley-Stroock lemma in the following.
-U

Lemma 3 (Holley-Stroock). For probability densities p eV and p x eV, assume p has log-Sobolev constant Pp-

Then if U is a bounded perturbation of U, log-Sobolev constant pu for p satisfy:

oU 2 pUe—‘sup(U(x)—U(x))—inf(U(x)—U(x)) ‘ ) [10]

B.2. Proof of ULA Convergence Rate (Eq. (1) of Theorem 1).

Proof of Eq. (1) of Theorem 1 We first quantify the convergence of a stochastic process to a stationary distribution
p* via the Kullback-Leibler divergence (KL-divergence), F(p):

Fp) = / p(x)In ( ;’f{%) dx,

where p(x) is absolutely continuous with respect to p*(x); and F (p) = oo otherwise. Then we use the Pinsker
inequality to bound the total variation norm:

lp = p"llpv < V2KL(p || p*) = \/2F (p)

for two densities p and p*.

Here we take the process whose convergence is to be determined as a discretized Langevin dynamics:
Xks1yn = Xin — VU (Xin)h + V2(B1yn — Bhr),s [11]
which is equivalent to defining for kh <t < (k+ 1)h:
dX; = —VU(Xyp)dt + V2dB;. [12]

For dynamics within kh < ¢t < (k4 1)h, we have from the Girsanov theorem (18) that Xt admits a density function p;
with respect to the Lebesgue measure. This density function can also be represented as p;(x f per(y)p(x,tly, kh)dy,
where p(x, t|y, kh) is the solution to the following Kolmogorov forward equation in the Weak sense (19)

Op(x,tly, kh)

ot = V' (Vp(x, tly, kh) + VU (y)p(x, tly, kh)),

where p(x, t|y, kh) and its derivatives are defined via P;(f) = [ f(x)p(x, t|y, kh)dx as a functional over the space of
smooth bounded functions on R%. It can be further established (7) that the time derivative of the KL-Divergence
along p; is

%F(pt) =-E Kvm <5tg{<3) ,VInpe(Xe) + VU(xkh)ﬂ ;

where the expectation is taken with respect to the joint distribution of X; and X,. Hence

d _ n pe(Xy) n pe(Xe) _
EF(pt) =—-E {<V1 (p*(Xz)> , V1 (p*(Xz)> + (VU (Xkn) VU(Xt))>:|

pt(Xt) : pt(Xt)
va (p*(Xt)) +E [<v1n (p*(xt)) ,VU(X;) — VU(th)>:| .




For the second term, we use Young’s inequality:

pe(Xs)
[<v1 ( (Xt)> VU(X:) — VU(th)>]

1 (X, 2 1 2
=3 HVIH (i*ixt;) H t5E [IVU(X:) = VU (Xn)||]
o [ -~

Now we bound E [th - th||2} using Lipschitz smoothness of U (define 7 = ¢ — kh € (0, h]):

E [|IX: — Xgnl?]

< B [||-VU i) + VEBiasim — B ]

< Exppy [IVU)|?] 72 + 2d7

< Exopy, [IXI1°] L2372 + 2d7.
Therefore, plugging in the bounds and using the log-Sobolev inequality proved in Proposition 1, we get for kh < t <
(k+ 1)h:

d
EF(Pt)

2
L4T2
+ B, [I%]17] + dL

1
<-ZE
=73

pe(Xe)
H““ (p <Xt>>
H (p |5
p*(x)

wepn [IXII%] + dL?. 13

1

= E}EXNPt

Epyn [IXI7] +dL?7

< —puF(pt)

1 2L 512 L?
From Lemma 5, we know that Ex~p, [Hx||2] % < p6d o + E’—m—LR2 Combined with Lemma 4, we obtain
U pu

1 16d . 2L 512 L? 1
that when h < - 4 i(;’ Ex~pp, [Hng] < pTl ™ — + 7UfLR2 for any k € NT. Therefore, for h < = 1 'ng
4 4 2 2
d F(p:) < —pu <F( ¢) — 8h2L—d1 2L 256h2pUL—L—LR hLd)
dt 3 m py m pU
Using Gronwall’s inequality,
L 2L L* L2 L?
F — 8h® =-dIn == — 256h°py — — LR* — h—d
(Pierin) Py m P oy w2 pu
4 4 2
<e Ul (F(pkh) ShQL—dl 2L 256h2L—L—LR Ld) :
m P m pU
Therefore,
* 2L L* L2 L?
F(prn) — 8h2—dl = _ 256h2——LR h=-d
m pt; m pU
2
dl 2L 256h2L—L—LR Ld)
m pfm pU

L

< e PUMk <F( 0) — 8h2
4 4 2
+ ShQL—dln % + 256h2L—L—LR + h d
U U

<e PR R(@p )+8h2L—dln% +256h2L—L—LR +hL—d

PG m PU
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To make F(prrn) < €2, we take:

2 2 2
PU € € —16LR> M . € m €
h=-"-min{ — = e — -min{ —, — . [14]
4L? d’ 2 ( 2 { AN = })
2a1n 22 1 642 LR LR
m m

Therefore, combining Eq. (14) with Lemma 5, we know that whenever

2 ) 2 2
ks o (e L (Ee) o [d L VIRZ\N _ o peerz L2 (dY - [d LVLRERLN g
m2 €2 e’'m € m? € e2'm e

F(prn) < %62. Using Pinsker inequality, we obtain

[pkn =P lpy < V2F (prn) < ¢

Focusing on the dimension dependency, we obtain that the computation complexity scales as

32LR? L? d F(po)
k = O (6 W? 111 ( 62 .

|
2
Lemma 4. For p: following Eq. (12), if Ex~p, [||x||§] < @1 2L +gL7LR nd h < 7P7U’ then for all k € NT,
pu m  py m? 412
164, 2L 512 L*
Ex~ 1< —m —= LR’
puo [I13] < 2 m 2 22
Lemma 5. For
L d/2 L 5
) = (52)  exp (=5 lxIP)
and p* following Assumptions 1-3,
" d. 2L L?
F(po) = KL(po || p*) = /po(x) In pf(x) dx < §In = 4325 LR?; [16]
p*(x) 2
d
o [II2] = 2 17
and
9 4d 2L 128 L2
B.3. Supporting Proofs for Eq. (1) of Theorem 1: Bounded Variance and F (po).
Proof of Lemma 4 Consider proof by induction. First assume that for some k > 0, for all ¢ = 0,h,--- , kh,
2
Eacopy [Hx”g] < @1 2L S12 L LR2 Then consider bounding Ex~p, [||x|\§] for kh < t < (k + 1)h, where p,
pu  m  pym
follows Eq. (12):
dX; = —VU(Xyp)dt + V2dB;. [19]

To bound Ex,~p, [thHQ] we choose an auxiliary random variable x* following the law of p* and couples optimally

with @y ~ py: (%¢,X*) ~ v € Tope (pt, p*). Then using Young’s inequality, and the bound for Eyxx ~p* U|x*||§]

Exoecp [I1%e]15] = oy sy 1"+ (0 = %))
< 2o e [ 15] + 2B ey [le = x7115]
_8d, 2L 256 L°

Pt =S LR® +2W3 (pt,p") - [20]
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Using the generalized Talagrand inequality (20) for Lipschitz smooth p* with log-Sobolev constant pu,
* 2 *
W3 (pe,p") < o KL [177). [21]

On the other hand, we know from Eq. (13) that for F'(p;) = KL(p: || p*) (denote 7 = ¢ — kh),

d 472
aF(pt) < —puF(pt) + TEXNPM [||x|ﬂ +dL*T.
2
Plugging in the step size 7 < h < = Lov and the inductive assumption that Ex~p,, [HXH2] < 16d In 2L —+ QL—LR{
4 L2 g U m pu m?2

we obtain:

d pu . 2L L* o pu
L F(p) < —puF PU gn 22 L Pu
7 (pt) < —puF(p:) + 4+ 8py S LR® + = -d

Without loss of generality, assume that L > 2m. Then

d. 2L L2
dt 2

d
Using Gronwall’s inequality, we obtain:

d. 2L d, 2L
F(pkt+1)n) — ln o 8—LR < e Puh (F(pkh) —In o S—LR >

< e*Puh(k+l) (F(po) _ gln % _ 8LR2>

< e—puh(k+1>F(p0)
< F(po)-
Therefore, combining with Eq. (16) in Lemma 5,

d. 2L _L?
F(p+1)n) < F(po) + ln =4 8—LR

2
<dln —L +40L—LR [22]
Plugging Eq. (22) into Eq. (20) and Eq. (21), we finish the inductive proof:

2 16d, 2L 512 L% __,
Epr(k+l)h U'XHQ] < prl = 4 TﬁLR )

Proof of Eq. (16) of Lemma 5 We want to bound F(pg) = /po(x) In (po(x)) dx, where p*(x) o< e”Y®) and

L\%? L -
po = (—) exp (f§\|x||2> First define U(x) = U(x) — U(0). Then

27
p(x) = exp // exp d

By Assumptions 1 and 3, U(x) < =||x||?, Vx € R%. We also prove in the following that U(x) > %HX'F, Vx €

2
R\ B (0, %R); and U(x) > —%Hx||27 vx € B (0 §R)

h

The latter case follows directly from Assumptions 1 and 3. For the former case, ||x| > %R. Then define y = H—R“x.
m x

Since |ly|| = R
(VU(y),y) = —LR’.



Because any convex combination of x and y belongs to the set R? \ B(0, R), where U is m-strongly convex,

U(x) = Uy) > (VU(y), x —y) + Z [x =y

v
|
=[x
|
L
N———
h
%
+
SE
D
=[x
|
\’_l/

Vv
&\_3
El
+
h
ml\?

8L L
17 since ||x|| > — R. Again, using Assumptions 1 and 3, U(y) > —§R2, which leads to the result that U(x) > %HXH2
m

118

119

120

121

122

123

124

2
Therefore, U(x) > %HX”2 — 32%LR2 and

—Inp"(x) =U(x) + ln/exp (fU(x)) dx

IN

L 2 m 2 L’ 2
§||XH +ln/exp _ZHXH +32WLR dx

L, .o d. 4x L
== —In — 4+ 32— LR
2 <[l + 2 n m * m?

Hence
L> 5, d. 4t d
- Inp* <32—1L —In— + —.
/pg(x)np(x)dx_?)m2 R—&—Qnm—i—2
We can also calculate that
d, 2 d
/po(x) In po(x)dx = —ilnfﬂ- — 3

Therefore,

ﬂm:/mwmmwﬁ—/mwmﬁwn

L? 2L
<32 LR*+ dy, 2L
m? 2 m

Proof of Eq. (17) of Lemma 5 It is straightforward to calculate that E,, [Hx”%] = trace (%H) =7
It is worth noting that the choice of the initial condition py can be flexible. For example, if we choose xo ~ N (0, i]I) ,
m

? ., d L 9 d , 4d . L )
then F(po) < 32— LR*+ - - — and E,, [||x||2} = — < 48R* + — (resulting in merely an extra log — term in the
m? 2 m m m m

computation complexity). |

Proof of Eq. (18) of Lemma 5 To bound Eyx~p+ [||x* Hg], we choose an auxiliary random variable xo following the
law of po and couples optimally with z* ~ p*™: (x*,%0) ~ v € Topt (p*, po). Then using Young’s inequality,

Escrmpr [I1%7115] = Exr o)~ [II%0 + (x* = %0)[3]

< 2Exq~po [HXO‘@] + 2E (x* 0 )~y [HX* - X0||§}

2d "
=7 +2W3 (p*, po) -

Using the generalized Talagrand inequality (20) for Lipschitz smooth p* with log-Sobolev constant py,

* 2 *
W3 (p*,po) < prKL(po | p*).

10
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On the other hand, we know from Eq. (16) that

LR?.

. d. 2L L?
KL(po || p*) < 3

In— + 32—2
m m
Therefore,

2 2 2L 128 L?

2 2y 2L 1981 e
L puv m pu m?

4d . 2L 128 L?

pu  m  pum

B pr [|I%7]13]

IN

LR?.

IA

B.4. Proof of MALA Convergence Rate (Eq. (2) of Theorem 1).

Proof of Eq. (2) Our proof of Theorem 2 is based on the following two lemmas. The first one characterizes the
convergence of MALA under a warm starting distribution. The second one shows that the initial distribution
N (O7 ﬁﬂd) is O(e?)-warm. Let us first define the warm start.

Definition 6 (Warm start). Given a scalar 0 > 0, an initial distribution with density p° is said to be 6-warm with
respect to the stationary distribution with density p* if

~—

P(x
* (X

vx € RY, <.

~—

3

Lemma 7. Assume p*(x) x e~ V™) where U satisfies the local nonconvezity Assumptions 1-3. Then the MALA with

a O-warm distribution with density p° and error tolerance € € (0, 1), satisfies

32LR?
7(e,p°) <O (e -In (2—0> - max {r (2—0) H3/2d1/2,ﬁd}) . [23]
m € €

Lemma 8. The initial distribution N (0, %Hd) is 16LE (Qm)d/Q—warm with respect to the target distribution p™.

Theorem 2 directly follows by combining Lemma 7 and Lemma 8. |

Proof of Lemma 7 At a high level, the proof closely follows the proof of Theorem 1 in (8). We replace their Lemma
1 with Lemma 12 to establish that for an appropriate choice of stepsize, the MALA updates have large overlap inside
the high probability ball. Lemma 11 allows us to obtain a lower bound on the conductance. Finally applying the
Lovasz lemma, we obtain convergence guarantees.

In order to start the proof, we first introduce conductance related notions for a general Markov chain. Consider an
ergodic Markov chain defined by a transition operator 7, and let II denote its stationary distribution. We define the
ergodic flow from A to its complement A

o(A) = / Tu(A%)p" (w)du.
A

For each scalar s € (0,1/2), we define the s-conductance

_ : ?(A)
®s = H(A)g(lfJ—S) min {II(A) — s, II(A°) — s}’

The notation Ty is the shorthand for the distribution 7 (dy) obtained by applying the transition operator to a dirac
distribution concentrated on u.

For a Markov chain with @-warm start initial distribution Il, having s-conductance ®,, Lovdsz and Simonovits (21)
proved its convergence

2\ k
|7 (o) — 11|, < 05 +0 (1 — q;) < 05+ 0eF /2 for any s € (0, %). [24]

We will apply this result for s small by cutting off the probability mass outside a Euclidean ball. We define radius

r(s) = 2 + V232 %5 (d/s) + TR/ /d/m, [25]

11
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141

142

and the Euclidean ball

We define the appropriate stepsize.

o A m 41 2B i
w(s’”)‘mm{sﬁms)LM’ S 4 @) L (L) } 17

where a, = 1+ 24/log(16/7) + 2log(16/7). [28]

Applying Lemma 12 with h = (s, ), for x,y € R, and ||x — y||, < A = vv/h/4, we obtain

1T = Tyllpy < 1Tx = Pxllpy + Px = Pylley + 1Py = Tyllry

V2y v V2
Pl TR T
=S4 tstg

<7. [29]

Applying Lemma 11 with = R, in combination with Lemma 9, Lemma 10 and Lemma 12, we obtain that for
stepsize h € (0,w(s, )], the s-conductance is lower bounded.

. > (177)'(178)2‘7\/5-@.
5= 256

€

260

1
—, we obtain

Now we can conclude by making appropriate choice of s and ~. Letting s = 5

and v =
o, > O(pu - Vh).

Plugging this conductance expression into the result of Lovisz and Simonovits Eq. (24), with IIy the distribution with
density p° and II the stationary distribution with density p*, we obtain that

& € — kw2 /2 1 20
|74 (o) = 11|, < 05 +0e <e fork>(9(p[2]h-ln(E ;

where

M _16LR? . 1 1
> — d h=0 _— .
pU = 26 , an (mlH{L_r(ie)K1/2dl/2’Ld}>

This concludes the proof of this lemma. |
Lemma 9. For any s € (0, 1), we have II(R,) > 1 — s.

Lemma 10. If the density p* satisfies the log-Sobolev inequality with constant py, then it also satisfies the following
isoperimetric inequality with constant py: For any A and B open disjoint subsets of R?, C' = R? \ (AU B), II being
the probability measure for p*, we have

II(A) = pv - d(A, B)II(A)I(B), [30]

where d(A, B) = minxea,yep [|[x — ¥ll,, s the set distance with Euclidean metric on R®.

Lemma 11. Let K be a convex set such that || Tx — Ty|| p < v whenever x,y € K and ||x —yl|, < A. II satisfies the
partition type isoperimetric inequality Eq. (30) with constant p. Then for any measurable partition A1 and Az of RY,
we have

A-(1—n)-I*(K)
8

Ta(A2)p* (u)du > g min {17 } min {TI(A; N K), (A2 N K)} . 31)

Aq
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Lemma 12. For any step size h € (O, %], the MALA proposal distribution satisfies the bound

,PMALA(h) _ ,PMALA(h)

| ; 5
TV <y [ 2. [32a]
I =yl h

sup
x#y

Moreover, given scalars s € (0,1/2) and~ € (0,1), then the MALA proposal distribution for any stepsize h € (0, w(s, 7)]
satisfies the bound

xseugs ||7))1;/1ALA(h) o 7;MALA(h)HTV < %7 [32b]

where the truncated ball Rs was defined in Eq. (26).

Remark 2. It can be seen that the constraint on the step size h originates from Eq. (32b), where the difference
between the proposal and transition distributions are bounded by the acceptance rate (see proof of Eq. (32b)). The
resulting step size scaling with respect to the dimension d is h = w(s,~y) = (’)(dil) under our current assumption. In a
celebrated work (22), with extra assumptions on higher order smoothness and decomposability of the target distribution
p*, the log-acceptance rate was expanded to higher orders and a much better scaling of h = O(dil/s) was obtained. It
would be of great theoretical interest to understand whether such scaling can be achieved without the decomposability
assumption on p*.

B.5. Supporting Proofs for Eq. (2) of Theorem 1.

Proof of Lemma 8 The starting distribution A/ (07 %Hd) has density

2
e Ll
p’(x) = (*) e 2
27
Taking the ratio with respect to the stationary distribution, we have
PE %)
p*(x) L e—U(x)
[ e Uxdx

IN

2
¢'PR (20) - exp (L |xII” /2 + U (x))

elGLR2 (2ﬁ)d/2 )

IA

The first inequality is because, according to Lemma 1, we have

/er(x)dx < 616LR2 ~/e_ 1 dx — 616LR2 (%)dm'
v[8

Proof of Lemma 9 This lemma relies on the concentration of the stationary distribution p* around 0. The
concentration follows from the log-Sobolev constant shown in Proposition 1. The following lemma is a classical way to
obtain concentration from the log-Sobolev inequality is based on Herbst argument (e.g. see Section 2.3 in (23)).
Lemma 13. IfII satisfies a log-Sobolev inequality with constant p then every 1-Lipschitz function f is integrable with
respect to Il and satisfies the concentration inequality

2
Purt [f(x) > En [f] +1] <e " /%
Applying this lemma with f being the projection to each coordinate and using union bound, we obtain that

2td _
Prrt |[|x — E[x]|2 > == | < de™".
pu

13
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We define B1 =B (E[x}, A /210g(%)%). Taking t = log(£), we obtain that

H(Bl) Z 1—s.

Using the results proved in Lemma 4, we can also turn this concentration around the mean to the concentration
around 0. According to Lemma 4, we have

4d
Exor x5 < 48R% + —.
m

Using Jensen’s inequality, we obtain

4d
1Bt ]l < Bt ]y < /Bt 113 < /48R + =2

We define B: = B (O7 48R2 + 44 4 210g(%)%). We deduce that

Bi C B2 C Rs.
As a result, we obtain II(Rs) > II(B1) > 1 — s as claimed. |

Proof of Lemma 10 Lemma 10 shows that log-Sobolev inequality implies isoperimetric inequality with constants
of the same order. It is pretty standard. Since we can’t find a complete proof in the literature, we provide it for
completeness. p* satisfies the following log-Sobolev inequality, for any smooth g : R — R.

Va2
2pu [/ glngdl’[f/ gdIl - In (/ gdH)} S/ wdﬂ. [33]
R4 R4 Rd Rd g

dIl(x) = p*(x)dx.

where

Replacing g with g% in Eq. (33), for g : RY — R, we obtain the equivalent form

2p0Ent (¢7) < / Vgl dm,
Rd

Entp« (92) = |:/ 92 lndeH—/ g2dH-ln (/ deH>] .
RrRd Rd Rd

It is well known that the log-Sobolev inequality implies the following Poincaré inequality with the same constant (e.g.
(24)). For any smooth g : R — R, we have

where

puVary: (g) < / V]2, 34]
]Rd

2
Varp=(g) :/ g°dIl — (/ gdH) .
Rd Rd

This implication is based on the fact that the gradient operator is invariant to translation (i.e. for ¢ € R, V(f+c¢) = V)
and

where

Ent ((f + c)2) — 2Var(f), as ¢ — oo.

Next, we show that the isoperimetric constant can by lower bounded by the Poincaré constant. We denote ¥ the
isoperimetric constant defined as
It (8A)

VS minTI(A), 1 TI(A) 135]

14
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where IIT(0A) = lims_o w. Taking a sequence of smooth {gk}kzl,... with limit the indicator function of

A in equation Eq. (34), we obtain®
U > pu.
Finally, it is easy to show that the infinitesimal version of the isoperimetric inequality in Eq. (35) is equivalent

to the partition version (see e.g. (26) Proposition 11.1 and (27)). Let A and B be open disjoint subsets of R¢,
C =R%\ (AU B), then

1(C) > pu - d(A, B)II(A)II(B). [36]

|
In the following, we provide useful lemmas for proving Lemma 7.

Proof of Lemma 11 The proof of this lemma follows directly from the proof of Lemma 2 in (8). The main difference
in the setting is that the target distribution is no longer log-concave, however, the proof follows because the log-
concavity was never used in the proof of this lemma. It is sufficient to replace the isoperimetric inequality with ours in
Eq. (36). |

Proof of Lemma 12 We prove the two claims in this Lemma separately. In order to simplify notation, we drop the

superscript from our notations of distributions 7§i\4ALA<h) and PilALA(h) . |

Proof of Eq. (32a) We first apply the Pinsker inequality (28) to bound the total variation distance via KL-divergence.

IPx = Pyllay < v/ZKL(Px | Py).

Since our proposals before applying Metropolis filters follow multivariate normal distributions, we obtain closed form
expressions for the KL divergence.

[Px = Pyllry < v/ 2KL(Px || Py)
[T — Ty [l,
V2h
[(x = hVU(x)) — (y = VU (¥))ll,
7 :

Here we use the smoothness without using the convexity to bound the last term. We have

(x = KU (x)) = (y — kYU (y))|, = ‘ / [l — AV?U(x + t(x — )] (x — y)dt

2

1
< / H []Id — hVPU (x4 t(x — y))] (x — y)H2 dt
0
< sup [la = hVAU(x+t(x = y))ll2 [x =y,
t€[0,1]

<2[x—yll,-

The last inequality follows from the fact that V2U(z) < LI for all z € R%. Note that we lose a 2 factor without using
the convexity. |

Proof of Eq. (32b) We denote px the density corresponding to the proposal distribution Px = N (x — hVU(x), 2hlg).

We have
1 bd z)dz — min M z)dz
I B R e
1/, min 4 1. P(2) Pa(X) 2\dz
2(2 2/Rd {1’p*<x>-px<z>}p"( “)

_ min 4 1. P(2) Pa(X)
1—-E;up, |: {17p*(x) “pe(2) }:| .

1/2

Px = Txllpy

IN

T Note that Buser's inequality (25) (Theorem 1.2), which would give h > (pg7 /10) , does not directly apply here because of the possible negative curvature.

15
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Applying Markov inequality, we know that

@ ]
Ezpy {mm{l7 ( )}:| > IP’|:

p*(z) - pa(x
p*(x) - px(z *(x) - px

)
p*(x) - px(2)

M. Plugging the fact that p*(x)
p*(x) - px(2z)

> oz:| for all a € (0, 1].

—

It is sufficient to derive a high probability lower bound for the ratio
exp(—U(x)) and px(z) x exp (— |x — hVU (x) — 2|3 /(4h))7 we have

P (z) - pa(x) 4h (U(x) = U(2)) + ||z = x + hVU(x)|3 = |x =z + hVU(2)|3
Xp m .

We then lower bound the term in the numerator of the exponent, without using the convexity of U.
4h (U(x) —U(z)) + ||z —x + hVU(x)Hg —|Ix—z+ hVU(z)Hg
=20 (U(x) —U(z) — (x —2)" VUX)) +2h (U(x) — U(2) — (x —2) " VU(2)) +1* (IVU)[; - [VU(2)]3) -

M1 Mo M3

Using the fact that U is smooth, we have
My >~ x =2} and My > 2 [lx — 3
Again using the smoothness, we have
Ms = |[VU)|; — IVU(2)|l; = (VU (x) + VU (2), VU(x) = VU(2)) > — (2|VU)ll, + L |x — 2l,) L[Ix — 2],
Combining the bounds M;, Ma, M3, we have established that

P (2) - pa(x) 1 2 h 2 2
sz exp (gLl — (2L I~ 2l VUGl + L2 1 — )

T

In addition, using the fact that z is a proposal, we have
Ix = zll, = ||hVU(x) + V2R¢||, < BIF)Il, + V2R, -
Simplifying and using the fact that Lh < 1, we obtain
T > —2Lh* [|VU(x)|; = 3LA €] = LhVh VU ()]l €]l -

Since x € R, we can bound the gradient roughly

VU], = IVU(x) = VU], < Llx - x°]l, < L\/st) —:D..

[ €]|3 is bounded via standard x?-variable tail bound. We have

€

—
for ae =1+ 24/log(16/€) + 21log(16/¢€). The choice of @ guarantees that for h < 0, we have

P [|l¢]? < dac] > 1

2 2<L €<i B €<i
LA*D < oo, Lhdae < o, and LhVhD,/da <&

Combining all these bound, we obtain

Using the fact that e=¢/1® > 1 — ¢/16, we have

p*(2) - pa(x) € .
E.np, |1, ——————=| >1— -, forany e € (0,1), and h < .
i [ re0 pela)) =T A e s
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C. Proofs for Optimization. We denote VU (x) = {V"U(x)|n € N'} as shorthand for all n-th order derivative at point
x. We consider iterative algorithm class Ao, operating on a function U : R — R whose iterates has following form:

xt = g¢(¢, VU(x0), - .., VU (x¢-1))

where g; is a mapping to RZ. ¢ is a random variable sampled from uniform distribuion over [0,1] (indepedent of
U), and it contains infinitely many random bits. We note standard optimization algorithms (either deterministic or
randomized) which utilize gradient information or any p-th order information all fall in to this class of algorithms Ae.
LR?
Theorem 2 (Lower bound for optimization). For any R > 0, L > 2m > 0, probability 0 < p < 1, and e < W,
w2+
there exists an objective function U satisfying the local nonconvexity Assumptions 1-3 with constants L, m, and R,

d
such that any algorithm in Ao requires at least \‘({f, / ﬁ . % — ;) J =0 (p. (LR2/€) d/2) iterations to

guarantee P (min. < |U(x,) — U(x")| <€) > p.

C.1. Proof of Theorem 2. We constructively prove Theorem 2 by defining such a U(x) in what follows. We first make use

of the following lemma about packing numbers. Again we denote B(0, R) as the closed ball of radius R centered at 0.

R—1r
2r

Lemma 14 (Packing number). For R > r > 0, denote n = {(
s.t. |JI_, B(xi,r) C B(0,R), and B(xi,r) (\B(xj,7) = 0,Vi # j.

As shown in Fig. S1, this Lemma 14 guarantees the existence of the set {x1,--x,} so that  balls of radius r centered
at x, are contained inside the larger ball of radius R without intersecting with each other.

LR®
36(2m2 + )

d
R L 1 1
T>1>p- ) —— = Y0 <1
| ) e
Otherwise, take r = /(272 + 7)e/L in Lemma 14. Then we have the r-packing number inside B(0, R/2) to be
4 d
(BN (B L L) sy
= 2r “(\2Vomyrr e 2) |77

such that there exists set X, = {x1,---x,} satisfying (J!_, B(xi,r) C B(0,R) and Vi # j,B(x;,7)(\B(x;,7) = 0.
Choose i* € {1,---,n} uniformly at random. Let

d
) J . Then there exists set X, = {x1, - Xn},

We hereby construct U(x) that gives the lower bound. If € > , then

Lr? T ) ) L2
T cos (5 (lx—xel3 —1%) ) = 5= [x—xi[l2 <
U(x) = 4”2+27rcos(r2 (I = -1 T)) o o xell<r [37]
) 0, lx—xix|2 > 1 [|x]]2 < R/2

m(|1xllz = R/2)*, ||x[[2 > R/2.

Lemma 15 (Lipschitz smoothness and strong convexity). Let L > 2m. Then U(x) is L-Lipschitz smooth and when
[Ix|]2 > 2R, U(x) is m-strongly convez.

Now we prove that ¥V 0 < p < 1, for any algorithm that inputs {U(x), VU (x),---,V"U(x)},Vn € N, V € <

2
LR at least T' > p - i steps are required so that P (|U(xT) - U(x")| < e) > p.

36(2m2 +m)’
2
Note that for any x* & B(x;=,r), |[U(x") — U(x*)| > % = ¢. Therefore, probability that U(x") is e close to U(x*)
T+

is smaller than the probability of x* € B(x;=,7):

P(U(x") —U(x")| <€) < P(x' € B(x;+,7)) [38]

n
<P (xt € B(xi,7) | x' € UIB%(xj,r)> .
Jj=1
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We first assume that Vt < T,x' € U;’:l B(x;,r), then prove that breaking this assumption cannot obtain a better rate
of convergence.

1. Assume that V¢t < T,x" € U;’Zl B(x;, 7). From the definition of U(x), Eq. (37), we know that Vj € {1,--- ,n},j #
i*,Vx € B(xj,7), U(x) =0, VU(x) =0, ---, V"U(x) = 0. Hence x" € B(x;,7), j # i* only contains information
that i* € {1,---n}\ {4}. Since ¢ is chosen uniformly at random from {1,--- ,n}, for T <np

P | x" ¢ B(xi,7) .

n
-T

Vt<T,xt€| lIBx-,r 2777

U Boan) |20

j=1

Ji*

Therefore,

P ({X1,~~- ,XT}nB(Xi*,T) =0 ’ Vi< T,x' e OB(Xj,T))

j=1

n—1n—2 n—T n-=T
> = . 39
- n n-1 n-(T-1) n 139)

This implies: the probability that first passage time into set B(x;=,r) is less than or equal to T is:

P ({xl,... ,xT}m]B(xi*,r) #0 ‘ Yt < T,x' € O]B(Xj,T))

Jj=1

—q1_p ({Xl’... ,XT}ﬂB(xi*,r) =0 ’ vt <T,x" € OMMJ’))

j=1
<=t _T 140]
n n
Therefore,
p< P(UK") - UX")| <e)
n
<p <XT € B(xe.r) | x" € | B(xj,m)
j=1
n
<P {x' - ’xT}ﬂB(xi*,r) #0 ‘ Vi< T,x' € UIB(Xj,r)
j=1
<T [41)
n
T=p-n.
2. Suppose there exists an algorithm that output {x1,---,x”}, where 3¢t < T, x' ¢ U?:l B(x;,r) and finds

X;+ + rB with probability p within less than p - n steps. Then design a corresponding algorithm that out-
puts {xi,---,x7}\ {x‘x ¢ U;’Zl B(xj,r)} sothat V¢ < T, x' € U;’I:I B(x;,r), and B(x;+,r) is found with
probability p within less than p - n steps. But this contradicts with 1.

C.2. Supporting Proofs for Theorem 2.

Proof of Lemma 14 (Packing number) Let P(r,B(0, R), ||-||2) be the r-packing number of B(0, R); and C(r,B(0, R), |-
[|2) be the r-covering number of B(0, R). One can follow the properties of packing and covering numbers to proved

d
that: P(r,B(0, R), || - ||2) > C(r,B(0, R), || - |]2) > {(R) J . Therefore, number of non-intersecting r-balls that can be
T

_nd
contained in an B(0, R) is P(2r,B(0, R — 1), || - ||2) > L(R2 r) J . .
r
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Proof of Lemma 15 (Lipschitz smoothness and strong convexity) We first prove that when ||x||2 < R/2,
U(x) is L-Lipschitz smooth. We then prove that when ||x||2 > R/2, U(x) is 2m-Lipschitz smooth. At last we prove
that U(x) is m-strongly convex for ||x||2 > R. Since L > 2m, this proves Lemma 15.

Lr?

=—— - —Xill2 < 7.
I on (U1(x) — 1) when ||x — x;|]2 < r

e Define Ui (x) = cos (% (Hx —xill3 — 1"2)>. Then U (x)
Hessian of U is:
H[U1](x) = 747”—75 cos (% (Hx —x||3 - r2)) (x—xi)(x —x;)"
— i—;r sin (% <||x — xZH% — r2)) I.

We first note that H(x —x;)(x — xi)TH2 = ||x — xi||3 < r*. Hence,

HO 0012 < || 5 cos (5 (=il = 1) ) 6= i) — )

2r ™
25 )
_ 47?4+ 27
==

2

_ Lr?
T 4m2 427

When ||x — x;||2 > r and ||x||2 < R, U(x) = 0 is also L-Lipschitz smooth, which leads to the result that U(x) is
L-Lipschitz smooth for ||x||2 < R.

Therefore, when ||x — x;||2 < r, U(x) (U1(x) — 1) is L-Lipschitz smooth.

« Define Uz(x) = (||x||2 — R/2)*. Then U(x) = mUz(x) when ||x||2 > R/2.

2[[x[[2 |13

H[UQ](X)—2<1 R >11+ B oxT

R

2[x[[2

R_

Similar to above, it can be proven that ||xxT||2 = ||x||3. Hence ||H[Uz)(x)||2 < 2 ’1 b~
x||2

Therefore, mUs(x) is 2m-Lipschitz smooth for ||x||2 > R/2.

e Define
Us(x0) [{g(x), Hx|1|2 >R
3(x) =

5 115 + B Ixll, < R

Then
R R
1 1-— I+ -xx7, ||x||, > R
# (U360~ 5 I3 = (MQ R

0, xll, <R
For any y € R?, yTxxTy = (y"x)? > 0. Therefore all eigenvalues of xx" are bigger than or equal to 0. Since
I can be simultaneously diagonalized with xxT, H [Ug(x) - % Hxﬂg} = <1 - Fﬁ) I > 0 when ||x|]2 > R.

X||2

1 1
When ||x||2 < R, H |:U3(X) ~3 Hx||§} = 0. Also note that Us(x) — 3 [|x]|3 is continuously differentiable. Hence

Us(x) — 3 [|x]|3 is convex.

On the other hand, U(x) = mUs(x) when ||x||2 > R. Following Assumption 2, this implies that U(x) — % I1x]I3
is convex on R* \ B(0, R). Therefore, U(x) is m-strongly convex on R\ B(0, R).
|
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C.3. Proof of Corollary 1.
Corollary 1. There exists an objective function U that is m-strongly convex outside of a region of radius R and
L-Lipschitz smooth, such that for X ~ qj, it is required that § = Q(d/€) to have U(X) — U (x*) < € for a constant

O(d-LR?/e

probability. Moreover, number of iterations required for the Langevin algorithms is K = e ) to guarantee that

Ux®) — U (x*) < € for a constant probability.

To use Langevin algorithm to attain optimal value with probability p, we separate the optimization problem into
two: one is to find a parameter 8 such that X ~ g5 o e~PY has probability p of being close to the optimum x* (i.e.,
P(U(x) — U (x*) < €) > p); another is to sample from a distribution gf after K-th iteration so that it is J-close to g3,
for § < p/2 in TV distance. Then by the definition of TV distance, xH ~ qff will have probability p/2 of being close
to the optimum x*.

Proof of Corollary 1 We take U as the one defined in Eq. (37) and similarly take r = /(272 4+ 7)e/L. Then
Lr?

“omaa T © For U(x) — U (x*) < ¢, it is required that

X" = argmingcga U(x) = x4+ and min,cpa U(x) =
Ix —x*|| <.

If % follows the law of ¢j, then denote the associated probability measure dII; = gzd%. We then estimate the
probability that % € B (x*,r)

P(|[x—x"|| <7) =TI5(B(x",7))
—BU(x)
_ f]B(x*,'r) € dx
f]B(x*,r) e PUCIdx + fB(O,R/Q)\]B(x*,r) e PUBIdx + f]R/)td\]B(O,R/Q) e PU)dx
—BU(x)
_ f]B(x*,r) € dx
—BU(x —BU(x
f]B(x*,r) e PUCIdx + fB(O,R/Q)\]B(x*,r) Ldx + fR/#d\B(O,R/Q) e AU dx
—BU(x)
3 fB(x*,r) e dx
- —BU(x) _ —BU (x
fB(x*,T) (e7PUG) — 1) dx + f]B(O,R/Z) Ldx+ fR/#d\ms(o,R/z) e PUIdx

—BU(x)
N dx
< fB(x ,T)
1dx

fB(O,R/Q)
—min,_x <, BU(X)
e I < fB(x* 1 dx

)
1dx

<
fB(O,R/2)

— P Joer iy 19X

fms(o,R/g) Ldx

=’ (%)d. [42)

To obtain that P(U(%X) — U (x*) < €) = P (||x — x"|| < r) > p, we need that

2r\ ¢
Be - >
¢ (R) =P

Therefore,

1 d R 1 1d 1 LR?
> -1 ZIn(=)==1 “Zhn( —mm— )
/B_enp+en(2r) enp+26n<4(27r2+7r) € )

To use the Langevin algorithms to search for optimum, we are actually using x¥, which follows the sampled distribution
qé( at K-th step. And we are taking K large enough so that Hqé( —qp v S d, for § < p/2. Then, for a large enough

T
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249

250

251

252

253

254

255

K, we can have

[P (|| )~ P (% —x"| <)

= |15 (B (x7, )) 15 (B (x*,7) ) |
Ssgp|Hff( ) — 5(4))|

*

= [l —ddllry
<5, 43]

which guarantees that P (HXK

) > p/2.
L

We directly obtain from Theorem 1 that for the objective function SU with Lipschitz constant SL > —Inp +
€

dL 1 LR
2 o (4(2 247 = > we need to iterate e O(d-Lr2/c) steps to guarantee convergence.
€ ™ ™ €

D. Proofs for Gaussian Mixture Models. Consider the problem of inferring mean parameters gt = (1, - - - , par) € R¥>*M
in a Gaussian mixture model with M mixtures from N data 'y = (y1,- - ,yn):

M

P (Ynlp) = Z ( (Yn — ,U«i)TZi_l(yn - Hz)) + (1 - Z /\i> Po(Yn), [44]

i=1

where Z; are the normalization constants and Z Ai < 1. For succinctness, we consider in this section the cases
where covariances X; are isotropic and uniform across all mixture components: ¥; = ¥ = oI po(yn) represents crude
observations of the data (e.g., data may be distributed inside a region or may have sub-Gaussian tail behavior). The

objective function is given by the log posterior distribution: U(u) = —log p(p) — 25:1 logp (yn|p). Assume data are
distributed in a bounded region (||y»|| < R) and take po(yn) = 1 {||yn|| < R}/Zo to describe this observation.

We also take the prior to be

plu) ox exp (=m (Il = VIR 1 {|lullr > VIR}). [45]

D.1. Proofs for Smoothness.
Fact 1. For the Gaussian mizture model defined in Eq. (44), define

N _ 2 N
a:;max{Z sup ZHHU%HBXP (—Hﬂ_yn||2/202), sup Zexp =l = ynl| /20 )}

welpt,um} IS VETRENTEYS Beet
[46]
i,
If we take \; = ZO‘—, then the log-likelihood — 22;1 log p (yn|p) is l-Lipschitz smooth.

M
Zo + aE].ZIZ

Proof of Fact 1 Define the mixture components: W; , = % exp (f%Hyn - ,uiHQ/ch) and C, = (1 - i Mo )po(yn)
i

1 1
Since all the data {y,} are distributed in B(0, R), po(yn) = 71 {llynll < R} = 7 We can plug in the expression of
o o

22



256

257

258

259

260

262

263

i,

Ai = la— and obtain for any n =1,--- , N:
M
Zo + S Zj:1 Zj
1 M
Ch,=C=—|1- Ai
I M
1 a Zi:l Zi
73 i Sevva—
0
Zo + o Ej:l Z
1
- [47]
Zo + E Zj:l Zj
Then we can use C' to simplify the expression of \; fori=1,---, M:
i = iCZi.
@

We also represent the objective function as:

and define

One can find that

and

For any vector v,

. M
Since 31, i =

_ <
o Win +C

N N M
—logp(p) — Y _logp (yals) = —logp(n) — Y log (Z Win + C) ;
n=1 n=1 i=1

Win

Yi,n = .
ch\il Wk:,n + C

Wi PizYn M= Yn
Z;Vil Win+C o 7 o

~Vyu; logp (ynlp) =

. P . — T
) Qg (2, =y i i)
Vi BP Wl =0T =T
YinVin 2 , 1F]

o4

—v'V22logp (yn|p) v
M

7 Hi —yn\1?
_ on T . T i Yn
- Z 0_2 Vi Vi — Z’Yz,n |:U7; ( 0_2 )]
i=1 =1
M M
T (i — Yn T (Hj — Yn
+ X [ (55| [ (5) )

i=1 j=1

Wi n

5

El

M M
T (Hi — Yn T (M — Yn
323 e o (M55 [ (M2 )]|
i=1 j=1
M

<323 ([ (B52)] [ (452)])

i=1 j=1
o 2
o[ (5]
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278

279

280

281

282

283
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285

286

287

288

Therefore,
; Yin lli = ynll 2 . Yi,n
diag ( > <1 -2 p I) 2V,2logp(yn|p) = diag ?H .

Since {W; »} are positive,

Win Win i 2 /6 2
Vin = =7 < = exp (—|lpi —yal*/207) .
SE WintC o~ O CZ
Since
1 ol = gl 3
H—=Yn
a = — max {QSupZ T3 eXP (—HH - yn||2/20-2) ,supZeXp (—HM - yn||2/20-2)} . [48]
w n=1 H n=1
and
l
A\i=—CZ; [49]
@
log-likelihood — 25:1 log p (yn|p) is I-Lipschitz smooth. It can be seen from Eq. (48) that if one uses a loose upper
1 CZio?
bound for «, we can simply take A; to be 5 ¢ NU . |
D.2. Proofs for the EM Algorithm. We prove in the following Lemma that there exists a dataset (yi1,---,yn) and variance

o2 with the previous setting that takes K > min{O(d'/¢),0(d?)} steps for the EM algorithm to converge if one
initializes the algorithm close to the given data points.

Lemma 16. Let the objective function U(u) = —logp(p) — Zle log p (yn|p) with prior p(pn) and likelihood p (yn|p)
defined in Eq. (45) and Eq. (44). Take the parameters A; so that the log-likelihood is Lipschitz smooth with Lipschitz
constant L = 1/16, strong convexity constant m = 1/64 outside of region with radius R = 1/2, and number of
miztures M = log, d. Then there exists a dataset (y1,--- ,yn) and variance o2 so that the EM algorithm will take
K > min{O(d"/¢),0(d)} queries to converge to O(¢) close to the optimum if one randomly initializes the algorithm
0.01 close to the given data points.

Proof of Lemma 16 shares similar traits as that in (29, 30).

Directly invoking Theorem 1, we know that the Langevin algorithms converge within K < 1) (d3/€> and K <
o (d3 In? (1/6)) steps, respectively.

Proof of Lemma 16 Consider a dataset with N number of d-dimensional data points, y, € RY, n = 1,---, N,
described below. We suppose that it is modeled with M < N mixture components in the Gaussian mixture
model Eq. (44).

For the first N — 9M points, let ||y, || < 0.45, and ||yx — yi|| > 0.11, where n, k,l € {1,--- ,N —9M} and k # [. From
Lemma 14, we know that when N < 2%, this setting is feasible. For the next 9M points, first select M different indices
{#1,--- yim} from {1,--- , N — 9M} uniformly at random. Then for n € {N —9M +9(k—1)+1,--- ,N —9M + 9k}
(k € {17"' ’M})v ”yn _y’ikH < 0/2'

By this setting, Yyn, ||yn| < 0.5. Furthermore, when n,7n € {N —9M +9(k — 1)+ 1,--- ,N — 9M + 9k} U {ix},
Iy — yall < o/2; otherwise, ||yn — ya|l > 0.1 for n # f. We depict a cartoon of this dataset in Fig. S2.

1
Since it can be observed that all the data are distributed in B(0,0.5), we let po(yn) = Z—]l{||yn|| <0.5} =
0
I'(d/2+1)
(2m)4/2
tributed uniformly in B(0,0.5), with some concentrated around the chosen M centers. Then according to Eq. (45), we
set the prior to be:

1 {|lyn]| <0.5}. Inclusion of py provides a better description of the data, since they are mostly dis-

p(p) o< exp

(_ (e —64m/2) 1 { e > mm}) 7
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Fig. S2. A depiction of an example dataset.
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303

where ||p||lFr = \/Zi\; l:]|2. Note that in this setting, the positions of local minima are exactly the same as the
Gaussian mixture model that does not include prior observation po(y) and prior belief p(u).

1
We take \; = M—QCZZ' (using notations defined in Eq. (49) and Eq. (47)). Then the objective function defined via the

log posterior:

N
U(p) = —logp(p) — > logp (ya|p)

N M
Ai 1
= —logp(k) — _log <§ St exp (=5 llga — i/ +C>
n=1 i=1

_ (lullr = va1/2)*

1{|lplr > vVM/2}

64
N Mo .
122 ~
5110g<21 M—aexp( §Hyn wil|”/o ) +1> +C [50]

0.01
\/logs N .

1
It can be seen that « in Eq. (46) is bounded as: a < %. Then \; = %C’Zi(f% It can also be checked that the

objective function U is also m > 1/64 strongly convex for ||u||r > vV M.

has Lipschitz smoothness L < 1/32. In what follows, we take 0 =0 =

We then estimate number of fixed points for ||p||r < VM /2 when running the EM algorithm. If we run the EM
algorithm starting with |||z < v/M /2, we first compute the weights for each component using old value u® (in E
step):
Ai 1 )2 2)
W e (gl -1
’Yi,n -

M Aj 1
S e (< 5llun — nP12/07) + €
J

2
o _1 o ®))2 2)
255 &P (— 3l — w120

0 .
M O 1
2.5=1 3200 P (—5Hyn - ”E't)”Q/"Q) 1

We then update p (in M step):

N (®)

(t4+1) _ Vi,
i _ZZNm(t)y"‘

n=1 n=1 li,n

We prove in Lemma 17 that Vy,,,n; € {1,---,N/2}, if H,uz(.o) — yn, || < 0.01, then H/LZ(.T) — yn,; || < 0.01, Vr > 0.
Therefore, any M combinations of N — 9M data points is a fixed point for p.

Lemma 17. Suppose we run the EM algorithm with the dataset specified in the beginning of Sec. D.2 for T steps. If
we initialized each component of p with ||u§0) —yn, || £0.01 forn; € {1,---,N/2}, then ||u§T> —yn, || £0.01, V7 > 0.

We note that the global minima p* = (ui, - ,py,) will have Vi € {1,--- M}, uj € U;:il Q, where we denote
Qe ={N-9IM+9(k—1)+1,--- ,N —9M + 9k} U {ir}. It can also be checked from Eq. (50) that the difference €
between the global minima and any local minimum g that has 3¢ € {1,--- , M}, s.t. fi; ¢ U;:I:l Qp, scales with N

1
— 2\
ase@(o)0(10g2N

. Therefore, if one randomly initialize from the dataset, to attain global minima with

M M
Then the number of re-initializations are of order K = O(p - N™).

M
probability p, at least K = p - ( N ) / < 1oM > >p- (H)LM) re-initializations are required. Let N > M.
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313

Note that we have taken M = log, d. For € > O(1/d), take N = O (21/6). Then T'= O (dl/e). For e < O(1/d), take
N =2% Then T = O(d%). So T =min {0 (d"/<),0(d")}. u
Remark 3. It can be similarly proven that the gradient descent algorithm with its stepsize tuned according to the
Lipschitz smoothness has the same behavior if initialized randomly from the dataset.

Proof of Lemma 17 We prove for each component u; using induction over ¢ € {0,---,7}. First assume that
18 = ym, || < 0.01.

Then we observe from Eq. (51) that Vi, n,

M
1 1
Vi = (Zexp (il\yn = pall*/o* = Sllyn - uj||2/02)

j=1
1
3200 1 2, 2
+?6XP (EH?M_M” /o )) .

1
Since Z;\il exp <_§Hy" - Mj||2/‘72) < M < 3200/02,

2 2
4 1 2 2) ) o 9 ( 1 2 2)
|y — ps g |y — g . 2
6100 eXp< Sllyn = will’/07 ) < i < o5 exP (=5 llyn — pall/o [52]
* o’ 2. ) 5 o
Therefore, when ||u;” — yn] < 0.01, ’y”l > 6400N_1/ ; when |lp;” — ynl|l < 0.015, v, > 64OON_9/8; when

2
Oyl > 0.1, 7" < TN,
Hp’z yn” = ’ rYz n — 3200

. FOI‘niE{l,--- ,N*gM}\{il,"' ,i]w},

() Z (®)
1 ’Yz _ ling n;énZ fyz [
[ — g, || < S0l lym: = ymall + S Iy = vl
Zn 1 1 [ Zn 177, [
Zn;ﬁm '752
= ﬁ”yn Yns |-
Zﬁ:l ’yz n
Since ||l — yn,|| < 0.01 and ||{” — ya| > 0.1, VA # n; (and that N > 2),
0_2
(®) (®) .9 50
Dosgn, Vi _ 2oign; Yo _ N 550N ~10
N S o) < 5 <10 (53]
Zn 1 72 n /yz g g
6400

Hence

()
Zn#nl ’yz n
(t) Hyn — Yn; ||

an zn

<2-10""%sup[jya] < 107'° < 0.01.

i = gl <

e Denote Qp = {N —-9M +9(k—-1)+1,--- ,N —9M + 9k} U {is}. For n; € Qu, Vk € {1,--- ,M},

t+1 t+1 t+1) g
L N R Y [ [
And
(®) (®)
(t+1) ) < ’yzn ’yzn )
Y =y < 11D = Wn -]+ D s e vl
REQy Zﬁ:l i,n ner A=1 Ti,R
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325

Define

)

yavg _ Zﬁeﬂk invﬁ i

ik (t) I
Zﬁeﬂk Vi

Then

Zﬁ fy(fg av Z'ﬁ fy(’tz
O Ryt — e, ||+ ol (is)n lya — v |-

= Yo — ||+ =
Zﬁ:l 'Yz(tr)z g Zﬁ:l Yi,n

t+1
[l — g |l <

ince sup |lyn — v |l < 0/2, ||ly;"? — v || < /2. And for any 7 € Q, we use induction assumption an
Si Wl < a/2, |yl L < o/2. And f neQ inducti i d
ReQy,
sup ||lya — yi,. || < 0/2 to obtain that
REQy,
O gl < [l ‘ W —val <01+ 2+ 2 <0015
e =yl < Mlpg™ = ynill + llymi = yir I + lyi —yall < 0.1+ 5 + 5 < 0.015.
o2
Hence 'yz(t% > WNfg/g. Then similar to Eq. (53),
(t) (t)
Eﬁggk Yi,a Zﬁgmk Yi,a —10
N S @ =10
Zﬁ:l Yi,A Zﬁeﬂk Yi,A
Therefore,
(t) (t)
+1 ZﬁEQ Vi@ Zﬁgg Vi, a o
||,u§t ) = yni|l < ZNik(t) | y?:g — Yiy, | + ZNik(t)”yﬁ — Yi || + b}
a=1Tin a=1Tin
<y — il + 10710 1 4 % <o+107* <001

It follows from induction that if ||,uz(.0) — ¥i, || <0.01, then HMET) — i, || <0.01, V7 > 0. [ ]

E. Detailed Experimental Settings for Gaussian Mixture Models. We consider the same problem as that in Supple-
ment D of inferring mean parameters g = (g1, - - -, par) € RM in a Gaussian mixture model with M mixtures from
N data points y = (y1,- - ,yn):

M

Pl = 3 5 exp (= (on — ) TS g — ) + (1 - Ai> polun), 54

i=1

where the covariances ¥; are isotropic and uniform across all mixture components: ¥; = ¥ = o1, The constant mixture
po(yn) = L{|lyn|| < R}/Zo represents crude observations of the data, which are distributed in a bounded region:
lyn]| < R. The objective function is given by the log posterior distribution: U(p) = —log p(p) — Zi:]:l logp (yn|p),
where we take the prior to be

pl) ox exp (=m (el = VMR) 1 {lulle = VATR}) . 55)

Similar to the setting in Supplement D.2, we take % to be 02/1000, where the variance o = 1/\/3, so that the
i

mixtures are well separated from each other.

We consider a synthetic dataset, {y1,--- ,yn~}, with sparse entries: only |log, d| of the entries in each data point y,
are nonzero. Indices of the nonzero entries are uniformly distributed over the set {1,---,d}. All the nonzero entries
follow a uniform distribution on [—1,1]. Also assume that the number of mixtures M = |log, d|. Hence the radius
containing the data R = 2/M|log, d] = 2|log, d|. We generate N = 2¢ data points following this rule.

We let the dimension d range from 2 to 32 and recorded the number of gradient entries required for EM (with random
initialization from the data) and ULA to converge. The results were averaged over 20 trials of experiments. When
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Fig. S3. Experimental results: scaling of the number of gradient queries required for EM with random initialization uniformly in the ball of radius R and uniformly
from the data.
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dimension d > 10, too many gradient queries are required for EM to converge, so that an accurate estimate of
convergence time is not available.

For EM, we measured its accuracy in terms of the objective function value U and require U(py ) — U(p*) < 107°
to conclude that g, has converged close enough to pu*. For ULA, we measured its accuracy in terms of both the
expected objective function value E [U(u)] (or equivalently the cross entropy between the sampled distribution and

the posterior) and the expected mean parameters E [u]. We required both |+ Zszl U(py) — Epﬁ[ﬁu)] < 10°°¢

X _—
% Zk:l Hy, — Ep= [1] »
algorithm.

and < 1073 (which are of comparable scales) to assess the convergence of the sampling

To estimate the reference value ;/E € R™M e run EM 1000 times longer than the number of required steps found for
the previous experiment with dimension d — 1. If estimates from 20 different initializations differed by less than 1078,

we accepted [TIF Otherwise, we increased the number of steps by 10 times. We similarly estimated E,« [U(u)] and

IE;[\M] by long runs of ULA (also 1000 times longer than the number of required steps found for dimension d — 1). If

—

estimates from 20 different initializations differed by less than 1073 for E,» [U ()] and 1077 for B, [u], we accepted
the estimates. Otherwise, we increased the number of steps by 10 times.

We also compared EM with random initialization uniformly in the ball of radius R against that with uniform
initialization from the data points. We observed in Fig. S3 that initializing uniformly in the ball of radius R leads to
poorer convergence, implying that there are more local minima of U than merely those nearby the data.
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